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Tpyc~~:oea H.<l>. 2- 11268 

npellCTasneHHll H9KOMfi8KTHbiX rpynn H 38l18'18 llBYX UeHTpOB 

KBSHTOBOA M9X8HHKH 

no&838HO, 'ITO Bbi60p onpeaeneHHOrO H9K8HOHH'I9CKOro 683HC8 B rpynne, 

smnl'!JOWeliCll npllMbiM npOH3B9l19HH9M LIBYX rpynn LIBHlK9HHli TpeXMepHbiX npo-

~
Tp8HCTB P(3)(8)P(2,1 ), ana B 6onee mapoKKX rpynnax llBiDKeaall weCTHMepaoro 

pOCTp8HCTB8 f(5,1)• :i'(4,2) H np. npHBOLIHT K He06XO!IHMOCTH pewaTb 38!18'!y, 

KBDBaneHTHyiO 38l18'19 llBYX UeHTpOB KB~~JOBOli M9X8HHKHo CneLJCTBHeM 9TOro 

gsnseTCs nony'leaaas aeropoM e pa6oTe naaeAaas anre6pa llByxueaTposhlx 

JaaTerpanoe. 

Pa6o~3 Bbmonaeaa B na6opaTOpBH Bhl'IBCnHTenbHOII TeXHHXH H 8BTOM8-

TB3UBH OHSH1. 

npenpRHT 06'1oel1HHeHHOrO HHCTIITyT8 51l19pHbiX BCCneaoeaHBA. Jly6Ha 1978 

Truskova N.F. 

Representations of Noncompact Groups and the 
Two-Centre Problem in Quanturn Mechanics 

2- 11268 

It is shown that the choice of a definite noncanonical basis 
in a group being a direct prcxiuction of two groups of motion of 
3-dimensional space P (3)@ P (2 ,1) or in larger groups of motion in 
6-dimensional space P(5,l),:i'(4,2)results in a necessity to solve the 
problem equivalent to the two-centre problem in quantum mechanics. 
The linear algebra of two-centre integrals- is its consequence. 

The investigation has been performed at the Laboratory 

of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubno 1978 

C) 1978 06'be/1BB8HBblR BBCTBf'YT liiJ8pBblJC BCC08/10BBBBR D.y6Ba 

BBE,4EHHE 

H3secTHO, qyo 3a~aqy c o~HBM xynoHOBC&aM ~eHTPOM 
/so~opo~ono~o6HLdi aToM/ MO)KJIO pewan. xax 3a~aqy 
TeopBH npe~cTasneHHH rpynnw 0 (4)1 1•2\ins 6onee wapoxax 
rpynn 0(4,1) 

131 
H 0(4,2)

14
•5 1_ BonHOBLie lPYH~BB BO~opo~o­

D0~06Horo aTOMa npH 3TOM peanH3YIOT C060H cne~HaHLHLIH 
6a3HC BLIPO)I(~eHHoro npe~cTasneHHJI rpynnLI 0 (4) HnH yno­
MHHaeMLIX 6onee WHpOKHX rpynn. PexyppeHTHLie COOTHO­
WeHHJI, CBJI3LIBaiO~He Me)l(~y C060H COOTBeTCTBYIO~e pa-

n 16 71 
~HaHbHLie HHTerpanLI < r > - ' , JIBHJIIOTCJI cne~CTBHeM 

3THX rpynnoBLIX csoB:cTB. 
B pa6oTe noKa3aHo, qyo ~nJI 3a~aqa c ~BYMJI KynoHos­

CKHMH ~eHTpaMH HMeeT MeCTO, B006~e rOBOpJI, aHanorHq­
HaJI CHTya~HJI. 3Ty 3a~aqy, HanpHMep, ~HJICnyqaJI~HCKpeT­
HOrO CDeKTpa E j .c 0, MO)I(HO pewaTL kaK 3a~aqy TeOpHH 
npe~cTasneHHH onpe~eneHHLIX HeKOMnakTHLIX rpynn, npaqey 
lPYHK~HJI, JIBHJIIO~aJICJI OpOH3Be~eHHeM pa~HanLHOH H yrnOBOH 
~BYX~eHTpOBLIX lPYHK~HH Ha exp ( i rna+ i m {3), peanH3yeT CO-
6oB: 6a3HC swpo~eHHoro HexaHOHHqecxoro npe~cTasneHHJI 
rpynnLI, JIBHJIIO~eHCJI npJIMLIM npOH3Be~eHHeM ~BYX rpynn 
~BB)I(eHHH TpeXM~pHLIX npOCTpaHCTB p (3) @'J> (2 ,1) HHH 6onee 
WBpOkBX rpynn ~BIVICeHBH WeCTHMepHOrO npocTpaHCTBa 
P(5,1), P(4,2) H np. _ 

