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flPvJ EnvI.>KEHH bl YI METOLI PEWEHvJ.H 
CvIHrYJUIPHbIX vJHTErPAnbHblX YPABHEHvJvI, 

BCTPEtiAfOlllvJXC.H B TEOPvivI. 
.D.vICflEPCvJOHHbIX COOTHOWJEHvJvl 

'O ABTopecpepaT L{HCC9pTaUHH, rrpe.acTaBneHHOii Ha COIICKaHHe 

~ yqeHoii CT9II9HH KaHL{HL{aTa cpH3HKO-MaTeMaTH'I9CKHX HayK 
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H aytJHbiii pyKOBO,aH'r em, 

KaHL{HL{aT (pH3HKO-MaTeMaTH'I9CKHX HarK 
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B XB8HTOBOA TeOpHH H TeOpHH ,llHcnepCHOHHbIX COOTHOWeHl!A: 'll8CTO BCTpe'llatoTCSI CHHry-
11-31 

1ISlpHbie HHTerpanbHble yp8.BH8HHSI 
1 

• 

B pat5oTe 111 
Bb1eeaeuo ypaBH8HHe THna 4y-noy amz npouecca rr + N -+ n rr + N • 

ilnst cny,:taH n•2· , T.e • .ll11SI npouecca TT+N-+ 2zr+ N 1 yp8BH8HH8 MO)K HO flHCB.Tb 
141 

B BH,lle; 
1 

() Ndr)u(r)-N2 (r) v(r) 
u(t) a~ - 1/" J dr I 7_s- + ---,-+--,-1~----

Ill 

I, 

V (t) - S1 (t) u(t) + S2 (t) v(t), 

rile u(t), v(t) - HCKOMble BeKTop-cj,yHKUHII, s, (t), s, (t), N, (t), N, (t) - M&TpHUbl, K~>Kilblll 

a,neMeHT x.oTopblx npaaaane>KHT xnaccy renbaepa H(a) R Ha 1toauax HHTepeana o6paruaeTCs: 

B HYn&. CHCT8My /1/ HH)K8 OCIHCBHHbIMII. M8T0Jl8.MH /§ 1, e 3/ MO>KHO CB8CTH It 06bl11KO:ff: 

CHCTeMe nHH8A:HblX CHHry.mzpHb.lX HHTerpalibHbIX ypaBH8HHA •. 

06IUaSI TeopRSI neaefl:HbIX CHHf'flUlpHblX IIKTerpanbHbIX ypaBH8HHfl: xopowo pa3paeiOTaHa 

COB8TCKHMH y'lleHbIMH-axaJieMHICOM H.H. Mycxe~RWBHJIH, C.r. MnxnHHbIM, ¢>.)l. raXOBbIM, 

11.H. Be1tya, H.n. Buya n ilpyrHMH, 

B IIOC118JIHH8 l"O.tlbI 6onbwoe BHHM8HH8 y.nenSleTCSI npa6nR}K8HHOMY peweueto CHHrynS1p

HblX ypaDneaaA, ,eanpHMep, B pa6oTax H • .ll. C
0

o(ppoaoaa, A.B. EaTbipesa, J'?.B. Heaaoea
15•61 , 

r.ci. ManillK&BHil3/71• 

HacTOSIWB.SI pa50T8. ll0CBHW8H8 M8T0ll8M ~l11cneHHoro peW0HHSI CHCT8MbI ypaBH8HHA: THlla 

4y-noy BHil& IJ I, 

B ~ 1 pacCMoTpeaa peryns:paaauan caCTeM bl ypaeHeHeA /1 / .onsr paaeblx cnylf:aee. Pe

rynsrpeaaueH llpOBOJlHTCSI M8TO.O,OM, auanorH'llHbIM M8T0.0.Y, npeano>KeHHOMY ax:aJJ,eMHX.OM 

H,11. Mycxenawsena, 

B '1BCTHOM cnyqae, ecna det .II! -S (t)II ./ 0 BCJOllY HS [o, 1] , r.o.e I - e.o.11naq-

