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Tpycxoaa H.¢>. 2 • 11269 

nRReiiHBR anre6pa RRTerpanoa 3anaqH OBYX USRTPOB 

XBSHTCBOR M8X8RI!XH 

C DOMOW&IO XOMMYTBUHOHRbiX COOTROWeHHi! nonyqea pRO <jlopMyJJ 

B pexyppeHTHI-IX COOTHOW9HHA, CB!I3b!B810WHX M9)K!JY co6oil HRTe!'p81!bl, 

880fSXOORMhl8 ITpR Bblq!fCJJeRHH M8Tpii'<Hb!X 31!9MeRTOB 38!l8'1H !lByX UOHTpOB 

KBBBTOBOR MeXBHHXH, qro ri03BOJJSI9T CHeCTH Bblq!fcneHHe BCeX B03MO)KHhlX 

TBXBX IIHTerplliTOB X BhlqRCJJeRHIO TOJlbKO KORS'IROrO RX 'IHC1!8. nn;t !lByX

DSirTpOBblX ¢yHKUHi! nonyqeHbl COOTIIOW9HHR THrill 06WHX COOTHOW9HRil OpTo

rOR811&HOCTH, Bh!ITOJJHRIOWHSCR OT!l81!&RO B KBlK!lOii H3 o6naC'I'eR H3M9R8RRR 

aepeMSHIIblX e, 'I• 

PaiSOTa BbtnOJJHeHa B naiSoparopHR BbtqacnHren&HOII TeXRHKR 

• 8BTOM8TH38UHH OH.MH. 

npenpiHT 0f5'b8!1RH~RROrO IIHCTHTyT8 R08pHb!X I!CC1!8!10B8HHil. ny6Ha 19i8 

Truskova N.F. 

Linear .Algebra of Integrals of the Two-Centre 
Problem in Quantum Mechanics 

2 • 11269 

By means of commutation a number of formulas and recurrent 
relations have been obtained for inte!:!rals needed for calculating 
matrix elements of two-centre problem in quantum mechanics. 
This allows one to reduce the calculation of all such integrals 
possible to the calculation of their finite number onlv. For two
centre functions relations were obtained similar to general ortho
gonality which are valid for each region of cham!ing variables .; . ,1. 

The Investigation has heen performed at the La!:>o:-e.tory 
of Computing Techniques and Automation, JINR. 
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BBE,4EHHE 

)J.nji 3a.LJ.a'IH C O.!J.HHM KynOHOBCKHM neHTpOM /ao· 

.!J.OpO.LJ.OnO.LJ.06H~H aTOM/ cymec~BYIDT peKyppeHTH~e COOT
HOWeHHJI, CBjJ3bJBaromae Me)I(.LJ.Y co6o8 pa.LJ.Han&Hble HHTer
panbl < r n > I 1-3/. CooTHoweHHjJ Me)I(.LJ.Y HHTerpanaMH no 

yrnOBbiM nepeMeHH~M ,AnJI :HOB 3a,Aa'IH npOCT~ H CBO.!J.JITCjJ 
K COOTBeTCTByromHM COOTHOWeHHjJM Me)I(.!J.y HHTerpanaMH no 

npoH3Be.LJ.eHHJIM nonHHOMOB Jle)l(aH.LJ.pa. CymecTaoaaHae acex 

3TBX COOTHOWeHHH jJBnjleTCJI cne.LJ.CTBBeM TOrO ~aKTa, 'ITO 

BOnHOB~e ~yHKnHH BO.Ll.OPO.LJ.OnO.LJ.06Horo aTOMa peanB3YIDT 
co6o8 cnenaan&HbiH 6a3HC BblpO)I(.LJ.eHHoro npe.LJ.CTaaneHBJI 

/4 " I rpynnbl 0( 4) 1 • ,); • 

B pa6oTe noKa3aHo, 'ITO .LJ.nJI 3a.LJ.a'IB c .LJ.BYMJI KynoHoa

CKHMH neHTpaMH MO)I(HO nony'IHTb aaanorH'IHYID, HO 6onee 
6oraTyro anre6py HHTerpanoa, cymecTaoaaaae KOTopoH 

jJBnJleTCji cne.LJ.CTBHeM rpynnOBbiX CBOHCTB 3TOH 3a.LJ.a't.H. 

llony'leHHble C nOMOm&ro KOMMyTanHOHHbiX COOTHOWeHHH 

~opMynbl B peKyppeHTHble COOTHOWeHHji CBJI3~BaiDT Me)I(.LJ.Y 

co6o8 OT.LJ.en&Ho HHTerpanbl no yrnoabiM H pa,Aaan&HbiM 

nepeMeHH~M. )J.nJI pa.LJ.Han&HOH H yrnoBOH .LJ.ByxneHTPOB~X 
~yHKnHH nony'leHbl COOTHOWeHHjJ THna o6max COOTHOWeHHH 

opToroHan&HOCTB, a~nonHJlromaecJI a Ka)I(.LJ.OH H3 o6nacTeH 

B3MeHeHHJI nepeMeHHbiX e B TJ. 

