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l OBII\AH XAPAKTEPHCTI1KA PABOThI 

AKTlaJibHOCTb TeMH 

PeaJibHh!e ~H3HqecxHe CHCTeMbI HMeDT KOHeqHHe paaMepI,I H co,n;ep!CB.T 
KOHetrnoe qHCJIO qacTHl.l• IlosTOMY CTaTHCTHKO-MeXaHHtleCKHM ~YHK'-IHRM, KO
TOp!,!e HX onHC!,lB810T, npHCYII\H HeKOTOp!,!e !(OHetrnopaauepHhie 3qxp8KT!,l. IlpH 
o~pe,n;eneHHh!X ycJIOBHRX - o6utrno B Henocpe,n;CTBeHH08 OKpeCTHOCTH TOtmH 
~30B0I'O nepexo,n;a - 3TH aqxpeKTli MOryT CYll\eCTBeHHUM o6paaoM CKa3aTbCH 
Ha noae,zi;eHHH MaKpocKonHqecKoR CHCTeMH. MeKaaTHoe onHCaHHe aqxpeKTOB 

KOHetrnoro pa3M8pa Bh!XO,Il;HT 3a paMKH TPMHUHOHHOR CTaTHCTHtl8CR08 T8pMO
,Il;HHaMmm •• 

0CHOBHB.H ff'A8H 3BpHCTHqecK08 TeopHH KOHetrnopaauepHoro no,n;o6HH 
6wra BHCKaaatta M.E.~mnepoM B-1970 ro~- CornacHo rHnoTeae M.E.mHine
pa, aqxpeKThl KOHetnraX paaMepoB ,IVIH CHCTeMlal B cocy,zi;e B ~pM8 eyda C 
pe6poM L >> i /B e,n;HHHQax HeKoToporo xapaKTepHoro MHKpOCKormqec
Koro M8CWTa6a/ Onpe,IJ;eJIHDTCH OTHOWeHHeM KOppeJIHQHOHH08 WJHH!,l ~ 00 

cooTBeTCTBYJO!IleR 6ecxoHetrno8 CHCTeMU K JIHHeRHouy pa3Mepy L . EcnH 
npH cTpeMJieHH.H TeMIIepaTypH T K KpHTlfllecxouy aHaqeHHD Tc Koppemi:
QHOHHM ,IVIHHa HMeeT xapaKTepffYD pacxo,n;HMoCTb Bff'Aa $co ( t) ~ It 1- 'll , 

r,n;e t = (T-:-Tc_ )/Tc. H V > 0 KpHTHt18CKH8 IlOKa3aTeJib, TO aqxpeKTH 
KOHetrnoro paauepa CTaHOBHTCH CYll\eCTB8HHb!MH, xor,n;a $oo ( t) ~ L , T • e. 
npH It I ~ L-'1/Y • TaK.HM o6paaou TeopeTmecKoe onHcaHHe 38.KOHOB xo
HetrnopaaMepHoro IlO,IJ;OOHH BKJIDqaeT B COOR H3M8HeHHe TepMO,n;HHa.MHtleCKHX 
napaMeTpOB aHCaMClJIH rH66ca B OKpeCTHOCTH TOtmH rp8.30BOI'O nepexo,n;a 
o~oBpeMeHHo c H3MeHeHHeM KOHeqHhJ:X pa3Mepoa cTaTHCTHKo-MexaHHqecxoR 
CHCTeMH_ npH coxpaHeHHH cpopw cocy,IJ;a H rpaHHtrnHX ycJ10BH8, 

Mo,n;eJibHbie CHCTeMbl C ,IJ;aJibHO,D;ei:l:cTBHeM npe,n;CTaBJIHDT ocoomt HHTe
pec ,IVIE TeOpHH, TaK Kalt a·aTOM CJ!ytlae B03HHKaIOT npo6neMli, CBii38.HHble 
C onpe,n;eirem-1eM KOppenHQHOHHOit WJHH!,l ,IVIE 6eCKOHetrno8 CHCTeMbl. OTO no
HiITHe, KaK MU Bff'AeJIH, HrpaeT !pYH,IJ;aMeHTaJibHYD pOJib B TeOpHH KOHetlHO
pasMepHoro IlO,D;OOHiI, PaccMOTpeHHe aqxpeKTOB KOHetffioro pasMepa B CHCTe
Max C ,IJ;aJibHO,n;"eRcTBHeM BH3!,lBaeT HHTepec H C TOtmH 3peHl-lR HX TeopeTH
qecKoro OOOCHOBaHHH MeTO,D;OM p8HOpMaJIH3~HOHH08 rpynm,r. H3BeCTHO, qTo 
npe,n;cKa3aHHH aToro Meiro,n;a o~!iOB8.Hl:l Ha onpe,n;eneHHlilX npe,n;noJio:m:eHHJDC 06 
aHaJIHTHqeCKOM IlOBe,n;eHHH_!pyI-Il<QHR IlO,D;OOHiI B OKpeCTHOCTH.Heno,n;BmtH08 
TOtmH. C ~yroR CTOpOHU, H3B8CTHH TOtffiO pemaewe MO,D;eJIH, KOTOpI,Ie no
Ka3blBaIOT, qTo B CHCTeMax C ,IJ;aJibHO,n;eRcTBHeM 8TO IlOBe,n;eHHe MOE8T MO'Aff
cf>H'-IHPOBaTbC.fI. 
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B )Vi!CCepTaQHH HCCJI8JJYK)TCH TpH OCHOBHHe THna MOAeJibHhlX CHCTeM 
C Aa.JibHOAeHCTBHeM: 

1. Mo~eJibHHe CHCTeMbl co B3aHMo~eHCTBl1eM 3KBHBMeHTHUX coce~eH, 
AOITYCKaIO~He Toi:rnoe B TepMOAHHaMHTJeCKOM npe~eJie pemeHHe. 

2. CpeAttM ccpepHTJeCRM MOA8Jib C ~ByTJaCTHl:ffihlM noTeHUHa.JIOM B3al1-
MO~eHCTBHH 1~(r) cpeppOMarHttTHOro THna, y6h!BaJO~HM Ha 60Jibllil:1X paCCTO
flHHBX Y- RaR 'r -a.- o- , rAe d._ - p8.3MepHOCTb npOCTpaHCTBa, 0- > 0 

napaMeTp. ~opMa o6pasQa,B o6~eM cnyqae HMeeT BH~ UHJIMH~pa c r11rrepRy-
6HTJeCRHM ceirnmrnM Ld.-d , 6ecRoHei:rnoro B d' ~ 0 H3MepeHHmc. 

BAOJib d-cl' H3MepeHHH, no RoTopHM c11cTeMa KoHeqHa, HaRJI~BaroTcR 
nepMO~HTJeCRHe rpaHHl:ffiHe YCJIOBMR. 

3. MoAeJibHhle·c11cTeMbl co B38HM0~8HCTBHeM HCKJIIOqeHHOPO 061,eMa, 

nopOll\Il,aI0~11M ~MhHO,JJ;eHCTBYJOlliHe KoppeJIHUHH Me~.,ey qacTm~aMM. 

Oco6eHHOCTh rrepBoro TMna MO,n;eJieft 3aKJiroqaeTCH B OTCyTCTBHH ec
TeCTB8HHOH npOCTpattCTBeHHOH CTpyRTyphl: CHCTeMe MOJKHO rrp11n11caTb npo
l13BOJibHYJO npocTpaHCTBeHHYJO pa3MepHOCTh cL , a CJie,n;oBaTeJihHO, H 

npOH3BOJihHhlH JIHH8HHbIH pa3Mep L npH 3a,IJ;aHHOM q;icJJ:e qacTHQ N = L d. 
OTO o6CTOHT8JihCTBO npHBO,ll;MT R onpe,n;eJieHHhlM 3aTpyAtteHHEM rrpH o60CHOBa

HHl1 saROHOB ROH8TJHopa3MepHoro ITOA06MH MH TaRoro TMna CHCTeM MeTO,ll;OM 
peHopMa.Jil138QMOHHOH rpynITl,I. 

B RaqecTBe OCHOBHOH MO,n;eJIH C ,n;aJibHO~eHCTBHeM pacCMOTpeHa cpeA
HHH ccpepHTJeCRaH MO~eJib, ROTOpM ,n;onycRaeT TOTJHOe pemeHHe npH JIIOOOH 
npocTpaHCTB8HHOH pa3MepHOCTH. EcJIH napaMeTp (T cna,n;aHHH napHoro 

ITOT8HQHa.Jia B3aHMO~eHCTBHH Ha 60Jibllil:1X paCCTOflHHBX npHHHMaeT 3HaqeHHH 

0 < (T < 2 , TO ,n;ByqaCTHTJHM RoppeJIHUl10HHaH ¢YHI5QHH B CHCTeMe y6hl
BaeT C pacCTOflHH8M He no 3RCITOHeHQH8JlbHOMY, a no CTerreHHOMy 3aROHY· 

OTOT CJiyqaft ,JJ;a.JlhHO~eHCTBHH BhlABHraeT Ha nepeAffHM ITJiaH npo6JieMy onpe
,n;eJieHHR 3qllp8KTHBHOH ROppeJiflUMOHHOH MHHhl, no OTHOIDeHIDO R ROTOpoft 

MOJKHO CcpOpMyJIHpOBaTh 38ROHhl ROHei:rnopa3MepHoro no,n;o6HR. CJie~eT OTMe

THTb, qTo npH d,' = 0 npe,n;eJI a- - o+ B STOW MO~eJIH npHBO)Vi!T K B3a
HMO'A8HCTBIDO 3RBHBM8HTHhlX COC8'A8H, a a-.-.z- COOTBeTCTByeT B3aHMO
,JJ;8HCTBIDO 6JIIDKaHIDl:1X coce,n;e.li. 

HaROHeQ, OCHOBHhlM rrpe,n;CT8BHTeJieM TpeThero THITa Mo,n;eJieft HBJIReT

CH Mo~eJih ,JJ;HMep6B, nJIOTHO Il0Rph1B810~1:1X Y3Jll,l ITJIOCROH KBa,n;paTHOH pemeT
RH. YCJIOBHH IlJIOTHOH ynaROBRH H HCRJIIOqeHHoro 061,eMa npHBOMT R ITOH

BJieHIDO 'AHMep-~HMepHI,IX RoppeJIRQHH, y6hlBaIO~ c paccTOHHHeM no CTeneH
HOMy 3aROHy. 
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UeJibID pa6oThl HBJIReTCH HsyqeHHe sqxpeKTOB ROHei:rnoro pasMepa Ha 
TepMO~llliaMHTJ8CKMe H KOppMF..llHOHHhle qiyttRUHM CT8THCTHKO-M8XaHHTJ8CRIDC 

CHCTeM C 'Aa.JlbHO'AeMCTBHeM, pa3BHTHe CTporHX MeTO'AOB ITOCTpoeHHR TeopHH 

KOHeTJHopasMepHoro no~o6HH MH T8Rl:1X CHCTeM. 

Hayi:rnM HOBH3Ha V, npaRTHTJ8CRM QeHHOCTh pa60TH 

TipeM0*8Hh! HOBhle M8TO'Abl ,l],JIH ~Tpororo HCCJieAOBaHHH 3qllp8KTOB KO

Hetn1oro pa3Mepa B MO~eJimc CTaTHCTHTJeCROH M8XaHl1KH C ~aJihHO,n;eftCTBHeM. 
CcpopMyJivlpOBaHH HOBhle rHTIOT83hl O BH'A8 3aROHOB ROHeTJHopasMepHoro 

110A06HH B 'h -BeRTOpHhlX MOAeJimc /nptt 'h >'> 1 / B ~P8AH8!10Jl8BOM KpHTV,
qeCROM pe~Y.Me H B pe*HMe ¢asoBoro rrepexoAa nepBoro po,n;a. 