HSSI ~a_Tpaua, CHCT8MS /1/ .npHBO.llBTCSI J[ 06br1HOA CHCT8M8 CHHryns:pHbIX eHTerpS1IbHbIX ypaB

R0HIIA: 

1 S(r) u(r) 
Ku " u(t) + 1/rr ( ------

dr+ !__ ( N(r) u (r) 

TT O r + t 
121 

r-· 

rile 

., " 
S:r) = ( / -S

2 
(,)} S

1
(r), ., 

N (r) - N
1 

(r) - N
2 

(r) ( I - S 
1 

(r) ) S 1 (r) • 

Peryn sapH3YI01UHM onepaTopoM 5ep_eM one pa Top 

l 
M,1. ",f,(t) _ _J_ J S (r) ,/,(r) 

'fJ TT T -,t 
dr. ✓SI 

0 

PerynsrpH3YSI cneea H cnpaea, aony11:eM ypaBHeHHSI ¢>pe.a.rolibMa: 

MKu=M>., 
141 

3 



[(Mef,~>-.. 
/5/ 

Hcxo,oSI H3 CBSl3H Me>Kny peweHHRMH HCXOllHOro R peryns:i:pH30BaHHoro ypaBHeHHfl:/B, 8 '., 

-:;_,.,...,qeM cne..:iyi01u11}: DhlBO,'J: 

I. EcnH M</> :::0 He HMeeT H9TpHBH8JlbHbJX peweHa:A: B Knacce /l(a) , To ypasueeae 

/2/ 8KBHBaneHTHO ypaBH0HH10 /4/. 

2. EcnH Mr.pc= I pa3pelllHMo anB mo6b1x· • TO ypaBHeHHe /5/ 8KBHB8JI0HTHO Hcxon-

HOMY ypaBHeHHlO /2/. 

3. EcnH M<!> ~O HMeeT ueTpBBH8JlbHbl0 peW0HHSI B Knacce (l(a)" I TO _ypaaHeHHe /4/ 

MO>K9T BKn101.1aTb 1JOnonHHTenbHbI9 peweHHSI. 

Pewag ypaaueHHe /4/ HJIH /5/' Mbl MO>KeM BbID.8JIHTb pewette:e HCXO.OHOro ypaBH9HHS1 /2/. 

EcnH det 111-52 (t) II~ 0 

.a.euae He npHM9HMMO. 

a ue11:0Topb1X TO'lJKax a {O, l] , To rrpeJJhrllywee pacCy>K.-

nepermweM CHCTeMy ypaBHeHHA. /1 / a BH.oe: 

rile 

EcnH 

J I 
u(t) ~ >, -.L f ____rir)_ dr --1.. f ~ dr, 

11 
0 

r- t rr 
O 

r- t 

v(t) = 5, (t) u(t) + 52 (t) v(t), 

w(t) = N
1 

(t) u(t) - N
2 

(t) v (t), 

noacTaBJISUI Bblpa}KeHH8 u(t) BO BTOpoe H TpeTbe Bblpa>Kemre /6/, nonyqHM: 

' ' K.95 A (t) <f,(t) + __!!S!L r ~ a,+ C (t) r ~ a,= I (I) ' 
fr O T- t 17 O T + t 

¢ (t) .:a,: ( v
1 

, V 
2 

, ,,,, V • ,· W.t , W 
2 w. ). 

det\l A(t) ! B(t) 11,10 B [O, 1 ] , 

TO, cnenysr cnoco6y J\'\acxenewaena
181

, MO*HO 6paTb perynsrpaaaTop M 1/J B BHD.e: 

rile 

rile 

' Mo/,~ 1/, [ s·\t) + T
0

\t)] ,/,(t) + 1/, [5.\tJ - T
0

\tJ] J_ f ___.;,±L__ dr, 
17 r - t 

5(t) s A(t) + B (t), T (t) = A (t) - B (t). o 

B pa6oTe paccMoTpeH cnyqaA:, xorua • 
d(t) ,/, 0 

det 11 I - 52 (t) II = ( t - Cz )( t - c2) d (t) , 

BC!OllY B [0,1 ]. 