B oTnsqse oT o~Ho~eHTposoi 3a~aq11, onepaTop E 
COOTBeTCTBYIO~H onepaTopy 3HeprBB, He JIBnJieTCJI one­
paTOpOM Ka3BMHpa paccMaTpssaeMLIX rpynn B noToMy He 
KOMMY~BpyeT co sce:t4.H reHepaTopaws 3THX rpynn. One­
paTop E H onepaTop A , KOTopLIB: cooTBeTCTByeT "~onon­
HHTenbHOMy" KOMMYTHPYIO~eMy c E onepaTopy s 3a~aqe 
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nayx u;eHTpOB, HMeiOI.IJ;eMy co6CTBeHHLie 3HaqeHHJI, paBHLie 

KOHCTaHTe pa3neneHHJI A j , BXOnJIT B Ha6op B3aHMHO 

KOMMYTHPYJOI.IJ;HX on epa TOpOB, onpenenJIIOI.IJ;HX HeKaHOHHqe­

CKHH 6a3HC B paccMaTpHaaeMLIX rpynnax. 3To CBJI3aHo 

c TeM, qTo ypaaHeHHe illpenHHrepa c nayMJI KynoHOBCKHMH 

u;eHTpaMH nonycKaeT pa3neneHHe nepeMeHHLIX Ton&Ko B 

onHOH CHCTeMe KOOpnHHaT /B OTnHqHe OT 3anaqH C onHHM 

KynOHOBCKHM u;eHTpOM, rne TaKHX CHCTeM KOopnHHaT He­

CKOnbKO/. a TaK*e C TeM, qTo BLipO~eHHOCTb 3HaqeHHH 

3HeprHH /nepeceqeHHe TepMOB DpH HeKOTOpLIX 3HaqeHHJIX 

Me*bJinepHoro paccTOJIHHJI ~ I HMeeT MecTo Ton&Ko To­

rna, Korna He MeHee nayx KBaHTOBLIX qHcen H3 Tpex 

pa3nBqaJOTCJI, B TO BpeMJI KaK B onHOIJ;eHTpOBOH 3anaqe 

npH naHHOM 3HaqeHHH rnaaHoro KBaHToBoro qJtcna N 3Hep­

rHJI BLipO~eHa DpH BCeX B03MO*HLIX DpH 3TOM 3HaqeHHJIX 

KBaHTOBLIX qHcen f ,m. 

CnencTBHeM paccMoTpeHHLix B pa6oTe rpynnoawx 

caoiicTB 3anaqa nayx u;eHTpoa JIBn.ReTCJI nonyqeHHaJI B 
181 

nH­

HeiiHaJI anre6pa nayxu;eHTpOBLIX HHTerpanoB, KOTOpaJI open­

CTaBnJieT co6oii, DO CYJ.UeCTBY, peanH30BaHHYJO B naHHOM 

6a3HCe anre6py MaTpHqHJ.IX 3neMeHTOB BW6paHHLIX HeKa· 

HOHHqecKHX DpencTaBneHHH paCCMaTpHBaeMLIX rpynn. 

3A,l.fA flA t4BYX QEHTPOB 

HanoMHHM, qyo An.ll nsyx KynoHOBCKHX u;eHTPOB /anHa-

6aTHqecKoe npH6nH)KeHHe B npo6neMe Tpex Ten, B3aHYo­

neiicTB.YJ01UHX no 3aKOHY KynoHa/, peweHHe ypasHeHHJI 

illpenHHrepa B clilepOH,I:(anbHOH CHCTeMe KOopnHHaT CBOnHTCJI 

K HaXo~eHHIO C06CTBeHHLIX 3HaqeHHH H orpaHHqeHHWX 

C06CTBeHHWX ciiYHKIJ;Hi CHCTeMLI ypaBHeBHH ;g,lO/: 

2 · 2 a 
((f -1)~+2f-.-+ 

af2 a( 

2 
R Ej 2 m2 
--(f -1)+af -A .-~]F.((;R) .. 0 

2 J f -1 J 

/Ia/ 

[(1-7]2 

2 
a2 a R E j 2 m2 

)-. --271 -·-- + -- (1 -71 )+bfl-A .---1<11 (71;R)-O 
a.,.,2 a71 2 J t-712 .t /16/ 

4 

a2 
2 

[--
2 

+ID ]Wj (a)= 0 a a 
1::;f<oo, -1~7]~+1. O$a:S27T. 