BrrepBhle npeAJIO*eHa CTOX8CTHTJ8CKa.H ,ll;HH8Ml1Ra MR CHCTeMhl H3 ITJIOT

HO ynaROBaHHhlX ,ll;HMepoB Ha KBa,Il,paTHOJ:l: pemeTRe H ,n;oRasatta ee 3pro,n;HTJ

HOCTho 
MeTOAOM MOHTe-J{apno HCCJie,n;oBaH Heo6hlTJHlffi qia30BhlM nepexo,n; B MO

,n;eJIH B3aHMo,n;efiCTBY~~l:1X ~HMepoB Ha RBa,n;paTHOH pemeTRe, ROPAa KOppeJIR
QHH B HeyrropH,n;OtJ8HHOH qiase y6HBaJOT CTeneHHblM o6pa3oM, a Be cna,n;aIOT 

SKCnOHeHQHa.JibHO, KaR STO 11MeeT M8CTO B H3BeCTHhlX MO,JJ;eJimc C 6JIH3KO

A8HCTBHeM. 
BrrepBhle noJiyTJeH TOtrnhlH pesyJihTaT MR H36hlTOtrnOH IlOBepXHOCTHOH 

CB060AHOM SHeprHH B ,ll;BJMepHOH MO~eJIH 6HoMeM6paHhl. 
ITpaKTHTJeCRaJI QeHHOCTb pesyJihTaTOB AHccepTauHtt onpe,n;eJIReTCR, B 

OCHOBHOM, TeM, qTo: 
1. Heo6XOAHMO ROJIHqecTB8HHOe OITHCaHHe crJIBJKHBaHHR H CMe~eHHH 

CHHryJIRpHOCTe8 B TepMO,n;HHBMm:6CRHX cpyHKQHHX, ROTOphle .nocTyITHhl MR 
SKCrrepHMeHTaJihHOro Ha6RID'A8HHR npH H8KOTOPl,QC cneQH8JihHblX reoMeTpHHX 
o6pa3Qa: B TOHKIDC 8ACOp6UHOHHblX CJIOHX, B CHCTeMax H3 Ma.JihlX ¢eppoMar

HHTHIDC qacTHQ B )Vi!aMarHHTHOM MaTpHQe, B CJiyqae reJIHR B rropax H ,n;p~ 
2. TeopHR ROHetrnopasMepHhlX sqqieKTOB npHJIO~HMa MR OITHCaHHR 

RBaHTOBhlX CHCTeM c RpHTHTJeCKHM ITOBe,neijHeM npH ~yneBOH a6COJIIDTH08 
TeMrrepaType: B sTOM cJiyqae poJib KOHetrnoro pasMepa HrpaeT o6paTHM 
TeMnepaTypa. 

.3. Teopmo KOHei:rnopasMepHoro rro,no6HR MOJKHO HCITOJih30BaTh B Ka

qecTBe H~eJKHoro HHCTPYM8HTa MR onpe,n;eJieHHR RpHTHTJecRoro ITOBe,n;eHHR, 
nyTeM 3KCTpanORflUHl1 CBOHCTB COOTB8TCTBYJO~ ROHeTJHhlX CHCT8M Ha Tep
MO,ll;HHBMHtl8CRHH npe,n;eJI. 3To B paBHOH Mepe OTHOCHTCR-R pesyJihTaTaM 
Hccne,n;OBaHHR KOHelIHliX CHCTeM RaK M6TO,JJ;8MH MOHTe-Kapno H MOJieKyJIHp
H08 ,IJ,ID!aMHKH, True H c noMO~bID TpaHcqiep-MaTpmu,t. 
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)})IR 38.D:jHTh! Bh!A13Hr8.IOTCR CJie.IlVJOJI!He OCHOBHh!e pesyJihTaTH, noJiyt1eH
Hhle B 8HCCepT8.llHH: 

1. Ilpe)J,JlOEeH HOBh!H MeTO,!:\ H3ytreHHR CTPYKTyphl npe.n.eJihHh!X r»66coB
CKHX Cnytfa.HHb!X nonefi, OCHOBB.HHHH Ha HCCJI6,I\OBaHHH KOppeJIRQHOHHl,DC HJIH 
xapaxTepHCTl1tteCKHX <pyHKUHH npH BHKJIIOqemrn BHemHHX noneii, HapymaJOIIlHX 
CHMMeTpH!O raMHJibTOHHaHa, o~oBpeMeHHO C nepexo.n,OM K TepMO,!:\HHaMIBieC
KOMy npe.n.eny. 

2. Ilpe)J,JloxeH HOBHH MeTO,!:I BHtrnCJieHHR ~JHKL{Hii KOHei:mopasMepHoro 
no.n.o6HR, OCHOBattffblH Ha nocTpOeHHH aBTOM0,!:16JibHIDC BepORTHOCTHWC pac
npe.n.eJieHHH ,n.TIR OJIQqHIDC ,!:\HHaMmecKHX nepeMeHHhlX rrpH ycTpeMJieHID! TepMO
,llHHaMIBieCKHX napaMeTpOB K HX KpHT»qecKHM 3HaqeHHRM O~OBpeMeHHO C 
nepexo.n,oM K TepMO,!:\HHaM»qecKoMY npe.n.eny. 

3. Ilpe,n.,roEeH HOBh!H MeTO,I:\ MoHTe-KapJIO ,n.TIR CHCTeMil H3 IIJIOTHO yna
KOBaHHhlX B3aHMO,!:\eHCTBYJOIIIHX .n,HMepoB. ~oxasatta apro.n.HtmOCTh MapKOBCKOH 
qenH, reHepHpyio~ea KOH~HrypaQHH Ha KBa.n.paTHOH pemeTKe co CB060,IJ,Hl,IMH 
rpaHHQaMH. 

4. TTpe,n.,ro~eHa HOBM aHaJIHTHqeCKM T6XHHKa, OCHOBa.HHM Ha HHTe
rpaJibHhIX npeo6pasOBaHHRX C ~yHKL{HRMH MHTTar-Jie(fxpJiepa, IT03BOJI~M 
HCCJI6,!:\0BaTb aCHM11TOTmecKoe noBe,Il,eHHe TepMO,Il,HHaM»qeCKHX l1 KOppeJIRQH
OHHHX <pyHKQHH B KOHeqm,oc 'Yl -BeKTOpHhlX Mo.n.e.nmc np11 11. >> 1 . C ee 
noMO!llhIO BnepBh!e nonyqeHa KOHetmopasMepHaR acHMIITOTHKa MR rrapnoti 
KoppeJIRQHOHHOH ~JHKQHH cpe~ea c~epmecKOH M0,!:16JIH co CTeneHHhlM ,Il,Mb
H0,!:\6HCTBHeM H npo113BOJihHOH QHJIHHJU)HqecKOH reoMeTpHeH o6pa3Qa. 

5. nocTpoeHa TeOpHR KOHetmopa3MepHoro nO,!:IOOHR ,Il,JIR MO,I\eJieH CTa
THCTJ1qeCKOH Mexruuum C ~MbHO,I\e-'1:cTBHeM, OCHOBaHHM Ha ITOHRTHH 06 
aipfieKTHBHOH KOppeJIRQHOHHOH MHHe. 

6. BrrepBHe ,!:IOKa3aHO, qTo cpe,l\HRR c~ep11qecKaR MO,Il,6Jlb BhIXO,!:IHT H3 
KJiacca KOH~pMHOHHHBapHaHTHOCTH raycCOBCKOH M0,!:16JIH np11 JII060M ,I:\aJibHO
,Il,6HCTBYJO!lleM nOT8HQHa.JI8 B3aID.fO,I\8l1CTBHJi. 

?. nocTpoena TeopHR KOH8'-lliOpa3MepHOro ITO,!:IOOHR MR MO,!:leJieH CTa
THCTmeCKOH M€XaHHKH co B3aHMO,Il,6HCTBHeM 3KBHBM€HTHh1X coce.n.ea, OCHO
BaHHM Ha ITOHRTHH O qffCJie CKOppeJIHpOBaHHhlX qaCTHQ• 

8. IlocTpoeHa Teop»R KOHetmopaaMepnoro rro.n.o6»R MR Mo.n.enea CTa
THCTHqecKOH MeXaHHKH co B3aHMo.n,eHCTBHeM 3KBHBaJI€HTHh!X coce.n.eii, OCHO
BaHHM Ha HayqenHH aBTOM0,!:\8JlbHhlX pemeHHH .n.»qxpepeHL{HaJibHoro ypaBH€HHR 
B qacTHh!X npOH3BO~mc MR rrapaMeTpa nopJI.n.Ka. 

9. BrrepBHe nonyqeno Toi:moe pemeHHe MR ~epHOH sa.n.aqH Ha KBa.n.

paTHofi pemeTKe C JIHHSHHh!M .n.~eKTOM. 
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10. MeTo.n,oM MoHTe-Kapno »ccJie.n.oBaH ~aoBHH nepexo.n. B ,!:\ByuepHoa 
pemeTOtmOH MO,!:leJIH B3aHMO,I\eHCTB~HX .n.HMepOB, xapaxTepHayeMOH CTeneH
HblM cna.n.attHeM KOppeJIRQHH B BliCOKOTeMIIepaTypHOH ~aae. Ha ocµoBe KOHeq
nopa3MepHoro aHaJIH3a pe3yJibTaTOB MR y.n.eJibHOH TenJIOeMKOCTH nonyqeHH 
o~eHKH ,IJ,JIR KpHTHqeCKHX noKa3aTeJI6H H o6HapyxeHO HapymeHHe COOTHOme

HHR r»nepcKeHJIHHra. 

Anpo6aqHR pa60Tli 

OCHOBHh!e pesyJibTaTH ,!:IHCCepTar~HH 'AOKJia,Il,HBaJIHCb H OOCylQ];aJIHCh ,Ha 
CeMHHapax Jia6opaTopHH TeopeTHq€CKOH ~l13HKH 06oe'AHHeHHoro HHCTHTyTa 
JI.n.epHh!X HCCJie.n.oBaHHH, OT.n.ena cTaTHCTmecKOH MeXBHHKH MaTeMaTHtrecKoro 
HHCTHTyTa HM. B.A.CTeKJioBa AH CCCP, JiaoopaTop»H ypaBHeHHil cocTORHHH 
lli!CTHTyTa TeopeTmeCKOH 11 npHKJia,I!,HOH MeXaHHKH co AH c9cp /HOBOCH-
6HpCK/, MHcTHTyTa M6XaHHK~ l1 6HOMeXaHHKH /Co~HH/ H lli!CTHTyTa MaTeMa
THKH /Co~HH/ BoJirapcKoR ruca.n.eMHH Hayx, a TaIO!l'.e Ha I H II Ce1,uraapax 
no MaTeMaT»qeCKHM npo6JieMBM CTaTHCTHtleCKOH Mexamnm /'/lyoHa, 1988 H 
1989/, I HaQHOHaJihHOM KoHrpecce 6oJirapcKHX ~H3HKOB /Co~HJI, 1983/, 
VI HaQHOHaJibHOM KOHrpecce no TeOp€T}{qeCKOH H npHKJia,Il,HOH Mexruunte 
/BapHa, 1989/, XXI MeWl{apO,!:\HOH KOH~epeHQHH CTp8H-qJI€HOB C8B no qm-
3l1K€ H TeXHHKe HH3KHX TeMIIepaTyp /BapHa, 1983/, IV H V Mell',cyHapo~OM 
C11MII03Hyu8 no H36paHHb!M npo6JI8M8M CTaTHCTHqeCKOH MeXaHHKH /'J]y6Ha, 
198? » 1989/, IV MeJg,IJ,yHapo~oa JieTH€H IDKOJie no TeOpHH BepORTHOCT8H 
» MaTeMaTHtl€CKOH cTaTHCTHKe /Bapna, 1988/, MeJK,D,yHapo~oa lllKOJie no 
qHcJieHHblM MeTO'AaM MoHTe-Kapno H napaJI11e1IhHhlM anropHTMBM /HPB, IlpH
MopcKo, 1989/. 

