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Ko3¢~~UttcHTLI K.rre61ua-fopnaHa nnH aHTHyHHTapfibtX rpynn. 

1. ne~tMa PaKa nnH Konpe~CT8BJ18HHA 

\loKD.3aHo, '-ITO H3necTHaH .rre,t:'l.ta PaKa, ycTaHaB.'IHBBIOWaH CBH3b 

~tcmDY K03lP¢tmHeHTD!\lH Krre6wa-fopnaHa nns:~ nuue(!Hh!X npencraB.'leHHil 

ueKoropoH rpymibl 1-1 ec no.arpynn, liJ\teeT :-.teCTO H .'-VlSI KonpencraBneHld'i 1 

aJITHY HHTapHbiX rpym1 u HX nonrpyrrn. H a 6a0e 3Toro yKa3aH 1\teron I 
eJ,!'-urcncHHH K034J4nHIHeHTOB K.ne6wa-rop,1aua .an:51 Bcex '\tarHHTHbiX ro'-Ie'IHLIX 

rpynn. B K[P-IeCTBe np~cc\tepa s.I>I'-Ittcnel!bl Ko3tfJrtmuneHT!.>I anH \:tH'HliTHhl'<: ( wy6-

HltKOBCKHx) T0'-10'-IHLIX rpynn 41'=C4 X e 11 4' =C4 (C2 ). I 
PaGoTa nuno:-meHa B na6oparopn:H Teooent'-IeCKoil lPH3tiKii O~l HI:. 

Coo6wenae 06be,lJ,HHeHHOrO HHCTBTYTA ll.D.epHWX BCCne,lJ,OBaHBi. J(y6Ha 1977 

Kotzev J,N., Aroyo 1\J,J, 
PI? · 10987 

Clebsch-Gordan Coefficients for Antiunitary Groups, 
1. Racah's Lemma for Corepresentations 

Tiv~ validity of the Racah lemma concerning the relation 
between the Clebsch-G·ordan coefficients of the representations of 

0,roups c.Htd their sul:Jgroups is shown for corepresentations of 
n.ntiunit<lry ~roups ,~1.nd their subq,roups. A method for calculatinss 
Clebscll-Crordan coefficients for all mo.gnetic groups, bcJ.sed on 
this lernnv•, is presented. An example of calculation of the coeffi
cients is <;!iven for magn·-:>tic point groups (Shubnikov's) 41 ',.,C 4 x 0 

c~nd 4' ~ C 
4 

(C e )· 
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ITp• TeopeTmxo-rpynnoBoM ~se pa~qHHX ~zs~ecKHX cBoncTB 
Kp:IICTMJIOB C M8.I'H:IITHOA CHMMeTpl!e:lt [ I ] B nociJre,nHee BpeMH IIIHpoKO 
rrpRMeBRmTCH 0606~eHBHe Rp:IICTMJIOrp~aqecXHe rpyrrrrH - ~BYX~BeTHHe 
(my6HHKOBCIUie) [ 2-6] H MHOro~eTHHe ( 7-IO J . B TeX CJIY'laliX, 
xor.na "rl)leTH8li Harpysxa" a.ueMeHTOB o6o6111eHHHX rpynrr co.nepll!HT 
rurreymiTapm onepaTop o6p8111eH:IIII BpeMemi () [II ] , rpyiiilY 6y
.neu aasasaT~> rurreyHHTapHo:lt. KaK HSBeCTHO, BHTHYHRTapHHe rpyrrnH 
COCTO!JT liiS ymiTapHHX, Ui, H aHTJ!YH:IIT8pHHX, aj , orrepaTOpoB 

A = H + Hao = { ~i=Ui ,J,·=a.1=u1«.}. (I 

r;ne u, E H o6pasyvr no.nrpyiiilY JiiB;D;exca 2. Ilo.n ,nel:icTBHeM J G A 
BOHHOBHe ~HKUK:II H orrepaTOpH ~HSHqecKHX BenHqzH rrpeo6pasyDTCH 

o61:AHHM o6pasou 

ci. '7' 'll/ c:X C( 9 Ya. = {1 I a' JJ (j )a!a , a=I, ... ,/Do(l, ( 2 ) 