3A,.l.lAqA ,4BYX UEHTPOB 
/HAIIOMHHAHHJI H O.D03HA qEHHJI/ 

)J.nJI .Ll.BYX KynOHOBCKHX neHTpOB peweHHe ypaBHeHHJI 

lllpe.LJ.BHrepa a a.LJ.aa6aTH'IeCKOM npu6na)l(eHBB B c~epoa-
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~an~HOB CHCTeMe KOOp~HHaT CBO~HTCS K peweHHW CHCTe

MLI ypaBHeHHB /6,7/ 

2 a2 a R~ j 2 m 2 
[(~ -1)-- + 2;- + --(~ -l)+a~+A.- --]F. (c;;R)=O, 

a~ 2 a~ 2 J ~ 2- 1 J 
/1a/ 

a2 a IfEj ·2 
[(1-7J2)-- 277-+ --(1-71 2)+b7J-A- _m_}<ll. (7J; R)=O, 

a
11

2 a71 2 j 1_
71

2 J 

a2 
[-- +m2 ]¢. (a)= 0 0 <a< 2rr. aa 2 J 

IF.(1;R)[< oo; IF.(oo,R)I <oo; I¢.(±1;R)I <oo; 
J J J 

+lS~<oo; -lS7J S+l /16/ 

3~ec~ R - paCCTOJIHHe Me)I(,IJ;y Jl~paMH 0 ,\ j - KOHCTaHTa 

pa3~eneHHJI; a = R·(Z 2 + Z 1); b = R·(Z
2

-Z
1
); Zl' Z

2 
-

3apJI~W s~ep. CHcTeMa e~HHHu; h = me= e = 1. 
B cnyqae ~cKpeTHoro cneKTpa {E j <0) peweHHJIMH 

CHCTeMLI /1/ SBJIJIIOTCS OpTOrOHaJJbHLie Me1k~y COOOB 4JyHK
IJ;HH /7/: 

~ . 
'P. (r;R) = N. (R)F. (e;R)<Ilj·(7J;R)elma 

J J J 
/2/ 

COOTBeTCTBYIOIItHe COOCTBeHHWM 3Ha'leHHJIM ,\ j =-= ,\ j (R) , 
E j = E j (R), j = N, L. m - aa6op c4JepH'IeCICHX KBaHTOBWX 

'IHCeJJ, COOTBeTCTBYIOIItHI KBaHTOBWM 'IHCJJaM OO'be~HHeH

HOro a TOMa C 3apJI~OM (Z l + Z 2 ) , Nj (R) - HOpMHpOBO'IHWI 

MHOlKIITeJJL, KoTopwi o6w'IHO BW6HpaeTCJI TaiC, '1To6w 

f dil'l' ~'P . = 0 . . ' 
0 1 J lJ 

R3 2 2 R3 
dn = - (~ -71 )~d7Jda = -drda. 8 8 . 

/3/ 

4 

EcnH cneKTP HenpepLIBHLIB (Eoc k 2 > 0), TO peweHHSMH 

CHCTeMLI /1/ SBJISIOTCS 4JyHKUHH /8/: 

c -> c c c ima 
1{1 . (r, k; R) = N . F. ( ~, k; R) Ill . (7J, k; R) e , 

J J J J 
/4/ 

COOTBeTCTBYJOIUHe COOCTBeHHLIM 3Ha'leHHSM ,\. 
J 

A j (k, R) , 

(j = L,m). 

cl>yHKUHH/4/ y~oaneTaopsroT onpe~eneHHLIM rpaHH'lHbiM 

ycJJOBHSM/8/, a TaK>Ke COOTHOWeHHSM BH~a: 

* 
( 

0 Ill C -> Ill C . .;. ' ) ~ <;o ( ') Q du"Yi (r;k;R)-rj (r,k ;R ·= oi{' k-k • /5/ 

3a~aqa c ~ByMs KynoHOBCKHMH uel!.TpaMH HMeeT cne~yro

IUHe HHTerpanw ~BH*eHHs: 3HeprHJO E, npoeKo;HJOyrnoaoro 

MOMeHTa t z H HHTerpan ~BH*eHHS, COOCTBeHHLie 3Ha'le

HHB KOToporo BLIPa*aiOTCS qepe3 KOHCTaHTY pa3~eneHHJI A j. 
TaKHM o6pa30M, HMeeM onepaTopw, ~HaroHanLHLie Ha cHc

TeMax liJyHKUHB /2/ H /4/ /7/: 

2 2 a2 a 1 a 2 
------ [(~ -1)- + 2,;-- +a,;+-- --]-
R2(c; 2_712) a,;2 a,; c;;-2-1 aa 2 