3necb R - paCCTOJIHHe Me)Kny JinpaMH; A j - KOHCTaHTa 

pa3neneHHJI; a=R(Z
2

t-Z 1 ) , b =R(Z 2-Z1 ); Zl" z2 - 3a-

pJinbi Jinep. CHCTeMa enHHHIJ;: -h"" m =8 o-l . e 
)l.nJI nHCKpeTHOrO cneKTpa (E j < 0) peWeHHJIMH CHCTeMbl 

/1/, orpaHHqeHHbiMH B 3anaHHbiX o6naCTJIX, JIBnJIIOTCJI 

opToroHan&HLie Me*nY co6oii liJyHKUHH ;g .1 O!: 

~ ima 
'V . ( r ; R ) "'N . (R ) F' . ( f ; R ) <1> . ( 1J ; R ) e 

J J J J 
/2/ 

COOTBeTCTBYIOI.IJ;He co6CTBeHHbiM 3HaqeHHJIM A j "'A /R) 
E j =Ej (R), j o=N,L.m - Ha6op cllJepHqecKHX KBaHTOBbiX qH­

cen, COOTBeTCTBYIOJ.UHH KBaHTOBbiM qHcnaM 06benHHeHHOrO 

a TOMa C 3apxnoM (Z 1 +Z 2) . N j (R) - HOpMHpOBOqHbJH MHO*H­

TenL, KOTOpbiH 06blqHo Bbi6HpaeTCH TaK, qT06bl 

J dO Wt 'V j =o ij 
n 

3 

ctn,IC(f 2 

8 

2 R 
-TJ )d fd TJda =o -drda 

8 

TPYIIIIbl t4BH)KEHHH 

/3/ 

p aCCMOTpHM rpynny, HBnHIOI.UYIOCH DpHMLIM DpOH3Be­

neHHeM nayx rpynn naH)KeHHH TpexMepHLIX npocTpaHCTB 

P (3) (2) :P (2 . 1 ) 
rpynna P(3) COCTOHT H3 cnaHrOB H Bpai.IJ;eHHH npocTpaH­

CTBa KOopnHHaT Y j C MeTpHKOH: 

2 2 2 
yi y i = y 1 + y 2 + y 3 • 

/4/ 

a rpynna P(2,1)- H3 cnaHroa H apaJ.UeHHH npocTpaHcTBa 

Y p. C MeTpHKOH: 

2 2 2 
y l 11-"' y4 + y5 - y 6 /5/ 
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HH!liHHHTe 3HMaJILHble reHepa TOphi P ( 3): 

iL, x.'"'- ay. 
J J 

f z -i(y. _j}__- Y 2_ ), j, kz1 ,2 ,3 
jk J ayk kay.i 

/6/ 

H ~P(2.1): 

6 

x -- i-a- • ll"" 4 • 5 • 6 
ll ayll 

f46 =-i(y 4ly + Y6 :Y ) 
6 4 

(<) • < a + Y _a_. ) 
oL =- 1 Y5 -- 6 a y 56 ay 6 5 

a a 
f = - i (Y 4 --a Y- - Y5 -ay-) 

45 5 4 

y,D;OBJieTBOpJIIOT COOTHOWeHHJIM CTpyKTypbl: 

[xi ,xj ]=0, [xi, fij)=i(oikx.i-oijxk). 

0 .. = 
IJ {

1.i=j=1.2,3 

0 . i~ j 

171 

[fl2 '~3 ]=i f31 ' [f31'fl2]'"' i .s;3 ' [f23 ,f3~= i fl2 

[x ,x ],..o, [xa, f l=i(o x -o xJ. 
fl v /J-V av /1 ap. 

0 
/W 

{ 

1 , fl'"'V• 4,5 

-1.p.=v =6 

.0, fl*V 

[ f f ],.,_if [f 0 ],. L~ 
46 . 56 45 ' 56 .oL 45 46 ' 