e( 

o,nHaKO oTo6pa:aeHlle j -- .JJ ( 1} He HBJille'l'CH roMoMoPlJiilsMOM, '1'. e. 
COBOlcyiiHOCTI> llaTpliiil IJol= {JJcl( fJ), j£ 1/ j He o6pasyeT rrpe;nCTa.B
neHl!ll rpyiiiiH A :II 6wra HasBaHa BlilrHepoM [ II] Konpe;ncTaBJiemieM 
( CM. 'l'aRZ.e [ 4-6 J ) , B p~~.Ite pa60T 6wta c;ne.n:aHB. ITOIIH'l'Ra nepeHe
CTJ! (c COO'I'BeTC'l'BYDI!Ie:lt M~auHea) OCHOBHHe pesy~I>TaTH TeOpHH 
o61:AHHX npe;ncTaBJieHIII:It aa xonpe,ncTaBJiemm. B qacTHOCTIII, B [ I2 1 
6unm BBe;neBR ,nBysgaqSHe xorrpe;ncTasnemm 111 paccMaTpii!BanECI> cBff
saHHHe C H1111o11ii npBBUa OT6opa Ill BHpOll,ll;eH:IIII COC'l'O!JHH:It. B [ 13] 
0606111eHa ~eMMa ffiypa Ill ,I(aRH COO'l'HOMeHIIIH OpTOroHaii>HOCTH ~ KO
rrpe.D;C'l'aBJiellli!!tl. B pa6oTe [ I4 J BnepBI:le :BBe,neHH R09WJmnteH'rl:l 
K1Ie6ma-rop.naHa ~ Konpe;ncTaBJieHIII! 111 no.nyqeHI:l ypa.BHeHII!Il ~ HX 
B~C4eHiiiH, o6o6~eHa TeopeMa BlllrHepa-3KKap'l'a, paccMo'l'peHH orrepa
~opu npoeKT:IIpoBSHBR Iii COO'l'HOMeHBH OpTOroH&n»HOCTH (cM.TaKZe 
[ I5 J ). Pesy~I>Ta'l'H pa6oT [ 16,17] nOJlHOC'l'l>ll co.nepzaTCH B [14.]. 

B ;naHHo! pa6oTe ;noxasHBaeTCH, 'ITO zsBecTHBii JieiiMa PaRa [IS] 
II!MeeT MecTo H ~ xonpe,ncTaBJieHiiiA aHTHYIIli!!TapHHX rpynn. !loKasaHa 
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TaKXe B03MOEHOCTL H ~~ecoo6pa3HOCT:& ee UpHMeHeHHR ~ BuqacneHHR 

KOl$l}HUHeHTOB KJie6ma-rop.JJ;aaa ~ KOUpe.JJ;CTaEJiem!il *) Iey6HHKOBCRHX 

(Mai'HHTHUX) TO'ie'iHUX rpynu OTJIJti'iHI:Af OT ( 13-17] Me'l'OJJ;OM. B n.3 

BHBe.JJ;elill <lJopMy.llhl JJ;JIJ1 UOJiy'ieHmr UpHBOJJ;IIIIIRX MaTp~, a B U. 4 B Ka

qecTBe UpHMepa BH'iHCHeHH upe~araeMHM MeTOJJ;OM KO~eHTH K7Ie6-
ma-rop.JJ;aaa JJ;Jiff Ronpe.JJ;CTaEJie!mit Iey6HHKoBcrurx rpynn 4i'= C4® (} H 

Lt' = cit ( c 2 ) • 

2. JieMMa PaKa [ 18 J ycTaHaBJmBaeT c:Ms:& Melli'JJY tto~ea
TaMH K7Ie6ma-rop.JJ;aaa JJ;Jiff o6Ht~ma: npe.JJ;cTaEJieHHil: rpynn H HX no.JJ;

rpynn. I!ORaJiteM, 'iTO aHaJIOrH'iHafi JieMMa m.teeT MeCTO H ~ KO!Ipe.JJ;

CTaEJieHHii. 

IijrcT:& B - Jm6aa: aHTHYHHTapaaa: rro.JJ;rpynna rpyiiUH A ( I ) • 
Orpamrt~eHHe He!IpHBOJJ;HMOro KO!Ipe.JJ;C'l'aEJiemm ])IX. rpyiiUH A Ha IIOJJ;

rpyrrny B 

(.DottB) = {n«crJ,feBc:::.A} <3> 

REJIHeTca KOIIpe.JJ;CTaBJieHHeM rpyiiUH B, B 06~eM ~ae IIpHBOJJ;liMHM. 

C UOMOII1:&10 YHHTapHOH IIPHBO,nll~ett MaTp~ S tX. orpaHH'ietme ( 3 ) 

pa3JiaraeTca Ha IIpR:MYJO CYMMy HeiipJIIBOJJ;HMHX KOIIpe.JJ;C'l'aBJieHHI.Dflrpyii
IIHBc:A 

Sci -1])a.(9') sa: (tf} = .Detfg') ::: ~ e ])~~(J') 'feB.< 4 > 

3,necr, JJ;OIIOJIBJITeJILHHH H!ij:(eKC ?f.,= .f, ... , ~; pa3.JI1Aae'l' BKBJIBSJieH'l'

!rue KOIIpe.JJ;CTaBJiemm .1) ~ , COJJ;eplE8111HeCSI Cf5D{ pas B (])at ~ J3 ) , 
a sex BblOpaHH TaK, 'iT06H Ma'l'p~ BKBJIIBaJieH'l'HHX KOIIpe.JJ;CTaBJieHHii 

B ( 4 ) TO~eCTB8HHO COBll~aJIH, T.e. 

