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IIpHMeHeHHe Kl38.IITOBOtt CTaTHOTHKH K 11ayqemno BemecTBa D He

peJI/ITHBHOTOKHX yc.nOBIDIX IIpHBO.D;l!l'l' ·, RllK H3BeCTHO, K oc5'hi!CHe,v Ta

KlDC BaxtruX .IIBJleHmt t KaK CBepXTexyqecn I'! CBepxrrpoBO.D;HMOOTL • 

HMeRJTC.II Bee OCHOBaHIDI Ol!tmtaTL 6oJililllYRJ ITOJIL3Y H OT B~emur IIO

CTO.IIHHOI IlJiaHRa B o6tey!l Teopmo OTHOOHTeJILHOCT/2 ,3 • • B HCCJie.n:o

BaHIDIX lite, IIOOB.II!ll8HHUX IIOB~enmo B8l!l80TBa B rpaBHTartHbHH!lX IIOJIIIX, 

orpaHHqHBamO.II RJiaccHtJeOKllM paCOMOTpeHHeM • .UHRTyeTCJI STO TeM, 

qTo KBaHTOB!ltt IIO.D;XO,L( K rrpoc5JieMe IIOBe.rteHIDI BemecTBa B YCJIOBIDIX 

pHMaHOBOtt reoMeTpHH MHpa ORaSJ,IBaeTCJI :iia~py,L(HHTeJIJ,IruM. IIoaTOMY
0 

BeCLMa aKTyMLHOI H Ba:mroa JIBJI.IIeTc.lI_TaKa.lI san;aqa, B KOTopott y.n:a

JlOCJ, 6u IIOCJ18.l{OBaTeJILHO c qll{BHtJeoxoA TO~H speHIDI H BMecTe c TeM 

CTporo MaTeMaTIAeoKH 06'!.e,n:HHRTL mteH KBaHTOBOff OTaTHCTmtH c mte.lIMI'! 

o6mel Teopn oTHOCl!l'l'e.711,HOCTH. 8a.n;aqa Taxoro po.n;a xax pas H pao

cMo-rpemi B pe~papyeMOA ,ItHCCepTartHIII, a HMeHHo: B ,ItHCcepT8.QHH 

IIOCTaBJieHa H pemeHa 08.MOCOrJiaOOBaHHaJI 3a.ztaqa O IIOBe,n:eHHH'KBaHTCr 

ooro rasa c5eSMaCCOB!lX qacTm.t B rpaBHT8.QHOHHOU IIOJie , C03JJ;aBaeMOM 
aTHM lie rasoM. 

II9cTano:,xa TaKOI san;aqa CTaJia BOBMOlltHOtt IIOCJie Toro, l<aK B 
pac5oTruc' 5•6 •7 6uJia IIOOTpoe~a KBaHTOBa.lI TeopIDI OitallJipHoro, cnrr

HOpHoro H aJieKTpoMarHHTHOro IIOJieit Ha cpoHe pHMaJIOB!lX r.mpoB. Peme

HHe aTott san;aqa no.eyqeHo B B~e c~pHt!ecxoff MeTpmm. ~H.ItMBHa. 

IloKasano, Ka.It pan;nyo MHpa 88.BHOHT OT qiynn;ar.1eHT8JlJ,lfilX qiH3fftJ8CKHX 

KOHOTaHT. HOB!lM H lillITepeCHUM pesyJILTaTOM RBJI/IeTO.II TO, qTo B 3Ty 

SaBHCllMOCTL BXOL(HT IIOCTOJIHHa.lI IlJiaHRa f • 
JlnooepTatllIII OOOTOHT HS BBe,n:eHIDI, . Tpex rJiaB H SaKJll)tJemur. 

