
OB'bE,UMHEHHhIH MHCTMTYT H,UEPHhIX MCCJIE,UOBAHMH 

1280 

H.A. "9:epHHKOB 

KHH8TH"tf8CKa.H TeopnH peJI.HTHBHCTCKOI'O 

ra3a 

ABTopecpepaT ,1::1;1-rccepTaIJ,HH, rrpe,D,CTaBJieHHbIM Ha COHCKaHHe 

~eHOM CTerreHH ,D,OKTOpa cpH3HKO-MaTeMaTI-l'IeCKHX HayK 

1963 



HA. Y:epHIIKOB 

KvIHETHLJECKA.H 1 EOPvIH . 
PEn.HTvIBvICTCKoro 1A3A 

1280 

BTopecpepaT naccepTaurru, rrpencTasneHHoil Ha coacKaHae 
yqeHoil CTerreHa noKTopa qlll3HKO-MaTeMa~uqecKHX HayK 

Ha yquo-Texuuqecaaa 
6u6nuoTeKa· 

OH.HM 

~ 

ily6Ha 1963 r. 

.. 



PenSJTRBHCTCKaSI KHHeTHlfeCKaSI TeOpHSI npHBnexana BHHM8HH0 ell.le Ha 3ape OTXpbITHR 

OTHOCHT0nbHOCTR
111

. Tax, r paBHOBeCHB.SI (pyHKUHSI pacnpeaeneHHH penSITHBHCTCKOro raaa 

nonyti:eHa lOrTnepoM / F.Jiittner / B 1911 r. noeea.eHHe ,:epMOll.HHaMHqecxax eenH-

llpeo6pa30BBHHSIX nop8HU8 R3Ylf8HO H834BHCHMO nnaHKOM 1 F. HasenOhrl ' eM H 

B 1807 r. TeopRR paBHOBecuoro COCTOHHHSI penHTHBHCTCKOro raaa aowna B H3-

MOHOrpa(pHH/l-S/ _ .a. CHHr-
131 

C00,llBHHn CTaTHCTHqecKRA H re.a.ponaHaMH'll8CKHA noll,-

-:'xo.abI K H3ytteHHIO penHTHBHCTCKOro raaa II nonr1Rn pemlTHBHCTCKYIO ra.30.llHHB.MHKy. ¢euoMe

k,sonorHlf8CK08 paccMoTpeHHe penS1THBHCTcxo:tt rHnpoaaHeMRKH aaaa6aTHtfecxax u .o.accHnaTHe

r>.bIX npoueccoe coaep>KHTCH a MOHOrpaq,HHX/4-et. B .1955 r. C.T, Bensee • r.11. ByaKe/71 

t nony'IHIIH penSITHBHCTXOe KHH~TH'l8CK08 ypaeaeuue, 0606ma10U1ee HS penSITHBHCTCKHA cnyqafl: 

LypaaneaHe naHaay
181 • Haxoneu, B aawax pa6oTax

19-lO/ anepsb1e nonyqeso penHTHBHCTCKOe 

i::·•·•~THqecKoe ypaBH9RHe BonbUMaHa, OTKylla, KaK qacTHbIA cnyqaA, nonyqaeTCH ypaaHeHne 

·(, SenHesa-Sy.oxepa. 

t,, 
noH

0

SITBH HHTepec K paape>KeHHOMy rasy KBK K MaTepHSllbHOfl cpe.o.e C npocTeAWHMH q. 
~ 

Zr• MHKpocxonH'IBCKHMH csoA:cTBaMH. Teopnsr penHTHBHCTcxoro paspemeuuoro rasa Mo>KeT HaRTu 

[ uHTepecebte npHno»<eHHst B TBXHHKe H B aCTpoqlH3HK.e
111 '. • C TeopeTH'18CKOA TOll!tH apeHHSI 

'.I 
{· H8M 'npe.acTB.B1TSIBTCSI aa>KHblM cne,ay10mee 38M8lf8HH8. 