Df3T"(9'J = Dfo (J'), 3'e 8. ( 5 ) 

B ( 4) 11 B ,naJI:&HefuneM 3HaK KOMWieKCHOrO CO!IpRJ!temtii B CK06Kax 

CJIYl!tHT ,n.JlR COKpameHHrr 3aiiHCH JJ;Byx BHpBlteHH:a - KOMnJieKCHOe 00-

*)CJie.nyeT OTMeTHTL, 'iTO UpH BH'iHCJieHHH KO~eH'l'OB KIIe6ma-rop

JJ;aHa JJ;.llR o6Ht~IDIX npe,ncTaBJiemdl: TO'ie'iHHX rpynn q, Dt;, ])~ JieM

Ma PaRa OWia BrrepBHe IIpHMeHeHa B pa6oTax: [ 19-21 ] • B 60Jiee II03JJ;

Heii pa6oTe [22] paccMaTpHBaeTCR BTOT xe MeTo,n, ao npe~araeMoe 
B Heii COrJiameHHe 0 "CTB.I:Q:(apTH3~H· !flas" REJIHeTCSI HeBHIIOJIHHMHM 
(cM.,naJiee rr.2). 
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npaeoe np.DieBJieTCSI npB npeo6paso:aamm Ma'l'.Pim aH'l'JIYBBTapma: 

onepaTopoB 11 ae npmreBiieTCSI B c.u:y-qae yBJI'l'apma: onepaTopoB. IIpa

Me!mll npeo6pasoB8BIIe ( 4 ) 1<o BCeM MaTPBIUDI J)"' ( g ) , 3 ~ A , 
IIODO II01Iy'DI't:& ROIIpe.ItCTaBJieBBe D « rpymnl A, axmmaJie!l'l'aoe 

]) ct , l')l;e JIJriiiii. ,1{,111 9 'e B MaT~ ])« ( 9' ) JJ;JII81'0H81IJ.HH no HH

JJ;ettc811 ~7:t~,~'Y,': 

DO{crJ~-r~g,~,~~B' = ~f' $trT/Df3rrJcB' ,feB. < s > 

Ko~eH'l'SIIII Klre6~~~a-roiUtaaa ~ KOJipe.JJ;CTaBJie!mit HasHBaDT

CSI II&TpaqBHe ~eii6H'l'H 

u«fo{2 SCi [c(~ a •• a-.ta..r. I£Xe a J < 7 > 
a.. Cl.t, a P.x a cc 

YBB!'apHO:Il Ma!'PJW.H u«,a.z, ~JIIel 1t KBa91J,1(11I81'0H81II.HOIIY Bll)zy 

!IpiDIOe !Ip0li3Be.JJ;6Hll6 H8II,PIIIBOJJ;JIIMHX ltOIIpe.JJ;C!'aBJieHd ])'%( H })~ : 

Utt:,4
.: -'Il'(jJ ®IJ'"2rgJ u~tX.z (*) =L .Dole,.raJ, ~eA . < 8 > 

c<f« 

1 «·«.t .De( ~eo:& HB;I!;6RC fo.. = , ... , C"' . p83JIJI1UleT 81UIHB8JI8H'l'HH6 , 

BCTpe"'8Dqq[eCSI c xpa!'HOCT:&Il c;_•az B D «1 ® D «2, a MaTpBD;H 

D«P.t.r3; =])'ts)· 9!'o ae BupaaeBBe o s&~~eao:ll o<- ~ DeeT 11ecTo 

,1{Jlll xoupe,li;CTaBJie BJI:Il D f.> uo,u;rpyiinH B, l'JJ;e 

u i :~ ~ F?t c === f fo. e. , f3.,_ got 1 f.> ~ g J < 9 > 

'"' fl IS 
JIBJIIIIJ!'CSI xo~eH'l'811H Klre6ma-roiUtaaa ~ D ~B. 1:J:To6s yoTa-

HOBin':L 011113:& 118~ ( 7 ) H ( 9 ) , y,tt06110 uepel'l'III B ( 8 ) IIO

Cpe.JJ;C'l'BOM .( 4 ) x BKBJIB8J[eH'l'HHII Itonpe.ztcTaBJieBJIIIM D «, 

L., [o<f.c~,-r~C/ct1~,~.e..~~'L;, .. Al.D~~-r:.&. A'T.'C'1518J.-z-; 8 tJ'f:'l' X 
fl>•'tf.,"•~·.,,n' ~r.••n;t,, r .. i".:t'/'27'£:. ( IO) 
~;-r,v.-

I (-If) s- d. -c( . 

x [a:,f.Yf, (a.~.a'~'B.tfcx:~~~·r.~C'J = cxtt' rae:.. D(aJ{!>?:~B, fl''tf c'. 
~ec:i xo~eH'fll KIIe6118-roiUtaaa ,1{Jlll xonpe.JJ;cTaBJieHH:Il rpymnl 

A 38IDIC8BH B KOBOII 6asHce (saMem a.z- ~;~i Bi ) 
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U ci4ttJ. r. E ~.'t(I,B,~ .. -r-(1}~ ,O(pcL~T~g =Lri.~/'t. 4,a.,.p ... "ft~JLX:£.~~g J 
( II ) 

OJm cl!llsmm c ( 7 ) npeo6pasoBSBileM 

[d. ~· 1:~. g( , ol ... ~./t"'}.~. I o( fa~ 7t1 C J = (12 ) 

=l («tQ,/d,f\'l(.,B,)* (d,.fl_.la .. ~ ~}.tJ [a,a,,ci .. a.:. I«£: a] (ti.aJ /]( f3'2'p C) ~ 
~.o!a 
l'JJm 1 B Ma'l'pztl:HOI qJopMe 

~e 

ud.,d.L =(sc(~®s~r' uri·«~ (L.lB so() 
o<f,._ 

s<t '>.P == (daJo( A~~~cJ 
a.,f3<~o ,- ,- , 

( s«e-.f~~c,ll==(ctf3~.g/cLa) = (c<a/dfY.,ti*. 