E 

/6/ 

2 a2 a 1 a 2 

- -----[(1-rr)-- 2ry- + b7J + -- --L 
R2(c;;Lry 2) a7J2 ary 1-712 aa2 

" a 
L = -i--, 

/7/ 

z aa 

A 
(1-77 2) 2 a 2 a 1 a

2 
---[(,; -1)- + ~- + ~ +-- --] + u·2_ 2) ac;2 a,; ' .;;-2-1 aa2 
s 7J /8/ 

cc; 2- 1) 2 a 2 a 1 a 
2 

+ ---[(1- TJ ) -- 27]- + b7J + -l. 
cc; 2- 7J 2) ary 2 a7J 1 - TJ 

2 a a 
2 

lfHTerpanLI, HeOOXO~HMLie npH BLI'IHCJJeHHH MaTpH'lHLIX 

3JJeMeHTOB B npo6neMe Tpex Ten, B3aHMO~eBCTBYIOIUHX 
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no 3aKoHy Kynoua, o6bi'IHO cao~JITCJI K ~ayxueuTpOBbiM 

HHTerpanaM BH~a /9-11/: 

Ae= f~F.~eF. 
1 I J 

Ae = f F. ~£(~ 2 -1)11 F .d(, 
/l 1 I J 

00 00 ' 

;..e= fF.·~e~F.ct~; ;..e=fF_~e<~ 2 -1)11~F.~. /9/ 
1 I a~ J 11 1 I a~ J 

a TaK)Ke BH~a: 

~e = j F.~e-~F .ctg; 
1 I aR J 

1A e = j F. ~£(~2 - 1)/l ~F. d~, 
11 1 I dR J 

1_Af = jF.~f(~2-1t _L _LF.d~, 
11 1 

1 a~ aR J 

00 2 
2Af = f F. gf(_a_F. )~.(~2-1)/l. 

11 1 I aR 2 J 

1 1 3 
f = 0 1 2 3 . , - 2' -2 ' -2 ' ''' ecnH m = m' ± 1 

, , t ' ••• ' 11 

0 • 1 · 2 • ··· ecnH m=m',m'±2 

j N,L,m; i=N',L',m', /10/ 

H K auanorHqHbJM HHTerpanaM no ry c 3aMeuoB: 

00 +1 
Jde-4 fdry; C-· ry; <e- 2 -1) 11 4 (ry 

2 -1l; F. 4<1>.; F. 4<1J.; 
.. I I J J 

1 -1 

A 4 B 

3~ecb c Fj = Fj (~ ;R), <l>jc= <llj (ry; R) 
F j = F j ( t;, k; R) , <IJ j = IP j (ry, k ; R) 

6 

/11/ 

~n.11 ~HcKpeTHoro cneKTpa; 
~n.11 uenpepbiBHoro cneKTpa. 

AJITEEPA HHTETPAJIOB 

" HcnonL3Y.Il Bblpa)KeHH.Il /6/, /8/ ~n.11 onepaTopoa E H 

A., HMeeM: 

R2E 1 2 a2 a 1 a 2 

- -- = [(~ -1)--+~-+~ + -- --] + 
2 (~2-ry2) a~2 a~ ~2-1 aa2 

1 2 a2 a 1 a2 
+ ---[(1-ry )-- 2ry-+hi]+-- -J ./12/ 
(~ 2_ry 2) dry 2 dry 1 - ry2 aa2 

... R 2E ry 2 2 a 2 a 1 a 
2 

A.--=---[(~ -1)--+~--+~+ -- --]+ 
2 (~2-ry2) a~2 a~ ~ 2-1 aa

2 

g 2 a2 a 1 a2 

+ ---[(1-172)-- -2ry- + bry + --- -]. /13/ 
(,f2-ry 2) Jry2 dry 1- ry 

2 aa 2 

llyCTL a _,'o ±b. 
PaccMoTpHM KOMMyTaTopbl: 

2 " 2 2 n-1 
[- .B_~, e j = ---[<.f -1)(~ 

2 <e-ry2) 

a 
·n·--

J,f 
+ 

c n -2 n (n - 1)) c n] 
+ s · + ns , 

/14/ 

2 

2 " 2 " R E n 2ry 2 n-1 a 
[A.---,( I= ----[(g -1)(~ ·n·-- + 

2 <~2-ry2) a~ 

cn-2 n(n-1)) cnJ 
+ s · + ns . 

2 

/15/ 
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YMHO)I(aJI /14/, /15/ Ha d{! B BLI'IBCJIJIJI MaTpB'IHLie 

3JieMeHTLI OT o6eBX CTOpoa· 3TBX paBeHCTB, DOJIY'IBM ,IJ,JIJI 

BHTerpaJIOB .IJ.BCKpeTHoro cneKTpa npa m=m': 

R2(E .-E.) N (An+ 2so-AnB 2) = __ 1_-Ni j 

2 

=2N N Bo·n(A"n-1 (n + 1) An (n- 1) n- 2 
i j 1- + 2- - -2-A ) , 

2 R (E. -E.) 
(-\.-,\.- ___ 1 __ :!_)N.N.(An+2so-AnB2) = 

1 J 2 1 'J 

=2NiNj B2·n·(An1-1 + (n+1)An-
2 

OTKy,IJ,a DpB ifj BMeeM: 

so·= yB2 

(~- 1\ n- 2 ), 

2 

/16/ 

~An+2 _.1_({3 +n(n+1))An + n(n- 1)An-2 -nA n-1=0, /17/ 
2 2 2 1 

r,IJ,e 

a=-

IlpB i = j: 

nAn-1 
1 

{3=-\.--\.-
I J 

R
2

(E i -E j) 
---

2 

R 
2

(E i -E j). 
-----, 

2 

+ n(n~An- n(n-1)An-2 =O. 
2 2 

Y=~ {3. 