f} H.H. 6DI"'01ll06os
112- 131 

noxasan, KBK MO)KHQ B aepenHTHBHCTCKOM cny"IB.8 npHA:TH K 

:r KRHBTHlfBCKOMY ypaBHBHHIO, HCXO.O.H H3 MeXaHHKH CHCT8Mbl 'ISCTHII, H TeM CBMbIM yCTB.HOBHll 
J;. t onpe.oenennoe OTHOWBHH8 XHHBTH'IBCKOrO ypaBHeH.HSI X Mexan11xe. BsHay 8TOro cp0pMynupOBXB 

J H HCClIB.llOBaHHe penSITHBHCTCKOI'O KHH8TH'IBCKOrO ypa~HBHRSI npBJlCTBB,'lstlOT HHT8pec H B CBst-

3H C p83BHTHBM pemJTHBRCTCKOA MBXB.HHKH. 

HaCTOHlUSH .o.ecCepTB.UHSI co.aep>KHT CHCTBMBTH'18CK08 paccMOTpeuHe KHHBTH"l.eCKOA: TBO

pHH paape>Kenfforo pennTHBHCTCKOro raaa. Ytf:HTblB80TCSI TBOPHSI rpaBHT8llHH 3RnwTeAHa. B 

06my10 cx_eMy paCCMOTpBHHst BKlllOt.fB.IOTCH ttB.CTHUbl C uyneaoA MaccoA: IIOKO.st. Bee rnaBHble 

peaynbTSTbl KHHBTH"lecxon TeopHH eepengTHBHCTCKOI'O raaa nepeHOCHTCff Ha pelISITHBHCTCKHR 

cnyqafl: snnoTb ll.0 BblBO.lla rH.O.pO.O.HHBMH':leCKRX ypaBH8HHl1 .O.HCCHflaTHBHblX npoueccos, npo

TexalOWHX B pens:i:THBHCTCKOM raae. HH>Ke H3naraeTCH Kp8TKHA o5aop pa5oT aBTOpa, nocny

l'KHBWHX OCHOBOli: npH HanHC8HHH .aaccepTaUHH. 

B pa6oTe
1141 

KHH8THlfBCK00 ypaBHeHHe EonbUMaHa Bb1B8.0.BHO B TaKOA cpopMe, B KO.;..opoA 

OHO cnpaee.o.nHBO KSK B uepenHTHBHCTCKOM, TBK H B penSITHBHCTCKOM cnylfae. B nocneaueM 

cnyitae OHO npHrO.C.HO KB.K .OllSI qacTHII, .Macca llOKOSI JC:OTOpblX 5onbwe Hyns, T8K H .ans lf
0

ac

THU C paBHOA Hymo MaccoA nOXOSI. YqTeHbl ii106ble BHeWHHe CHnbJ eerpaBHTSUHOHHOrO xapaK

Tepa. 

B pa5oTe
1151 

npen.nonaraeTCSI, ttTO CTOnKHOB8HHSI 'lSCTHU raaa ynpyrue. npHM8HHTenb

HO K STOMy cnylfalO pensTit:BHCTCKRA HHTerpan CTOnKHoBeHHA npene.cteH K 6onbUMSHOBCKOMY 

BH.ny. 3To 003BOnHno .ll0K83B.Tb, 'ITO HHTerpan CT01IKHOB8HBA paBeH Hyn10, ecnH lfB.CTHUbl. raaa 
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pacnpeneneHbl no penSITHBHCTCKOMY 3aKOHY M aKcBenna-EOJlbUM8H8 IT.e. no 38KOHy 

B pa5oTe 1161 BbIBe.oeHO KHHeTeqeCKOe ypaBH8HH8 BonbUMaHa ll,''ISl pens:THBHCTCKOro 

cTaTH'ieCKOM cq:>epKq8Cltll-CHMMeTpHqHOM rpaBHT8UBOHHOM none H aai\.o 8HO peweHHe 

H8HBR 
I 

COOTB9TCTBYIOW88 
paeuoeeCHOMY COCTOSIHHID raaa. 

