
06bE.llHHEHHbH1 HHCTHTYT Sl.nEPHbiX HCcnE.nOBAHHA 

nABOPATOPYI H TEOPETYI4ECKO~ ¢1Yl3Yf KYI 

G.Heber 

ON A SLIGHT MODIFICATION OF 

HORI' S STRONG- COuPLING METHOD 

Lly6aa 1963. 

1441 

·v 



3 2I4?t3 pr, 
\-\- J..tY Heber,G. 

On a Slight 
fication of Rorli St 

Ay6aa,I963 6/u 
~- .... ___ 

··.,, 

~ 

~ 
~ 
......... 

~ 

x) 

G.Heberx) 

E-1441 

ON A SLIGHT MODIFlCATION OF 

HORr' S STRONG- COUPLING METHOD 

'! 

On leave of absence from University of Leipzig 



KUHOH8flbHOf'O .llHqtpepeHUHpo-

3H8'19HHe B8KYYM8 S -MaT-

HOH8n (} S - M8TpRUbl 

pOH3BO.lllllU9f'O tPYHitllHOH8fl8 

, 9CUH WHpOKO IICD0nb3088Tb 

RH pacnpe.n eneHRII, Koa¢¢a­

eiOT uenocpe,ncTaenuoe <Pa­
H,noa onpe.n eneHHbiX RHTerpa­

aaKniO'IaeTcll B cyMMHpOBaHHH 

npoiSneMy, no xpallueA Mepe, 

'· .__,. 

1. Introduction (', 

C1 

Performing some calculations by means of Hori' s method/ 
1/ the author 

found the following difficulty / 
2

/ ,/ 31 : In order to deduqe ~ physically acceptable 

Feynman- amplitude one has to ope rei~ with a large number of functional differen­

tiations ( with respect to the external sources) on the generating functional a 
• 

of the vacuum- expectation- value c:>f the S matrix. However 0 depends in inte-

resting cases in a very complicated way on the external . sources. 

Therefore one practically cannot calculate higher ord~rs of Feynman-amplitudes 

with Hori 1 s method. Here the author proposes to modify the Hori 1 s method slight-

ly. Do not calculate, the generating functional a in a closed form, but write it 

as a Volterra series ( with respect to the external sources),. The coefficients of 

this series can be written down as functional integrals and calculated ( in our 

example) exactly with help of distribution analysis. If you write the vacuum- expe~ 

tation- value of the S -matrix <>.J.so as a Volterra series, the coefficient fUnctions' of 

this series can be represented as infinite series of certain integrAls over the 

coefficient functions of the a - functional. The main difficulty of the \resent method 

is to sum up this infinite series. Here we cannot solve this difficulty. 

2. Volterra series for 0 

In Hori • s work/ 
1/ the generating functional 0 is introduced; in some sim­

ple examples, Hori could give closed expressions for this functional by means of 

functional integration. Hori ' s definition of a reads as follows: 

+ 
()[ p , p +, i 1 • (f f ezp (- i f( S r/1 + r/1 .P - p + r/1 - p 1/J +-i <h) d 4x 1 D (1/J, 1/1 , c/>). ( 1) 

( Here and in all this work we use the example of one real ( c/> ) and one com­

plex ( t/J • t/J + ) s~ar field, interacting by the term '' r/J+ t/J .p in the Lagran­

gian. The terms / r/1 , p r/1 +, i .P represent the interaction of the fields with the 

external sources p , p +, i • The free Lagrangian would read 

L • r/1+ O -111~1/J+<bl[] _,. 2 ) .P • The symbol D ( r/J +, 1/J , .p) 

the integration element in the space of the functions r/1 , r/1 + , 

stated, we propose to repr•.osent n as a Volterra ~eries ( 

in ( 1) stands for 

.P ) • As already 

see, eg, 

Rzewusk/ 4/ ) : .. i f+IIH-n 
, O[p,p+,i] =I _,_(_,)'-------

.,: l~(l" tJ m! n! 
f ... f d\ ... din d4y

1 
... dj.t :ii

1 
... d 4z .,· 
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.r~ ' 
r
r 

• "'n.£ ... (Xz ••• xn; r, ... Y£· z, ... z .. Jen,£, .. (x, ... z .. ). 
( 2) \, 

with en,f,m (x1 ... Zm) -p(7} ... p(:scn) p+(y1 ) .... p+(Yf )/(z 1 ) ... i(z .. ). 

