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nnccepTBllllll noCBID!leHa HCC/l8AOBBHlllO CTpyKTypbl pa3/IO)KeHHll MBTpll'IHbIX 8/leMeH-

TOB S -MaTpllllbl npn MB/lblX 3HB'leHnmt KOHCTBHTbl CBll3ll B KBBHTOBOll Teopnn /IO/Ill, 8 rna-

/1 / 
Be II paCCMaTpllBBIOTCll nepeHOpMnpyeMl>Ie Teopnn, KaK H3B8CTHO , B nepeHOpMnpyeMblX 

Teopnmt no/Ill 3HB'leHne /IIOOOll ¢nsn'leCKoll B8/lll'IHH!,I MO)KHO npeACTBBllTb B BHA8 PllAB no 

KOHCTBHTe CBll3ll, no'ITH cpasy )1{8 nocne C03ABHHll nepeHopMnpOBO'IHOll nponeAypbl Obi/IO 

/2/ 
BblCKB3BHO npeA/l0/l0)K8HHe , 'ITO P!Ulbl no KOHCTBHTe CBSI3H B KBBHTOBOll 8/leKTpOAllHBMHKe 

He lIBmIIOTCll CXOAllll.lllMHCll, a HMeIOT llllWb acnMnTOTll'18CKnll xapaKTep. 3To 03HB'laeT, 'ITO 

TO'IKa a=-0 llB/lll8TCll cyll.lE!CTBeHHO ocoooll TO'IKOll, 61,mn npnBeA8Hbl AOBO/lbHO B8CKlle 

apryMeHTbl B nO/lb3Y 8Toro npeAnOIIO)K8Hllll, 0TMeTnM, 'ITO ecnn P!Ulbl Teopnn B03MYll.l8Hllli SIB/lg,.. 

IOTCll acnMnTOTll'18CKllMH, TO B Teopnn B03Myll.leHnll OTHIOAb He 3_!l.KIIIO'leHa BCll nH¢OPMBllllll, 

COA8p)K811.lBllCll B Teopnn. 8 CBMOM Aelle, acnMnTOT)I'leCKllli P!Ul He onpeA8/llleT OllH03HB'IHO 

¢yHKllHIO, p83/IO)KeHneM KOTOpOll OH llB/llleTCll, npoo/leMa 31teCb 3BKIIIO'laeTCll B TOM, 'ITOobl 

HallTn cnoco6 B,I,IXOAB sa paMKH Teopnn BOSMyll.leHnll. B § 1 r11aa1,1 II nnccepTaunn, rne 
2 

paCCMBT))llBSeTCSI BCHM/ITOTHKa ¢oTOHHOll ¢yHKllllll pacnpocTpaHeHnH O (k ) , )l_Illl 8Toro ncnollb-

3yeTCH ypaaHeHne naacona, paccMaTpnaaeMoe K&K ypaaHeHne AIIH cneKTpa111,noli nnoTaocTn 

¢OTOHHOli ¢YHKllllll pacnpOCTPBHeHnH p( x) 
131

• npn 8TOM A/Ill p ( X) no11yqaeTCH cnaryngp-

HOe HHTerpallbHOe ypaaHeHHe C !IAPOM Komn, pemeHne KOTOporo, KBK nsaeCTHO, MQ)KHO sa-

IlllCBTb B llBHOM BHAe, nnH p( x) llOIIY'IBeTCH ClleAYIOll.lee Bblpa)KeHne 

p(x) c- x +B Im P (x) 
ir:r: B 

0

[ 1-Re P(x)] 2+[Im ~x)] 2 
' 

rAe P (x) no1rnpnsaunoHHwli onepaTop n( -n) -KopeHb ypaBHeHnSI 

pe P(x) 'BO BTOpoM IIOP!IAKe Teop1m: B03Myll.leHllli 

B ., 4 m
2 

exp 1..2::.... l • 
. a 

(P(x)., _a_log 
3,r 

1 -P(x)=O 

4m
2 

- X 

4m 2 

(I) 

npn BblOO

IlO/ly'IBeM 

(2) 

C IlOMOll.lblO cneKTpallbHOro npeACT8B/l8Hllll '-ieneHa-lleMaHa Mbl onpeAellnM ¢YHKlllllO pacnpo