( 13 ) 

( 14 ) 

B I!pfDIOlt CYMM8 ?,.a; S oc Ma'l'~a Soc mm'rOpll8'fOfl c. ~z pas 
.nm x~oro D« 6 JJ"1

t ® D«2 • 
Hs ( I0 ) C J118'r011 ( 6 ) , ( 8 ) II yJm'l'apHOC'rll Ma'l'~ ltO~
eR'l'OB Kn:e6ma-romua CJie.nyeor 

~[~ ffl~c lt.~.p~~1[d,,,~1~.~ ~ 1. ~ Jdeft'r;.B'I} .Dfo;rlc'c"= < rs > 

')' -r./3 { '\' ' 0 l , ,z (if-) ==f1.urr},, b.~~c Jp,S.,~.t~][tt,~~ ci,dz~z ~ t1)olf.t/5~·g 11 . 
::Jo.ro :BHpazeHBe HMeeor BB.lt o6o6JQeHHOI JieiiiMH IIJypa .nu xonpe,nc'l'aBJie

Jm:l [ 13 ] , ~e B if)Brypma cKOdxax Bll,D;eJieBH ueeHH HeJ.tooro

poit Ma'rpmtY, KOMM,YTJIPYDII8:1 CO BC811B 118'l'J)EJ;81111 He!IpDO,nDIOro 

ltOttpe,nC'f8Bil8111111 J)f!o , ::Jo.ra ll&'rpJttna .IIBD8'fCH syJie:BOI ,nmt {!>
1:/r(! , 

a A1lfl D~' = Dl!> ,nOJIUa 6H'l':r. &pMB'l'O:BOI 11 xpamol e,nllliji'DIOI Ma'l'pll

~ Dl'>( E) , '1'0 ecTt. 

'[. [fb ~g I~· Bo~ ... E_. 1 [al>,T~ 4 t<.z~ ~ 8 /o<£ f.f";s. C' J == < r6 > 1.1... 4 ' 2 ;z 2 .. 

= ( d( f.>/<~i,, cx..z fo2 'Cf.~ ; ~Fr., f(;(f-fJ ~ J ~fo' Sit' · 
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Tpe60B8BII8 8,lBIHO:BOCU IIOC'fOIIHHOI Ma'f,PHIUli ( 16 ) HBJUI8'fOIJ CIIe

IUiiim'ieCRJDI .nm xonpe,ncTBBileJm:l. Hs aero CJie.ltYe'f, '1'1'0 Ma'l'pH'm!le 

ue11eJml ( 16 ) ,nOJIDH dH'l':r. ,nelc'l'Bi!'l'eJD.H!Dm tmCJimm 

*" dtd~f3 ( 17 ) 
(tit~,T~,az~ .. ~ .. ; ~~/df«fbTt") == (d.~.~ •• a .. ~ .. 'lf.,~;~fa ;x~~~)= X1rr ... tH·,. o <XP. ~ • 

r ' ,,, ~ ,,_.Jf!J' "' (!. 

-old 
ECJDI ~ :BHdp&IDIOI 118'r~ lj ' .z. S8IDIID811 BCe BOSMOm!lle 

BHpaDIDUl ftii8 ( 15 ) 1 TO OOO'rBe'l'C~e 118'1'pB'iBH8 8118118H'l'll 

( 16 ) odpasym ymr.rapBYJ) 118'fPBJ:cy' 

Xd,tt, = ( [E& u~A )-1 U d.,tt.z , < r8 > 
~,etJ(.;; 

DeJIItYII 6.:zi:O'q]IQ-.Jt]I8I'OH8JD>BHI Bll,n (CJI,, HaiiPBIIIep, raOJHtny 8). B 
JtU;ItOII .JtH8I'O&alll>HOII 110 lllijtettcaM ji G, fo' f' 6.:u:oxe HaXO,nH'l'OIJ cy6-
118'1'pJ~na Jol,d_.{!> ( I? ), '1'0 ecn 118'1'~a xcl,ol,_ HBJm8'fOIJ oporo-

rosan.sol. 
BHpaaeue .nm .neMMS Pua, yc'l'ua:ammauqel cMs:r. Mew" xo*"" 

~eR'1'8111l Klle6ma-rop.nua ~ xonpe,ltc'l'&BileJml rpymm A 11 ee IIO.lt

rpymm B, CJie,eyeor HeiiOCpe.ltC'!'BeHHO liS ( 16 ) : 