Ily6JIHK8.llHH 

Ilo MaTepHaJIBM 'AHCcepTaQHH ony6JIHKOBaHH 20 CTaTea, 1 o6sop H 
1 MOHOrpaipHR• , . 

06oeM pa6oTH 

,l(HccepTaQHH COCTOHT H3 npe'AHCJIOBHH, BBe'AeHHR, Tpex qacTeH, pas
'AeJieHHblX Ha_.16 rJiaB, pas'AeJia "ocHOBHhle pesyJibTaTliI" H cn»cKa JIHTepaTy
ph!. IloJIHHH 0608M pa60Tli COCTaBJIHeT 320 CTp~ H BKJIIOqaeT 10 pHCJH
ROB H cnHCOR JIHTepaTypbl H3 2?5 HaHMeHOBaHHH. 
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CO)],EP}l{AHME PABOTbI 

B nne8HCJIOBHM H3JlO~eHa cyTb 3aKOHOB KOHetIHopasMepHoro rro,11,0611.ll: 

M )J,aHO o60CHOB8HHe aRTYaJibHOCTM H Ba.JKHOCTH paccMaTpMBaeMh!X B ,I(Hccep

T~HH rr~o6JieM. 

Bo BB888HMM KpaTKO rrpocJie~eHO pa3BY.THe TeOpMM KOHetmopasMepHO

ro IIO,I(06MR- Oco6oe BHl1MaHMe y,11,eJieHO BOIIpOCaM o60CHOBaHl1R r11I10Te3 KO

HetIHopa3MepHoro IIO,I(06MR M8TO,I(OM peHopMaJIM3~HOHHOi1 rpyrrm,1, B pa3HhIX 

ee BapHaHTax- OTMeti:eHO, ti:TO MR RJiacca pemeTOlffihIX ,I(l1MepHhlX MO):\eJieti 

Ha RB~paTHOH pellleTKe IIOI<a HeH3BeCTHO KaK ITpl1M8HRTh M,JJ,el1 pettopMaJIH-

3~HOHHOti rpyrrrrhl. 

IlepBM ti:aCTh IIOCBRll\8Ha H3yti:emno MO,I(eJieti co B38HMO,I(8.'1CTBH8M 3K

BHBaJI8HTHillC coce,11,eti. Otta COCTOHT H3 rueCTH rJiaB. 

B rrepBOH rJiaBe orrpe,11,eJieH KJiacc MO)J,~Jieti co B38l1MC,I(etiCTBY.eM 3RBH· 

BaJI8HTHhIX coce,neti, KOTOphlti xapaKTepH3Y8TCR raMMJihTOHY.aHOM BY.,lla 

N 1J II N 
'7P ( s o-. i • ) -= _ _ ~ a: er: _ H ~ er. /1/ 
(J\.,N 1 Lh=-1 ZN f-: L / .{..... t • 

L,J:.'1 t=.'1 

3,11,ech '.J ~ 0 KOHCTaHTa B3a11Mo,11,efiCTBHR, HE: IR 1 
BHenIHee MarHHTHOe 

rroJie, N ti:HCJIO ti:acT11~ B c11cTeMe, Oi_ , i =-1, ••• , N, - ,I(HHaMl1ll:ecK11e 

rrepeMeHHhle, IIJ!OTHOCTh COBM8CTHOro BepoRTHOCTHoro pacrrpe):\eJieHMR KOTO

ph!X 3~aeTCR ROHeti:Hoti r1166COBCKOH rrepecTpOtiROH r--'- CBo6o,nHOH Mephl 

Mo c IIOMO~hID raMHJlhTOHHaHa /1/: 
I . -1 

f(d..xp ... ,d.x,.,IK,h,pJ-= lZN(k,h,p)] x 

K N 2 N 

x exp~ tN ( t"-1 Xi.) + h. f.,/i.] f 0 (d..x1 , ... , dx11 Ip) 

/2/ 

3,11,ech Z ( K, h ,p) - cTaTHCTH'll:eCKaR CJMMa, KOTopaR orrpe,neJIReTcR 
N N 

ycJIOBHeM HOpMHpOBKH BepORTHOCTHoti.Mephl /2/ Ha 1R , K = J/k 8T -
6espa3MepHhlti rrapB.MeTp B3a:11Mo,neticTBHR, ks - ROHCTaHTa BoJih~aHa, 

h = H /k8T - 6espasMepttoe BHellJHee rroJie. B1!6op cB060,11,Hoti Mep1,1 fio. 
orrpe,neJIR8T KOHRpeTHyro MO,I(eJib co B3al1MO,I(e.l1CTBMeM 3RBHBaJieHTHhIX coce

,11,eti. HarrpMMep, ecJIM 

N 

fo(ol.x,, ... ,Jx....,lp)~ .n f(dxL), 
' t =1 

/3/ 

6 

f 

j 
l 
'\ 

1 
] 
.0 

' f 
1 
I' 

f 

TO IIpV. 

. . I 
p(o.x)-= p (Jx) = i [S(x-1) +S(x+1)Jd.x /4/ 

rro;ryqaeM MO,lle.l!h Xycv.M,1-TeMnepJI11-lfa;mra, rrp11 

ms fs -sx2. p ( cl x ) = p ( d. x I s ) = Ix e.. d.x ~ . /5/ 

r,ne napaMeTp S > 0 ¢1-rn:cv.poBaH - rayccoi:icRy10 Mo,neJih, a eCJIH rrapa

MeTp s B /5/ onpe,lleJIHeTCH H3 TaK Ha3blBaeMoro cpe,nttero cq,ep11ti:ecKoro 

ycJJomrn 

N 

J (N- 4 L x~) ft (dxu··•,dx,.,,IK;h,f"'s) = r, /6/ 
RN i=f . 

no;ryliaeM cpe,nHIOIO c¢ep1111ecRy10 Mo,neJih TMna Xycmm-TeMnepnH /co cpe,11,

HHM pa,nJiycoM Yr > O I. Cqiep1111ecKoti Mo,neJiv. Bepnirna-Kana /p~eyca 

r. I. co B3al1MO)J,8HCTBl1eM 3KBl1BB.'IeHTHhfX coce)J,e.11 COOTBeTCTByeT CB060,11,-

HaH Mepa BM,na 
N N 

tt! ( J. X 1> •.•• d. X N Ir-) ~ J' ( ?- X t - r N) n d. X t , 
{ =1 i: =1 

/7/ 

r,ne d.x - Mepa Jie6era Ha IR 1 

TeopHro KOHell:HOpa3Mepiwro no.no61-m MR Cl1CTeM co B3aHMo,D;etiCTBHeM 

3KBHBaJI8HTHhIX ccce,nett MO~O nocTpOY.Th KaK npe,neJibHh!H CJiyti:atl CCOTB8T

CTBYIO~e.l1 Teo pm! MII . Cl1CTeM C HOpMaJihHOM rrpoCTpaHCTBeHHOH CTpyKTypOY.. 

TaK HanpHMep, HaM11 ,noKa3ai,o, l!TO raMl1JlhTOHl1aH c¢epl1118CROti MO,neJIH 

XycHM11-TeMI18PJIH MII CHCTeMhl 113 ROHell:HOro 1111CJia ti:aCTH~ RBJIReTCR ,UaJib

HO)J,etiCTBY!OiqHM rrpe,neJIOM O"" - 0+ MR ra.MttJThTOHHBHa ccpepHqeCK0.11 MO)J,e

JJl1 co CTerreHHhIM 3aROHOM y6HBaHl1R noTeH~ttaJJa B3aHMo,nettCTBl1JI BH,na 

( -~-~ 'J <rJ(f_) = crJcr(r) ~ err (r-oo), /8/ 

rrp11 HaJIMti:l1M nep110,nHti:eCKl1X rpaHH'll:HhtX ycJIOBl1H. 0TCIO)J,a~ C yti:eTOM Toro, 

qTo BepXHJIR Kp11THti:ecKaH pasMepHOCTh dt MR Mo,neJie.11 c ,naJibHo,neticTBy

IOlJ1MM noTeHQl1aJIOM JCT ( r) ~ r-d- 0- paBHa 2 0- /H~RR Kp11THti:eCRM pa3-

MepHOCTh paBHa cl.H = 0- / t CJie,JJ,.YIOT B~hle BhIBO,nI,l, qTo: a/ ITpM JiroOti 

q,HKCHpoBaHHofi pa3MepHOCTl1 d > O B rrpe,neJie o- - o+ CHCTeMa BXo-

,nHT B peJKHM cpe,n:Hero rroJIR, d. > d~ = 2 a- , Kor ,na B TeopHH ITOHBJIRIOTCR 

TaK Ha3hIBaeMh!e "onacHhle Hec~eCTBeHHhle rrepeMeHHh!e", KOTOphle HapymBJOT 
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COOTHOmemte r1mepcKe$1mmra J. )I = 2 - o(_ I o<. - Kp11TV;tWCKl111 llOKasaTeJib 

,IVIR TeITJI08MKOCTl1/ l1 MO,I.\Wfl1ll!1pYJOT 3BKO!-ihl KOHe1rnopa3MepHoro ITO,IJ,06.MR, 
6/ o6JiaCTb pa3M8pHOCT8H rrpocTpaHCTBa d. E ( o-, 2 CT) ' ,n.Jlil KOTOpb!X 
giJIYKTyal\!111 CY!l\8CTB8HHhlM o6pa3OM CKa3blBaICTCR Ha qJ830Bhli1 rrepexo,l],, cy:irn-
8TCR B ToqKy cL -= 0 rrp11 o- - o+ ; B/ 061:.'t,.'1-!0e orrpe,l],eJJeH11e pacxo,n.11MoC
T11 KOppeJIRl\HOHHOV. ,l],Jll1HH 6 eCKOHeqHQX Cl1CT8Mh!' 'so) t) ~ t - V ' t - o-+' 
TepReT CMhlCJI, TaR KaK )) = ,j /er -+ 00 rrp11 0- - o+ • 

HaMl1 BBe,l],eHa HOBaR xapaKTepHaR ,1],Jll1Ha ,l],JIH Cl1CT8MH KOHeqttoro pas-

Mepa vvi;-
l~,cr){t,h) = [ 5t' 0

-J(t,h)] 
/9/ 

► (c!,o-)( I) 
I' .rr,e "7 L t , It - 3¢q;eKTl1BHaR KOppeJIR1\l1OHHaR ,IlJ!l1Ha ,IiJIR Cl1CTeMH C 

rrapHl:ilM ITOT8Hl..ll1aJIOM /8/ rrp11 0 <a-< d/2 , ~ =d/((+2)3) , r- Kp11-
T11qeCKl1M nor:a3aT8Jlb ,n.J]R M8I'Hl1THOM BOCITp1111!vlqJ1EOCTl1, /3 - Kpl1TJ1qecKJ1".vl 

noRa3aTeJib ,LVIR rrapaMeTpa rropR,IJ,Ka. ,Il,rrR xapaKTepHov.. ,rvr1mhl /9/ no,r,yqeH 

3aKOH ROHe~opasMepHoro no.rr,0611R Bl1,IJ,a 

D (d.,cr)(t h) ~ N 1/d (N1/2t N3/4 h) 
~L , ~d,cr , ~ /10/ 

rl.\e 9-d,cr ( x1 , X2 ) - HeRoTopaR ytt11BepcanbHM it,yHKlll1R rrepeMeHHIDC )( 1,X2 • 

B TepMO,IJ,11HruJJ1tiecROM npe,ne,1e L - oo , rrpl1 ¢v.Rc11poBaHHh:JC t ;::; 0 v. 
h./t 4 