The functions "'n, £. .. (" l ••• z .. ~ of course determine the functional n . 'l'hey 

are symmetric with respect to the variabl~s x 1 ... x n ; Y
1 

.. • Y £ z f ... z .. 

( Hero and in the following we assume, that our Volterra series con~erges uniform-

ly at U1e "point" p •• p + = j = 0 ; One is not sure if this is true, By comparing 

eqs ( 1) and ( 2) one gets the expressions: 

=lim 
p 4 0 
p+4 0 
J 4 0 

, n+f+m 
(1) .<!J (x

1 
... z.,) = 

n,f,., 

(n+f+DI) 
0 'l 

--------------------~----------------+.--------------

lip(Xz) ... lip(xn) lip (Y 1 ) •• lip (Ye)li}(z ) ... li}(z
01

) 
( 3) 

n+f+m 
=(i) 

+ + ;· . • + 4 .· + 
(((1/1 (:sc,) ... 1/1 (:scn)I/I(Y 1 ) ••• I/I(Ye!<i>(z1) ... ,P(z.,)e:scp(-tA (1/1 l/l<i>d :sc)D(I/1 1 1/J,rbl 

The functional integrals ( 3) · can. be calculated directly. The representation .( 2) 
I 

for n enables one to perform any number of_ functional differentiations on fl 

very easily. It is also very useful, ~cause at the end of calculation of Feynman 

- amplitudes ( which always is our aim, of course) the limiting process p 4 0 , 
+ 

p 4 0 , j .. 0 has to be always performed, Let us first calculate <1> , defined 
' . 000 

by 

r/> • [(fe:scp(-iA (</! </I<Pd
4

x)D(</I+,<fr,.P). 
000 

Using the definition of the i5 - functional 

li[f(x)]= (e:scp(-2iri(f(x).P(x)d 4 x)D(Ifl), 

we can at once perform the functional integration with respect to 

gives: 

r/> ,:. ((8[__!_.;,+.;,]D(<fr+,<fr) 
ooo 2" 

( 4) 

( 5) 

<P , This 

If you write 

tinuous :sc 

o/1=re
1
a and introduce the lattice space xk instead of the con-

-space, you have 

""21r A 2 
.;, = limll(f (li (-r )r drkd:sck ). ooo k 

0 0 
2 17 k k 

means: Take the product over all ( The symbol lim n 
k points "k of the 

4 

'.1':·;·1·:,.· 

lattice- space, then go to the limit of the " -continuum}. That' is, we f'iave· 

.p =limll(..., ); 
ooo • " 

( .. , A · 2 d 2" 2 
..., =271 u(-r )rk r •--(li(y)dy. 

" 0 .:z, " 1: ' 0 

Now we write 

+"" 
(li(y)dy-(O(y)li(y)dy 

1 for r>o 
when O(y) • I 

0 for y < 0 

The product of the improper funs;tions 8(y) and O(y) in the integrand must be 

treated by means of distribution analysis, In the work/ 
5

/ of GUttinge~ we find 

the rule 

O(y) 8(y) •- c 
0 

8(y), 
( 6) 

where is a finite, but quite arbitrary constant. Therefore we get 

2 "
2 

c 0 • a~d 
co 

..... g 
2 

rf> -tim n (- ~ co >. 
ooo • A ( 7) 

From ( 7) one would like to conClude, that r/> 000 is a highly singular quantity, 