[ f 45. f 46]- i f 56 

[xi ,xp.]""O, [fij ,fp.v]=O, [xi .fp.v]-0, 

[x .f .. ],.o 11 ,v,a:4,5,6; i,j,k==1,2,3. 
fl IJ 

18/ 

)),acWJepeHU.HaJILHble on epa TOphi I 6-7 I ,D;eiicTBYIOT Ha 

liiYHKU.HH f j (YJ, KOTOpble onpe,D;eJIJIIOTCJI Bbi60pOM KOHKpeT­

Horo 6a3uca j . 
Ilpe,D;llOJiaraJI, 'ITO COOTBeTCTBYIOIIJ.He HHTerpaJibl cy­

lll.eCTBYIOT, .... nepeii,D;eM K x -npe,D;cTaaJieHHIO ( f .i Cf) 
= J exp (- i x y) 'P j ( x) ctx') H Bbl6epeM ,D;HaroHaJibHbiMH 

cne,D;yiOIIJ.He KOMMYTHPYIOIIJ.He Me:lK,D;Y co6oil onepaTOpbl: 

A 2 2 2 A 2 2 2 ->2 
C1 =Xl +X 2 +x 3 ; C 2 -(x1 +X 2 +x 3)L -XiXj fikfjk 

A 2 2 2 
C3 = X4+X5 -x6; 

A 2 2 2 ->2 (<) (<) 

C =(X +X -X ) M -X X oL oL l9al 
4 4 5 6 v a Vfl a/1 

f .f 
12 • 45 1961 

1 ->2 - ->2 -
E =- [-M +2ax -L +2bx ] 

2 (x 2_ ~ ) 6 3 
6 3 

l9al 
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~ ( 2 A~ x3-C!) 
2 2 

(X6-X3) 

2 c"' ) .... 2 -
1 (X 6 - 1_ [ _ L + 2 b x

3 
• [-M

2

+2ax 6 )+(x62_x~) /9r/ 

r.ne a , b- HeKOTOpble ITOCTOJIHHble; 
.-t 2 _ w 2 ~,) 2 Cu2 A " " "' 

lVJ =cL46+'""56 -cL45.• C1 ,C2 ,C3 ,C4 
TopaMB Ka3BMBpa P(3) B P(2,1). 

->L 2 = cu 2 ~<l2 ~) 2 • 
- cL23 +':31 +12 ' 

JIBnJIIOTCJI on epa-

Henocpe.ncTBeHHbiM Bbi"'BcneHBeM MO:>KHO y6e,nBTLCJI, 

"'TO 
... ... 
c

2 
= o; c

4 
'"" o. /10/ 

T. e. "'TO paCCMa TpBBaeMOe npe,ncTaBneHBe - BblpO:>K,neHHOe. 
t 12 , 1'45 - BHBapuaHTbl o.nHonapaMeTpB"leCKJ:!X l!o.nrpynn 
Bpa~eHBii: B ~P (3) B P(2,1), cooTBeTCTBeHl!,O. E, A - He­
KaHOHB"leCKBe .nuaroHanLHble onepaTopbl. A MO:>KHO Janu­
caTb TaiOKe B BB.ne: 

" ~') ..... 2 ,... -
A,. [M~ + 2(C 1 -x 6 )E -ax

6 

,.. ... 2 "' 2 "' -
A= [- L + 2 ( c 1 - x3 )E + b x 3 ] . 

BBe,neM CBCTeMy KOop,nBHaT, B KOTOpOH 
/6-7}, ,neHCTBYIO~He /B X -npe,ncTaBneHBB/ 
IJI j (X) = IJI.i ( ~, 7] , R , a , {3 ), BMeiOT BB,n: 

/1la/ 

/116/ 

reHepaTopbl 
Ha cllYHKUHB 

R 2 
x 1 =- y'1 -77 cos a 

2 
O::;;R<oo, -1::;;7]$+ 1, +1_<~<oo 

I 

R 
11
--2 . 

x2 "' - v - 7J sma 
2 

O~a$2rr, 

R R 2-
x 4 = -:- y' ~ - 1 cos {3 

.2 
X =- 7] 

3 2 

R ---
x 5 =- y' { 

2 
-1 sin{3 2 . 

R 
x6 =-~ 

2 

0 ~{3_< 2rr 

/12a/ 

-- a COSa L) 
s:_ :- i( y'l-7] 

2 
sina -a - 7] /--=. a a 

23 7] yl-7] 2 

-- a sin a_ .i_) 
w "'-i(-y'l- 7]2 COSa -- -7] -=- 2 aa 
cL31 a7J y'1-7J 

. a 
~2"' -1 -· --a a 

2 . _i_ + !_cos {3 .!!__ ) 
f = -i ( y' ( - 1 sm {3 a 1: ~ a {3 

46 . s y' ~ 

{sin{3 a 
2 f3 a - --). ~ • (· 1 c -1 cos . - - --=--- a r:~ 

6 =-1 vs at ;c2_1 t-' 

. a 
f =-1ar:i 45 1-' 