Bo BBe.n;eHHH .n:an xpaTxmt o6aop paccMaTpRBaeMOtt rrpo6JieMi III noJiytJeH

irux pesyJILTaToB. Bo Bc_ex Tpex rJiaBax pemai>Tc.lI ypaBHeHiilr :3ffmuTettna 
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r.n:e 4 - TeHaop aHeprHa-HMIIyJILCa rasa 6esMaccomx qaoTmi, 

IlpftqeM B nepBOit rJiaBe paCCMaTpKBaDTOJi OK8Jll!pHUe tJacTm.tU. 
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IlpH pemeHHH YPaJ3HeHl1l! (I) Hapa:,zzy C llCKOMOil MeTpHKott 
r/s'

2
= ,j,; {.xJ d.x""d'x/J y.ztol1no paccMaTplmaTJ, BCIIOMoraTeJI1,nyJO 

'Y'/ 2 . / -, / ft 
MeTpHKy 0£ s = ?"'ft {.:t;)a'..Z a.x , TaKyro, 'ITO 

,, 8-< 
jl--y1 (:t) = (.:rJJ7oL_,a (.:i::,J :? 

(2) 

r.zte • 8 ( ~) - HeKOTOp8.ll CKa71.llpHaH <f>YHKU~. 
IlOCKOJII,Ky pacp:,&Tptmamc.a l1esMaCCOI!j1e }IaCTllltll, CJI~)t TeHSOpa 

:meprmr-m,my.i:iica paBI-meTCJI ilyJIIO. CorJiacHo YPaBHeHmo (I), rroJiy•meM 
' . ... ' ~- - . . . 

i/ , 

P.. = 0 (3) 

B CBlI8_H c ·. Sl'JIM B ,rt!'rccepT~Hll yKaSaH ol1111nt1 crrocol1 pememlJl HeJIHHefi
noro yj{aiiriii'mili (3). Peinemrn ypaBHemm (3) imteM B Bll;rte (2), r.zte 

J}o1-p (zj .-:: . 'rrpQH3BOJil,I!Oe TeH3OpHOe IIOJie. OT~JO.zta Haxo.1t1;111, 'ITO B(xJ 
Y.ltqMeTBOplleT .,CJI~,IzyJOl!leMy JIHHefuroMy ypaBHemrn 

.~...-~ s '. •- ·, oB + f RB == o . (4) 

. . ·-, '. : • ' ,.:? 
llTQQH n0Jiy111I'l'J, cq,epll'IeCKyIO MeTpHKy ~pn.n;MaHa els ., , . ,,._ . IIOJia-

raeM 

.J 

cl~~= i:·tdf::l-:-.£?;1.t:Jl,{(t.it~Jdj'ct'/,ef__l, (5) 

·, •.·, \',, $ . ,<. .J . • 

r.zte 'C - BpeMeHHaff KOOP~llI!aTa~ -t . f , ,t - KOOp.ztllHaTll Ha . 
e.n:11Hl1 1ll!OM T,PSXMSpHoil Cq>epe, ~ = Con.~ - .Pa.ztllYC ccpepa •. CorJiaCHO 
ypaBH_CHlllO (4),rro.nyqae!R 8 =~ Co;S ~ • B TaKOM CJIY'Iae ypaBHSHllJI 
(I) osHa'IB.IOT · 

, .. 

JJT[ T CL>J -\;-" ::;= 3 J 
3, I oc · 

C 

. . , 

~--·=O, 
-(6) , 

J11,l ~ 
. 3 I /A. 
C 

,< 

CoJ 'Z: = 4-'il 

OcaoBHaJI T.PYrtHOCTJ,, 'rrpeo.ztoJieHHaff B .n:nccepT~~li,, COCTOJIJia B .IJ:OKa
saTeJIJ,CTBe Toro, IJTO aTli ycJIOBM Y.rto~JI_~7'Bflp1IIOT~. 

r .. • 

2 

i 
.UoKa3aTeJIJ,CTBO OCHOBHBaeTCJI Ha rrpmmmie KOH<f>opr.moa UHBa

JllaH/HOCTll IIOBB,I{eHllJI l1e3MaccoBllX qacT~,. ol1ocHoBaHHm!. B pal1oTax 
5•8 • CorJiaCHO 3TOMY IIPllllllllIIY~ ecJill I{Ba Mllpa, O.JtllH 113 KOTOpllX 

CTaTll:'IeCKllfi, HaxO.WJTCJI B KOHq>OpMHOM COOTBeTCTBllll (2), TO orrepa
TOpH11e TeH3Opll 8Hepr1111-llMIIyJI1,ca l1esMaCdOBHX IIOJiett CBJI3aHH COOT

HOilleIIHeM 

.2 A, - T 
8 ?:p, - "',-8 

,. 