But using the rules for products of the type lim 0 I (:sc ) stated in/ zj, we arrive 
1: . " 

at the expression: 
2 2,2 

,p •e:scp(c
1 

ln(---c 0 )), 
ooo A ( 8) 

where c 1 is another finitli!, arbitrary constant, which stems from GU\tinger' s ruJe 

( see/ 5/) ' 
2 

li (y) - c, li (y) •' ( 9) 

Remark please the singularity of ,p for A .. 0 and arbitrary c 1 , c 0 ( see I 31 ooo 
also ) ! Next let us discuss the function 

<I> (:sc ,y )• ([(1/!+(:sc )<fr(y)e:scp(-iA(</I+</I<Pd
4

:sc)D(</I+,<fr,<P). 
flO l I · 1 l 

( 10) 

( Remark that all functions of type <b (n ol 0) and rb l (t oi 0) and rb • (f oi 0 ) 
n,Q,O Q, ,Q · II ,t.,O 

(with n -1 f rf. 0 ) are zero because they contain at le!'.st one integral of the type 
2r" e1a da ). '):'he fun1=tion rb is zero for all " 1 ,. y because in 

· llO 21T l 

tf:ose cases also appears the integral ( e Ia da , if you introduce </1 = re'a 
. 0 Ia 

For :sc
1
•y

1 
,however, you get w1th l/l(:sc1 )=r1 e •: 

.. 2" A 2 .. '"' A 2 
</> (:sc

1
,:sc

1 
)• lbn0'(({8(-r

11
)r dr ... da

11
)·f(rf8(--r1 )r dr1 da 1 

110 1: 0 0 271 lr 0 0 21T I 

( The symbol rr 
• 

means: Take the product over all points "• 

5 

of lattice space 



with the exception ot the point z 
1 

). That means, we 
00 

I S 2 fr 8(-r )d(r 2 ) 
2rr 

<P,o (z1'"'1 )« tPooo 
0 

c •21r __ o_ 

s 

can write: 

Now we have 00 
2 S 2 2 +oo r r 8(271 r )d(r

2
) a r2;) r y(J(y) 8(y)dy. 

i 
I} 

Once more we use formula ( ()) and get for our integral r 8 ( y). Y,. ~y D 0. 

So we arrive at the result: 

</J ll 0 ( Z I ,"y 1 ) "' O • 

By quite a similar calculation we can show, that 

¢ (z •••• y ) • 0 
n,n,o 1 n 

for n -1 0. 

Next we are interested in the function 

¢ 002 (z 1 ,z 2 )• (((lf:J(z
1

)1f:J(z
2

)ezp(-iS(t/!+t/!1f:Jd
4
z)D(t/f,I/J+,If:J). 

Let us· first suppose z
1 

{. z ,. • Then we get 

whe1·e 

2 
¢ ~ lim D" (,-~ c!) 

002 Jt ' 

• oo (I) 2 

r:!.!'-(8 rrJdrJ 
' 0 

(I) 

8 (Y) 
d 

dY8(Y) • Le. 

(lfl.ezp(-2rriy<IJJt )dlf:J,. • ;, -/y 8(y). 

N~ we have oo (I) +oo (I) 

f 8 (Y) dy • f 6(Y)8 (y)dy • ·' 
0 

_,. 

+oo (I.). +oo 
-co' r 8 (y)dy-cl r 8(y)dy 

.oo .oo 
cl 

This leads to 

x) 

(see/ 5/ ). 

t/J 002 ( Z I ' z 2 ) = tP 000 

c 2 
(- __ ...z___) 101 z, 

4rr 
2 c 

2 -1 z 2 

0 

For z = z 
I 2 

however we get 

x) 

( 11) 

( 12) 

( 13) 

{1~) 

n" 
" 

means: Let out the points z Jt • zl and x k • ~ 2 from the product! 

6 

2rr 2 1 .. C2) 
¢

002 
(z

1
,.z

1
) • lim ff(--C 0 )(--· f 8 (y)dy). 