. v s 

/126/ 

KaK BB,nHM, reHepaTopbl ~2 , ,il45 , Bxo.nJI~e B Ha6op 
B3aBMHO KOMMYTBPYIOI.I.(HX onepaTopoB /9/, .nHaroHanLHbl 
no nepeMeHHLIM a .{3. Cne.noBaTenLHO, BMeeM: 

T.e. 

a 
-i~ 'P. (~.7J.R.a,(3)xm. 'P. (f,7J,R.a,f3) a a J .J J 

a -
-i a{3 'Pj (~.7J.R,a,f3)"'mj'Pj (~.7J.R,a.f3), 

im ja 

'Pj (~ .7] ,R, a,f3) = ¢ j ( ~ •7J ,R)e 
im . {3 

e J 

/13/ 
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- ~ 0 r,L\e m .i , m .i - co6cTBeHHble 3Ha'leHHjJ onepaTopos 12 , 1.
45

, 

COOTBeTCTBeHHO. 
OcTanbHble on epa TOphi l9a, 9s, 9r I B cHcTeMe KOOP.L\HHa T 

l12al c y'leToM 1131 Bhlrng,L\jJT cne,L\yiOll.UlM o6pa3oM: 

4 

A 

c 2 = o; 
A 2 
Cs ,., _ _B:_ . 

4 . c
4

,., o l14al 
A 

cl,. --. 
R2 

E 

-2 
2 2 a2 a m . 

-----[(~ -1)~+2~- +a~- _J_]-
R2(~2-.,2) a~ a~ ~2_ 1 

2 
2 a m j 

2 [(1 2) _a- - 2 ., -·-- +b., - ---- l __ 2 ___ 22 -., a.,2 a., 1-ry2 

R (~ -ry ) l14al 

-2 
A (l-7]2) 2 a2 a mj 
A=- [(f -1)--+2c--+ac- ----1+ 

((2_
71
2) - a~2 "a~ · .;2_ 1 

2 2 2 
(~-1) 2 a a m. 

+ :-::.2--:2.[(1-ry )-2-2.,-·-+ bry----J-1 (( -., ) a., a., 1_ 71 2 
l14rl 

b~b-R; a .. a.R. 

llla-1161 llpH 3TOM HMeiOT BH,L\: 
-2 

A 2 a 2 a 2 R2 E mj 
,\ = -[(~ -1) - 2 +2 ~- + (~ -1 )--+a~---] 

a~ a~ 2 c-2-1 
l15al 

2 A m2 
A a2 a R E .i 1 ,\ z[ (1- ry2 )- -2ry--+(1-ry2)-- +bry- --- • 11561 

a.,2 a., 2 1-., 2 

10 

1 

' 

' J 

BLipa)l(eHHjJ I 15a- 1561 MO)I(HO TaK)I(e nony'IHTb Henocpe,L\­
CTBeHHO H3 l14s-14rl. llepeMeHHble ~ , 71 B l15a-156l 
pa3,L\engfOTCg H, cne,L\oBaTenLHO, ciiYHKIJ.HH '¥ j ( ~ • .,, R, a, {i ) 
MO)I(HO npe,L\CTaBHTb KaK 

im-a+i~-,13 
tV.i(~.ry.R,a.,B)~NJ(R)F.(f;R)!I>.(ry;R)e J J. 1161 

J J 

,lJ,nH uaxO)I(,L\eHHH ciiYHKD.HB F'. ( ~; R) . !I>. (., ; R ) 
J J 

Heo6XO)J.HMO peWHTb ypaBHeHHg: 

2 a2 a If E.i 2 
[ (~ -1 )- +2~- + --(( -1 )+a~+.\. -

a~2 a~ 2 J 

- 9 ill':' 
j 

- ---]F (t:· ~2-1 j c,.R)=O 

2 2 
2 a a R Ej 2 

[(1- 7] ) -- - 2.,- + --· (1-., ) +b.,- ,\. -
a"2 a., 2 .J 

m2 
- j 1 !I> 1 _ 

71
2 J j ( 71 ; R) = 0, 

1171 

1181 

r,L\e .\j , E j- co6cTBeHuble 3Ha'leuag onepaTopos A , E, 
COOTBeTCTBeHHO. N j (R)- HOpMHpOBO'IHbiH MHO)I(HTenb,.: 