, 113 /10/ noJiyqaeM (LI. =p+'r) 

e~"-,o-> (t,1i.> ~ t -zid. 1~.,)h.ltA >, 1111 

~ . . 
r,IJ,e a i (·) - HeROTOpM YHl1BepcaJibHaR it,yHK!..111R T8pMO,I1,11HaM11qecRoro ~~,u . 
no,IJ,0O11R B oRpeCTHOCTl1 Kp11T11qecKov. ToqK11 t = 0., h == 0 • Terrepb xa-

paKTepttyIC ,l],Jil1HY MR Cl1CT8Mbl co B3aHMo,nei1CTB118M 3KBl1BaJI8HTHblX coce,IJ,eH, 

RaK np11 ROHeqHOM pa3Mepe Cl1CT8Mhl, TaK 11 B T8pMO,l],11HaMJ1ti8CKOM npe,IJ,eJie, 

MOJKHO orrpe,IJ,eJil1Tb npe.n.eJibHh!M rrepexo,noM <:r - d.., B Bb!paJK8Hl1RX /10/ 
11 /11/, COOTB8TCTB8HHO. B ITOCJie,IJ,HeM eJiyqae Mhl noJiyqJ.fM ,l],Jll1HJ, 3KBl1Ba

JI8HTHYJO TepMO,l],11HaMl148CKOH ,IIJI11H8 K.B11H.rr,epa 11 ,np. /1985/. I1HTepecHO OT

M8Tl1Tb, qTo B Kp11Tl1qecKOll TO4R8 Be.JJ,y~aR aCl1MITTOTl1Ka xapaKTepHOH ,IVI11-

Hbr /9/ B npe.n.eJie U"= 0 COBrra,IJ,aeT C reoMeTpJ1qeCKHM pasMepOM Cl1CT8Mbl 

L . BBe,IJ,eHHoe B pa6oTe P.BoTe, P-*ICJIJil1eHa v. n.TI¢roTH /1982/ q11cJio 
CKOpp8JI!1pOBaHHbiX i.aCTHU ,IVIR ~eCKOHe~OH Cl1CT8Mbl np1106peTaeT Tenepb 
CMblCJI trl1CJia qacTl1!..I B xapaKTepHOM o6'beMe 

V (cl.,oJ(t .h) = [e (d,o\t h)] cl 
C 

, 00 , /12/ ,oo 

8 

' 
' 

> 

) 
i 

;, 

I 
r 

Bo BTOpoi1 rJiaBe 113yqeffH npe,IJ,eJibHHe r1166COBCRl18 COCTORHIDi MR 
Mo,neJI11 Xyc11M11-TeMTiep.1rn-Hsmrra. ,lvIR 3TOH ueJI11 11crroJib3OBaHa npRMM 
CBR3b M8JK,lzy corJiaCOBaHHblM CeMeHCTBOM KOHe~oMepHblX BepoRTHOCTHblX pac

npe~eJI8H11H ,IVIR Cl111HOBblX KOH¢11ryp~111111 Cl1CT8MOH npe,IJ,6JibHblX KOppeJIR-

1\11OHHb!X ¢YH~l111, ROTOpble y,IJ,aeTCRJl,lqJ1CJil1Tb B RBHOM Bl1,ll,e C TTOMO~bro Me
TO,IJ,a KBa311cpe,nH11X. IlyCTb /\ C Z J. RBJIR8TCR ROHetffib!M llO'AMffOlKeCTBOM 
113 IAI Y3JIOB d -MepHOH pemeTRH Z • IlocKOJibKY Hae mrTepecyeT orrH
CaHHe Bcex npe,neJibHblX rv.66COBCRl1X COCTORHl1H B HyJieBOM BHell!HeM none, 
H = 0 , TO Mb! paccMaTp11BaeM Bee BO3MOJKHNe TepMO,IJ,11HaM11qecK11e npe,neJihl 

,l],JIR ROpp8JIR1\11OHHhlX ¢YHK!..111H rrpH npocTpaHCTB8HHO H8O,ll,HOpO,ll,Hb!X KOH¢11ry
pa1..111RX noJIR h."(A) ={HJA}/k8T; ie,\J , TaKl1X, qTo 

(At zc1.). mGt-?< h-(/\) - o 
• L ' 
L E:-A 

.z lh.(Ml
2 

- 0 
Lt/\ 

/13/ 

Qc~o~Hf!.H_T~opeMa~ Bee rrpe,IJ,eJibHble rH66coBCKHe pacnpe,I1,eJieH11R P(· IK,o) 
MO,IJ,eJI11 /1/ TpaHCJIR1\11OHHO-11HBapHaHTHbl H: 1/ ,LVIR K ~ Kc npe,IJ,eJibHOe 
rH66coBCKoe pacnpe,IJ,eJieH11e e,n11HCTBeHHo; 2/ ,IVIR K > Kc OHH RBJIRIOTCR 

Jil1H811HOH B~'TIYRJIOH ROM611H~l18H ,IJ,Byx apro,IJ,11qecK11X ROMIIOH8HT /q11CTb!X coc
TORHl111/: 

P(·IK,o) ==AP(-IK,o+) +(~-A)P(·IK,o-). /14/ 

3,IJ,ecb Kpa11Hble ToqK11 P( · I K, o±) RBJIRIOTCR BepORTHOCTHbOOI pacnpe,nene

HMRMH, ROTOpble onpe,IJ,eJIRICTCR C nOMO~bro Cl1CT8Mbl KoppeJIRl\HOHHblX ¢JHK1.IHH, 
Bblql1'cJieHHhlX B CMblCJie RBa3l1Cpe,IJ,Hl1X H.H.BoroJII06oBa /np11 h.- o± , COOT

BeTCTBeHHO, nocJie coBepmeHHR TepMO,IJ,11HaM11qecRoro npe,IJ,eJibHoro nepexo,IJ,a/. 

Bee BO3MOlKHble T8pMO,l],HHa.Mj1q6CKl18 npe,IJ,eJThl ,IVIR KOppeJIRL1HOHHblX 

¢yH~11H MO'1tHO noJiyq11Tb, ~paHHqHBaRCb TOJ!bKO rrpocTpaHCTB8HHO O,1],HOpo,IJ,
HhlMH noJIRM11 h (/1) = h0 \AI- . Tip11 o{ --= 1 noJiyqaeM CMema.HHoe cocTOR

H11e /14/ C KO3qxp11l..1118HTaM11 " t 3aBl1CRII!l1MH OT napaMeTpa B3ru!MO,IJ,eH
CTBl1R K H a.MI1Jil1TY,IJ,bl ITOJIR h.

0 

/\. =·exp [h
0
m

0
(K)]/lvh [h01n

0
(k)] /15/ 

3,IJ,8Cb 1'n0 (K) - CITOHTaHHaR HaMarH11qeHHOCTb• 

B Tp8Tb9H rJia.Be paCCMOTpeHbl HeROTOpHe TO~O pemaeMhle KBaHTOBO
CTaTl1CTM8CRl1e o6o6~eHl1R MO,IJ,eJieH co B3aHMOA8HCTBl18M THna 8KBHBaJI8HT

HhlX coce,IJ,e11, B qaCTHOCTl1, ~O,IJ,eJib CBepxrrpoBO,IJ,HlIBa c ¢eppoMarHwrHHMH 
rrp11M8CRMl111 MO,l],eJib M8TaJIJia co CTpyKTYPHOH HeycTOHqHBOCTbffi THITa y,nBoe
Hl1R nep11O,IJ,a. 
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B qeTBepToti rJiaBe 11ayqeHh! KOHetruopaaMepm,re aq:¢eKTH B rurcaM6Jie 

I'1166ca, COOTBeTCTByJ01!18M anrrpOKCHM11pyro111eMY raMl1JihTOHl1aHy ,IJ,JIR MO,J:\SJIV, 
113 KOHetraoro q11cJia qacT~ co B3aHMO,IJ,8MCTBHeM 3KBl1BaJI8HTHllX coce.n,eti. 

MeTO,II, arrrrpOKCl1MMpYIOJl18I'O raMl1JihTOHl18Ha, rroJiyq11BmHti CBOe MaTeMaT.Ht!SC
KH cTporoe o6ocHOBaHHe H pasBHTHe rrpe~e _Beere B pa6oTax H.H.BoroJiro-
6oBa /WI./, IT03BOJIR8T ITOJiytIHTh TOlffi6e B CMhlCJie BHqHCJISHY.R npe.n,eJib
HliX ITJIOTHOCTe:ti T8pMO,Il,11HaMl1qecKMX q>yttK411:i1 pemeHHe ,IJ,]I.R paCCMaTp11Bae
MOI'O KJiacca CHCTeM. Harne MCCJIS,IJ,OBaJme MOTl1BHpOBaHO 3aMeqam1eM 3.Bpe
seHa /1982/ 0 TOM, qTo TeOp11R cpe.n,Hero ITOJIR, KOTopaR CTaHOBl1TCR rrpM
MSHtlMOft np11 d. > olg , npe.n,cKaauBaeT pesK11ti cpasoBbill nepexo.n, /HaJil1-
qv,e CHHI'YJI.ffPHOCTH B TepMO,J:\HHaM11qecKHX 'PYHK411RX/ ,J:\JIR JII06hiX pa3MepHO

CTeft CHCTeMhl, npHTOM KaK ,IJ,JIR 6eCKOHe~, TaK 11 .Il,JIR KOHel!Hh!X c11c

T8M0 IlepByro 113 OTMeqeHHh!X oco6eHHOCT8M MOJKHO 061>.F.ClUlTb TeM, qTQ Teo

pHR cpe,IJ,Hero ITOJIR RBJIRSTCR TQqHOM B T8pMO,IJ,HHaM11qecKOM npe.n,ene ,IJ,JIR 

MO,IJ,eJieft co B3aHMo.n,etiCTBl18M 3KBHB8.JieHTHb!X coce.n,etr. 8Tl1 MO,IJ,8JIH, B CBOIO 
oqepe,IJ,b, MOJKHO paccMaTp11BaTb Kilt npe.n,eJibHbfH CJiyqaft Cl1CTeM C ,D;a.JibHO_

.o.eftcTBYJOl!IHM ITOT8H4H8.JIOM BH,!\a /8/ np11 er - o+ ' :irnr.n,a BepXHRR KpHT11-
qeCKaR pasMepHOCTb d.g = Z<r CTaHOBl1TCR HHJKe Jiro6oi1 q,11KCHpOBBHHOH 
pasMepHOCTH rrpOCTpaHCTBa d. > 0 • HaMH H8H,IJ,8HO 06bRCH8HMe H BTOpbi1 

oco6eHHOCTl1 - ITORBJISHHR Cl1HI'YJI.ffPHOCTeft B CT8THCTHKO-MeXaHwqecKHX cpytt
KQHRX KOHe~ CHCTeM. Ha rrpHMepe ccpepmeCKOM MO,IJ,eJil1 Xycl1MH-TeMnepnH 
ITOKa3a.HO, qTo ITJIOTHOCTb anrrpOKCHMl1pYJOl!l8M CBOQO,Il,HOM aHepr1111 ,Il,JIR KOHeq
HO:H CHCT8Mbl HMeeT acHMITTOTHqecKHM /npH N ~ 1 / BH,II, 

(klf1f a.(1-X1N-'/2, X2N-3/Lt) = N-1 Xct(X-,,,\) + cons-t + O(N-3/z),116/ 
N . 