Jt s 2/l 0 

With/ S/ we have 
(2) . (2) (I) 

8 (y)O(y) •-c 0 8 (y)-c
1

8 (y)-c
2

8(y) 

.. (2) 

( c
0

, c
1

, c
2 

finite, arbitrary constants), so that f8 (y)dy •- c 2 
At the 

end we find: 
. c 2 

-'- (z z )•-¢ ··--,---
"' {)02 I ' I 000 4rt CO ( 14b) 

As the last example for the calculation of coefficients from the Volterra series( 2) 

we take 

rP ( Z 
1 

; Y ; Z , z ) • ((( 1/J + ( lC ) 1/J ( y
1 

) <1J ( z
2 

) ezp (- iS f / 1/J <1J d 
4 

lC ) x (' 
15 ) 

111 I I 2 I 

X D(l/J+, 1/J,"'J. 
The iunctional integration over <tJ can. be performed in the same manner as in 

the function ¢ 
0 

• Because of integration over the phases of the functions 1/J + oz 
and ¢• we get the result <P 

1 12
• 0 for z 1 -1 Y 1 

Calculations similar to those performed ear1ier show us, that <P 
1 1 2 

is different 

from zero only, if z 1 ~ y1 
= z 1 

!Vbre exactly we get: 

or x 
1 

= y
1 

- z 2 or even X I :a y I m % I • z 2 • 

<J,
112

(z
1

;y
1 

; z
1

, z
2

)= 

__ c_l_. ) 
2rr S Co 

0 

for[z =y = z I I I 

x
1
=r,•z

2 
or 

X I • y
1 

= Z J • Z 
2 

{ 16) 

or 

else 

Higher ¢ functions can be calculated in a very similar manner; all of them can 

be calculated exactly. 

3. Connection between the ck -functions 

and F'eynman- amplitudes 

It turns out to be useful to develop also the vacu~expectation-value of the 

S - matrix in a Volterra series: 
n+l+ ot 

(i) " 4 r ... r d z
1 

• •• d "' .. 
.. 

s [p,p ,/]•· :t 
.,.. ,.,t .• n! l! m! 

•o 

The quantities e ,., t, • · 

T,,r,.(z
1 

••• z. )e,,t, .. (z1 ••• z., ). 

are the same, as in, eq. ( 2). The functions• 

7 

( 1'7) 

T n,f, .. 
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of course determine the functional S [p, p +, j ) • They are (up to a constant) 
~-· 

already the Feynman-amplitudes )( , because by definition e.g.: 

2 
li suo 

8;:r' (x
1

)lip(y1 ) 

•I 
)( ( X I ' y I ) • Jim S uc 

p-+o 

J 

p+ ... 0 

J-+o 
T,zo(z,,y, ( 18) 

1ooo 

(Here one can see once more, that the development ( 17) is quite useful). 

To establish the relation between the coefficients T n,f, m and </> n,f,m 
we start from the equation 

s ezp(-ir.>)O ( 19) 
ua 

with 

"' = 
li li 3 8 4 4 

(((- G (x,y) -+- + -- G (x,y )--) d x d y 
8p (x) m 8p (Y) lij(x) ll 8j(y) 

and 

G,\(x,y) =8(z-Y)(0 ,. - .\ 2) 

(see/ 1/ ). 

Consider now the functional 

F 0 [p,p+,j]= ( .... (d
4

x ... d
4

z </> n (x ••• z )e 0 (x ... z 
n,L,m l m n,L,m l m n,L,m 1 ) . 