Onpe,L\eneHHe )l(e npH 3a,L\aHHbiX a , b , R , m j , mj scex 
so3MO)I(Hblx 3Ha'leuaii E.i =E .i (R )< 0, Ar=A /R) H orpaHH'IeH­
HbiX B COOTBeTCTBYlOIIJ,HX o6naCTjiX ciiYHKIJ,HB Fj ((;l~).<J>j(?J;R) 
CHCTeMbl ypaBHeHHB 117,181 IIpHBO,L\HT npH m. = m."' m K 

~ J J 
3a,L\a'le, nonHOCTbiO 3KBHBaneHTHOH 3a,L\a'le .L\BYX IJ,eHTpOB 
KBaHTOBOB MeXaHHKH 111. llpH 3TOM ciiYHKIJ,HH 1161, HBng­
IOIIJ,HeCH peweHHeM I 17,181 H peanH3YlOIIJ,He co6oii 6a3HC 
Bblpo~eHHoro HeKaHOHH'IecKoro npe,L\CTasneHHH paccMaT-

11 



pHBaeMOB rpynnbl 5'(3)@ 5'(2,1), paBHbl JJ.BYX.QeHTpOBbiM 
4JyHK.UH.HM 121, yMHO>KeHHbiM Ha exp (i m {3). Bbipa>KeHH.H 

114 a,rl JJ.ll.H onepaTopoB E H A coanaJJ.aiOT npH m. =m ·= m 
J J 

C Bblpa>KeHH.MH J.l,ll.H onepaTOpOB 3HeprHH E H KOHCTaHTbl 

pa3J.I,eneHH.H ,.\ B c4JepOHJ.I,allbHOB CHCTeMe KOOpJJ.HHaT B 3a­

J.I,aqe 111 1101 • IlepeMeHHa.H R , npeJJ.cTaan.HIOI.Qa.H co6oB: B 

cHcTeMe xoopJJ.HHaT l12al nonoBHHY paJJ.Hyca c4Jepbl I x~ + 
+ xi tx~ I lpaBHYIO TaK>Ke +-Jxl-xf-=:-xg I B 3aJJ.aqe 111, 
paBHa paCCTO.HHHIO Me>KJJ.Y .HJ.I,paMH. 

BLiqHcneHHe MaTpHqHhlx 3neMeHTOB reHepaTopoa 1121 
B 6a3Hce I 161 CBOJJ.HTC.H, KaK HeTPYJJ.HO BHJJ.eTL, K BblqHcne­

HHIO JJ.BYXUeHTpOBbiX HHTerpanoB no f H aHanorHqHbiX HH­

TerpanoB no TJ • 
IlpH He06XOJ.I,HMOCTH paccMaTpHBaTb TaK>Ke JJ.BYX.UeHT­

pOBble HHTerpanbl, COJJ.ep>Kai.QHe npOH3BOJ.I,Hble no R , MO>KHO 

pacmHpHTL o6cy>KJJ.aeMyro 3JJ.eCL nonynpocTyro rpynny 

~'(3)<2) P(2.1) JJ.O npocToB: rpynnhl :P(5.1), peanH3yeMoii 

J.I,BH>KeHH.HMH llieCTHMepHOrO npOCTpaHCTBa KOOpJJ.HHaT y v C 

MeTpHKOB: 

2 2 2 2 2 2 
y v y v = y 1 + y 2 ~ y3 + y 4 + y 5 - y 6 1191 

,ll.ononHHB Ha6op reHepaTopoa 16,7 I reHepaTopaMH 

f ""- i (y. _L_ - Y _aa ) . 
i4 J ay4 4 Yi 

j=1.2.3 

cu ·c a a ot.. =-1 Y. ---- y ~) 
]5 J ay5 5 ayi 

cu ·c a +Y _a_). 
ol.. =-1 Y--ay 6 ay. 

]6 J 6 J 
1201 

nepeiiJJ.eM K x - npeJJ.cTaBneHHIO H Bb16epeM Ha6op JJ.Haro­

HanbHbiX KOMMYTHPYIOUUIX onepaTOpOB, COOTBeTCTBYIOUUIH 
Ha6opy 191. Bo3HHKaiOUUie npH 3TOM B rpynne ~")(5.1) JJ.O­

nonHHTenLHble JJ.HaroHan"LHble onepaTopbl B CHny BbiPO>KJJ.eH­

HOCTH Bb16paHHOrO npeJ.I,CTaBneHH.H K KaKHM-nH60 HOBbiM 

COOTHOllieHH.HM He npHBOJ.I,.HT. 