-112 -
31

"' h - (!}( J r.n,e )(
1 
= N t = (()(0 , X2 - N - 1 , 

~ , {1 4 i 2 J X (x1,X2) = '}'YIA,n 7;c +zX1C.. -X2.C • /1?/ 
C €= IR1 .· 

Be~HM qJieH B /16/ ~pMaJibHO COOTBeTCTByeT rrpe,I1,CKa3aHHro TeopHH KO

Hetm:opa-SMepHOI'O no~6HR, o,IJ,Haxo rrpH X1 ~ O HMeeT CHHI'YJI.ffPHOe no X2 
noB_e,IJ;eHHe B TO~e x,. ~ 0 • Ilpmlllia Hea.HaJU1ffltrnOCTl1 T8pMO,D,m!8M11trec
KHX q>yttKQHM rrpH KOHeqHoM qwcJie qacT~ aaRJIIOqaeTC.fl B wcKyccTBeHHoM 

HI'HOpHpOBaHHH MHOMeCTBa CYJ!18CTB8HHhOC KOH(pHrypan:wi1, COOTBeTCTBYJOIIIHX 
/B TepMO,Il,HH8.MWieCKOM rrpe,I1,eJie/ O,Il,HOM H3 qffCThlX Hl13KOTeMriepaTypHb!X ~aa. 
H8.MH rrpe,IVIOMeHa MO,Il,.H(p1JK8411R annpoKCHMHpytOll\ero aHCaM6JIR, KOTOpaR yq11-

. Tli:BaeT BKJia,IJ, OT BCex Tex /JIOKMbHhlX/ MHHHMyMOB ITJIOTHOCTH Bap11an;HOHHOM 

IO 

) 

~· 

·~ 

ir 

CB06C,IJ,HOH 3Hepr1111, KOTopue B. TepMO,Il,HHaMHtf8CKOM npe.n,eJie npeBp~BlOT
CR B rJio6aJibHb!e Ml1Hl1Mj'l.!bl MaKCV.MaJibHOI'O THna. OTO ll03BOJIR€T nOJiyt!11Th 

TQqH~e ¢YHKUY.l1 KCHeqHopa3M8pHoro no,no611R B 0Kp8CTHOCTl1 TOqKH ¢a30BO

ro nepexo.n,a nepBorc po.n,a. 
B Il.f!T0!1 I'JiaBe noKa3aHO, U.TO y.n,eJibHan HaMaI'Hl1U.8HHOCTb m.,.,. ,Il,JIR 

l'.JJacca Mo,neJiei1 C raMl-i.JlbTOHl18HOM B111\3 /1/ 11 BepORTHOCTHOfi Mepov. B11,J:\8 

/2/ np11 JII06CM u.11cJie u.acTHU N y~oBJieTBOpReT HeKoTopoMY TOJK,D,eCTBY 
B qacTHhIX rrp0113BO,IlHhlX• EcJI11 BB8CTJ1 ¢opMaJibHble nepeMeHHHe "BpeMR" 
· t -= k - Kc. 11 "npocTpaHCTBeHHBR Koop.n,11HaTa" X = -h , TO mN ( t, X) 
OKa3hlBaeTCR pe!I!eHHeM 3BOJ!JOU11CHHOI'O ypaBH8Hl1R Broprepca 

a a 1 ~
2 

--rn +m-m =- - 111. /18/ at ax 2N ax2. 

C ,nY.qxpys110HHhlM K0:3(pif;HUJ18HTOM ~ /ZN • Ha 3TOH OCHOBe npoBe,[\eHa atta

JIOI'l1R MelK,IJY pa3BHT11eM ¢asoBoro nepexo~a nepsoro po.n.a no MarHHTHOMY 

TTOJIIIJ B TepMO,Ill1HaMwrnc1wM npe,n.eJie, npl1 TeMI1epaTj,1)8X H11JKe Kpl1Tv,qecKOH t 

11 o6pa3oBaHl18M y,napHOM BOJJHb! B MOM8HT BpeMeHl1 t= 0 'Kor,n.a ,1J,1$py-
3V.CHHbll1 U.JieH B /18/ paBeH Hymo. B .nv.ccepTal.111Y. Y.syu.eHa CBR3b Mel!UJ,y 

aBTOMC,D;8JlbHhIMl1 perneHl1.'JMl1 ypaBH6Hl1R BIOprepca 11 IWH81.ffiOpaaMepHb.'M no.n.o-
611eM B oKpecTHOCTH TOU.Kl1 ¢asosoro nepexo.n,a. Ilonyu.etto, u.To c ypasHe

Hl1eM Eroprepca /18/ COBM8CTY.MO o.n.uonapaMeTp11qecKoe ceMe!1CTBO 38KOHOB 

!{0H8tfHOp83MepHoro no,Il,061111 ,Il,JIH y.n,eJibHOf! HaMarHHlieHHOCTV.: 

'YnN(t,x) = N-p w-(N1-zpt, N1-p x) 1 , o..:.p< z 

r.n.e qiyttKI.J;l1R l.J"'(X1, X2.) RBJIHeTCR perneHHeM ypaBHeHl1R 

o o 1 0
2 

-w+1.v-1-v =--2 -w-ax1 ax2 z ax2 

/19/ 

/20/ 

Ma ycJIOBHR cy~eCTBOB8Hl1R TepMO,Il,11HaMl1qecKoro npe.n.eJia MR ITJIOTHOCTH 

H8M3I'HHqeHHOCTl1 np11 Jll()OOM qJHKC11pOBaHHOM t-;/: 0 cne.nyeT, tITO 

f!, /H1 
w(x-1-±00 ,x2 ) ~ IXd v_ (x2/IX1 I ) 

+ 
/21/ 

11 napaMeTp p B /19/ onpe,Il,eJIReTC.fl O,Il,H03HaqHh'M o6pasoM: p -==J3/(1+2J3). 
B mecTofi I'JiaBe ycTaHOBJieHa CBR3b Mel!UJ,y T€Op11ei1 KOHeqHOpaaMep

Horo ll0,Il,06HJI H aBTOMO,I\8JibHb!Ml1 BepORTHOCTHhlMl1 pacnpe,I1,eJieHl1f!Ml1 ,Il,JIR 

6JIOtfHhDC cmmos BH,Il,a 
-o( N 

IY{_N trN) = N m ?- ~ (f1rJ) 
t==1 

N= 1,2, ... /22/ 
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3.n,ecb npe.n,nonaraeTcR, qTo coaMeCTHoe aepoF.THOCTHoe pacnpe.n,eneHv.e ,n.;1R 
cmrnoBhlX nepeMeHHhlX cri , i. = 1, ... , ti , onpe.n,enReTcR Mepotl ft11 
KOTCpM 3aBHC11T OT TepMO,Il,l1Ha.Ml1qecKJ1.X napaMeTpOB t1,···,tp • ITp11 3TCM, 
o,nHOBpeMeHHO C TepMO,IJ,11HaMMqecKHM npe,nenOM N ➔ DO , napaMeTpb! t1 , ... , 
t p ycTpeMJIRIOTC.ll K CBOl1M Kp11Tl1qecKY.M 3HaqeHl1.fiM t1c, ... '. t; , Hanp11Mep 

C -ci,, t. =t- + g_ N f;f .• >O 
I. L L ' Yt ' [=1, ... ,p - /23/ 

)IetlCTBl1TeRbHC, paCCMOTpHM cnyqatl CHCTeMH B3ai1MO,IJ,ei1CTBYIO!Ill1X cn11-
HOB { (i; , [ €:/\} B rnnepKy611qeCKOH o6naCTl1 /1. czd. KOHeqHoro o6'oeMa 
IA\= Lcl • I1pe,nnono11mM, qTo np11 ctE(d.H ,ol.g) crrpaBe.n,mrna r11n0Tesa 
KoHe~cpasMepHoro no_,n,othrn B.I1p11BMatta 11 M.E.~v.mepa /1984/. Tor.r1a JµIR 

C¥.Hry;rnpHOi1 qaCTH n,10THOCTl1 CBOOO,D,HOtl 3Hepr11H B OKpeCTHOCTH Kpl1TIB-!ec
KOV. ToqKl1 l1M8eM 

-1 1 ( ) -dX( t,11v A/v) ( k BT) tL s-i,,,i t, h. ~ L C1 L. , C2 h_ L /24/ ) i 
r.n.e C1 , C2 - HeKoToph:e saBl1C.llll1He OT Mo,nen11 K03ifxPMUl1eHTH, X ( · , ·) -
yHHBepca.nbHM qJJ'rlK~l1.ll no.n,0611.11. )Il1ifxPepeHql1py.11 /24/ no MarH11THOMY non~ 
H , .n,n.11 y.n,enbHOi1 HaMarHHtleHHOCTl1 nonyqHM 

,v -/3/'))x/ ( ~/).) A/)) m L ( t, h) - C2 L 2 c1 t L , c
2 
h L J , /25/ 

r.n.e x~ ( •, '.) o603HaqaeT npOH3BOI\HYIO qiyHKU11l1 X ( · J ·) no BTOPOMY 
aprJMeHTy. 3.n,ecb yqTeHo' 4TO d..})-= Li+ /3 . C .n.pyroi1 CTOpOHI,I, il!CXO,IVI 
113 cTaTHCT11qecKoro onpe.n.enemrn m L ( t, h) MOJ!WM sarrncaTb 

-d 
YnLlt,h) = E,. [L ;z~ lt)d' 

t E: I\ 

/26/ 

r.n.e EA [ · / t,Ji] ciosHa~aeT cpe,n:Hee 3HatieHHe B IWHOHW-IeCKOM aHcaM6.iie c 
TepMo,IJ,11HaMw-1ec.K11Ml1 napDMeTpm.rn t v. h . CpaBH11Ba.11 /25/ l1 /26/ nony
qaeM 

-1 {F>-dlJJ/v .. 
EA [ (2 L z ~ It, h] ~ -x:(c1tL11v,Cz.hLA/V ). /2?/ 

l <"=/I 
Cne,n,oBaTem,Ho, ec.n:1 no;w;~:W!'b i:l t -1/JI J -A/µ 

/?7/ -=(X1/C1)L ,n.-==(X2/C2)L 
11 nepei-:T>f .K T8pMO,Iii1Hatll1t;f'CKOMY nr,e,neJJy no;ryql1M, qTO cpe,IJ,Hee SHaqeHHe 
6notrnoro cmma 

0. E [c -1 I (f.,-d.J.J)/J)l 0-: \ x, L-1/v Xz. L-A/V]-= -x '(x X ) 
.{A-1'1'\ A 2. L • l C ' - 2. 1 , 2 /28/ 
L ➔ 00 lE/1 -~ _ CZ. 
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I 

l 
I 

Am,JJorH-.i-!0€ paccMOTpemrn MR BTopoi1 npOHSBO,IJ,HOH OT BHpaJK8HHif /24/ no 
MarHaTHOMY nomo H, HMeIOllieif CMh!CJI y.n.enbHOH MarHHTHoif BOCITpHHMtIHBOCTH, 
noRa3UBaeT, qTo npe~eJibHM .n,HcnepcH.11 6Jiotrnoro cnHHa 

Um D r c" L-(r+Jv,vzv '> \ X1 L-1/V X2. [-.d/J) J = -x I ( 
I\~ 2 ?-, ~ C. , C 2 X1 ,X2 ) 

L-co LeA 1 2 
/29/ 

RBRReTCR yHHBepcaJibHOH qiyHKU11e.n aMITJ!l1TYA .><1 11 X2 , He HM@lliefi oco6eH
HOCTeif B TOqRe x1 = ><2.-= o • B CHny 11sBeCTHHX cooTHomett11l1: Me;K,ey 1tp11-
TuqecK11Ml1 noKa3aTeR.flMl1 

(clv- p,)lv = (d.v +1)/2v = J.~/{3+1), /30/ 

B /28/ H /29/ yqacTByeT O,IJ,>iH 11 TOT ~e 6noqHb!H cnHH co CTeneHl-lh!M noKa
saTene~ o(m = 8/( 8+1) HOpMHpOBotlHoro K03ifxPHu11eHTa BI/\I ,., II\ !elm , r.n.e 
l/\l=L: , CM. /22/. 

AHa.norlitffiblM o6pa3oM HCcne~oBatt l1 c.nyqatl KoHetmopasMepttoro rro.n.0-
611.11 B OKpecTHOCTH TOqKH tpa3oBoro nepexo.n;a nepBoro po.n;a. 