[tif('b, t'ti, e,, d.zf32 ~ .. e.t 1 c( e. f.>~ c J .===. 
( 19 ) 

=f [f'.g4, fb2 g2 10 ~ CJ (a,~.~,·D2~:t7:1 ;fo~lrxe~T11 ). 
}J,m BH'DCJI8BIDI lt0~8H'r0B U ~~ y.no6Hee BOCIIOJIJ.SOBa'fJ.OIJ 

o6p81118BJU.Dl BHpazeRBeM 

[ ~· B, , P.: B.z I ~ P~ C J = ( 20 ) 

kli5 [tt1~. -r~~_B.,a.z ~2 'Zti ~ JrxeJn~ g J {a1f!:rf5/xz ~.z ~";~ fi..JdeJ~~) ~ 
ll.lDI B 118'1'pnROI qJopMe 

l(J) uAf3z = Ud1~ ( X~d.t )-1, < 2I > 
(l,~o{. 
f\rh<" ... 

-ettl!( 
~e 118'1'~ U :z ,nae'l'cs liHpSUHBeM ( 13 ) , a ee 118'l'.PJI'DIH8 

ue•eR'l'll - pee11c'l'l1011 ( 12 ) • 
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,lJ,Jm BH'mCJieiDDI Heii3BeC'l'BHX IIOIUl 8JleYeHTOB ( 17 ) Ma'fpiUtH 

Xd,a.2 ll3 ( 16 ) CJie,eye'f CIIC'feMa ypmnreHIIi: 

~ (ddb/(t>"a"'~.z ~~ ;(~~j~Xeti~Tr1)(d,(3, 't~.ti.zfb.z T~;fo~f cr:t~ Tj) == ( 22 ) 

=l [«,~,-r~ t~~.l T/3 ~~o<~r; 'L~~, g J [a.~,7% ~,a~ f.: 7J' ~ /a:'e~ f.>~, CJ*) 
(_f_ 4 .t. I .L 

~ ~ 

K RO'l'OpHM CJie,eye'l' ~068BK'f~ COO'l'BOmeHKR Op'l'OroHai~ROC'l'll ~ 

C'l'poK II CTOJI6IlOB Ma'l'Pllll ( 17 ) , CJie,D3DIOIX 113 Op'l'Oro~HOC'fll 
X"'•«.z : 

J;. e (a,~.'l{1Ji~~--~ .. ;~p~Jae~~)(«,f>.'tftl.J-~-~ ... ;~~~cif..~f-rj)==t, ~~'' 4 7:.' ) 
~1'; f!> "'~ ~ 7' 

(, ... ,,z} 
(23 

[, (a,~. 'l(;.,d~f~ 'tf.~; fJ e, }df«f ~)(d~f'!: r;, ,'S~ T/,,; ~ p; j o( f.t (3 ~) === 
d~~ ,. < .t. r 

= ~~~sA~~ d'z: ,?:' ~7:.' Jc.e/ . 
•• .:t:.z ~·7'. ~11 'It'/" ot.c1(3 

IIPH BH'mCJieHllll 8JleMeH'l'OB Ma'l'PJII\ .;( ' "" CJie,eye'l' 111ec'1'~, '11'1'0 

OHII JlB1IliDTCJI KBa3:til:.nltaroHai~BHMII IIO IIH;IJ;eKCY ~ , '1'1'0 CYII'eC'l'-

BeHHO o6J.Iei"lae'l' peme Bile CliCTeMH ( 22 ) • l{eiC'l'Bll'reJI~HO, B ( 22 ) 
oemca: poBHO c~,/3~ ypa»Hemtl!, B ROTOpHX ID'l'piiX0:&8JUIHe II He-

mTpiiXOBaBHHe liH;IJ;eRCH COB~SD'l' 

cp~ 2 

f 2 zJ I ( 24 ) L-: (d,~,~·a'.tt .. 'fi;~~ /c<f.t~~) = [~~~~.~,d.tf~ ~.C...Jti.p,.fottfC] . 
~1 t( 
B JieBOit 'l8CTll ( 24 ) O'l'Jm'IBO 0'1' flYJlll 'l'~RO O~BO 113 CJiaraeMiiX, 

0 1 n.,(l.._ . 
TO ec'l'~ CYMMHPOBaHKe IIO rf" = , ... , C ll oor~ae'l' II 

t/2 

(d,~,~.,tX~f .. ~ ... ;~~ /de~~)= +fl;;ic«,N~.~,a~ .. -r;.JJciP«P_~cJj} < 
25 

> 

0C'fali~HHe ypaBHeHJIII ( 22 ) II03:BO.llllm O~B03Ha'IHO BH6paT~ 3BaK 

~ BCeX 8JleMeHTOB C'l'poR C O~BaKOBl.DOl (3,(3 .. ft. . H'1'8lt, ~OlUl-
3aBO, '11'1'0 .lleMMa Paxa ( 19 ) oee'l' Mec'l'o :11 ~ ROnpe~C'l'aBJiemtl! 
aH'1'JIYD'1'8pBHX rpyiiii. IlpK 8'1'011 KOnpe~C'1'8.BJI8JII!DI B8ltii8,1tHB81)'1' ~o
B~BO CIIJIDBOe Orpaml'leBlle ( 17 ) ~ Ma'l'piUtH Xd,a.t. ( 18 ) . 
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B aHMOI'II'lBiiX BHpaDHIIIIX )VIJl o6H'IBHX npe;u;coraBJieHIIit uaTpli'IHHe 