CTpaHeHnll 

(3) 

TaKnM o6pasoM, D (k 2 ) He COAep)KllT /IQ/IIOCa npn OTpnnaTellbHblX k 
2 

n 0Tllll'IB8TCH OT 
. /4/ 

Bblpa)KeHnH, HBllAeHHOro CYMMHpoBSHlleM rnaBl{blX 11orapn¢Mn'IGCKHX AnarpaMM 7° Ha 'lll:H, 

HMeIOII!Hil ayneaoe aCHMnToTH'leCKoe pa3/IO)KeHne. Hs ¢opMyllbl (3) Ml,l BRAHM, 'ITO D(k ) 

HMeeT cymeCTBeHHYIO ocooeHHOCTb B TO'IKe a = 0 , a acnMnTOTH'leCKoe pa3/IO)KeHne Bblpa-

)KeHllll (3) c·oanaAaeT C TeOpneil B03Myll.leHnli. no/IY,IeHHblli pesyllbTBT HB/llleTCH CIIE!ACTBHeM 
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H80UH03HaqHoCTH cyMMHp0B8HHSI 8CHMnTOTHqecKHX PMOB. AcHMnTOTHKa <!>YHKUHil pacnpo-

/5,6/ 
CTpaHeHHSI C yqeTOM sToro o6CTOSIT8IlbCTB8 paCCM8TpHB8Il8Cb B paooTax • HawH Bbipa-

JK8HHSI 0TnHqa10TCSI OT Bblp8ll<8HHil, nailneHHblX B STHX paooTax T8M, qTo 3U8Cb H88H8IlHTnqe

CK8SI 38BHCHMOCTb OT 38pMa HM88TCSI ne TOilbKO B <l>YHKUHll pacnpocTpaHeHHSI, HO ll B cneK

TpanbHOil <l>YHKUHll. 3To K8JK8TCSI Bnonne ecTeCTB8HHbIM, TBK KBK B cany ycnoBHSI yHHTapH0-
2 

CTll cneKTpanbHBSI nnOTHOCTb p(x) uenocpenCTB8HHO CBSl38H8 C CaMoil <!>YHKUH8il D(k ) , 

JleilCTBnTeilhHO, nccnenoaaune, npoaeneHnoe B KOHUe nepaoro naparpa<j>a, noKa3hlBaeT, qTo 

Bblp8lK8HH8 (3) !IBilSl8TC!I T8KJK8 pelll8HH8M H8IlllHeilHoro llHTerpBilbHOro ypaBH8HH!I, yqHTbI

B810lllero ycnoaae YHHTapuocTH B nayxqacTnqnoM npH6nnJKeHnn, ecnn cnenaTh noBOilhHO 

npoCTble npennonoJKeHHSI O noae)l8HHll BepWHHHOil <j>yHKUHH npH k
2 ➔ ~ • 

B § 2 rnaBbl II npHaeneHbl H8KOT0pbi8 p83YilbT8Tbl KB83llnOT8HUH8IlbHOro M8TOU8 

B ·T80pllll nonsi
17 

/' KOTOpbie ncnonb3YIOTCSI B UBilbHeilWeM H3IlOJK8HHSI, OcooeHHO HHTepeCHbIM 

nnsi nae SIBilSl8TCSI nOB8U8HHe s¢¢eKTHBHOro noTeHunana HH M8Ilb!X pac-

CTOSIHHSIX, KOTopoe ll onpenensieT 8H8IlllTnqecKne CBOllCTB8 8MnnnTyllbl pacceSIHHSI no KOHCT8H

Te CB!l3ll, JleilCTBHT8IlbHO, K8K nOK838HO B pa6oTe
181

, ecnn noTeHunan V(r) BeneT ce6SI Ha 

M8IlbIX paCCTO!IHHSIX K8K 1/r a • rne a< 2 , TO pg,ubl <l>penronhMa a peweHnn nm1 BMnnn-

TyUhl pacceSIHllSI CXOUSITCSI, ll, 3H8qHT, aMnnnTyna pacCeSIHHSI 8H8IlHTHqHa no KOHCT8HT8 CBSl3ll 