YcTaHOBJ!8HO, qTo c¢ep11qeCRM 11 cpe,IJ,HR.ll c¢ep11qecKM MO,n;enH, .llB

R.ll.llCb TepMO,Il;HHaMHqeCKl1 3KBl1BaJieHTHhlMH, l1M8IDT pasnHtrnble HeBHpOE;IJ;emme 
npe.n;enbHHe pacnpe.n.eneHHif MR 6notmb!X cnHHOB H, COOTB8TCTBeHHo, paSRJ,fq
HHe qiyHKUHH KOHetmopasMepHoro no.n;o6H.ll RaK B OKpeCTHOCTH KpHTmeCKOH 
TOqKH, Ta:1< 11 B6n11s11 ¢asosoro nepexo.n;a nepBoro po.n;a. 

BTopM qacTb noCBfilll8Ha H3yqeHYJO cpe.n.Hetl c~ep11qecKOH MO,IJ,eJIH co 
CTeneHHh\M noTettql1aJIOM B3al1MO,IJ,8HCTBHR :JIT(I,..) ~ r- -o- np11 r- 00 • 

0Ha C_OCTOHT l13 meCTH rJJaB. 
B ce8bMOH rnaBe o6cYJK.D;aeTCH TeopHH KOHetmopasMepHoro rro~o611H 

,IJ,R.ll Cl1CT8M co CTerreHHb!M ,IJ,aJibHO,Il;8HCTBl18M, Ha npHMepe 3a.n,aq11 06 onpe
.n.eneHl111 3Heprl111 OCHOBHOro COCTOHHIDI CHCTeMbl ,Il;HilOJiefi Ha ITJIOCKOH poM-
6l14eCKOtl pemeTKe rrpo.n.eMOHCTpHpOBa.Ha 3aBHCl1MOCTb pesyJibTaTOB

0

0T pa.n,H
yca o6pe3aHl1.ll B3a11MO,Il;8HCTBl1If 11 OT yr;ra poMC5wmQCTH. IloaTOMJ .D;aJibHeH
mee paCCMOTpett11e orpattJ,fqHBaeTC.ll cnyqaeM H30TponHoro napHoro n0Tettq11-
ana ¢eppoMarHHTHoro T11na. 

B cnyt1ae, Kor .n.a o6naCTb /\ HMeeT qJOPMY d -Mepttoro napaJLJieJie
nHIIe.n,a c pe6paM11 Lk , k -=-1, ••• ,o/. , np11 HaJIJ,fql1H nep110,n;HtleCK11X :rpa
HHqHhJX ycnosHtl cTaTHCTJ,fqeCKa.11 CJMMa Gt, ( k; h, s ) cpe.n;ttel-1: c¢ep11qec
KOtl Mo.n;en11 ,2 N/2 h. N . ~ -1/2. 
Q,.( K, h,S )= (2K) exp Cs-I<) n [ 2S <J(~)lksT] . 

" q, 
saB11c11T oT ¢ypbe-o6pasa 'J['t,) n0Tettq11ana aifxpeKTHBHoro Bsa:HMo~eft-

/31/ 
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CTBHfl 
I\ ,... -i,i:f ~ d. 2 ,ffl. 

'J<T(q,)e::L. '.J"(f)e ~ J(i)=l. Ju(L[(e)<-L,:t1J] ) /32/ 
,., f e:A ' /\ ,. tEZJ. K= 4 , 

r,n;e, npH ttet1eTHhTX ueJIHX tlHCJiax L; , K = 1, .• -, d. 

lh=21l"ttx/LK, nKE-{-(Lk-1)/.2, •.• ,o, ..• ,(LK-1)J /33/ 

B HHTepecyiollµ1X Hae o6JiaCTHX 3Hat1e1mn TepMo,n;11HaMHt1ec1n1x napaMeTpoB -

OKpeCTHOCTb KpHTHtleCKOfi TOtlKV. HJIH ¢a30BOPO nepexo,n;a nepBoro po,n;a -

pemeHHe S = s,. ( K, h) cpe,n;H~o c¢epl1tlecKoro yc.rtos11H CTpeMHTC.H cBepxy 

K 3Hat1eH11JO ~ )< , r,n;e K-= '](o)/k 13T , np11 LI< - oo , K =-t, .. ·, cl • 
IloaTOMy acm.mTOTHtleCKOe noBe,n;eHHe CT8THCTHtleCKOft CyMMhl /31/ onpe,n;eJI.H

eTCfl ,IVIHHHOBOJIHOBOfi aC11M11TOTl1KOft ¢ypbe-o6pa3a: 

I\ ;\ rx«,. {o-, 2J 
'Jo-{'!,)~ J(oJ[1-fa-l11 ] (ftr>o) /34/ 

~ ~ 
BBO,I\.H napaMeTp ¢ -= 2s/K - 1 , ,IVI.ff nJIOTHOCTH cBo6o,n;Hon aHeprm-1 cpe,n;

HeH c¢ep11t1eCKOH MO,D;eJIH noJiyqaeM Bhlp8.lK€Hl1€ 

(k
8
Tf1f. (k,h)= .s«p[(k8Tf1c:i.,.(l<,l-i.,i;'J - 2

4 
k(¢+1)] 

I\ ,.j, , 
/35/ 

r,n;e 

~A(k,h, 1) ~ ½t,,_ P;: -2~¢ + ~ k:o- + l~IAI f-8ri[1 + p.,.)1/lp]_/36/ 

TOtlHM BepXH.!i.H rpaHb no </> B /35/ ,I\OCTHraeTC.ff Ha pemeHHH 

ypaBH€HH.ff 
! . ( h 2. 

f ---=- ~K1--
¢1AI ~ t+f~l'!,1/F [ K¢) ] . 

/37/ 

IlpHBe,n;eM e~e Bb!p8.lK€HH8 ,IVI.ff napHoft KOppeJI.ffUHOHHOfi ¢YHKUHH B ,IVIHHHO-

BOJIHOBOM npH6JIH~eHHH: 
iq,•1,3 

~-~ _1 L. e- ·er 
G" (~iK,h} - ¢K 1/\I ~ 1+po-l't,l lf6 

/38/ 

~aJiee B 3TOfi rJiaBe npoaHaJIH3HpOBaH CJiytlaft HaJIHtlH.ff onaCHOft ae
CY111eCTBeHHOft nepeMeHHOft / a-<d./2 / 11 Ha npHMepe cpe,n;Heft c¢ep11qec

Koft MO,I\€JIH noJiyqeHa MO,n;H¢HK8UHfl 3aKOHOB KOHetlHopa3MepHoro no,n;o6HR. 

Pe3yJibT8Tli o6o6~eHli B BH,n;e rHnOT€3li ,IVI.ff 'h.-BeKTOpHblX Mo,n;eJieft. 
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BocbM8B rJJaBa ITOCBH11!€Ha l13y1.!emnc rrpe,l.l€JlbHhTX r1166COBCKHX COCTO

BHl1i1 ,i],.11.fI cq;ep111.1eCKOli l-1 cpE',IlH€}1 cq;epwrncKOM MO,ll8JI8V,. Vicno1'~3Y€TC.ff Me

TO,JJ. Bb!KJlJCl!eHH.fl O.ll,Hopo.nHoro MarHl1THOf'O no.n.si: h (/\ ) = h0 I/\ I- , <x. > 0 , 

O,!IHOBpeMeHHO c nepexo.noM K TepMOJJJ1HaM11tieCKOMY npe,n;eJJy IA I -- oo. Ilp11 
ol = 1 11 K > Kc rroJiy1.1eHo o,11HorrapaMeTpw,ec1<oe 0606IJieH11e, 3aBHC.fll!lee OT 

aMnm:Ty,!l.bl h
0 

E: IR 1 , Bepon:THocrnoro F.,!l,pa X fl.Kaua 11 K.)l.11. ToMnCoHa 
I 197'7 I , KO'r-:ipoe Bb!prurneT npe,neJJ!JHb;e r1166c0Bc1rne cocTO.ffHH.ff Ems[· I K,h, f] 
cpe,n:HeH CqJ€pl1tI€CH'OV. MOJJ,8H' pa,rrV:yca r .f/z = 1 tlEp€3 npeJJ,€JibHhl€ rv,66COB

C!{Y.8 cocTo.si:mrn E5[·1K,h,r'] c{ep,:qecKoi-i Mo.nen11 pa.m-iyca (r')112 
>0: 

Em5 [·1K,o,11 =) J<(r'IK,o,1)E
5
[·1K,o,r']d.r'. /39/ 

IR1 
,il,1.fl o60Cl!\Ol{HOPO R,.Upa nepcxo,rw B Tf.pMC11,l'fWM½1lCCKCM rrpe,neJJe noJiyt,eHO: 

a/ B BhICCKC'I'eMnrnaTvpnoH O'.)JTaCTV k < k 
a o C. 

.lvrn '.J<A(r'IK,hol/\i-ol, 1) = S<r'-1). 
IAI - 00 

6/ B Hl13KOTeMnepaT:f pHctl o'."iJ18C~·Vi k > Kc. 

.lvrn '.1<" ( r'> K- 1 l k, h
0
l/\l-1

, 1) = t [21t(r'-1<-
1 
)Q(K,ho)r

112 
ir 

\Al-oo 

X ,expl-lfr'-K-=T -hoa(K ,ho))
2
/20..(K,ho)J + 

+ exp [-(fr'-K-1 +h0 et(K,ho)J2/ za.(K,ho)]1 , 

r,n,e 
) 

'2. ( [( 2 2 1/2 -1 a.(K,h 0 =21'no K) 1+~m0 (1<)h 0 ) +1] 

/40/ 

/41/ 

11,,~e.fl .ffBHbltt Bl1,ll H,n;pa nepexo,n;a 'J< 11 Bbll!l1CJIHH xapaKT€pl1CTHl!eCKl1e 

qiyHKUHH 

lfl\ {{ti )eA}IK,h(AJ,r) =E1Jexp(i? tj°})lk,h(ll),r] 3 Ac/\ , /42/ 
.JeA 

,I\JIR cpe,n;Heti.c¢epHtl€CKOH MO,Il,eJIH, Mhl 38T8M paspewaeM HHTerpaJJbHOe ypaB

H€Hl1e /39/ OTHOCHT€JibHO xapaKTept!CTl1tleCKHX cpyHKUHft WI.fl c:pep11qec1wit 

Mo,n;eJIH. TaiHM
5

o~~30M Mb! Haxo,n,HM cTpyKTypy npe,n;eJihHhTX rw66coBCKliX pac

npe,n,eJieH11ti P ' (· J K, 0~ r) MR c¢ep11qecKoft H cpe,n;tteft ccpepHtiecKoif 
MO~Jiei1 pa,n;11yca f 1/2. > 0 , • 

B ,n,eB.Fi'I'oft rJiaBe npe,IVIOJKeHa HOBM8H8Jll1TH1.!€CK8R T8XHHKa, OCHOBaH-
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ttaR Ha 11HTerpa.nbHhlX npeo6pa30BaH11m<: c ¢ymm11RM11 M11TTar-Jle¢q1Jiepa, 

KOTOpM n03BOJIReT CBeCTl1 11CCJie,IJ,OBaHl1e ac11MnTOTl1Kl1 d.-KpaTHliX CJ'MM 
B Bhlpa.JKeHl1RX /36/-/38/ K 3¢q]eKTViBHOH O,ll,HOMepHO;i 3al!,aqe. OCHOBHa.fi 