., (7) 

Tor.n:a KaK orrepaTOpll aHeprmr ll 'IHCJia tJaCT~ COBII8,I{aDT: 
,1 A· ,t , A 

H'==H; N :N. ca> 

TeH3Op aHeprllll-llMIIyJI1,ca rasa BHpaJKaeTCJI KaK cTaTUCTlltJeCKOe 
cpe.rtHee OT TeHsopa aHepru11:-m.mym,ca rroJIJI 

· l;i (x) = (: ~ {x): > (9) 

,UBoeToq11e, KaK ol1uqHo, osHa'IaeT HOpMaJibHOe rrpousBe~eHlie orrepaTo
poB .POJ!UtejlWI 11 YHli'ITOl!tSHllJI qacT~. 3Ha.KOM < ) .IJ:JIJI JIDl1oro orre
paTopa A ol1osHaqaeTCJI 

_. A 

~A1 ex;;(- H&~Nj 
A 

<A> (IO) 

s,P ex;> (- 110 ~ll.j 
3.rteC!, ~ - ,7JIOl1aJIJ,H1lff XliMll'IeCitllff IIOTS~HaJI, @,. - rJiol5aJibH8JI 
TeMIIepaTypa rasa 97, rrpli'IeM _/LI '·= _,JU , @ '= B ; H , /V - orre
paropu (8). CJie.ztoBaTeJI!,HO, TeM Ca.MUM .IJ:OCTRraeTcJI KOHq>OpMHaH UH
Bap11aHTHOCTl, CT8TliCTR'IeCKoro ycpe.n;HeHllJI, H B CUJiy (7 ), 

, 
T.,,_f, 

I 
=;;;z; ~/3 

3Ha'IHT (OM. 6),ocTaeTcJI .ltORa3aTb, 'ITO 

JJTJ'-r = 3) -y- I (JO 
C 

T = o, o4 
c/JTJ T = u},.Q. ---3~· lu., ,. 
C 

r,lle '!i...seCTI, (9) )lJIII lll!pa c MeTpHKOlt (5). 
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B rrepBofi r~aBe paccMaTpRBaeTC.!I CR8.JlllpH!ltt CJIYtJa.ff: OrrepaTop 

IIOJJ.R: ¢ rro,zrnmJieTC.!I ROHqx>pMHO-IDreapllaHTHOMY yp8.BHeHm:J 

op ·f- / i<.f->-= o (I3) 

TeH30p SHeprllH-lfMilyJII,Qa ITOJlll paBWieTC.!I 
A 

" l <l"l 

I/3 ·-c/3 f 7) . ,<. 
- ;;:--( ROL/3 + ~ f1p -,y«/3 D/ </1 ~ 

r11.e 

c.a.n 

l/3 
.,2 

1 (¢= </>p -r ¢1 ¢°') - ; 0 ¢ i~ · 
8,llec1, )!(8, B nepBOM naparpaqie, IlPl1B8,ll8Hbl l1 ,llpyr11e OCHOBHUe IlOJIOJKe

H!,!h Kb8HTO.llOH Teop;rn Oe3M8CCOBoro CKaJrnpHoro ITOJIH. 