8JleMeH'l'H ( 16 ) JIB1Illmca: ROMWieltcHHMK 'IIICJiaMll c aeonpe~eJieBBoit 
~ol. B pa6o'l'e [ 22] npe,n.D:aruoc~ ~ "c'l'aH;IJ;apTHs~" ~ 
KcxiximillleHTOB Kne6ma-romaaa npoH3BQnHBM o6pa30M IIO.llODU Bee 

'l!IC.lla ( 16 ) ~eitc'fBll'f~HHMK H aeo'l'pll!laTeJl~HHMK. ~ec~ nepBOe 

CJie,eyeT ecTeC'l'BeBBHM o6pa30Y ll3 ( 17 ) , O.D:BaKO B'l'Opoe yCJIOBlle 

X«« 
B 06BieY CJIY1!88 npo'l'liBOpe'lll!' YBK'l'apHOC'l'll Ma'l'pllllH . 

1 ~ H MOXeT 

npeeC'l'll R BeyBll'fapBOC'l'll Ma'l'plr!I4 lj f>. (3~ BH'mCJlii8MHX ltOacl$nnleH

'l'OB K11e6ma-romaaa ~ no~. 
3. ,lT,JDt BH'mCJieHIIII IIpltBO;D;fi!Qel! MaTpllllH Soc ( 4 ) , ( 14 ) 

MOlltHO BOCIIOJI~30Ba!'~CJI BHpaJteHHIOO! ( 24 )-( 33 ) pa60'fl:l [!4] C 

coO'l'Beorc~eit saueaoit o6osma-qeBJiit. ~o6s :~~s6esaorh BBe~eHHH 

~BOitHI:lX HB;u;eRCOB ~ C'l'poR II C'l'OJl6IlOB Ma'rpKil KOnpe;u;CTaBJieBJiit, 

BHIIKmeM cpasy ypaBHeHJIII ~ BllrHepOBCKIIX CJIY1!Q8B tl , 8 J (!. , 

K RO'l'OpHM MOlleT O'l'BOCllnCR: ])~ (H83aBIICliMO OT THIIQ KOIIpe;D;CTa.B

JieBd ~ DO{ ) • ,lT,JDt Ronpe;u;coraBJiemfil: _nil THIIa a RMeeM: 

~ c.« 
.Jl2J_ }" DeL I Df3 ' Jf I /J I ( 26 ) 
1 B 1 L;- (u b,a' (u )Cc'=2 [ (da/tXfo'lj,~){aa'JaAt: C)*-

u ~<B · r"=f · r 7J , 

r,ne CyYMIIpoBaHKe npoBO~'fCJI TOJI~KO ITO yHJI'l'apHHM 8Jl8MeH'1'8Y IIO~-

rpyiiiiH B. f.> .P 
,lJ,Jm .D una tJ : 

I.D"'I } ot fo *- -
-f_. .D (u'Jaa'D (U')ct' - ( 27) 
lBI u~B _ 

=L [ {t;<a/df3'08)(aa'Jc<f37fC';*+(&ia/dft?fsC)(<ta'ldf~g'j'"}, 
t/3 - J.t. a c/ l'-/.LJD"t-B'/. 

r,ne KH;IJ;eRCH C 'leporol! paBHH / = .t. /D f- , - 4 

,lJ,Jm IJ fo TIIIIIa C : 

liDBf!>ll [_ lY~(u'Ja.a'DfJ(u')t;' =L(aa/d.f?f,B)(<Xo'/o<f'~B'/*" ( 28) 
u~B ~ • 

B 8'1'HX BHPRZeHIIIIX y-qoreBH oron~RO yHII'l'apHHe onepaTopH no~rpynns B. 
PoJn, aH'l'!IIYHII'l'apHHX onepaTopoB J"DiiT~maeTca: BHpaJteH!IeM 

(da'kt()T. C'l = L (aa/a81: gJD'fa..)* ])r;(a.) < 
29 

> 
(I a} r f> o.,a' "1,!' 'a..~!!>, 
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r,ne a_o - npoHSBOJ!bHO Bil6paHHllA, HO cpneiipoB8JIIllii 8H'fliiYBJI'l'apHHlt 

onepaTOp, e nOMOIIU>Il KO'l'Opoi'O eTpOII'l'CJi Bee a = 11. ao ( I ) . 
Ml:lrpH"UWe ueMeHTH ( I4 ) JIBJDIII"l'CJi xoacixPmnreHTSIDI pas.!fOae

mm 6asHemrx: !WHKI4Jii KOIIpe.D;CT8EJieBJII J)f'h no COO'l'Be'l'C'l':syuqlll 

!WmunmM ltOnpe,D;e'l'8EJieBJIA .D D( 

-rgr.>t~= f. 'fa.a: (cx:ato(~~c )~ ( 30 ) 

oro ee'l':& npne,D;eHHHe B B'l'OM IJYHKTe BHpuemm MOry'l' oKasa'1':&CJi no

~esHHMJI npii noeTpoeBJIJI 6asHeOB Konpe.D;c'l'8EJieBHI. i 
B 'lac'l'HOCTH, B '1'a~ax [ 23 ] .D;aHH M8'1'PJIIUl S , npno~