12 

B CHCTeMe KOOPJ.I.HHaT l12al nonyqHM Te >Ke ypaBHeHH.H 

I 17,181, KOTopble CBOJJ..HTC.H K 3aJJ.aqe I 11 H pemeHH.H KOTOpblx 

B cnyqae rpynnhl P(5.1) 6YJJ.YT peanH30BaHbl Ha KOHyce: 

2 2 2 2 2 2 12 1 X 
1 

+X2 +X
3 

+X
4 

+X
5 

-x
6 

z0. 1 

reHepaTOpbl 1201 B X -npeJ.I,CTaBneHHH B CHCTeMe 

KOOPJJ.HHaT 1121 npH 3TOM HMeiOT BHJ.I,: 

a a ~ =- i-JCe- 2 -1)(1-.,2 )[cos a cos {3 ce- +TJ -) 
14 ae a., 
-~~ ~ + cos{3 sina a a . 

- - -cos a cos{3R -J 
c e-2 - 1 > a f3 (1 - ., z > aa oR 

fl24 s-i-JCe-
2
-1)(1-.,

2
) [sinacos{3Cek+TJ /.,) 

,... Rin R a sin~-d{J 
ce 2_1 > 

cos{3cosa 

(1-.,2) 

a -·-aa - sinacos {3R..i_] aR 

a ., sin{3 a --- a 2. -·-
£34 "'-i-J(e-2-1)[cosf3(e.,ae -(1-ry >a-;;- c? -1) a{3 

-rycos{3R L] aR 

£ z.-i-J(e-
2 -1)(1- 71 2)[cosasinf3(e~+ry~)+ 

15 as ary 

+ COSg_£~ !__ sin8sina 
2 + 2 ce -1) a{3 c1- 77 ) 

.i_-cosasin{3 RL] aa aR 

13 



f "'-iy'(f 2 -1X1- 77
2)[sinasin{:3(f_L+7]_L)+ 

25 at a11 

+ sin!L~~JL_ -~ _ sin{3cosa 
ce-2-1) a{:3 (1-ry2) 

a . . a 
1 - -smasmQR--aa P aR . 

--- a 
£ =- i v' ( f 2 -1 ) [ sin {:3 ( ( 17 ~- - (1 - 77 2) .:.r- ) + 

35 - a e- a 11 

11 cos f:3 a 
+--~-(f 2-i)- a{:3 -77 sinf3R~- 1 

aR 

--- a a 
£ "'-iy1 - 17

2 [cosa(-([
2 

-1) --;- fTf :s--) -
16 · a., uTf 

a R -~ l __ +(COS a aR 
a a 

-- 2 a a 
£ , - i v' 1 - Tf 2 [ sin a ( - ( f -1 ) -- - f Tf -- ) + 

26 at a., 

a a . R-] -- + fsma aR a a 

. 2 a 2 _a a £ = -1[-n(f -1)-'---+f(l- 77 )-+c.,R--1. /22/ 36 ., at a17 - aR 

IIo.n.o6HbiM o6pa30M paccMa TPHBaJI cooTBeTCTBYIOUUIB 

6a3HC B rpynne P (4 . 2) - rpynne .D.BIDKeHHii wecTHMepHoro 

npOCTpaHCTBa KOOp,D,HHa T C MeTpHKOB: 

14 

2 2 2 2 2 2 
y y ""Yl +Y2 +Y3 -y4 -Y5+Ya' 

J1 J1 
/23/ 

MO)KHO TaK)Ke npHBTH K 3a,D,a'le /1/. 
Bbi'IHCJIJIJI HHcilHHHTe 3BMaJibHble reHepa TOpbl 3Toii rpyn-

flbl 
. a_ 

X --1-
j- ayj 

. < a a ) L . z-1 y. ---- Yk -a-
Jk Jayk Yj 

L "'-i(yll _aa- + Yk aa_) 
Jlk Y k Y

11 

a a 
L45 "'-i(y4 Jy -Y5JY) 

5 4 

j,k -1,2 ,3 ,6 

J1 "'4 '5 

B X -npe,D,CTaBJieHHH B CHCTeMe KOOp,D,HHaT: 

R ---
x 1 = -::- y'1- .,2cosacosy 

v'2 

R v' 1 2 . x "'-== - Tf sma cosy 
2 v'2 

R 
x3 = -=- Tf cosy 

v'2 

R v'~1 cos {:3 sin y X,._ S 
4 v2-

x =-l.Lv'f2-1 sin{:3siny 
5 -

v'2 

O<R <oo -1-s_.,s_+1 

0,Sa:S2rr 

0 :S {:3 :S 2rr 

+1.,5(<oo 

1T os y.,5 2 

R f siny. 
x6 -y'2 

/24/ 

/25/ 
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nony'IHM, 'ITO Ljk, j,k=1,2,3 , L 56 .L46 .L45 6y.nyT HMeTL 
TOT )l(e BH,IJ,, 'ITO H f jk , j, k =1,2 ,3, .~56 , f'46 , _5::1 45 B rpynne 
'J'(3)@ ~P(2,1 ) B CHCTeMe KOOp,IJ,HHaT 1121. . 