/18/ 

TaKBM o6pa30M, BCe BHTerpaJILI A~-l MO)I(JIO BLipa3BTb 

qepe3 BHTerpaJILI An+2 ., A0 , .A p-2 • 

qBCJIO n B BLipa)l(eHBJIX /14/·/18/ B BO BCeX DOCJie

.IJ.YIOIUHX MO)I(eT 6LITb, B006JQe I"OBOpJI, JII06LIM D;eJILIM BJIB 

8 

HeD;eJILIM 'IBCJIOM, BLI6paHHLIM C TaKBM yCJIOBBeM, 'IT06bi 

COOTBeTCTBYIOJUHe BHTerpaJibi CXO,IJ,BJIBCb. 

AaaJiorB'IHO, Bbi'IBCJIJIJI KOMMyTaTOpbi: 

R2 E" . 2 2 n-1 a [- __ n1 = ---[(1- 11 )!17 ·n-- + 
2 , 1'/ <e-1'/2) al'/ 

+ 1'/ n-2 . _:I(n-1) -
2
-l - n11 n), /19/ 

2" 2 

[" R E n] 2~ [ 2 ! n 1 a ,\- --,17 = --- (1-TJ ) 1'/ - ·n-- + 
2 c;-2_ 17 2} aTJ 

n-2 n(n-1) l nj 
+l'j --- -lll'j 

2 

/20/ 

a HHTerpapyJI 3TH Bbipa)l(eHHJI, nonyqaeM npa i/o j , m=m': 

npa 

AG = yA 2 
/21/ 

~Bn+ 2 - 1....([3+n(n+1))Bn+ .!.lk-:..!Lsn-2 -nBn- 1 =0· 
2 2 2 1 ' 

== j : 

nB n-1 
1 

+ n(n + 1) B n _ _Ein-1) B n-2 = 0 . 
2 2 

Bbi'IHCJIJIJI c yqeTOM ypaBHeHHH /1/ KOMMyTaTop: 

" 
A R2 E n 2 a 

[,\- -- ~ (~ -1)-] 
2 ' a~ 

n-2 2 2 2 1)1 a + ~ v; -1)1'/ n[~ 2 + (n-1)(~ - a[ 
(~ 2_1'/2) 

/22/ 

/23/ 
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n-1 2 
2~ •7] 2 2 " 

+ [~ (~ -1) (-R2 E) -
(~ 2_f) 

2 1 
~~ -1)(n+--)-

2 

3 2 2 2 R2 E 2 A 2" 
- ~ + nm - n(~ -1) -- -n( ~ -1)A - ~ A] , 

2 

H HHTerpHpyg, HMeeM npH if- j, ID=ID ': 

"n+2 "n "n "n-2 a.A 
1 

-{3A 
1 

= n(n+1)A 1 - n(n-1)A 1 + 

R2 E 
+2[(-~)(2 +n)An+ 3 -a(n+1..)An+2 -

2 2 

/24/ 

R2E· 
-(n + 1)(A. - R2 E. )An+1 + a(n+l... )An +n(m 2- __ J+A. )A n-l]. 

J J 2 2 J 

IlpH i = j : 

"n "n-2 R
2

E · n+3 
n(n+1)A

1
-n(n-1)A

1 
+2[(--

2
-J)(2+n)A -

-a(n+!.)An+2 -(n+1)(A. -R2E. )An+ 1 + 
2 J J 

2 
+ a(n+ .!_)An +n(m 2_ R Ej +A. )An- 1 ] = 0. 

2 2 J 

IlO.IJ;CTaBnJIJI B /25/ Bblpa)KeHHJI ,IJ;nJI 
A n-2H3 /17/, nonyqHM npH n = 0: 

1 

a 2 5 2 2 3 
SA + (- 3a{3 + R (Ei +Ej ))A + 

" An+2 
1 

{3
2 

2 1 2 
+(-+A. +A. -R (E.+E.))A +a(3-y)A =0; 

2 1 J 1 J 

10 

/25/ 

/26/ 

" An 
1 

/27/ 

;\ 

' 

! t 
J 

npH n = 1: 

a 2A 6 1 R 2 
4 

--+3(- -af3+ -(E. +E·))A + 
8 8 2 1 J 

+[3+~+2(A.+A .)-2R2 (E. +E.)+ 
4 1 J 1 J 

R2 
+y(-1-2m2 -A. -A.+ -(E.+EJ.))]A2 +5aA3 -3aA

1 
=0; 