IIIHe npe.D;e'1'8EJiemm :ort J rpyiiiiH BpBDteHd aa KPIIC'l'LWiorpapnecu:e 

'l'O'Ie'IHHe rpyiiiiH. 0.D;HaitO, 'l'aK ltaK B [ 23 ] Y'ft'8Ha 'l'altlEe Jl CHMIIeT

pl'!ll O'l'HOCJI'l'eJll>HO o6p~emm BpeMeBJI, Bee pesyn'l'aTH 8'1'01! KBJirll 

npJIMeBJIMH ;J{,IIII KOnpe.D;CT8EJieHd 8HTIIIYBII'1'8pHOi rpyiiiiH 0 ( 3 )~ 9 H 

32 "cepHX" my6BJIKOBCIQIX rpynn G f' = c 8 e. Hs HBX He'l'py.D;HO nOJiy

'D!T:& Ma'l'Pm:tH S 0( II ;J{,IIII 58 "qepao-6~" rpyiiii G' c:: f: 1'. AHa

~OI'II'IHOe SaMe'tJ8BIIe (eM. f I4 ) ) MomiO C.D;Ua'l':& O'l'HOeiiTM:&HO 

KO~eHTOB BB:rHepa [ 24 ] II Kll:e6ma-I'o,WJ;aHa ;J{,IIII 'l'O'Ie'!IBHX 

rpyiiii [ I9-2I, 25 ] • 
4. Bee I22 my6BJIKOBeKJie (MarBJI'l'HHe) TO'Ie'IHHe rpyiiiiH JIBml-- , 

IITCJi no,~~;rpynnmm paciiDipeaaoA Op'l'OI'OHall:&Hol rpyiiiiH oo oo 1 I = 
= 0 ( 3 ) ® 9 [ 2, 7 1 . Hs BJriX 8HTIIIYHll'l'apHHMJI JIBJIIIII'l'CJi 32 "ce

PHX" C,1' = G ® 9 II 58 "'lepHo-6~" G'c G. e. KoacixPmnreHTH 

Kll:e6ma-rop.u;aaa ;J{,IIII KOnpe.D;e'l'SBJieHd M'IIX rpyiiii 1101'1'1' 6HT:& BH'DIC

~eHH e nOMOIIU>Il paceMoTpeHBol ~ec:& ~eKMH PaRa ~ aenocpe,~~;cTBeH

HO Hs xoaM>~eHToB BJiraepa (j~m_,,J~ m2 Jim) .1tlPI 0 (3)~ 9 
(cu. [ I4 ] ) ~ noMe.D;oBa'l'MI>Hiill cnycx011 no ~eno'llte nO.D;rpynn 

0(3) ® fJ ::::> G ® fJ :::J G: ::::> G; .:::J ... .::::> 1 . 
B xaqecne IIpBMepa paccMO'l'PHJI npo~eee BIAJIMemm xo~

eHToB Kll:e6ma-I'op.u;aaa .zpm ltOIIpe.D;eTaBIIeBJII rpynn 4( = C4 ® 9 II 

41 = C4 (C2) IIO ~eiiO'Ilte 00 oof1' :::::>41' ":::J .lf' . 
Hai\ll:eM eHa11an:a Ko~eH'l'H K.lre6ma-rop.u;aaa ABH no.D;rpyiiiiH 

B=C4 ® 9 = 4{1 rpyiiiiH A = 0 ( 3 )® 9. Bee KOIIpe,D;C'1'8liJI8HIIIII 

rpyiiiiH 0 { 3 ) ® 9 OTHOCJi'l'CJi lt 'l':w:ry Q IIO BilrHepy [II] , TO 

eeor» 

]J-<(u) = 2fJ)( u) , U G 0(~)<= 0(~)®(), 

10 

r 
l 
I 

t 
1 

.D
C{ ti o( C}f (j) q; (j) 
(d)=lJ(u)D(aD)=.LJ (u).u {&) , ( 3I ) 

ti _ (J> j-m r , . . 
D (ao)0_,4 - ~ (9)m'- =(-1) d , _{m,f)1t;J•··· .-Jf .... -m -m 

{!> , 

Konpe.D;C'l'8EJiemm D IIO.JU'PYIIIIH B=C~e npne.D;eHH B :radJI.I.TB.Jl se 

.D;aHH 6aSHCHHe !W~ ( 30 ) , 1113 ltO'l'OpliX ~erxo BHIIHCa'l'L MaTpm:tH 

Sat: ( I4 ) • B '1'~. 2 .D;aHH p&Mozemm D~t ® Dr;.z, a B Tadu:. 3 -
OrpaHJI'Iemm ( ~(jJt4f') • Ilo.D;'I8pxayTH KOIIpe.D;C'1'8EJieHIIIII Df-> , 
IIOIIBJlll~eCR B~<J) C MJIBJII48.1l:&HHM l . 8TJIM onpe,D;eJifle'1'CJi 11KB83H-