B H8KOTOpoil 0Kp8CTHOCTH nynsi. OnnaKO B peanhHbIX TeopHSIX ycnoane a< 2 ae Bh!non-

HSieTCSI, HanpHMep, B TeopHH C B38HMOneilCTBH8M g <p p83IlOJK8HHe s¢¢eKTHBHoro no-

TeHuHana B psin no KOHCTBHTe CBSI3H HMeeT Bllll npn M8IlbIX r 

2 3 
V (r) = a _g_ - b __g_:_ log r + ... 

t2 r2 . (4) 

B HenepeHOPMHpyeMbIX Teopnsix CHHrynsipHOCTb 

nepaoe npaonHJKeHHe nnsi noTeHUHana a Teopnn 

noTeHunana B Hyne ewe cnnbHee. HanpnMep, 
• ,\ 2 

,\ rf, HMeeT BHU C -- • 
r4 

B § 3 rnaBbl II paCCM8TpHB8lOTCSI aHanaTnqecKne CBOilCTB8 napaMeTpOB paCCeSIHHSI 

nn11 noTeHUHana (4). PeweHHe ypaaHeHnSI lllpennHrepa npn k 
2 

= 0 nnsi TaKoro noTeHunana 

Obmo HanneHo B pa6oTe
191

• HanpaMep, nnsi nnnHbI paccesiHnsi A B STOM cnyqae nonyqae-r--

csi cneny10wee Bb1paJ1<eHne: 

A 

2 
8/2 

VK KI/J~) 

1- 312 2KIV2 
€ K ( 2'.:___) + K K2/l---::-:-:r) 
T vt 3b g 3 3b g 

(5) 

rne K=¼-ag 2 
• l-13 <j>opMynb1 (5) cnenyeT, qTo A pa3naraeTcSI B psin no g , no 

PM 3TOT SIBilSI8TCSI acnMnTOTHqecKHM, MOJKHO nOK838Tb, qTo TOqKa g=O smngeTCSI TOlJ-

KOil crymenn11 non10coa, TBK KBK 3H8MeH8T8Ilb B (5) HM88T 6eCKOHeqHoe qHcno nyneil npn 

g➔ O C COOTBeTCTay10weil CTOpOHbl, CnenoaaTeilbHO, nnnea pacceSIHHSI, a pBBHbIM 06pa-

3oM H napaMeTpbI nnsi npyrax napUHBilbHbIX BOilH HMelOT cyweCTB8HHy10 oco6eHHOCTb no 

KOHCT8HTe CBS13ll H pa3nara10TCSI Illllllh B 8CHMnTOTHqecKnil PM no g 

4 

if 
:J 

rr 
11 

TaKHM o6pa30M, npnMepbI, paCCMOTpeHHbie B rnaae n , nonTuepJKna10T npennonoJKenne 

06 acnMnTOTHqecKOM xapaKTepe p83IlOJK8HHSI no KOHCT8HTe CBSl3H B nepeHopMnpyeMblX Teo

pnsix. 

B rnaaax Ill n IV paccMaTpnua10TCSI npHM8pbI, cymeCTB8HHbie nnsi nOHHMaHUSI 

cnTyaunn B HenepeHopMHpyeMbIX TeopHSIX, KaK H3B8CTHO, B HenepeHOpMHpyeMbIX Teopnsix 

/1/ /10 11/ 
PM no KOHCTBHTe CBSl3H He cymecTayeT nosTOMy B pSIUe paooT ' npennpHHHM8IlHCb 

nonbITKH BbiqncneHHSI paneauHOHHbIX nonpaaoK B TBKIIX Teopnsix 083 npSIMOro ncnOilb30BaHHSI 

Teopan B03MyllleHnil. TTpH STOM BbISICHHnOCb, qTo B pa3IlOJK8HliH pellleHHil npn MailblX KOHCTaH-

Tax CBSl3H g nOHBilSIIOTCSI 'IIl8Hbl Bl!Ua g log g 1 T.e. TO'tJK8 g=I\ HBnsieTCSI Toqxoii 

B8TBil8HHSI, 3TO nenaeT nOHSITHbIM H8COCTOSIT8IlhHOCTb Teopan B03MYIIl8Hllil B HenepenopMnpye