1 J 2 1 

npH n 2:_ 2: 

~An+5 
2(n+ 3) 

/28/ 

[ a{3(n+2) + (n+22R2(E. +E. )]A n+3+ 
+ - 1 J 

(n + 1)(n+3) 2 

f3 2 n(n + 2) 2 n+ 1 +(n+1)[--- + ----+A. +A. -R (E. +E .)]A -
2(n + 1) 2 2 1 J 1 J 

R2 
-n[n2+2m2 +A. +A. ---(E.+E.)]An-1 + 

1 J 2 1 J 

+ n(n..,. 1)(n- 2) An-3 + (3+ 2n)aA n+2 -a( 1+ 2n)An = 0. /29/ 
2 

CooTHoweHHJI /27/-/29/ cnpaBe.IJ;nHBbl npH i .f- j. IlpH 
i=j,HcnonLJYJI /18/ H /26/, nonyqaeM npH n=O: 

(-R2E.)A 3 +(R2 E. -A.)A 1 -~(3A 2 -A 0)=0, 
J J J 2 

/30/ 

npH n = 1: 

2 4 2 2 
-3R E j A + (4R E j - 4A j -3)A + 

+ ( 1 + 2m 2 - R 2 E . + 2.\ . ) A o - 5aA 3 + 3aA 1 = 0 , 
J J 

/31/ 
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npu n .2: 2: 

-R2E.(n+2)An+3 +[- n(n+1)(n+2) +2(n+1)(R2E -A )]An+1+ 
J 2 J J 

+A n-1 ·n. [n 2 +2m2 + 2A. - R 2E ) - n(n -l)(n - 2) An-3 
J . -

J 2 

/32/ n+2 . n 
-a(2n+3)A +a(2n+l)A = 0. 

A 

" 2 , 
AuanorH'IHO, Bbi'IHCnJUl KOMMyTaTOp [A- g__E, 1t (1- T} 2)_§_] 

2 Jry 

H COOTBCTCTBYIOIUHC MaTpH'IHble 3neMCHTbl, nonh3YJICL COOT

HOWCHHJIMH /16/, /22/, /23/, nony'IHM, 'ITO COOTHOWCHHJI 

.n.n.s: ,.B n, B ~ coona.n.a10T c cooTnoweHHHMH /25/-/32/ .n.n.s: 

An , An c 3aMeHoii: 
1 

A-.B, a---h. 

llpH b=O / Z 1 ~, Z 2 I COOTHOWCHHJI Me)I(.IJ.Y gu HMCIOT 

OC06eHHO npOCTOH BH.IJ.. llpH if j H O,lJ.HHaKOBOH 'ICTHOCTH 

no T} $yHKIJ,HH <fl i (T}), <lJ j (rJ) ,l].OCTa TO'IHO Bbi'IHCnHTb TOnhKO 

HHTerpanbl B0
• B4 • a oce B 2n' n>3 Bblpa)l(aJOTC}l qepe3 

2n+1 - . 
HHX I B , n ,, 0,1,2, ••• o 3TOM cnyqae paBHbl HYnJO/. 

no = yB2, 

a 2 B6 1 R2 4 P
2 

--+3(--a/3+-(E +E.))B +(3-t.J:::..__+2(A.+A.)-
8 8 2 1 J . .4 1 .J 

2 2 R2(Ei+Ej) 2 
- 2R (E. +E . ) + y(-1-2m -A.-,\.-+ )B =0 

1 J 1 J 2 

~ B2n+ 6 +[ _ a(3(2n+3) + (2n+ 3)R__:_(E. +E .))B2n+4+ 

2(2n+4) (2n+2)(2n+ 4) 2 
1 

J 

12 

l 

J 
i 

I 
' 

2 
+(2n+2H (3 + (2n+ 1)(2n+3) 

2(2n + 2)2 2 +\ +Aj -R
2
(Ei+Ej)]B 2n+2 _ 

R2 
-(2n+1)[(2n+1) 2 +2m 2 +A.+A .- -(E.+E .)] B 2n + 

1 J 2 1 J 

2n-2 
+ (2n + 1)n(2n- 1)B = 0, n > 1 . /33/ 

llpH i f= j H pa3HOH 'ICTHOCTH no 17 ti>YHKD.HH <1J. (T}), 
<1> j (.,7) oce HHTerpanbl B 2n, n =0,1,2, ••• paBHLI HYnJO, a

