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Pewemie MHOf'HX 38.08'1 CBO.QHTCH K H8XO>K.QeHHIO 3H8'leHHH ,napaMeTpOB, .npH KOTo

pblX .OOCTHraeTCSI MHHHMYM HeKOTOpoll cpyHI~UHH OT HHX. no3TOMy aa.oaqa 3cpcpeKTHBHOH 

MHHHMH3aUHH cpyHKUHI!: MHOf'HX nepeMeHHblX BeCbMa B8:>KH8. ilaBHO paapa60T8Hbl o6IUHe 

I II /2/ 
MeTOtlbl peweHHSI 3TOH 38.Q8'1H, HanpHMep, MeTO.O CKOpeil;wero cnycKa ' H penaK-

cauH0HHbiii M8TO.ll/l/_ OHH B8CbMa npoCTbl H Il09TOMY y;o6HhI npH pyqffhIX pactteTaX. 0.a-

H8KO. B CBSl3H C no,rnneHHeM :,neKTpOHHblX M8lllHH CT8nH CTaBHTbCSI 6onee cnO>KHb!e aa.oa

'lH 'H OK83anoch, '!TO ynoMsrHyThte MeTO.Qbl cm1WKOM '!8CTO Tpe6yroT qpe3MepHo 6onblll0f'O 

'lHCna HTepauHI!: Ha-aa nnoXOll CXO.QHMOCTHo 

B CBSl3H' C 3THM uenecoo6pa3HO nocTpOHTb f!eKOTOpbie 'l8CTHbie MeTO.Obl MHHHMHaa

urrn, KOTOpbie B lllHpOKO BCTpeqaroIUHXCSI Ha npaKTHKe cnyqagx 6b!m! 6hl 3cp<peKTHBHee 06-

IUHX MeT0.00B. naa TaKHX MeTO.Qa H3nai:_aroTCSI B .QHCCepT8UHH. 

nepBb!I!: H3 MeT0.00B - MeTO.O nHHeapH3aUHH/a/ npe.OH83H8'!0H .QnSI MHHHMH3aUHH · 

q,yHKUHI!: onpe.oeneHHOf'O BH.oa, a HMeHHO - cpyHKUHOHana M , aa.oaHH6ro Ha KOHe'!HOMep-

HOM npocTpaHCTBe q,yHKUHOHanbHOf'O apryMeHTa y ( J , 'x) H 38BHCSIIUero OT HCKOMblX 

napaMeTpOB 'A TOnbKO qepea CBOll q,yHKUHOl_lanbHb!I!: apryMeHT, HanpHMep, 

M = f I [·x, y ( h, x) ] dx • 

MeT0.0 nHHeapH38UHH OKaaancSI B0CbM8 3cp<peKTHBllblM npH o6paoOTKe 3KCnepHMeH

HanbHblX .Q8HHblX MeTO.OOM H8HM0HblllHX KBa.opaTOB. ABTOpOM 6btna COCT8BneHa .onSJ 3TOro 

cny'laSI CT8H.Q8pTH8SI nporpaMMa, paCC'lHTaHH8SI Ha 'lHCno napaMeTpoB .00 ,., 50 H npoHa

BOnbHOe 'lHCno 3KCnepHM0HTanbH_bIX .QBHHblX,. OCTaBnSIIOI-U8SI cao6o.oy Bbtoopa <pOpMyn 

cpyHKUHOHanbHOf'O apryMeHTa. no.oaansrromaSI qacTb oopaooTKH 3KCnepHMeHTanbHblX .oaH

Hb!X MeTo.ooM· H8HM0HblllHX Kaa.opaToB aenacb a OvUH1 c ee noMOIUbIO. B H8CTOSIIUee 

BpeMSI CT8H.Q8pTHYIO nporpaMMY Ha'!anH Hcnonb30B8Tb H B .opyrHx opr~HH38UHSIX. Bonb

woe 'lHCno paooT· C npHMeHeHHeM Me,To.oa nHHeapHaaUHH BblllOnHeHo npH 8KTHBHOM yqacTHH 

/4/-/13/ /8/ 
aaTopa • PeaynbT8Tbl HeKOTOpblX H3 HHX Hanai;-aroTCSI B- .OHccepTaUHH. B paooTe · . 