/6/ 

/7/ 

/8/ 

KaK cTano u:asecTHO aBTopy B n_ocnea.uee apeMg, ¢>.,ll. raxos paccMoTpen Kpaeey10 ~a-. 

aaqy B cnyqae, KOrna sneMeHTbl MaTpHllbI 06pawa10TCSI B 6ecKOH0qHOCTb HJIH aeTepMHH8HT 

MaTpHU:bI o6pawaeTCSI a HYJib/lO,_l l /. 

PeweaHe aa,aaqH ¢).,[l. raxoaa HBXOllHJlOCb MeTO.llOM paano»<eHHR MBTpHIIbI Ha fIPOH3Be

aeaee LlBYX M8TpRU, 

np11 peweHHH llBHHoH 3Blla:'IH HCKOMbiii BeKTOp npe,ocTaamteTCSI B BH.Oe ueKOTopofi cyMMbI! 

4 

-~ 
I, 

{ 
i 

! 
I 
I . 

~J 
t~ 
I i . 

, I 

I 
i 

J 

-'Ji' ;!, 

I 

rile 

K</> "'(t-c,)(t-c
2

) ef,(Q+.J_ ( B(r) cf,(,) 
TT O r- t 

dr+..1... f C(,)ef,(r) dr~l(Q, 
rr o r+ t 

u(t) ~(t -c,)(t-c;)ef,(t)+(t-c
2 

)µ+(t-c,) r; 

µ y - aex.TOI:>bl, y llOBJleTBOpSIIOWHe ycnOBB51M 

A(c,) 5,(c,)µmO, A(c2 JS,(c 2 ) y=O 

A(t) - npHC081lHHeHH88 M8TpHU8 K M8TpHne I - 5 2 (t) • 

B 3TOM cny11ae pery11S1pH3YIOWB.M onepaTopOM MO>KRO 6paTb ouepaTOp 

Mf "'(t-c )(t-c) ,/, (t) - _J_ f B (r) t<r) dr. 
• .t 2 fr · r-· 

0 

/9/ 

/10/ 

Bo BCBXOM cny11ae MO)KHQ c.a.enaTb perynSlpH3aUBIO CHCT8Mbl /1/ cne.ay10maM o6pa30M. 

0603H8'18SI 

' J K[ u, v] s a (t) + ..L J _:dtL dr + ..L f N, (r) u(r) - fl, (r) v(r) 
fr

0
r-t rr

0 
· r+t 

A[u,v].,( t -5
2 

(t)) v(t) -5, (t) u(t) =0 

H 

M,/,"'(1 -52 (t~,/,(t)-+ ! ~~'l y,(r) 

nony11HM cecTeMy ypaaeew,&A: ¢pe.oronbMa! 

MK[u,v] = M>-., 

A[u,v]=O. 

dr, 

dr= A, /11 / 

/12/ 

/13/ 

B 12 paCCMOTpeeo HSXO>K.aeaee llOCTSTO'IHOro ycnOBBSI cxo.a■MOCTH MeTO.aa nocnen.osa

TenbHbIX OpR6muKeHRA .a.nsi: CHCT8MbI /1/ •. 

L2 /12 13/ 
HaaeCTHO, 11TO !7peo6pa30B8HH8 run:,6epTa orpaHH'l8HO B • 

+, • 
Hcnon1,3yn q,opMyny II_!_ f ~c!rll<ll</.>(tJI\ (q.,(t) CL H,+l]), 

fr _., r-t 
nony11aeM cneayrowee yTaepmaeeHe. 