1 
HH

TerpanLI B 2n-+ ~ n_::: 2 BLipa)KaiOTCJI qepe3 HHTerpanLI B 1, 
B 3 : 

a
6

2
B&+(- 32 a(3+R2(E.+E.))B 3 +(~+A .+A. -R 2(E.+E.))B 1=0, 

1 J 2 lj 1J 

a 
2 

2n+5 a(3(2n+2) 2 2n +3 
--- B +[- +(n+1)R (E. +E. )]B + 

1 J 2(2n+3) (2n-1)(2n + 3) 

(32 
+(2n+1)[ +n(2n+2)+Ai -tA

1
. -R2(E.-tE.)]B2n+l-

2(2n + 1)2 . 1 J 

-2n[(2n)2 +2m 2 +..\. +..\.- ~(E.+E.)]B 2n-1+ 
1 J 2 1 J 

2n-3 + n(2n - 1)(2n- 2)B = 0; n > 1. /34/ 

PaccMOTPHM TenepL KOMMyTaTopLI: 

R2 E n a 2 2 n-1 a 
[- --.~ -] = ---[(~ -1)(~ •ll•- + 

2 aR <~2-TJ2) a~ 

t: n-2 n(n-1) t:n] a 
+., ·--+n., --

2 aR 

/35/ 

~(~+b7J) 
R(~2 _7J2) 
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" ....2 "E a· 2 2 2 n-1 a (A __ K--, ,;n-1 = __ TI~[(,; -1)(,; ·n·- + 
2 aR c,;-2_.,2) a,; /36/ 

t\a.,;-2 2 +b7JtJ + ,;u-2 . !!(n- 1) + nt1~ -
R (,; 2 _ T/ 2) ' 2 aR 

a TaK)l(e KOMMyTaTOpbl: 

R2 E a " If F. a 
(---,ryn-1, [A _ --, .,n--1. 

2 aR 2 aR 

llocne HHTerpupoaaHHJI 3TH KOMMyTaTOpbl npHaO)l.JIT 

npH i f j, m = m' K COOTHOIIIeHHJIM: 

a ~ E · a R
2 

E · 2 1 1 2 aA 
1 

[-(-_l_)+y--(A.- _!.)1/\ ={3 A0 
-a A - ---, 

aR 2 aR 1 2 R ; 37 1 

14 

a IfE. 2 a1An+2_{31An +--(-=.-=l)An+ + 
aR 2 

a If E j n aA n+ 1 
+--(A.- --)A + -----

aR J 2 R 

= 2[n 1" A n-1 n(n+1) 1 n +----A 
1 2 

n(n~1An-21, n > 1. 
2 

llpH i=j nonyqaeM: 

2 2 a R E j a R Ej 
A2 -(--) + Ao-(A.- --) = 

aR 2 aR J 2 

aA1 
----

R 

a If E j n+2 a R2 E . n aA n+ 1 
-(--)A +--(A.- -L)A + ---
aR 2 aR J 2 R 

=
2
[n.1An-1+ (n+1)n 1An _ n(n-1)1An-2 1 . 

1 2 2 

;38/ 

/39/ 

/40/ 

l 

.. 
)J.nJI 1Bn, lBn, Bn HMeeM Te )l(e COOTHOWeHHJI /37/-

/40/ c JaMeHoi: A_, B , a_,_ b. HcnonJ.JYJI cooTHOWeHHJI 
JJ.nJI B 11 , aHanorH"'Hble /30/-/32/ H /39/, /40/, nonyqaeM, · 
"'TO npu tr.O , i = j JJ.OCTa TO"'HO abi"'HCnHTh nHWL B 

0
, a ace 

s2n 'n2_:1 ablpa)l(aiOTCJI qepe3 8° /ace B2nil, n=0,1,2 .... 
paaHbl HyniO/: 

R2E R2 E 
B2 _i_ ( __ j ) + 8° _i_ (A . - __ j ) = 0 , 

aR 2 aR J 2 

-3R2 E. B 4 +(4R2 E. -4A .-3)B 2 +(1+2m
2

-R
2
E. +2f-.)B

0 
=0 J J J J J ' 

-R2 E. (2n + 3)B 211+4 + 
J 

+ ( -(2n + 1)(n+ 1)(2n+ 3) + 2(2n+ 2)(R 2 
E. -A.)] B 

2
n+

2 
+ 

J J 

+(2n+1)[(2n+1)2 +2m 2 + 2A. -R 2E .]B 
2
n-

J J 

2n-2 
-(2n+ 1)n(2n-1)B = 0, n > 1. 

/41/ 

AHanorH"'HbiM o6pa30M, paccMaTpHaaJI KOMMyTaTOpbl 

~ a a 
,.. R2E t:n(t:2 _ 1)-- ---], 

[A - -, s " a,; aR 
2 

" R2E n 2 a a 
[,\- -, T/ (1-ry )-- --1, 

2 a., aR 

MO)l(HO nony"'HTb peKyppeHTHble COOTHOWeHHJI Me)l(JJ.Y HHTer
panaMH 1A n, An' Inn ' B n. 