Bo BTOpOM naparpaqie nplmO,ItliTC.!I nocTpoeHn:e RBaHTOB0:11 TeOpllli 

6e3MaCCOBoro CRa..IDlpHoro IlOJJ.R: B cqiepl-I'IeCROM cTaTlltJecROM Mlipe B 

'npoll3BOJI1,HUX O.ItHOpo~x ROOp,ItHHaTax. B peayJIJ,TaTe npoBe,IteHHOro 

RBBHToBamm noJIJ:JeHU orrepaTOIJB pOlltitemm: li YHINAT0'1teHM tJacT~, one

paTop sHeprRR H , onepaTop qn:cJia tJacTBq IV • 
B TpeTI,eM naparpaqie IlOCTaBJieHa BUmeynoMIIHYTaJI 38,I{atJa - Y.ItOB:

JieTBOpllTl, ypaBHeHMM lliiHlllTeiiHa (I) n noJIYtJeHU ycJIOBM {I2). lleT

BepTuii naparpa.qi nOCBml\eH npoBepRe STHX ycJioBmt. Ilp~e Boero BU

IJHCJieHU cpe,I{Hlle OT IlpOH3BeI{eHlitt orrepaTopoB po~eHM li YHINT0'1te-

HII/l: IJaCT,. Cpe,ItHlle OT HliX liMe!OT Bim, ollutJHUff ,ItJJ.R: CTaTHCTHRli 

Boae-raaa I/. IIOCROJI:&Ry OCHOBHUe rrpmnumu IQlaHTOBOff CTaTliCTHRli ORa-

3aJIOCl, .B03M0'1tHUM rrepeHCCTH B Mlip ~ImMB.Ha Ilea ll3MeHeHltlt. 3.nec1, lite 

rroJiytJeHU Bllp1lJ!temm ItJJ.R: tJllCJia qacT0q /V n sHepran: · E. raaa. 

,lLlJ;i rrpoBepxn: ycJioBllfi Ha TeHaop sHeprmr-m.myJIJ,Qa a.nec1, 

CTpoliTC.!I ll Blil'JllC.71/IeTC.!I .ItBYXTOtJetJHaJI qiy~M 

. . =<=> ~ 
<:J..( 11) ¢(IV}) = { 2 L /\o kn.J' co.17 { ?j - z.;) 

1 2.YT z f = , r , 

. 11 
<J 

- [eXj) ~ ( ~c~-n-1]-~, 
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(I4) 

I 

· I 
c,. 

·' 
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1:,, 
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/1 
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iij_ 

"'1 

j; 
I, 

r.neM li N - MHpoB11e TOtJRH c Koop11.HHaTruAR?,;J:t:J 3wz;__ftt1, 
J - paccTOJIHlie {yroJI) MeJK,ey TOtJRaMll M H /V Ha cipepe 

S3 • C IIOMom1,m STO:li ipyHltI,\llll ,ItORa3UBaeTC.!I, 'ITO YCJIODIDI (I2) 
BllITOJ!Hll!OTC.!I IIpH BlilIIOJIHeHllll 8ItllHCTBeHHOro ycJIOBIIll: JI.JUI IQlBJJ.paTa pa

,ItHyca, BXO,JVIl!lero D ifioPMYJIY (5). 
B IllITOM rraparpa.qie, HOCJimeM MeTOJJ.l-IIJeCRllii xapaRTep, Ta _'1te 

cauaa 38,I{atJa pemaeTC.!I D lln:cipepl-IIJecRIIX ROOpI{IDiaTax, IIOCROJIJ,Ry BO 

BTOpofi ll D TpeTM:11 rJiaBax B STIIX KOOp,ItIDiaTax OOCJie,ItyDTC.!I HeihpIDI

HU:11 H qJOTOHHlltt raau _- Ilpl-I 8TOM Mil illlipOKO IIOJil,30BaJiliCI, crre~mI,HUMll 

qiyIDmMMll R..! (z) • COOTHOilleHII/l: .ItJIII ROTOp!lX IIplme,IteHU B IO/. 
B 3aKJUOIJeHHe ollaopa rrepB0:11 rJiaBH OTMeTllM, 'ITO IIOJieDoe ypaB

HeHlle {I3) COBIIa,I{aeT c"ypaBHeHHeM (4). 
Bo DTopott rJiaBe paccMaTpllBaeTC.!I ne:liTpllHHUff raa. IIpH paCCMOT

peHlll-I CIIHHOpHUX IlOJieii B pm~o,o:li reoMeTpllH oKa3UBaeTC.!I Heo6xo11.n:-. 