MOMeH'l'" f ( f-') xam;u;oro xonpe.D;CT8EJiemm: (eM. [ I9-2I, 23 1 ) . 
Allan:Ol'JAHHe ,D;aHHHe ;J{,IIII llO.D;rpynml B=41 =C4 (C2) npHBCWf'l'OII B 'l'a6-

~ax 4-6. 
lis Ta6JI. 3 Bll,ltHO, 'ITO Wl!I BH'D!MeHIIIII BCeX KOB<l$mHeH'l'OB 

IIO.D;rpyiiiiH 4!1 
J;Oe'l'a'l'O'IHO paccM0'1'pe'fl> lJh/ze .2 /;.t = 2,2; 3f2 ,3fz; 

Q,'!Jf2 i o/.2.2 • ,IIeJ:eTBJITMLHO, B ~(2) fi9 ;J( ) COJ;ep38'1'CJi Bee 

!IpOIISBe.D;eHIIII O.D;HOSHa'IBHX ltOnpe,D;eT8EJI8Hd• B 2J0/2) ® :tJ(.Jf.Z) -

.ttBYSHa'IIHHX H '1'.,11;. JJ,Im np1114epa B '1'~. 7 ,~~;aaa Ma'l'pJina U -Y.z.% 
(xo8!{xiiD:uleHTH U3f.z,~/2 BSRTH 11a [ 24 J , a Si - Hs [ 23 J ), 
Ma'fpana XJ>/2. ?>f:~- npne,~~;eHa B T~.8. Bee OTD'Imle O'l' ifYJJJI xoB!P

(fmnlenu K!Ie6ma-I'oPJtaHa Wl!I KOnp8,li;CT8.Bli8BJII rpyiiiiH -41' CBeJ;e

BH B 'f86.11. 9. lJpll 8'1'014 Wlii COxp81118HJDI o6'Lell8 'l'a6JontH -.ro :JIIIIBCa&a 

JDUIIIo '180'1'1> [fit sf'~~ 8.& If!& g 1 • a ltO~eH'l'H [f'.&~,p.81Jf3,8l 
(~,81 ~ft..~) ~ p8BHH Bll, ~ O'l'Jlii.1181lTCJi SH8KOII. B IIOMe,D;aell 

CJIY'I&e nOCJle xo~eHTa C'fOJI'l' SBe~O'Ilta. 

Ko8CfxlmuleH'l'H Kae6ma-rop.u;aaa ;J{,IIII x~npe.D;C'1'8EJieBHI rpyiiiiH B=4'= 
= C,q(C.z} IIOryT <Sun II&IJteHH '1'614 ze nyTell liS Ulkfl: ljf.f • lj'le·f, uf/12. 
rpyiiiiH A=O ( 3 ) ® e. 3Ha'III'l'eJll>HO IIp01116. O.D;HaKO. '1'0'1' ae pesynT8'1' 

IIOJJY'I88TOR:,ec.tii pacCKaTpHBaTt. l.f1 xax no,11;rpynny rpynnH A :: Lt 41 
• 

,IIelc~eJUoHO, .a 'l'a6.mnt I Ill 4 Bll,ltHO, 'ITO KOnpe.D;C'l'aBII8HJIII .IJ~' 
C {!J-: /, 2, _, COBII~ C OrpaHJAeHJIIIMII (])« ol 'f 1 ) t d :: 1, 3, 5 
a Ma'l'pmul S I, Sj, SS JIBmlll'l'CJi 8,II;]IBJI'qHHMJI. CJle.D;OBa'l'eJU'oHO, 

lj ct. a:-' { «t = 1, 3, 5 ) OTJDAall'l'CJi 0'1' U ct, tJ{f JUDIIt. nepe0CSOSSB'IeBJieM 

Jll10t8KC'OB. ~BJI'qHHMJI OKasHB811'l'CJi II llllTpB:D;H x«ta.l (di "'1, !1, 5) • 
T&KlDI o<Spas011, BC8 118'1'~ uP~ ~2 llo.Jn'PYIUIH a =4' IIOJiy'lallt'OI1 

as lj«t«" rpynmr A= 4 f' s818HOI HJOtexcoB. B CBIIU e 8'1'D Ko* 

~eHTu KJJ:e6ma-rop.B;aHa .u;M sepe.l(cT&BJieHII nQJtrpynnH Ba=~~c.,{c~) 
CB8.D;eHH B 'l'ol S6 '1'86.11.9. 
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1f' 52. 512 1 11, 32, 3U 32, 81' ~'!11 
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21, .'J1 811 1 if- 51,&2,312 

21, 81' 512 -1 ;1!- 52 '52, 312 
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Jf, 32, fit 1/Vi 21, 2Z, 111 &1,81,312 
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