/12/ 
Mb!X Teopnsix. B psine paooT B KaqeCTB8 MonenH HenepeHOpMHpyeMbIX TeOpHil HCnOilb30-

aanocb HepenSITHBHCTCK08 pacceSIHHe Ha CHHrynsipHblX noTenunanax. 8 rnaae Ill C no-

MOlllhlO ypaBH8HHSI nnnnMaHa-lllBHHrepa paccMaTpnaaeTCSI napunanhHaSI aMnnHTyna pacceSIHHSI 

2n /13/ 
Ha no'!'e'HUHanax anna g/ r • g > 0 • Ecnn nbITaTbCSI pewaTh STO ypaBH8HHe liTepaunSI-

MH, B03HHKalOT cTeneHHbie paCXOUHMOCTli. OnHaKO - pellleHne cymeCTByeT, 3To UOK83b!B88TCSI 

C nOMOIIlblO caeneHHSI ypaBH8HHSI nannMaHa-lllBHHrepa K nn¢¢epeHUllailbHOMy ypaBH8HHIO no 

nepeMeuuoil p, TToKa3aHo, 'ITO B cnyqae noTeHunana OTTailKHBBHHSI i;-paHnqHble ycnoBHH, 

KOTOpbie HaKnanbIBalOTCSI ua pellleHHe nn¢¢epeHuHailbHOro ypaBH8HHSI nnsi Toro, qTQObl OHO 

Ob!IlO TBKJKe peweeneM HHTerpailbHoro ypaaueHHSI, MOryT Ob!Tb ynoaneTBOpeHbl H npnTOM 

ennHCTB8HHbIM o6pa3oM. MeTon, npHM8H8HHblil 3U8Cb, nMeeT cymeCTB8HHbie npenMymeCTBa 

no cpaBH8HHIO C npyrnMH M8TonaMn, TaK :B:aK OOXOUHTCSI 6e3 BBeneHHSI acnoMoraTeilbHOil 

perynsipnsaunn, a naeT cpa3y Konequbiii n anonHe onpeneneeHbiii OTBeT. B '!aCTHOM cny-

'!ae (noTeeunan g / r 4 
; k

2 
=•0 r =•0 ) peweHne MOJKHO Bb1pa3nTh qepes xopolllo n3yqee-

Hble cneunanhHbie <!>YHKUHH, 'ITO naeT B03MOJKHOCTb nonpo6eo n3yq11Tb CTpyKTypy pa3IlOJK8HHSI 

pellleH-iil npn MailbIX g , TTp11 STOM nony'!aeTCSI cneny10mee pa3IlOJKeHHe nn11 aMnilHTYllbl 

paccesiHHSI aHe seepreTH'lecKoil noaepxHOCTH 

2 . , 2 3/2 ¼ 2 , ,3 
t(p,p';O) =-vg pp·-•- g log(y g )[p p +p ·P lo1-

" 3rr 

, 2 , 3 , 2 

+e<P -p')[-,g ~P·-g+lo1-0(p'-p)[-g 4 g£ I•+ 
6 

(6) 

TaKHM o6pa30M, TO'!Ka g= 0 smnHeTCH TO'tJKOil B0TBneHHSI TOquoro pellieHHSI, npnqeM 

HMeeT MecTo KaK Kopeeaoe aeTanee11e ( 'IIl8HbI, nponopu11oeailheb1e y g ) , TaK n norap11<j>M11-

'l8CKOe B8TBil8HHe ( '!Il8Hbl, nponopunoeailbHbie log g ). 

B rnaae IV paccMaTpnaaeTcSI HenepenopMnpyeMaSI Teop11si asanMoneiicTaHSI Mac-

/14/ 
CIIBHblX BeKTOPHbIX '!aCTHU co CKansipHbIMII Mbl 113Y'l11Illl np116n11JKeeeoe n11neiinoe 

ypaanen11e nnsi aepWHHHOil <j>yHKUIIII, Tip116nHJK8HH8 COOTB8TCTByeT neCTHH'IHOMY np116nHJK8HHIO 