It can be proved easily, that 

anct 
~F~ = n( ... (d

4
x 2 ... d

4
zm<P (x 1 x2 .... zm)en·z.f.m (x

2 
... zm) 

ap(x) ~e.m 

8 8 4 4 
(f -- G (x, y) --- d x d y P, f 

8p(X) 8p+(y) n, ,m 

4 "4 4 4 .f.,., 
=n·f( ... (d x

2 
.... d xnd y

2 
... d yfd z

1 
... d zmd xd y 

.:G(x,y)•</> (x,x
2 
... x ;y,y ... y 0 ;z .... z )p(x ) ... p(x )p+(Y ) ... p+(y0 )j(z)}~). n, f, m n :l L J m 2 n 2 · L · J m 

Using this formula one can write up easily for each 

following type: 
T n,f, m-

T 
ooo = </> ooo 

4 4 + (fGm(x
1
,y

1
)</>ll

0
(x

1
,y1 )d x 1 d y~ +, 

8 

a series of the 

(20) 

+ i(fGP. (z
1 

,z
2 

)c/> 00 ~(z1 ,z
2 

)d
4

z
1

d
4

z
2 

-Jff(G_m(x
1

,yi )Gil(:t.I,z
2

)9II2 (xi;yi ;zi,z 2 )d
4
zid

4
yi d

4
zid

4
z 2 + (20) 

+ .......•.• 

T 
I 10 

</> (x ;y )+i(fG (x ,y )</> (x ,x ;y ,y )d
4

z d
4

y + 
IIO 2 I m 2 2 220 I 2 I 2 2 2 

· (G 4 4 +1( P.(zi,z 2 )</> 02 (xi;yi;z 1 ,z 2 )d zid z 2 - ( 21) 

4 4 4 4 
- 1,',((ffGm(z

2
,y

2
)Gm(x

3
,y

3 
)q,H

0
(x 1 ,x 2 ,x3 ;yi,y2 ,y3 )d x 2 d x 3 d y 2 d y 3 -

4 4 4 4 
-((ffGm(x

2
,y

2
)Gp.(zi,z

2
)</>

222 
(xi,x

2
;yi,r,;z

1
,z2 )d x 2 d y 2 d z

1
d z 2 -

- ~1, rrff G " ( z ' z ) G ( z ' z ) </> (X ; y ' z .... z ) d 
4
z d 

4 
z d 

4 
z d 

4 
z + 

~ 3 4 jJ. I 2 114 I I l 4 l 2 3 4 

+ ....... . 

The rule for the construction of these infinite series is easily visualized. 

It has no great value to write up the general series for T n , f, ., 

course this could be done. 

, but of 

4. Discussion 

In order to examine the value of the, presently proposed formalism, now we 

introduce into ( 21) the </> 

remember, that TIIO has 

propagation function for the 

-functions from chapter , 2 of the present paper and 

(up to a constant, see ( 18) ) the meaning of the 

if! - particles, 

In the series ( 21) the zeroth- order- term vanishes ( </> 110 = 0 ). From 

the two first- order- terms only one does not vanish ( </> 1 I 2 ) , but it is diff.erent 

from zero only for x 1 = Y 1 • That means, we do not have any propagation. This 

is well understandable: Propagation is done by the term L 0 of the Lagrangian. 

We have in [! however only the term L w of L 

Therefore propagation should appear only in higher orders. In the next order 

the term ,? 330 = 0 · </> II4 
is only different from zero, if x 1 = y

1 
, Howeve 

</> 
222 

is different from zero also for x 1 f y I , namely for x 1 = y 2 , x 2 = Y 1 • 

9 
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But performing the integrations over x 2 and y 
2 

ars in G., ( x 
2

, i) . 'I'hat means, only the points 

the factor ii ( x 
2 

- Y 
2 

) appe-

x; y 
2 

~--..l't'...:,;-ive and ~uo is.} 

also in this order different from zero only for x 
1 
~ y

1 
• 

It seems to the author, that one can prove the same property of T also 
lJO 

in higher orders. If this is true, it would mean that one can get a real propagat-

ion function first after summing up the whole iniinile series ( 21), at least partly. 

'I'he author hopes, that he will be able to come kx:tck; to these problems 

later, 
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