.oaHo TaK>Ke KpaTKOe Hano>KeHHe M0TO.Qa nHHeapH38UHH B npHMeHeHHH K MeTo.oy HaHMeHb-

lllHX KB8.0paTOB. 

0.oHaKO B MeTo.oe mrneapH38UHH .onSI Ka>K.ooro HOBOf'O BH.08 cpyiIKUHOHBnbHOH aaan

CHMOCTH Tpe6yeTCSI '3H8'lHT0nbH8SI paoon1 no ee y'leTy. B HeKOTOpblX cnytiaSix M0T0.0 He

.QOCTaTO'lHO 3,p,peKTHBeH. B cnyqae MHHHMHaa.UHH npOH3BOnbHblX rna.oKHX q,yHKUHll, KOTo-· 

pb!e He MoryT Ob!Tb npe.ocTaaneHbl B BM.Qe q,yHKUMOHana paccMaTpHaaeM,oro THna, M0TO.O 

He npHMeHMM. 
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B CB!13H C 3THM 8BT0pa 38HHTepecoaana aanaqa MHHHMHaaunn oonee WHpOKOro Knac

ca cpyHKUHll. B nanbHeilweM eMy ynanOCb nocTpOHTb MeTon -conp11>KeHHblX npstMblx
1141 

oonana10wnll neKOTOpblMH caolicTBaMH MeTona nnHeapnaaunn. 

Ooa MeTona OCHOB8Hbl Ha BbJOOnHeHHH npstMOnHHel!HblX waroa B CTOpOHy yMeHb':!;'eHHSJ 

MHHHMHanpyeMoll· cpyHKUHH ( TaK >Ke KaK u, HanpnMep, MeTon cKopel!wero cnycKa). Ho nx 

OCHOBHOll nneeii ,rnn11eTC!I BblOOp TaKHX HanpaaneHHA, llnOnb KOTOpblX MO>KHO _obinO Obi cne

naTb B03MO>KHO oonbWHl! war H TeM caMblM nocTHrHyTb MHHHMyMa aa B03MO>KHO MeHbWee 

qncno waroa. EcTeCTBeHHO, qTo a ,cnyqae oqeHb cno>KHoro penbecpa cpyHKUHH MO>KeT ace 

paBHO noTpeoOB8TbCSJ MHOro waroa. 8 3TOM CMblCne BblronHo ObinO Obi BbJOOnHstTb KpHBOnHHel!

Hble warn. OnHaKo aanaHne KpnaonnHei!HblX waroa aaMeTH0ll nnHHb1 TpeoyeT oqeHb oonb

wux caeneHHli OTHOCHTenbHo· MHHHMH3HpyeMoli cpyHKUHH H B oonbWHHCTBe BCTpeqaIOWHXCSJ 

Ha npaKTHKe cnyqaea He auronHo. 

npennaraeMbJe MeTonbl cpaKTnqecKH stBnRIOTC!I HeKOTOpblMH ooooweHHRMH MeTonoa 

KBanpaTHqHoro nporpaMMHpOB8HHR _Ha cnyqal! HeKaanpaTnqHblX cpyHKUHA. Bonpoc o_ B03MO>K

HOCTH npnaneqeHHR MeTonoa KBanpa-i-nqHoro nporpaMMHpoaaHH!I K MHHHMHaauHH npOH3BOnb-

/ 15/ 
HbIX cpyHKUHA nnR ycKopeHH!I cxonHMOCTH aaTpOHYT, HanpHMep, B paooTe B CB!l3H C 

aanaqaMH Ha ycnOBHblll MHHHMYM, B KOTOpblX OCHOBHYIO TpynHOCTb COCTaan11eT yqeT ycno

BHll, a He penbecp cpyHKUHH. 