11,IJ,eR COCT011T B :mMeHe TOE,neCTB 
. ~ -x 
1 o0 -.SX -X { -SX e 

· ( H- sf = J dx e e , £ti ( 1 +s) -= J tix ( 1- e ) x , I 43/ 
0 . 0 

2 
KOTOpHe np11 s -= p2 /CJ,1 / ¢ nossoJI.f!JOT <paKTop11soEaTh yKa3aHHhle cyMMH 
B cJiyqae 6JI11sKo,IJ,ei1cTBl1fl / er= 2 I, Ha 6oJiee 06uu1e TOJK,D;eCTBa 

cl. -1 c -sx- «-1 E ( o( 
(1+5 ) = Jd.x e x o<;o1. -x ) , 

0 '/44/ 
OO -sx CX o{ 

& ( 1 +so<) = J Jx ( 1-e ) x Eo(_,1 (-x ) , o<. > o 
0 

3,IJ,ecb. Ec,(,/3 (r) - ¢YHKQ1111 Tmia M.1-1TTar-Jleq¢1Iepa, KOTophle onpe,ll,eJimoT-
CR ,IJ,JIR nI06oro o<.. > o 11 mo6oro KoMnJieKcHoro r E ( ancoJIIOTHO cxo,IJ,R-

1!111MCR pR,ll,OM 
00 

E (;;) = ~ 
o<,13 '-:· · rf~k+B) 

rk 
/45/ 

k.-o r oi.-d' d' 
06!l111H cJiyqav. Ul1Jl11H,ll,p11l!eCKOV. reoMeTp11V. Bl1,IJ,a L. X 00 r.erRO 

noJiyqaeTCR, ecirn noJioiKl1Th L 1 -= • • • = L J.-J.' = L 11 nepetiT11 K npe,IJ,eJiy 

L ➔ 00 'k =-d-d.'+1, ... , ol. . 
K 

B µecnToti rJiaBe 11ccJie,IJ,0BaHo KOHetIHopa3Mepttoe no,IJ,0611e ,n;rn ypaB-

HeH11R COCTORH11fl•/37/, KOTOpoe MOiKeT 6h1Tb san11caHO JI1160 KaK ypaBHeHl1e 

,IJ,JIR y,IJ,eJibHOH Ha.MarH11tieHHOCTl1, 

mL( K, h) ~ - :h (k6Tf\ ( K, h) = K ¢~(1(,h) , /46/ 

Jil160 KaK ypaBH8H11e ,l],,1.fi 3¢qleKTl1BHO~ KoppeJI~l10HHOH ,nJil1Hhl 

~ --1/<r 
1L (l<,h) = [¢L(K,h)] /47/ 

r,IJ,e ¢ =¢/Per• Onpe,neJieH11e /47/ ,IJ,JIR ::iq4JeKT11BHOH KOppeJI~110HHoti Ml1Hhl 
CJie.n,yeT 113 acHMIITOTl1l!eCKOro B11,ll,a napHOH KOppeJifll.(110HHOH <PYHKI.(1111 /38/ 
np11 ¢ ➔ o 11 I~ I >> 1 : 

GL ( !3 ; k, h) ~ ]) (IL- L
1
( ¢1

/<T ~ , ¢-1/cr L) , /48/ 
IRI ,... 
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-1 
r,IJ,eD(KJ-=(f<rK), Z1 (.,.) - HSKOTOpa.R ¢YHKQl1fl n,o,IJ,0611R, KO-
TopaR 3aBl1Cl1T OT reoMeTp1111 Cl1CTSMH. 

CToJiyqeHhl npe,ll,CTaBJieHV.R MR ypaBHeHHR COCTORHl1R C yqeTOM 34XPeK

TOB KOHetIHoro pasMepa, KOTOpHe o6o6~ruoT COOTBeTCTBYJO~l16 pesyJibTaTH 
C.C11ttrxa 11 P.K.CTaTp11a /1985/ 11 M.E.~11lllepa 11 B.Ilp11BMaHa /1986/. 

IloKasaHo, tITO B BHcoKoTeMTiepaTypHofi 06JiaCT11 / T > i:: / nonpaBKl1 
K sq:¢eKT11BHOH KOppeJifilll10HHOli M11He ~ CJiyqae ,IJ,aJibHO,ll,eHCTBl1R RBJIRIOTCR 
cTeneHHh!M11 11 11MeIOT nopR,IJ,OK BeJI11ql1Hhl V( L-cl-a-). 

ITpo.n;eMOHCTpl1pOBaHa np11M6Hl1MOCTb £ -pa3JIOJKeHl1.fi MR 11syqeH11a 
s¢q;eKTOB KOHetIHOro pa3Mepa KaK B OKpeCTHOCTl1 Kpl1T111IecK11X pasMepHO
CTefi, cl=cr+£ 11d:=Z<r-£, TaK H B xapaKTepttoM KoHetIHopa::iMepttoM CJIY-

.J' + qae a.. = o-+ E. , r.n;e E. - O • 
TioJiyqeHhl HOBHe npe,IJ,cTaBJiett11n MR KOHetIHopasMepttoro no,IJ,0611a MR 

::i4XPeKT11BHofi.Koppen~110HHOfi Ml1Hhl 11 y.n;eJibHOfi HaMarHmeHHOCTH B o6Jia

CTl1 ipasoBoro nepexo.n;a nepBoro po,IJ,a np11 0 ~ d..' < a- , 0 < <r::: 2 : 
· (cl-d. 1)/(0--cl.1) 

~ L ( K).) ~ L Yd.,d.',oJ cJfl, xJ 

·rnl(K,h) ~Cz:><2 [Y, ,, (cJfl,x.z.)](T 
"'-,(11,,0- • 

/49/ 

~ - -~ 
r,IJ,e t = 1- K/Kc: < o , C1 =fa-kc. , C2 = (pcrl<) , 

• ~ 1 cr(d-cl.1)/(cr-cl..1 ) 

X2. =: (2 It. L /50/ 
~ 

a !pyttKI.(11R TTO,IJ,06HR 1J- = \i,d.',o- (., . ) RBJIReTCR pemeHHSM ypaBHSHIDi 

• '2.. 2cr [ d.
1
/2. (d' J'7r -4 rr- cl 

1 ~ 
X2 ~ + 21i (47i) r 2 Jo-~ ; 1 1 - c,f It I = 0. /51/ 

YCTaHOBJieHO, l!TO MR noJIHOCTb!O KOHel!HOH Cl1CTeMI,I, d..' = 0 , ¢YHKQIDI 
KOH6l!HOpa3MepHoro no.n;o6HR.MR HaMarHl11!6HHOCTl1 HS 38.BHCHT OT CKOpOCTH 

y6HBaHl1R noTeHI.(HaJia.B3a11Mo.n;eficTBl1R C paCCTORHl1eM. CJie;zyeT OTMSTHTb, 
qTo nepeMeHHM ')<

2 
B /49/-/51/ 11MeeT CMhICJI oTHomeHHa·MarH11TH08 ::ittep-

i/. d' d' 
r1111 B KOppeJIRI.(HOHHOM 061,eMe L - ~ L (K,h) K TenJioBofi sHeprHH Ha 
CTeneHb CB060,I\bl• . 

B 0811HHMQaTofi rJiaBe 113yqeHO KOHetIHopa::iMepHoe Il0,IJ,06He MR TTJIOT
HOCTH CBOOO,ll,HOH 8Hepr1111, '0,IJ,HHM H3 BaJmefimmc CJI6,ll,CTBl1fi rHrIOT68li YHH

BepCaJibHOCTl1 B.ITp11BMatta H M.E.ml1111epa /1984/ RBJIReTcR yttHBepca.nbHOCTb 

Kp11Tl11!eCK08 BMIIJil1TY,I\bl MR Cl1HryJIRpHOfi qaCTl1 ITJIOTHOCTH CB060,IJ,H08 aHep-
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rHH npl1 pa3MepHOCT.fIX npOCTpaHCTBa ol_ E (d.H , di) • C ,npyron CTOpOHhl, 
KOHqiopMHaH TeOpHH npe,ncKa3h!BaeT, tfTO B cJiyqae .IJ;ByMepHOtt UHRHH.IJ;pmec
KOfi rem.ieTpHH L x oo , 

2 (2,1,2). 'J[c, 

L: ti.,~ (K~ ,o) ~ - 6 , /52/ 

r,ne c - ueHTpanhHHtt 3apR,D, anre6phl BHpacopo. 3ToT pe3yJihTaT ,n;aeT B03-
MOJKHOCTh "l13MepHTb 11 BeJIHlfHHy C MH ,Il;aHHOfi MO,I{eJIH. 3aMeTHM, tfTO 06-

JiaCTh yHHBepCMbHOro no,n;o6l:IH d.€ (er, Zcr) npl:I cl= 2 COOTBeTCTByeT 
CJiytfaIO ,Il;MbHO,n;ettCTBHH c 0-- € ( 1, 2) . IlpH <T ➔ z- l13 ypaBHeHHR coc

TORHHH MH cpe,n;Hett ccpepHqecKott Mo,n;eJIH .w noJiyqaeM ~ L{ Kc. ,o) ~ L/7r(2-cr), 
lfTO cornacyeTCH C npe,ncKa3aHHeM KOHcpOpMHOtt TeOpHH, ecnH yqeCTh, qTo 

KpHTHqeCKHtt IlOKa3aTeJib 11 = 2 - CT • )),rrR KpHTI-NeCKOH aMITm-!TJ,I{hl TTJIOTHO
CTH CB060,n;HOfi :=meprm1 npH ,I{OCTaTOtlHO MMOM Z-<r > o· Mhl IlOJiyqaeM 

2 ( 2, ~ ,o-) . 1i: . 

L fL,~(Kc.,0)=- 6 f1-:s(2-o-)+0[(2-cr) 2
]}, /53/ 

T.e. cpe,n;HHH ccpepHlfeCKaH Mo,n;enb C ,Il;MbHO,n;ettcTBHeM Bh!XO,ll;HT H3 Knacca 

KOHqiopMHott yHHBepCMbHOCTH rayccoBCKOtt MO.IJ;eJIH, MR KOTOporo C= i . 
B 8BeHaµgaTott rJiaBe rroJiylfeHo cne,riylOII\ee o6~ee npe.n;cTaBJieHHe MR 

cpyHKUHl:I KOHetlHopa3MepHoro no,no6HR MR napHOtt KOppeJI.fIUl10HHOtt ipJHKUHH: 

r ( cl.;1) ,d.-a- ¾~o-N (e~ - rJ.>2 + r;() 
7)r,l) = (d+-1)/2 L [(i t i tol-o")/2 , /54/ 

7r IRd.-d.' ~ - r J. + fi1 
~E-

r,ne [ = fs/5 L( K, h.) ,l=L/~L(K,h.) H8.1={R11 ... ,Rd.-«'!, 
R = r R , , .•. , R oL ~ , KpoMe Toro BBe,neHa cfJJHKUHR 
~11 1 i-d.+1 oo -(d+1)/2 

¾~c;(X) = j d.ttcr(1+t2) Ecr,o-(-tcrx
0

). 1551 
0 

Bonee npOCThle aCHMITTOTHtfeCKHe BhlpruKeHHH nonyqeHhl B HeKOTOpblX npe,neJib-

Hh!X CnJtfaIDC. B tfaCTHOCTH, 0606~eHa Ha CJiyqafi ,Il;MbHO.IJ;ettCTBl:IH TeOpeMa 
C.Cimrxa l:I P.K.IlaTpHa /1987/ O cpaKTOpl138UHl1 napHOtt KOppeJI.fIUl:IOHHOfi 

cfJYHKUHH B o6nacTH cpa30Boro nepexo,n;a nepB?ro po,na npl:I R 
11 

>> L : · 
(d.,c:l',cr) -d.+ci' D(K) r(d.·t-1) 

G L ( ~ ; I<, o) le::: L Rol' -er 'ir(d.'+~/2 ~'.,<T ( R II /~ L) • /56/ 

II 
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TpeTb.fI tiaCTb TTOCB~eHa 113yqemno aq'.'¢eKTOB KOH€tfHoro pa3Mepa B 
MO,neJI.f!X co CJIOlKHbiM ROHcpl-lrypau110HHhi"M npocTpaHCTBOM. B TaKillC MO.IJ;eJI.FIX, 
Harrp!-!Mep, B CJiyt,ae MO.IJ;€Jil1 .n;HMepOB /,n;ByaTOMHh!X MOJieKyJI/, IlJIOTHO yrraKo
BaHHh!X Ha IlJIOCKOtt KBail,paTHOH pemeT:ne, cTeneHHhle KOppeJI.FIUl:ll:I MeJK.IJ;Y qac