B pa6oTe1171 BbIB8.08H8 ce:cTeMa KHH9THll8CKHX ypaBHeHeA ,onB cMeCH 

raaoB B npOH3B01JbHOM rpasHTaUHOHHOM none ~HlamTefl:aa. npocTpaHCTBO COCTORHHA 

THUhl onpenenaeTcR 
KaK 1tocoe npoaaee.oeaHe Han 6aaoA. X co cnoeM THna P(x) 

npoCTpaHCTBa no6aqeBCKOI"'0 /opTOXpOHHOtt rpynnott 
rpynnoA .aee>Kee1dl TpexMepHoro 

ua/ e xa'ieCTB8 cTpyxTypHoA rpynnw. 3necb H nanee 
X -npocTp8HCTB8HHO-Bp8M8HHOe 

TOlJ:K8 X E X C qJKKCHpOBSHHOft 
roo6pase:e, p (x) -npOcTpaHCTBO HMnynbCOB 11acTHUOI B 

MaccoA noltOSI m • .£lOK83bIB88TCH, qTO npocrpaHCTBO F opReHTHpyeMo, -aeaaBHCHMO 

Toro, B03MO>KHO Htm HeB03MQ)KH0 OpHeHTHpOB8Tb npoCTpaHCTBO X 

aop SAawTeAHa HenpepblB8H ac10ny B X 

Ha OCHoBe KHH~TH'l9CK0['0 ypaeHeHHH, nony'leHH0['0 ,,

1171 
B 

aegTOp noTOK8 qHcna qacTHU B T8H30P aHepreH-HMnynbC8 penHTHBHCTCKoro rasa B 

OHHOM none. TaM me nocTSBneHa 3Sll8'18 0 r-paBHTHpylOLU9M penHTHBHCTCKOM ['839, TanM 

p830M, B ypaBHeHHRX Tli['OT9HHR SlluwTei!ua 6bin8 y<!Tena MHKpOCTPYKTypa B9LU9CTBa, 

pensrrHBHCTCKOrO pacnpe.oeneHHSI 
B pa6oTe1191 ycTaHOaneea TeCHaH CBH3b 

BonbnMaHa C HHT8rpan&HOA cpopMOA aaKOHOB coxpaaeHHSI. 
noKS38H0

1 
'ITO paBHOBeCHSR 

pacnpeneneaHH A(z,p) - a(x) e-(>.(x),p) 

TOJ"ll8 H 

uoe noiie 

TOnbKO Tor.na ynoBneTBOpS18T KHHeTH118CKOMY ypaBH8HHIO, KOrJla 

X -uaoMeTpe.ttecKoe, 
A(x) ~ nopomnaeT npeo5paaoaaHHe npocTpaacTaa 

H KOH(pOpMH081 ecnH m- 0 

B pa60Te120' noJlbJTO>KeHbl pe3ynbT8Tbl npe;:,1,1JlyLUHX pa6oT, gpoMe pa6oTb/

19
; H 

qeHbl penHTHBHCTCKHe ypaeHeHlrn nepeHOC8 MoneKynRpHbIX npH3HSit0B B npOH3BOfibHOM none 

['OT9HHR. lloKS3SH0, 'ITO ,llHBepr-eHUHR eeKTOpa nOTOK8 6onbwe K11H paBHS HY1IIO B K8>KJlOli 

Ke x E X I H -TeopeMa/: Va sa'(x)~ 0. PaccMOTpeH npHHnHn ;:,eT811bHOr-O 68118HC8 

m./0 

.ans penRTHBHCTCKOrO raaa B paBHOB8CH0M COCTORHHH. 

B ~a6oTe1211 conepmaTCH paaenTHe psu:xa peayn&TaTOB, 

'ITO, ecnH B H8It0TOPOll TO'II<8 XE X ;:,11eepr-eHUKSl B8KT0p8 nOTOK8 sHTpOnHH p8BH8 uyn10, TO 

STOi! TO'IKe lj,yHKIIHR p8cnpe;:,eneHHR ['838 paBH8 /1 /. PaccMOTpeHO p8BHOM9pH09 epaLUeHHe 

1JSITHBHCTCK0['0 ['838 H oco6bI8 cnyqaH £1BH>K8HHH ['838 'ISCTHU C Hyneeoll M8CCOll noKOH. Pac

cMOTpeHbl npHMepbl _paBHOBeCHO['O pacnpelleneHHH penHTHBHCTCKO['O r-aaa B rpaBHTSUHOHHOM 

ne. 