EcnH ,/n (5, + 5,+N,+N,)$.t<l, 

rile 5/3= .m~ I 5/3ii (tJ I, 
.t,J,t 

N /3 - !"'!% I N J3ij (t) I ' 
1,J,t 

TO CHCTeMa /1 / HM8eT 8llHHCTB8HH08 pewesHe B xnacce H (a), • nocnellollaTem.swe npa(Sa-

)K8HBSI • 

V 
m+J 

(1)=[5 (t)-N (•t)].>.-s (t)__Lf,~dr+ s (t) V (t)+ 
• 1 .t .t "-I r-· t 2 • 

+N (-t)..1.. f~dr+N 2 (•t)v (-t) 
.t 11' -i r+ t • 

CX0.0.SITCS: no ROpMe B 

v
0

(t) CH (a) 

L~ 

B § 3 paCCMOTpeea CHCTeMa ypaBH8HHA BJl.tta: 

a(t) q., (t) + b (t) ....L , ~ dr • l(t) , 
rr .. ., r-t 

6 

/14/ 

/lS/ 



r.!le a(t), b(t) - MaTpHUbI, </,(t) - HCKOM88 B0KTop-(pyHXUHSI, b(t)/,j--;-::;r - orpaHH'leaa, 
f (t) - aa.aaHnasr aexTop-(pyHKUHH ( l(t) c H(a) ) • . 

B cnylfae det II a(t) + i b(t) II./ 0 f-1,+l] CHCTeMa /15/ 9cpcpeKTHBHO pewaeTcs,.· 

AnnpOKCHMHpyeM a(t), b(t) nomIHOMaMH. 

.OonycTHM, qTo 

a(t)= P(t)+ e(t), b(tJ=,jI-t' Q(t)+,jI-t' ~(tJ, 

max I e;; (I} l < ( ' max I ~ij (I} I < ' ' 

rae l > 0 .nocTaTO'IHO Manoe tJHC,no, P(t), Q(t) - MBTPHUbI, aneMeHTbI JtOTOpbIX 8CTb no-

lIHHOMbl. 

CHcTeMy /15/ MO}KHO nepenHC8Tb B BHac: 

K cf, (t) = f(t) - S cf,(t), /16/ 

r.!le +z 
K cf,(t) := P(t) cf,(t) + /j::;r Q(t) __J_ ( ---1ilil_dr, 

rr _ 1 r-t 

Scf,(t) = ,;(t) ,;,(I) +,j---i-::1~ (t) _!_ t•~ · dr. 
TT ~I f - l 

BHalfane Cll'.HTaeM, t.fTO npaaag 1.1acTb CHCTeMbJ /16/ '11aaecTHa. Tor.o.a cacTeMa /18/ pewaeTcs:r 

/8/ 
MeTQLJ.OM, ana1torHtt.HbIM 'YK838HHOMY ,.\l\ycxenHWBHIIH • CHCTeMa: /16/ SKBHB8118HTH8 cne:0,~JOWt'A 

CHCTeMe: 

rae 

cf,(t) = r l(t) - r Scf,(t) + B(t) R(t)' 
l 

r l(t) = A (I} f(t) + B(t) -fr- f ;(~ I d: 
1 

·l + _,., :,, 
A(t) =Re[x (t)], B(t)=lm[x+(t)], 

x(z) =P(z)+ ,j z'-I Q(z), R(t) -

M1,1 6epeM TBKHM, 'IT0 Yll0BJl9TB0pSeTCS! ycnosae 11rs11 ~/l <J. 

BhlBO.O.a I 2 perueuHe CHCT8Mbl /17 / ll88TCSI B BHae: 

cf, (I) = ! ( - r S / ( r f (I) + B (t) R (t) ) , 

f=•• 
B R(t) HMeJOTCSI Heonpe.o.eneHebie xoaq)tpau11eHTbl. 

no.o.cTB.BII.HSI /18/ a /151,_ Mbl MO>KeM onpe.o.enHTb xoscpq:>a:uneHTbl. 

/17/ 

nonHHOM. 

Tor.a.a B cxny 

/18/ 

B pa.6oTe ll0KB.38HO, 1lTO CBCTeMy /1 / MO>KHO CBeCTB K CHCTeMe BH.0.B. /15/. 

B § 4 B3nO>KeHB. pea.nH3B.URSI npa6nH>KeHHbIX MeT0.0.0B § 1 H 3 HB. anex:Tpomroli BbI'fHCnx

TenbHOii MB.WHH8 H nOKB.38.HbI peaynhTB.TbI 'lHCneHHOro pewemur ypaBHeHHSI THDB. lly-noy .nnst 

npouecca rr+N ➔ 2rr•+ N. 
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