TttUaMH MoryT nopolK,ll,aTbCR B3al:!Mo,neifcTBHeM HCKJIJOqeHHoro o6oeMa. 3Ta 

qaCTb COCTOHT ll3 qeThlpex rnaB. 
B TPHHa,nUaTOM rJiaBe paCCMaTpl:!BaJOTCR MO,[\€Jlb J!b,I{a /meCTHBepIDHH

Ha.fI MO,[\€Jih/ H npe,JJ,J!OlKeHHa.FI n. B.KacTeirev.HOM /1963/ MO.UeJib ,JJ,HMepoB Ha 
reKCaroHaJibHOtt pemeTKe C aHY.30TpOITHhIM pacnpe,neJieHl-!eM aKTl1BHOCTett pe-
6ep / X-Mo,nenb/. 03yqaeTCR Bonpoc o BJ!HRHI-IH opHeHTfillHH pemeTKtt no 
OTHOIDeHl-110 K rpaHl:!UaM CHCTeMl,l Ha norrpaBKH OT KOHeqHoro pa3Mepa. nocTa

HOBKa Bonpoca CB.fI3aHa C TeM, tfTO CTaTY.CTHqecRHe CJMMhl M.fI paCCMaTpl:1-

BaeMhlx CHCTeM Ha 6ecKoHetrHot1 rroJioce 1111-!pHHOH L saBHCRT OT op»eHTa

Ul-lH pe111eTKH: Bcer,na MOlKHO yKa3aTb KOH¢Hrypauv.ic MO,JJ,eJIH, B03MOJ!CHJIO nptt 
o.n;Hoii opl:leHTaum-i H neBo3MOJKHYJO npVi ,npyrofi. HaMH rroKa3aHo, tfTO B cooT
BeTCTBttl:I C npe,JJ,CKa3aHHeM TeopHH KOH¢opMHOH ttHBapttaHTHOCTtt, nonpaBKH 

nop.fl,L!.Ra ~( L'" 2
) K ITJIOTHOCTH CBo6o,rµrnn aHeprl:ltt MR ecTecTBeHHOtt opH

eHTauv.tt pe111eTKl1 /Kor.na ee CTOJ!6Uhl napa.r.JieY.bHhl rpaHHUaM ITOJIOChl/ 11 MR 
noBepHyTott Ha yroJI ?r/4 pellleTKH COBna,naJOT. B CJiyqae 'J< -MC,Il;€JIH 

Y,D,aJIOCb 06HapylKHTh, tfTO pa3Jil1tfl1€ op11eHTaUHH CKa3hiBaeTCR Ha nonpaBKl1 
nopR.IJ;Ka e;>(L:~). PaccMaTp11BaJ!HCh rreptto,nHqecKtte rpaaHqHHe ycJIOBH.FI. 

B qeThlpHa.n,UaTOH I'JiaBe MeTO,[\OM CJiyqaifHhIX 5nylK,IJ,aHttM IlOJiyqeH TOtf

Hhlfi p€3JJibTaT ,IV!fl H36h!TOqHott ITOBepXHOCTOV. CB06o.n;Hofi ::JHeprHH ~ B 
.IJ;ByMepHOH Mo,n;eJitt 6ttoMeM6paHhl, npe,ll.1IOlK8HHOM .Il)K.~.Hettl'JIOM /1973/. B o,n
HOpO,n;HOM CJiyqae 3Ta MO.IJ;eJib aKBllBMeHTHa Mo,n;eJIV. .IJ;V:MepOB Ha KBa,npaTHOH 

pe111eTKe C 111axMaTHh!M pacnpe,neJieH11eM aKTHBHOCTett U ll 1.T BepT11Ka.JibHh!X 
peoep l:I o,n;imaKOBhlMl1 aKTI-IBHOCT.flMH 2 Bcex ropl130HTMhHh!X pe6ep • .JJ:06aB
JieH11e rpaHHUJ,l / JIHHetiHoro ,ne<peKTa/ 03HaqaeT l13M€H€Htte 8KTl1BHOCT€Vi 1A. l1 

1f' Ha ~ 11 11_ B O,f\HOH CTpo1rn. HaMH noKa3aHO, lfTO M€JK,ey CTa'l'HCT,l:lqec
KOH CJMMOH TaKOH MO,n;eJI11 l1 CTaTY,CTJ,Jt.IeCKOtt CJMMOV. O.IJ;HOpO)l,HOH MO,neJrn ,rm
MepoB /'vt. = 1T / c TaKttM JKe ,neqieKTOM cy~eCTByeT B31:l.l1MOO.IJ;H03Hatmoe co
OTBeTCTBH~. Ilpl:!Be,n;eM pe3JJibTaT np11 'U. ~ V 

?r(HAI) . 
5 1 · j . { ~ ( ~'1. ) ~ ( f'l ) e s-m Cf J a--- fu- -- d tn - 1+- +-1-- .. - Ill I 'IA. 27i <f 2 inr 2 1.w {ktr + ~;25111.2.tf /57 / 

'Jfl.A\ 

3,n;ech napaMeTp .6 BhlpruKaeTC.fI JIHHettHO qepe3 TTJIOTHOCTh IlOJ!HMepoB f ' 
/),,::, p- ! , l1 3aBl1CHT TOJibKO OT o6oeMHh!X aKTY.BHOCTett U , V' H 'i!: • 
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B ITRTHa,n,µaTOH rJiaBe Hmm rrpe,IVIoJKeH aJiropv.TM ~'.OHTe-lfap.no ,IVI.fi 
Cl1CTeMbi 113 ITJIOTHO yrraKOBaHHhlX ,II,V.MepOB Ha KBMpaTHOM pemeTKe. PaHee 
l13BeCTHhle aJII'Opl1TM'ci He rrpl1M8Hl1W,l K TaKOti Cl1CTeMe, T8K KaK 113-38 B3a
l1MO,ll,eHCTBl1R l1CKJIIO'l!eHHOI'O O'.l'beMa B H8l1 H8Jib3R l13MeHHTb COCTORHl1e K8KO
ro-m160 O.IJ;HOI'O ,II,l1Mepa He 3aTpOHYB rrpv. GTOM ero OKpyiKeH11e. HaMl1 ,II,OKa-
3aHO, t.rTO Ha KBMpaTHOfi peIUeTKe 11s M CTpoK 11 N CTOJI6I.J,oB co cBo-
6o,II,I-ruMl1 rpaHHI.J,ru,m BCer.n,a MOJKHO ITOCTp0!1Tb CJiyt.rafiHOe 6Jiy)FJJ;aH11e Ha MH0-
1KeCTBe { C J KOHqmrypaI.1,11i1 c11cTeMll nyTeM cJiyt.raifHoro Bhl6opa naphl ,II,11Me
poB, pacrrOJIOEeHHh!X Ha rrpOTHBOITOJIOJKHblX CTOpoHa.x O,II,HOI'O 3JI8M8HTapHOI'O 
KBMpaTa, 11 ee rroBopoTa Ha yroJI TC/2 , rrpeBpainaR rop11sonTaJibHyro rrapy 
B BepTl1KaJibHYID l1 HaocopoT. CoBeprnaR GTY rrpoI.J,e.rrypy MHOI'OKpaTHO, MhI rro
JIYt.fl1M MapKoBcKyro I.J,errh 113 ,II,HMepHhIX KOH~11rypaI.1,11i1. ITpe,IVIoJKeHHhlM'MeTo,II, 
RBJIReTCR MaTeMaT11t.reCKl1 o60CHOBaHHhlM, ITOCKOJibKY H8MU ,II,OKasa~a nerrpl1BO
JJ,UMOCTb GTOM MapKOBCKOM uerrv.. 

B rnecTHMl\aTOM rJiaBe OITl1CaHHhIM Bhllli8 aJII'OpHTM npv.MeHeH )J,JIR 11c
CJie,II,OBaHl1R Cl1CTeMhl B38l1MOJJ,eMCTByro~IDC JJ,11MepoB, )J,JIR KOTOpOfi aneprl1R 
E(C)JII06oi1·Konq,xrypaI.1,11H C rrporropll,HOHaJibHa t.rl1CJIY rrap ,II,l1MepoB N(C) 
paCITOJI01KeHH.blX Ha rrpOTl1BOITOJI01KHhIX CTOpona.x aJieMeHTapnoro KBMpaTa, T.e. 
E (C)=-JN(C) , :J > 0 • 3,D,ecb Mhl cTaJIR11BaeMcR c neo6hlt.rHOi1 c11TyaI.J,11efi, 
KOr,II,a KOppeJIRI.J,1111 BHe TOt.fKl1 q,a30BOI'O rrepexo,II,a y6h1B8IDT CTerreHHblM o6pa-. . . 

30M C paCCTORHl1eM, a He CITMaIOT_ 3KCITOH8Hl.i,l1aJibHO, KaK GTO l1M88T MeCTO 
B l13BeCTHhIX MO,D,eJIRX C nJil13KO,D,eY.CTBYID~ ITOT€HI.J,l1a.JiOM B3al1MO,l],8HCTBl1R• 

Attarrv.s t.r11cJieHHblX pe3yJibTaTOB ,IVIR y,II,eJihHOH TerrJioeMKOCTl1 cL(K) 
pemeTKl1 LXL c LOT 10 ,D,O 40 rrpoBO,II,l1JICR B paMKax rv.rroTe3hl Kpl1Tl1-
t.recKoro KOHet.rHopa3Mepnoro rro.n,0611JI. TaK KaK Bl1.IJ, oco6eHHOCTl1 y,D,eJibHOfi 
TeITJIOeMKOCTl1 ,IVIR 6eCKOHet.rHOH Cl1CTeMhl H8l13B€CTeH, TO paccMaTpl1BaJil1Cb 
):iBa Bap11anTa: cTerrennoi1 11 JiorapmpM11t.recKoi1 oco6eHHOCTl1 rrp11 t = K-Kc.-o 
/ K = J/ksT /. Ewro o6HapyJ<eHo, t.rTO 3Hat.renv.e CL ( K~ax) B Tot.rKe MaK
Cl1MJMa K =Km.ax xoporno cornacyeTCR c rMIIOTesoU 

L 2 
2. p .1,v 2x ( t {IV> -.;;- -k . (L-2> 

C ( K) = za. 4o -t.-n.(a.L )+a. 0 a. L -t L L 4'k lt) +(!} , /58/ 
L k=-0 · 

r.r1e q, > 0 11 a. - KOHcTaHThl, X ( ·) - ne113BeCTHM q,ynKI.J,l1R rro.n;o611R, 
4'K ( t} 0 , k =O, 1, 2 , pery;rnpnhle rrp11 t = 0 , q,yHKL\1111. B oTJil1t.fl1l1 OT rrpe.r1-
rroJI01KeH11R B.ITpHBMaHa 11 .n,it.Py.r1n11Ka /1986/ 3,II,eCh MhI .r1orrycKaeM napyme-
. max 
n11e r11rrepcKei1JI11Hra. Pe3yJihTaTh! rroKa3h!BaroT, t.rTO KL c poCTOM L 
cTpeMl1TCR K rrpe,II,eJibHOMy 3nat.renv.ro K ~ 1 , 77. 3aKOH y6h!BaH11R K max - K 
rro,II,611parrcR B Bl1):ie g L- ilv , r.r1e ".t - KOHCTaHTa, rrpl1t.reM naHJyqmee c. 

corJiac11e rroJiyt.reno rrp11 3Hat.reHl1RX v = 0,33 f 0,5. 
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