IIIUM OpTOHOpMlipOBaHHUil: perrep' II , rrosToi.1y B rrepBOM naparpaqie rrpn

BO,JVITC.!I OCHOBHUe IIOJIOEeHIIll: M8TOJJ.a OpToroHaJil,HOro penepa. Bo BTOpOM 

rraparpaqie ll3JIOEeHU OCHOBHUe ITOJIOllteHll.!I RBa.HTOBO:lt Teopn:H crrn:uopHoro 

ITOJI.!I B pHMaHOBilX MRpax. IIoJieBllM ypaBHeHHeM B STOM CJIYIJae .!IBJI.!IeTC.!I 

ypaBnenne .IlnpaRa. B TpeTMM rraparpaqie nOJIYtJeHo pewemte ypaBHeHM 

.IlRpaRa B cqieplltJeCKOM CTaTHtJeCROM Mlipe. Ha OCHOBe aToro pemeuM 

orrp,e,IteJieHU orrepaTopu pOlltzteHM ll ,,Y,HHIJTOllt8HIIll: qacTBq, raMHJIJ,TOHHaH 

H n ouepaTop tJHCJia tJacTBq 1V • B tJeTBepToM naparpaqie .ItORaau

BaeTCJI BUITOJIHRMOCTI, ycJIOBlitt (I2). KOTOp!le B CJiytJae OpTOrDHaJil,HOl'O 

penepa RMem CJie.ztYlllllllfi BH:It: 

Jw)'z" 1 ~ I oo = J ., ~ = 0 , 
C 

J7TJ' z :i· T = F't. 
--.J '-'- ' 

C 
CpeJJ.Hlle oT npoHaBeJJ.eHmt orrepaTopoB · po~emm lJ Y.HlllJTOllteHM 1JacT_llll 

3,IteCI, llMeDT o6UtJHUfi Bim .I{JJ.R: CTaTHCTllKll ~pMlf I7. IloJiytJeHU BlilpaJlte

HHlI .ItJI.!I aHeprl-II'[ E H tJllCJia tJacTBq N neflTpllHHoro raaa. YpaBHe

HM 3ftmnTeAHa HaKJIBJJ.UBaDT e,ItllHCTBeHUOe ycJIO~IIe ua RBa.ztpaT paI{IIyca 

~ .. 
B TpeTJ,efi rJiaBe pacCMaTpllBaeTC.!I qlOTOHHll:lt raa. B rrepBOM na

parpaqie ll3JIOllteHl1 OCHO.BU RBaHTOBOA TeOpl!ll aJieKTpoMarHRTHOro ITOJJ.R: B 

pl!Ma.HOBilX Mlipax. Bo BTOpOM rrapaI1>aipe paccMaTplmaeTC.!I tJaCTH!l:11 

cJiyqa,ff - cTaTHtJeCKll:11 cqiepHtJeCRll:11 Mlip. IlpHBe,IteHU orrepaTOp!l pOJ!Ut8HHlI 

Ill YHHliTOlt8HM qx>TOHOB, raMMl>TOHHaH ff II orrepaTop tJHCJia tJacTBq 

IV · . B TpeTMM miparpaif,e WIIHCJieHU CTaTKCTHtJecxne cpe,ItHHe OT 
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npOH3Be~eHHtt onepaTOPHl>IX Be~TOPOB HanpHEeHHOCTett aJieKT

p!NeCKOro .!:; II MarHlfTHOro H:- llOJieii t C IICllOJII,SO~IIe/ pememm 

yprumemnl MaxcBe;7IJia B cTaTlN8CKOM C(WpIItJeCKOM Mapel I2 : 

< · E. H#. : '7 = o, -· ; - -· -. 
t. "'- . ~ . .. ·t . . . 