BLI6paB ua6op KOMMYTHPYIOIUHX onepaTopoB, no.no6HLIB 

ua6opy 191, npu cosy=siny 

.naqe 111. 

1 
= -==' y2 

a ---- = 0 npu.neM K Ja-
dy 

Auanoruquoe paccMoTpeuue 6onee wupoKHx rpynn, ua­
npuMep, KOHcllOPMHLIX rpynn WeCTHMepHLIX npOCTpaHCTB 1191, 
1231 HllH rpynnLI, JIBllJIIOIUeBCJI np.IIMLIM npOH3Be,IJ,eHHeM ,IJ,BYX 
KOHcllopMHLIX rpynn npocTpaHCTB 141 H 151, npHBO,IJ,HT npH 
BLI6ope COOTBeTCTBYIOI.Qero Ha6opa KOMMYTHPYIOIUHX on epa­
TOpOB THna 191 K Ja,IJ,a'le, KOTOpa.ll 3KBHBaneHTHa Ja,IJ,a'le 
,IJ,Byx ueuTpOB KBaHTOBOB MexaHHKH 111. BLI'IHcneuue )l(e 
MaTpH'IHLIX 3lleMeHTOB reuepaTopOB 3THX rpynn CBO,IJ,HTCJI 
K BLI'IHCneHHIO ,IJ,BYXUeHTpOBLIX HHTerpanOB, npH'IeM HeKOTO­
pLie 83 3THX HHTerpanOB CO,IJ,ep)l(aT nepByiO H BTOpyiO npo­
H3BO,IJ,HLie no R . 

He ocTauaBnHBaJICL J,IJ,ecL no.npo6uo ua Bcex acneKTax 
BLI6paHHLIX npe,IJ,CTaBneHHB ynOMHHaeMLIX B pa6oTe rpynn, 
JaMeTHM llHWL, 'ITO BCe 3TH npe,IJ,CTaBneHHJI JIBJ1JIIOTCJI 
HeKaHOHH'IeCKHMH npe,IJ,CTaBneHHJIMH B TeOpHH rpynn. ,IJ.n.11 

rpynnLI TpexMepHLIX BpameHHB HeKaHOHH'IeCKHe npe,IJ,CTaB­
neHHJI BnepBLie 6LillH paCCMOTpeHLI B pa6oTe /11/ B CBJI3H 
C KBaHTOBOB TeOpHeB HeCHMMeTpH'IHOrO BOll'IKa. 

3aMeTHM TaK)I(e, 'ITO paCCMa TpHBaeMLie rpynnLI 'J'(3)(2}'P(2 ,1)• 
~~ (5 .1 ) , P ( 4, 2) JIBnJIIOTCJI rpynnaMH ,IJ,BH)I(eHHB I C.IJ.BHrH H 
BpameHHJII COOTBeTCTBYIOJUHX npOCTpaHCTB, a He rpynnaMH 
Bpai.QeHHB, KaK rpynnw BO,IJ,OpO,IJ,OnO,IJ,06HOrO aTOMa. 

IlonyqeuuaJI B /8/ nuueii:HaJI anre6pa ,IJ,ByxueHTpoBLIX 
HHTerpanoB JIBllJieTCJI cne,IJ,CTBHeM paCCMOTpeHHLIX 3,IJ,eCL 
rpynnoBLIX CBOBCTB Ja,IJ,a'IH I 11. CooTHoweuuJI opTorouanL­
HOCTH 131, KOTOPWM Y.IJ.OBJ1eTBOp.IIIOT cllYHKUHH 121, npe,IJ,CTaB­
J1JIIOT co6ol npu i :/ j qacTuwii: cny'laii: 3TOB anre6pw. 

B JaKJ110'1eHue 6naro.napiO.H.A.CMopo,IJ,HHCKoro, H.B.Ko­

MapoBa, ,D..II.JKeno6eHKO, n.H.IloHOMapeBa, A. T .CI>ununno­
Ba, C.IO.CnaBJIHOBa Ja BeCLMa noneJuwe o6cy)I(,!J,eHHJI u 
ueuuLie JaMe'laHHJI. 
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