OnHaKo MeTonb1 KaanpaTnqHoro nporpaMMHpoaaHHH a nx na13ecTHoli cpopMe TpynHo 

oooowaIOTC!I Ha cnyqajj HeKaaapaTnqHblX cpyHKUHii, T8K KaK TpeoyIOT 3HaHH!I MaTpHUbl 

K03!pcpHUHeHTOB Kaanp
0

8TffqHol! q,opMbl. naol!Hoe >Ke nucpcpepeHUHp0B8HHe q,yHKUHii MHOrHX 

nepeMeHHblX BeCbMa aaTpyllHHTenbHO. KpoMe Toro ananu OT MHHHMyMa B oOnbWHHCTBe 

cnyqaea MaTpnua BTOpblX nponaaonHhlX He aceraa nono~HTenbHO onpeneneHHa11, qTo npn

BOLlHT K nononHHTe,1bHblM TpynHOCT!IM. Hauoonee 6nH3KHM K MeTony nirneapnaaunu s1Bm1-. 

eTC!I LlOBOnbHO llJHpOKO H3BeCTHblll MeTOLl yToqHeHH!I peweHHii B MeTone HBHMeHbWHX 

KBai:tpaTOB, onncaHHhlii XOTSJ Obi B 
1161 

• / I 71 , KOTOpbli!. anpoqeM, naneKo He acerna cxo

LlHTC!I. MeTon >Ke nnHeapH38UHH npncnocooneH nn11 Haxo>KneHH!I MHHHMYMOB Ll0BOnbHO 

WHpOKOro Knacca cpyHKUHOHanoa H naeT B03MO>KHOCTb aeCTH nOHCK peweHH!I C naneKHX 

OT Hero nycKOBbJX ToqeK. 

BecbMa onH3KHM no aaMbicny K MeTony conp11>KeHHblX' npRMbIX RBnReTCR MeTOLl, 
/18/ 

HenaaHo onyonnKoaaHHoli a paooTe , KOTopaR cTana naaecTHa aaTopy nocne onyonnKo-
/14/ /18/ . 

BaHH!I • ABTopy ynanocb nanbwe, qeM a , nponBHHyTbCR a oonaCTH nocTpoeHHR 

3KOHOMHqffbJX -anropHTMOB H Hccne.noBSTb B03MO>KHOCTH MeTo.aa. 

JlnccepTauHR COCTOHT na Tpex rnaa. B nepaoll rnaae nanaraeTCR MeTon nnHeapu-

aau11n. MeTOLl OCH0B8H Ha annpoKCHMaUHH B TOqKe oqepenHoro npnonn>KeHHR ;; cpyHKUHO-

Hana· U I y I KaanpaTHqHbJM no OTHOWeHHIO K cpyHKUHOHanbHOMY apryMeHTY y( :if, z) , a 
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:PYHKUHOHanbHOro apryMeHTa y(t., z)- nnHel!HblM OTHOCHTenbHO HCK0MblX napaMeTpOB :il 

B pe~ynbTaTe nnst wara t.1 a MeTone nnHeapnaaunn nonyqaeTcst Bblpa>KeHne 

-rne 

t. a,= -.\ I. G•I .E..JL., 
'" a a., 

~ .. = f ay(z) 
as, 

1<=1 

1/M oy(:r) dz d:r 

8 J(z) 8y(zJ a a., 
0 <.\ < 1 • 

A BblOHpaeTCR H3 ycnOBHR onTHManbH_oli cxonHMOCTH. naIOTCR peKOMeHnaiiHH no 3KOHOMHO

MY aBTOMaTnqecKoMy Bh1oopy .\ • War '!a ooRaaTenbHO yKaablaaeT B cTopoHy yMeHbwe-

HHS! M , ecnH TOnbKO npnonH>Keime B HaxonHTCR B cpyHKUHOHanbHOl! OKpecTHOCTR MHHR-

MyMa, T.e. 

f l(z) 
82 

M 't(:r) dz d:r > 0 
8y(if,z) 8y(a, :r) 

nnR npouaaonhHoli HeHyneaoil cpyHKURR f 

nepeMeHHa!I % 
1 

Ha KOTOpoll aanaH (p,YHKUHOHanbHbll! apryMeHT y(;; 1 :r) MO>KeT· OblJ"b 

onHOMepHOli R MHOroMepHol!. HeljpepbIBHOli R nHcKpeTHOl!. B nocnenHeM cnyqae HHTerpnpo

aaHHe aaMeH11eTC!I cyMMRpoaaHHeM, a aapeau_HOHHhle npOR3BOnHble - qaCTHblMR. HanpRMep, 

npn 3TOM qucno ToqeK :r I 

G = I. ay(:r,J a2 
M ay( "t'' 