KoMMyTaTophl: 

" 
" R2 E 2 fl v] [,\---,(,; -1) ,; ' 

2 

" R2E 2 a 
1A- -,(c,; -1f--l, 

2 a,; 

2" a ~ R E t: v( t: 2 _ 1) fl_ ] , 
[A - -2-' " " aR 

2" a a ~ R E t:v(t:2_1f _ --1, 
LA - -' " s af aR 2 , 
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6, - R2fu ,.;v<.;- 2 -1t ~-L ~ R 2E v 2 11 a a 2 
[A - --, t (t -1) -- --], 

2 a.; aR 2 
2 aR2 

r.Ae 11. v - He o6B3aTenbHO :u.enhle quena, npHBOJJ.BT K . 
eoOTHOIDeHHBM Me>K.AY HHTerpanaMH Al' 

(1 ' 

1 " !' 

A !1. ' 
2Av 

11 ' 

l/ 1V 9 1' A (I , A l1 , ~A (L H K peKyppeHTHblM eOOTHOIDeHHJIM Me>K.AY 

Al' . 1A1 
v· f1 

2 v 
A 11 • 

BBHJJ.Y epaBHHTenbHO npoeToro nonyqeHHB aeex 3THX 
eoOTHOIDeHHH, no HeKOTOpOH rpOM03)J.KOeTH Bbipa:>KeHHH 3)J.eeb 

oHH He npHBOJJ.BTeB. ,.. ,.. "' 
V V 11, 2V 11! 2V 

CooTHomeHHB JJ.nB B IL , . B 11 , B f1 , B 1, , B f< , B 11 
HMeiOT TOT :>Ke BH)J. e 3aMeHOH: A -> B. a -• -- b. 

Bee nonyqeHHbie Bblpa:>KeHHB enpaBe.AnHBbi JJ.nB HHTerpa
noa )J.HeKpeTHOrO eneKTpa llpH Beex B03MO:>KHblX 3HaqeHHBX 
R , a , b , i , j (a;t' ±b). liOnblliHHeTBO H3 HHX npoaepeHO 

' I 
queneHHO e llOMOmbiO nporpaMMbl I 11;. fioeKOnbKY llpH Bbl" 
BO)J.e 3THX eOOTHOIDeHHH, KpOMe yenOBHB KOHeqHoeTH pae
eMaTpHBaeMbiX HHTerpanoa uenonbJoaanHeb TOnbKO ypaa
HeHHB /1/ H ene)J.yromaB H3 HHX JJ.HaroHanbHOeTb onepaTo
poa /12, /13/ Ha eueTeMaX l}lyHK:U.HH /2/, TO Bee nonyqeH· 
Hble npH if- j , a;t' ± b eOOTHOIDeHHB enpaBe)J.nHBbl H )J,nB HH" 
TerpanOB, CBB3blBaiOIUHX COCTOBHHB )J.HCKpeTHOrO H Henpe • 
pbiBHoro cneKTpoa, H JJ.nB HHTerpanoa HenpepbiBHoro cneKT
pa. Bo acex 3THX enyqaBx B nonyqeHHblX Bblpa:>KeHHBX 
BMeeTO E. (E.) Ha)J.O noeTaBHTb ~ (k' 2)· (k 2 f k' 2 ), 

1 J 

EenH a=± b f 0 /BO.AOPOJJ.OllOJJ.06HhlH a TOM B el}lepoHJJ.anb
HOH eucTeMe KOOPJJ.HHaT/, TO ace nonyqeHHble npu E.= E.< 0 

1 J 
eOOTHOIDeHHB TaK>Ke cnpaBe)J.nHBbl. 

Cnyqau HHTerpanoa HenpepbiBHoro cneKTpa npu i=j, 
a TaK:>Ke npu i;t' j , a=± b - npeJJ.MeT cne:u.uanbHoro paccMoT

peHHB. 

16 

3AKJJIOllEHHE 

0TMeTHM HeKOTOpLie oco6eHHOCTH nonyqeHHOH nHHeHHOH 
anre6pLI )J.BYX:U.eHTPOBLIX HHTerpanoB: 

1. Bee nonyqeHHLie COOTHOIDeHHJI He 3aBBCJIT OT KOHK· 
peTHoro BB)J.a pa3nO:>KeHBH )J.njl IPYHKUBH F. c.;;R), ~. (7J ;R ). 

J J 

2. Anre6pa BHTerpanoB B no yrnoBLIM nepe:MeHHLIM 7J 
coana)J.aeT c anre6poil BHTerpanoa A no paJJ.BanbHLIM ne
peMeHHLIM .; c 3a:MeHoil B -+ A , b-+- a. TaKBM o6pa3oM, MLI 
BMee:M CYMMY JJ.BYX He3aBHCBMLIX anre6p, qTo JIBnJieTCB, 
llO"BB)J.BMOMy, CJie)J.CTBBeM TOrO l}laKTa, qTo npoB3Be)J.eHBe 
.ABYX:U.eHTpoBLIX l)yHK:U.BH Fj c.; ;R) <t> j (7J; R) Ha 3KCllOHeHTLI 
peanu3yeT co6oi 6a3BC awpo>KJJ.eHuoro HeKaHoHuqecKoro 
npe)J.CTaBJieHBB rpynnLI, BBJIBIOIUeHCB npBMLIM npOB3Be)J.e • 
HBeM .ABYX rpynn )J.BB>KeHHH Tpex:MepHLIX npocTpaHCTB 
P(3) ® P (2,1) 112/ . E.ABHCTBeHHYIO cBnb Me>KJJ.y HHTerpana
MB A u B MO.>KHo nonyqHTb c noMOIUbiO ycnoBBJI uopMHpoa
KH /3/. fipB i=j BMee:M: 