5 



a ypaaHemm EeTe-ConnHTepa unll aMnnHTYUbI pacce!IHHll. B nepeHopMHpyeMbIX TeopH!IX 
/15/ 

nouo6Hoe ypaBHeHHe paCCMaTpHBanocb B pa6oTe • O6oaHa'lHM BepmHHHYIO <j,yHKlllIIO 

qepea ['µ ( p,k) , rue k -HMllyllbC BeKTOPHOli 'laCTIIllbI, a CKangpHbie qaCTHllbl IIMeIOT IIMlIYflb-

CbI p +:_k_ H p -_k_ • PaccMOTpHM cnyqali 
2 2 2 

npOCTYIO CTpyxTypy ['µ ( p, 0) = 2 p µ F ( p ) 

k = 0 µ • B aTOM cnyqae aepumHa HMeeT 

B llpH6nlI)KeHHOM ypaBHeHHH Mb! npoH3BOUHM 

l!OBOpOT KOHTypa IIHTerpHpOBaHH!I no 

CHMaonnqecKH a BHne: 
Po 

/16/ . 2 
Ha yron 11 I 2 • 3anameM ypaaHeHHe unll F(p ) 

F=Z+:I+It0>F +K'-F. 
(7) 

3uecb Mb!, l!Oflb3Yl1Cb IIHBapHaHTHOCTblO TeopHH OTHOCHTellbHO rpynnbl nepeHOpMHpOBOK, aaenH 

KOHCTaHTY nepeHopMIIPOBKII BepmHHbl 

pall uaeT llOCTOllHHyIO: 

z • KpoMe Toro, Mb! pa36HnH lI.UPO Ha 'laCTb, KOTO-

~ 
12 

f q• dq 2 F (q2) 

O ( q2+ 1,1 2) 2 (8) 

rue g nponopnHOHanbHO KOHCTaHTe CB!I3H, a H3 OCTallbHOli 'laCTH BbIUenHnH HaH6onee 

cnHryngpHoe !I.1lpo Keo). CyMMa Z + I 06oaHaqaeTcg 'lepea N n npeunonaraeTcll, 

'ITO z BbI6paHo TaK, 'IT06b1 BeflH'lHHa N 6b!na KOHe'lHOli. nocTO!IHHall N 

ycnoaneM HOpMllpOBKH Ha noaepXHOCTH Mace, Ecnn npeucTaBHTb F 

TaK 'lT06bI F(O)' F' yuoaneTBOpllnH ypaBHeHHllM: 

F0 )= N +: K(O) F (O) 

F'-=·K'-F
0

) +:K(O)F, +:K' F' • 

B BHUe 

<j,HKCHpyeTC!I 

F< 0 >+:F'-. 

(9) 

TO MO>KHO lIOKa3aTb, 'ITO ypaaHeHHe Ullll i,(O) HMeeT euHHCTBeHHOe pemeHHe npa n1060M 

N ,,/0 • B ypaBlleHHII Uflll F, MOJKHO lIOC·l'ynHTb TaK >Ke KaK B YJlBBHeHHH (7), T,e, OT0pO

CHTb K 'F' , pemHTb 3TO ypaaneHHe, a aaTeM Hanncan, ypaBHeHne Uflll nonpaBKH F'~-n T,U, 
(0) 

HccneuoaaHHe ypaaHeHH!I unll F o6nerqaeTcg TeM, 'ITO OHO HMeeT _npocTyIO <j,opMy 

F0
l(x) ~- N 

g 
2 X 

+: I 1 FO) "°T2 7 f dy y • (y) 
o (y+M2)2 

:._ {. dy 
X 0 

(0) 

- 2x {. y dy 
F (y) 2 

~•+:x { dy 
X 

(0) 
F (y) 

--~.I• 
(y + M ) 

3 
F(O) (y) 

y 
(y +:1,1

2
)

2 

(10) 

2 
rue x=-p 

2 
Y=·q • Jlerxo yoennTbCll, 'ITO 3TO HHTerpallbHOe ypaBHeHHe MO:lKeT 6b!Tb 

nocnenoBaTenbHbIM nn<j,<j,epeHUHpOBaHneM caeneHo K HeOnHopOAHOMy naqxjlepeHUIIBnbHOMY ypaB

HeHHIO 'leTBepToro nop!I.1lxa. llnll Toro, '1To6bl pemeHHe aToro nnqxjlepennnallbHoro ypaBHeHH!I 

YAOBneTBOpllnO TaK>Ke llBTerpallbHOMy ypaBHeHHIO (10). HaKn8AblB8IOTCH rpaHH'lHbie ycnoBHll 

a nyne n Ha 6ecxoHe'lHOCTn. noxaaaHo, 'ITO aTn rpaHH'lHbie ycnoBH!I MoryT 6bITb ynoaneTBO

peHbI, n lIPHTOM ennHCTBeHHbIM oopaaoM, T.e. cymecTayeT ennHCTBeHHoe pemeHne ypaaHeHHll (10). 