< · ;;_;. i-1 · ">:::: (; E.£, ·;;, = -;;;-cu.J.·1.L... {p--.1.)o{prJ)/IP. 
: • _1,. • / l .., • dw- '° =~ . I • 

C IDC IlOMO!!fE,JO .no~aaauo' . 'ITO ycJIOBIDI (!2) y,noBJieTBOpm:>TC.fl. I!OJiytJeHU 

oopaJKeHWI ,[(.llll aHeP.rHH H •rncJia tJaCTlllt qJOTOHHOro ra::Ja. TaK l!te, K~ 
B CKaJI.flPHOM H· cmrnopHOM CJlytJ8.flX, ypaBHeHroI SilHll!Teihra HrutJIB.Itl:l
BaJOT Ha KB~paT pa,rcHyca Mapa z ercKHCTBeHHOe ycJIOBIIe. 

B 3aKJIJO'I8HlIH OTMetJeHo, 'ITO Bee llOCTpoeHHe llP,OBe,neHO B COOT

BeTCTBHH c 06I11HMH rrpmmanaMH KBa.HTOBoff cTaucrliRlI/. Ta.JOJte _OTMe

tJeno cooTBeTCTBHe c panee noJiytJeHHUMl'I peaym,tatrurn KJia.ccHtJecKoro 
paCCMOTpeHIDI raaoB B,.Mape 1>pll,llMaHa. 

HaKoHen, yKaaaHU o6mHe .rcm1 Bcex Tpex CJIYtJ.aeB qx:>plv\YJru .rcJUI 
:meprHH H tJHCJia tJaCTlllt raaa, [(JUI .KBa,npaTa p~l'Iyca Mapa 'Z 

···tc ~ 

Es= ~fs ~f(1-sJj(9-1sj/lj; 
= Ms :::: ts L r 1-sJc7-+sJ/11., 

j, =Sf-.i 

2. ;,/c1 c:,.:::, . 

·z. = -3 tsL-(9-sJ7(c;,+sJ/17, (I5) 
J7tC 1 = Sf-.i. 

r.ne S - CIIHH tJaCTlllt, /1 'J ecTI> (I4) B CJiytJae 6oSOHOB. B CJiytJae 
HeiiTpImo 

/\i = [e.z;i; (~-;u) + 1]-1 
.lLnff CKaJUipHllX tJaCTlllt S = 0 t C0 = j . 
JLna HeffTpirno S = .i , -t ± = L/. 
~. qJOTOHOH $ = :f. , C :1. = 2, • 

' 'l'aKIIM o6pa30M, B STl'IX qJ()P"iYJlax Bl'I[(Ha .flBHWl SaBl'ICKMOCTI, OT 
ci:rirna S • 0TMeTHM, 'ITO B qx)Plv\Y Jie ( I5) Mil aBTOMaTHtJeCKl'I IIOJiytJHJll'I -: 

KoM61IHanmo · 2it/1 

- R~rcpaT rrJiaHRoBcitoiL.nJil'IHll •. · 

C 

6 

PeayJII,TaTu t IIOJiytJeHHUe B .ItHCCepTanl'lII, MoryT OKaSaTI,C.ff rro
JieSHUMH rrpH .neTa.JII,HOM IISytJeHI!l! 8BOJJJ01UHI BceJieimon. 

Pa60T!l, Ha OCHOBe KOTOp!lX HaTIIICaHa J:tl'ICCepTaQIDI, ,UOKJI1l,I(ll

BaJIIICI, B ffl OJiffiM, BO BI!lfil~M, _a TBIO!te Ha IY CoBeTCitoii rpaBHTa
QIIOHHOff. KOHipepeHQlrn lI orry6JiliROBaRU B cJie,rcy!OOll!X pa6oTax: 
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