HaKoHeU. B pa6oT/221 H3 penHTHBHCTCK0['0 KHH8TH'l9CK0['0 ypaeHeHHH Bb!Be,lleHbl pen•T•

BHCTCKH8 ['HJlp0JlHH8MH'l9CKH8 ypaBH8HHH JlHCCHnaTHBHbIX npoueccoB, nooTeKSIOLUHX B ['83e, 

PeweHHe 3aJl8'lH nony'leHO MeTOJlOM MOMeHTOB. 4T06bl nepenecTH MeTOJl MOM8HTOB HS pen•

penHTHBHCTCKOe o6o6meaHe nonHHOMOB SpMHTa-4e6s1weea. K oslj,- · 

BbJpameHbl B BH.0.8 onpeneneHHblX HHTerpanoB OT 
THBHCTCKHA: cny11ait • Beene HO 

q::>uuHeHThl Tennonpoeo.nHOCTH H BS13KOCTH 

4 

ceqeHKH saaHMO.neAcTBHSI 11aCTHII. 0HH 38BHCSIT OT TeMnepaTypbl raaa. 

Tax H B ypaBH8HHHX raapo.o.RH8MHKH Y'IT8Hbl rpaBHTBUHOH-

npa noCTpoeHHlf penstTHBHCTCKOA KHH8THlJ:8CKOA TeOpn:H MbI pyxoeo.o.CTB0B81IHCb cne.oyro

coo6pa>KeHH9MH. 

TeopHSI onHpaeTCSI Ha IlOHSITHe npocTpaHCTBa CKOpOCTeA MaTepsanb

H60 nocnenHee H30Mopcpao npocTpaHCTBY HHepuHB.1lhHbIX CHCTeM OTClJ:eTa. 3To 

TpexMepao. Bo BCSIKOM cnyqae OHO HeceT a6comoTHYlO, reoMeTpHlO. TaK npBHH

yqeHHe o npocTpaHCTBe, He aaBHCSilllee OT nocTynaTa o napannem,Hblx. nocTy

a npocTp8HCTBe CKOpOCTeA paaaenSleT HepenRTRBHCTCKYIO H penRTHBHCT

cpaaaxy. B HepenSITHBHCTCKOM cny11ae npocTpaHCTBO CKOp0CT8ft 8BK1IHD.OBO, TOr.lla K8K 

penHTHBHCTCKOM cny11ae OHO ganaeTcR npocTpaHCTBOM no6atieBcxoro, H era PBllHYC KpBBH3-

CK0pOCTH CBeTa c 123
•
241

• Fenn B TO:A HIIH HHOA aanaqe rnaaHylO ponb HrpaeT 

:s npocTpaHCTBe cxopocTeA, .nHaMeTp KoToporo Man no cpaeaeee:10 c pa-

c , TO TSKYIO aana"lfy MO>KHO npH6na>KeHHO paccMaTpHBSTb KBK Hepena-

BBH.ny Toro 'iTO a 6ecxoHetrHo ManoM reoMeTpHs:r no6aqeacxoro coana.a.aeT c reo

EB1tnuna. CaoAcTea, npacyruae KaK: HepenHTBBHCTcxoA Teope:a, Tax H aHanorH11HOA 

TeopHH, MoryT 6blTb CBSl3aHbI T01lbKO C TeMH CBOACTBSMH npOCTpaHCTBa CKO

KOTOpble COCTaBnHIOT npellMeT a5conIOTHO.A: reOM8TpHH. B 9TOM CM bICne BO BCSIKOA 