6 

Tax KSK llOCTO!IHHSll N <j,HKCHpyeTCll ycnOBHeM HOpMHPOBKH, OTCIOAS cnenyeT, 'ITO rnaBHall 

'laCTb nepeHopMHPOBSHHOli aepmHHHOli <j,yHKllHII onpenen!IeTCll ennHCTBeHHblM o6pa30M, Peme

HHe ypaBHeHHll ( 10) HMeeT cnenyromyro aCHMllTOTHKY npn X ➔ 

4N °3/8 1;- ¼ __ + x I C exp [.,.,4 e ( g 2 x ) I,+ c.c. l • 
g2x 

F(x) {11) 

$opMyna (11) l!03B0llHeT HSM O0OCHOBSTb lIOBOpOT B llllOCKOCTn Po Ha yron __::c._. TSK 
2 

KSK F(x) y6brnaeT HS 6ecxoHe'lHOCTH .so Beel! KOMnneKCHOli nnocKOCTil X • PaCCMSTpHBSH 

BTopoe Il3 ypaaHeHnil (9), Mbl y6e>KAaeMCll, 'ITO F' He M8H!IeT SCHMllTOTHKil BepmHHHOli 

<j,yHKllHH HH B eyne, Hll Ha 6eCKOH8'lHOCTil, TaKHM o6pa30M, MbI l!OflY'lllllll, 'ITO ypaBHeHne (7) 

nnn nepeHOpMnpoBaHHOil aepmnHHoil <j,yHxnnn HMeeT ennHCTBeHHoe pemeHne B anne p!I.1la 

F(x) =· :£ J!ll (x) • rne Ka}l{J'.lan <j,yHKllllll F(I) (x) nanneTCn pemeHHeM AOCTaTO'lHO npOCT0-
1=0 

ro HHTerpallbHOro ypaBHeHnn.· Bonpoc O CXOAIIMOCTH sToro plI.Ua OCTaeTCH OTKJJblTbIM, Paano-
2 

>KeHne aepmnHHOli <j,yHxnnn npn ManbIX g nonpo6Ho nccnenoaaHo nnn cnyqag eyneaoli 

MBCCbl cxangpH0il 'laCTIIllbI. flpn 3TOM pemeHHe ypaaHeHng (10) Bbipa>KaeTC!I qepea 0606meH-
2 

HYIO ranepreoMeTpnqecxyro <j,yHxnnro. B paano>KeHHn pemeHnn npII Manblx g npHCyTCTBy-

IOT qneHbI, nponopnnoHallhHbl8 g2 log g 
2 

• TaxnM oopaaoM, TO'IKB g
2
=· 0 llBlllleTCg 

TO'lKOil BeTBneHHll, 'ITO II HBllHeTCll llJJil'lllHOli HenpHMeHIIMOCTII TeOpHH ij03MY!lleHHli. 

PeayllbTaTbl rn;aB III II IV CBHAeTellbCTBYIOT B Il0nb3Y npennono>KeHHll, 'ITO B 

HenepeHOPMHpyeMb!X TeOpH!IX MO>KHO lIOflY'lHTb BnonHe onpe)lelleHHbie Bbipa>KeHHll, XOTH P!I.1l 

no KOHCTaHT8 CB!I3H He cy!lleCTByeT, 

6 6 
/3,9,13,14/ 

OCHOBHbl8 peayllbTBTbl nnccepTaIIHH ony nHKOBBHbl a pa OTaX • B oocy>KAeHnn 
/8/ . 

B;CllOllb3()BBnHCb TaK>Ke peaynhTaTbl paoOTbl , 
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