a a 1k ,.,, aa, ay(:r,)oy(:r,~ 
" 

non>KHO OhlTb He MeHee qucna napaMeTpoa a.,•. B 01<peCTHo-

CTH MHHHM,YMa Haon10naeTC!I OblCTpaR npeonR>KeHHO-HblOTOHOBCKa!I cxonHMOCTb n;.,ouecca 

npH A= 1 • ecnR HOpMa MaTpRUbl 

II G"' Q II« 1, 

2 
Q =f _HL. a 1("1 dx. 
'" ay(,c) oa, aa., 

rne 

. 
vlccnenyeTC!I ycTpoJ!qnaocTb MHHHM,YMa no OTHOWeHHIO K BHeWHHM, He axonRWRM B 

cp,YHKUH(lH8nbHhlA apryMeHT, napaMeTpaM. 8 KaqecTBe Mepbl ycTol!qHBOCTR npennaraIOTCR 

oeapaaMe_pHbJe aennqHHhl cpaKTOpLI KOppenHUHH Rk , KOTOpble xapaKTepH3,YIOT ycToJ!qnaoCTb 

no Ka>KnOM,Y napaMeTp,Y a., no OTnenbHOCTR. <l>aKTOpbl KOppenHUHH_ HMeIOT npocTo,li reoMeTpH

qeCKHli CMbICn H noaaon1110T xopowo KOHTponupoaaTb noTepH TOqHOCTH npn qucneHHOM ocyme· 

CTB/JeHHH MeTona. 

PaccMaTpHBaIOTCR npuqHHbl B03HHKHOBeHHR HeycToliqnaoCTH, a TaK>Ke npHeMbl o0pbOhl 

C HeA. OopawaeTCR BHHMaHue Ha cywecTBOBaHHe Bhipo>KneHHblX MHHHMYMOB, KOTOpble RBnR

IOTCR B HeKOTOpOM CMb!Cne caepxyCT0Jlqna1,1MH no OTHOWeHHIO K BHeWHHM napaMeTpaM H Mo

ryT npencTasnRTb coooil no>KHhle peweHHR aanaq11. Bhlpo>KneHHble MHHHMYMhl B03HHKaIOT 

npn HeynaqHol! napaMeTpnaaunR cpyHKUHOHBnbHOro apryMeHTa. 8 qacTHOCTH, npoCTOii aaMe

HOl! napaMeTpOB MO>KHO coanaTb BblpO>KneHIBll! MHHHM,YM B npOR3BOnbHOll TOqKe a➔ • npu 
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nonb30B8HHK Me.Ton.OM nHHeapH38UHH cnen.yeT K36er8Tb BbipO>Kn.eHHhIX MHHHMYMOB, T8K 

K8K B ux OKpeCTUOCTH CXO.UHMOCTb M0TO.ll8 HapywaeTCSI. 

Mei-o~ nHHeap11aau1111 oKaahIBaeTCSI Ha116onee 3cpcpeKTHBHhIM, ecn11 np11MeHS1eMbie 

B He.M a1mpOKCHMau1111 cnpaee.1:tnHBhl Ha yqaCTKax ,He ·cnHWKOM Manhl~ no cpaeHeHHIO c.o'pac

CTOSllflieM 'llO IICKOMOro MIIHHMyMa. B 3TOM cnyqae llnSI llOCTH>KeHHSI MIIHHMyMa Tpe6ye-r

CSI cpaBHHTe11bHO ne601lbWOe q11c110 HTepau11il. OllHIIM II.3 llOCT011HCTB MeTOlla n11Heap11aa

IUIH RDnSieTCst TO o6cTOHTenbCTBO, l{TO CKOpOCTb CXO.UlfMOC'fU qaCTO He yMeHblli89TCR C 

yBeillPie!IHCM qHcna IICKOMblX .napaMeTpOB ak , ecn11 np11 3TOM He l!MeeT MecTa peaKHli 

pocT HeycToi!q11eocT11. MeTOll ,lll!leap11aau1111, npl!MeHeHHblli K CTBTIICT11qeCKOli o6pa60TKe· 

3KCnepl!MeHTUnbHblX llaHHblX MeTOllOM Hal!MeHbWIIX KBallpaTOB, noaeOn>teT 6ea nonoJIHH