N~rrR3 (A2Bo- B2Aa) 
l 4 1. /42/ 

3. CooTHomeHHB /16/ H /21/, 3anucaBHLie a BBJJ.e 

00 

f (y( 2- l)F. F . d( = 0 , 
1 J 

1 

+1 2 
f (1- Y'Tl )tl>itl>j d77 = 0, /43/ 

-1 

npeJJ.cTaBJIJIIOT co6oi o6o6meuue cooTuomeHd opToroHanJ.
HOCTH/3/AJIJI i;o~j, m=m'. 

qaCTHLIH cnyqai COOTHOWeHBH /43/ npB E.=E. 
I 1 J 

npuae.AeH a I 7 • 

BwqucneHBe KOMMyTa Topoa 

2" 
[- R E,.;nei~ma], 

2 
6 _ R

2E ,.;ne ~rna ],' 

2 
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A A 

[ 
R2 E n ii'lma] [~ R

2
E n L~ma] 

- -2-, TJ e , " - -2--,TJ e 

H COOTB8TCTBYlOIUee HHTerpHpOBaHHe npHBO~JIT npH i -/- j , 
i'lm=m'-m K 6onee 0611\HM COOTHOWeHHJIM, cnpaBe~nHBbiM 

H npH m -4 m': 

oo 2 m'2m2 f (a,; - {3 + -----) F . F . ct.; = 0 . 
1 .; 2_1 I J 

1441 

oo 2 m'2-m2 
f(aTJ -{3 - ----)<ll .<ll. dTJ = 0. 

I J 
1 1-ry2 

4. C UOMOJ.QblO nonyqeHHOH anre6pb1 ~BYXUeHTpOBbiX 
HHTerpanoB nerKO BbiBeCTH pa3nHqHble COOTHOWeHHJI Me)t(~y 
MaTpHqHbJMH JneMeHTaMH Ja~aqH ~ayx ueHTpoa. HanpH
Mep, npH i = j, yMHO)t(a.ll 1391 Ha B0

, a aHanorHqHoe 

Bblpa)t(eHHe ~n.ll B Ha A0 
' H BblqHTa.ll O~HO H3 ~pyro

ro, nonyqHM, c yqeToM 1421: 

a R2Ei R 
-(- --) =- -V .. 
aR 2 2 n 

1451 

3TO Bblpa)t(eHHe eCTb He qTO HHOe, KaK TeopeMa renb

MaHa- ct>eiiHMaHa I 13( 

YMHO)t(a.ll 1391 Ha B 2 a COOTBeTCTBYlOJ.Qee Bblpa)t(eHHe 
~ . 

~.II B Ha A H BblqHTa.ll o~Ho HJ ~pyroro, HMeeM: 

r~e: 

18 

R2 E a i -(A. - --) = u . . . I 461 
aR i 2 11 

v 
ij 

z1 z2 
- <i\-(-+-)\j>, 

rl r2 

zt z2 
U .. = <i jz(- - -)\j> 

IJ r 1 r 2 

R R R 
r 

1 
= - (,; + TJ) ; r 2 = - (,;- TJ ) ; z = - .; TJ. 

2 2 2 

TaKHM )t(e nyTeM, HcnonLJY.Il 137 I H no~o6Hoe Bblpa)t(e
HHe ~n.11 B. npH i -J .i , m=m' nonyqHM: 

·1 a 1· R V a<l - ]> =-aR · 2 ii 
{3<il~lj> = tT .. 

rJR IJ 1471 

Cne~oBaTenbHo: 

RV = yU .. 
- .. IJ 2 1] 

1481 

AHanorHqHbJM o6paJo:M MO)t(HO nonyqHTh H ~pyrHe co
OTHOWeHHJI Me)t(~y MaTpHqHblMH JneMeHTaMH. B qaCTHOCTH, 
cooTHOWeHH.Il, npe~cTaaneHHhle B pa6oTe I 11/ .IIBnJI.lOTCJI 

' 
qaCTHbiM cnyqaeM paCCMOTpeHHOH J~eCh anre6pbl ~BYX-
ueHTpOBbiX HHTerpanoB. 

B JaKnJOqeHHe 6naro~ap10 JI.A.CMopo~HHCKoro, C.H.BH
HHUKoro, H.B.KoMapoBa, n.H.IloHOMapeaa, A. T .«<>HnHnno
Ba, C.IO.CnaB.IIHOBa Ja o6cy)t(~eHHe pJI~a aonpocoa Ja~aqH 

~BYX ueHTpOB H ueHHble JaMeqaHHJI. 
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