TenbHblX Bblq11cneH11li nonyqa'rb ouenKy MaTpHUhl ow1160K nalilleHHh!X OnTl!ManbHblX. 3Haqe-

Hllil napaMeTpon a 
k 

Bo nTopoil rnaee n KaqecTee npaKTl!qecKoro np11no>KeH1111 np11BOlll!TCS1 nocTaHonKa 

aallaq11 II HCi<OTOpbie peaynbTaTbl cpaaoeoro. aHan113a HyKnOH-HyKnOHHOro pacceRHIIR. <t>aao-
. /8/-/ 13/ 

Bh!H anan113 6bm BhIHOnHeH C 11cnonb30BaH11eM MeTOlla n11neap11aau1111 II HCKOTOpblX 

,nononHHTenbHhlX np11eMOB, o6ycnoeneHHblX CBOi!CTBaM11 MeTo,na. 

<t>aa OBhii! aHan11a npoeo,n11ncS1 e npennono>KeH1111 aapSI,noeoli 11Heap11aHTHOCTII HyKnon

HyKnOHHoro pacceRHIISI II no~~O>KHOCTII on11caHIIR pacceSIHIISI' C op611TanbHb!M MOMeHTOM 

f > f oaHoMeaoiiHoli ,n11arpaMMoi! <t>ei!HMaHa. oueH11aan?Cb 113 3KCnep11MenTanb-
/19/ 

Hh!X ,naHHhlX no nonS1p11aau1111 11 fToqn11no~b B npouecce aHan11aa. 

8 npouecce peweH11S1 MIIHIIM11a11poeancst cpynKu110Han 

Al = I [ F, - l, (;) ] ,2 

I u
1 

r,ne F, - 3KCnep11MeHTanbHO ll3MepeHHbie ae1mq11Hbl na HeKOTOpblX yrnax pacceRHllst, u, 
HX SKCnepHMeHT8nbHhie norpelllHOCTH, l (a) 

I 
aenll'lllH qepea IICKOMble cpaaOBhie CllBl!rll at, 
TY 11 -MeaoH-HyKnOHHoro naa11Mo,nei!c:TaHS1 f 2 

Teop~T11qecK11e Bb!pa>KeHl!R 113MepeHHhlX 

napaMEiTph! CMeWHBBHl!st l I II KOHCTaH-

AnanHa 6bm BhmonHeH na 3Hepr11stx 40, 95, 147, 210 11 310 N\3a. Ha 3Hepr1111 
' 2 ,, 

147 M3B llDnycTHMOe no X -Kpl!Tepl!IO pewen11e OKaaanOCb Clll!HCTBCHHblM npH. t., • ., =3, 

Ha 3HeprHH 210 M3B np11 noMOWII ,nononHl!TenbHOro·cTaTl!CTl!qecKoro aHan11aa TaK>Ke 

YllBnocb oT6po~HTb ace peweHl!st, KpOMe peweHl!lI 1, qTo 6h!n0 no,nTaep>KllEiHO nocnellyro· 

llll!MH .. 3KCnep11MeHTaMH. B peaynbTaTe· yllanocb npocnellHTb aa.Bl!CIIMOCTb cpaaOBblX 'CllBH

roa B, yKaaaHHOM Bb!We IIHTepaane 3Hepr11i!. 6bm8 .. TaK>Ke npe,nnpl!HRTa nonhlTKa cpa30BO

ro aHan11aa ·Ha aHepr1rn 660 Mas, r,ne a ca11a11 c IIHTeHCIIBHhIM MeaoH006paaoaaH11eM cpaao

Bhle CllBl!rH KOMnneKCHhl. B llallbHei!weM cpaaOBhli!, aHa1111a· Ha 3TOi! a11epr1111 'npoao,n11ncS1 
- /20/-/23/ . ' . 

B paa~bl~ npelln01IO>KeHl!lIX llpyrHM.11 aBTOpBMII , , B peaynbTaTe qero KapTHHa 

CllllbHO npoRCHl!llaCb. B_ yKaaaHHh!X pa6oTax ana1111a aencR TaK>Ke MeTOllOM nHHeap11aauHH. 

6 

no HailllCHHh!M' B peaynbTaTe cpaaoeoro 'aHa1111aa 
181

• 
191 

cp830Bb(M CllBll!"aM .6b!JIH 
, /24/ /24/-/:.H I 

p:1ccq11TaHM Kpl!Bhie aKcnep11MenTa11bHO 11aMep11MhlX aen11q11H Hoebre 11aMepeHKR 

xopowo cornacyroTcst c HIIMII. 

• , · /32/-/33/ 
PeaynbTaTbI cpaaoeoro anan11aa 11cno11b3oea11Hcb e pa6oTaX • 

'Lf11c110 HeaaeKCHMblX HCKOMblX napaMeTpOB npH npoaelleHKK cpaaoeoro aHa1111aa llOCTl{

rano 27. 

B Tpe-rbeil rnaae Han araeTCst BTop;li Ka npellnaraeMhIX MeTo,noe - MeTOll conp11-

>KeHHhIX npstMhlX. Baaqane CTpOIITClI anropl!TM MIIHKMl!3a11111< aa KOHeqaoe qacno waroa 

Kea,npaT1<qHhIX cpyHKUKli. npK ocymecTenea1<1< anrop11TMa o6paayeTCR reoMeTp1<qec!(cie no

cTpoeHHe, e
1
epw1111a KOTOporo yKa3bIBaeT nono>KeHHe MIIHIIMyMa KBallpaTKqHOil' cpyHKUIIH. 

noK83hIB8CTClI pstll YTBep>KlleHHil OTHOCl!TellbHO CBO.liCTB anropHTMa. 8 qacTHOCTH, a11ro

pHTM n03B011ReT HBXOllHTb MHHHMYM KBa,npaT11qaoli cpyHKllllll C MHHKMBnbHblMII 38TpaTaMR 

H nonyqarownecR B npo~ecce MHHHMH38UHH eeKTOpbl -;k • cn~UH811bHhlM cnoco6oM Hop-

MHp0B8HHble, BMCCTe C KOOP llHHaToil TOqKH MHHIIMyMa nonHOCTblO onpellellstlOT KB8llp8Tl!q

HYIO 'PYHKUHIO H uecyT B ce6e npOCTO H3B11eKaeMylO no11eauy10 HHcpOpMaUHIO. 

npu MHHHMH38UIIH HeKaa,npaTHqHblX cpyHKU
0

Hli o6paayeTClI TaKoe >Ke nocTpoeHHe, KOTo

poe 38TCM nocnellOBaTellbHO CMemaeTCR B CTOpoay y6bIB8HHR cpyHKJlllll ,no6ae11ea11eM K ae-

MY HOBblX 311eMeHTOB II OT6paCb!B8UHeM qaCTII CTSpblX. np11 3TOM reoMeTpHqecKaSI CTpyK-

Typa nocTpoeHlllI, .06ecneq11ea10mae H8XO>KlleH11e MIIHHMyMa KB8ll!)8TllqHOil cpyHKUIIII, coxpa

HlICTClI. Ecn11 nocTpoea11e BTstr11eaeTCst B KBa311KB8llp8TllqHyIO OKpecTHOCTb MHHHMyMa cpyHK-

UIIH, B KOTcipoil cna6o CK83b!B8CTClI BnllstHl!e HCKea,npaTl!qHblX qneHOB p831IO>KeHl!lI cpyHK-

UHH B pstll Teilnopa, npouecc nocne,noeaTellbHhlX. npH61IH>KeH11il 6b!CTpo CXOllHTClI. 

8 KOHue rnaebl npOBOllHTClI cpaeHeHHe nonyqeHHhlX pe3y11bT8TOB C peaynbTBTSMII 

pa60Tb/
181 

H npHBOllllTClI np11Mep, Kor,na MllljHMH38UHlI no MeTo,ny conpst>KeHHblX npstMhlX 

OK83b!BBeTClI acpcpeKTHBHee MIIHIIMll38UHII no MeTOlly pa60Tb/ 
181

• 

MeTOll conpst>KeHHblX npstMblX He 11cnonb3yeT CTpyKTypHblX oco6eHHOCTei! CTpoeHl!R 

MIIHIIMH311pyeMOil cpyHKUHH H noaTOMY MeTOll J!lilleapH3aUHII, TBM rlle OH np.llMeHHM, qaCTO 

OKa3b!BaeTClI acpcpeKTHBHee. 
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