TeopHH MO>KHO BblnenHTb a6conlOTHOe co.11ep>KaHHe., OnHpaHCb Ha STY HLl,elO, Boe-

no6alJ:8BCKOMY H BoASIH ( Bo/yai ) npH nocTpo8HBB penSITHBHCTCKO~O aHano-

ra eepe11SITHBHCTCKOA cpH3Hlf:ecxoA TeOpHH B nepey10 oqepe.ab cnenyeT Bbl.Ll81DITb B HeA a6co

moTHY10 'laCTh, xoTopaa nepeaocaTcSI Ha pen3JTHBHCTCKHA cnr:1aA: 6ea H3MeaeaHH. H TOnbXO 

aononHHTenoaaSI lJBCTb HM88T lJ:HCTO penSITHBHCTCKHA xap8KT8p, H6o TonLKO OHa CB5138H8 C 

nocTynaToM no5aqe5cxoro o napannen&Hbtx. 

B npHMeHeHHH JC KHHeMaTHKe CT01lXHOBEHHA H pacnana ll8CTHU1 lt M8X8HHK8 lJSCTHllbl BO 

BHelllHQM none H K CTOX4CTH'ieCKOMy llBH>KeHHlO 1:18.CTHUbl uanom.eaHaH nporpaMMa 6bl1I8. Bbl

D01JH8H8 B HaweA KaH.nHllaTCKOA .naccepTaUHH'
251 , a T8K>Ke B pa6oTax

126•271• 3TO aeo6xo

.nHMbIA mar IlPH. nocTpOeHHH penHTHBHCTCKOro aHanora XHHeTHlJ:0CKOA TeopHH ·Ma.xcaenna-Bonbu;

MSHS, TSK xax ace gBneHHSI, npOT8K8IOWH8 B paape>KeHHOM rase, B KOH8'1HOM C'I8T0 061.HCHSI

IOTCSI .llBYMR HBneHRSIMR! CT01IKHOB8HRHMH .nayx '18CTHU H llBH>K.8HH8M 0.C,HOA qacTHQbI BO 

BH8WH8M none B npoMe)KyTKax M8>KLlY CTOnKHOB8HHSIMB. 

HaCTOSllll8SI Ll.HCCepTaUHSI COCTOHT H3 •BeeaeHHSI. H lJ:eTbipex rnae. 0CHOBHOMy conep

>KSHHIO naccepTaUHH, noMe"weHHOMY a rnaBax II , Ill , H IV ,· Mbl npennocnan11 rna.By I , 

HOCRWYIO BBO.O.HhlA. xapaKTep. nepsaSI rnaaa o6nerqaeT lJT8HH8 OCTan&HblX Tpex rnae, XOTH 

nocne.nHHe rnaBhl HanHC8Hbl 6es CCbl110K Ha nepayro H HX COLl8p>KaHHe MO>K.eT 6bJTb llOHSITO 

H838BHCHMO OT nepaoa rnaBbl. 

B nepaoA rnaBe KHH9THqecxoe ypaaaeHHe BonbUMaHa paccMaTpHBaeTCSI C BblW8H3nO>KBH

HOA a6comoTHOA TOqKH apeHKH. rnasa Ha11HHaeTCH C HanomeHHSI a6comOTHOA MexaHHKH qac

THUbl BO BHemHeM none H a5conID1'HOA TeOpHH CTOXBCTHtrecxoro .0BH>K8HHSI 'laCTHllhl. HHBa

PHBHTHbIA CMbIC1l lpy.RKUBH pacnpe.oeneHHJI raaa BblHCHR8TCSI npH q:>opMynapOBKe ot5o6rueHHOA 
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38.D.S'IR O CTOX8CTRq0CK0M D.BR>K0HBR "18CTKUbl• CTonyqeHH00 KHH0TB.'10CK00 

~aeT npOB3BOnbHbI0 BH0WHH0 cu:nbl. OHO HM00T 

rpaBHT8UROHHbl0 stBn0HBR 3AHwTeA.aa. O.a.aaltO B nepaoA rna.Be Mb1 

aAHwTeAHOBCJtH0 acpq:leKTbl rpaBKTS.UHB B JCB88TH'10CKOM ypaBH0HBH, TS.K !CSE BHaqe ~~u.ilto~i~1·· 

6bl H3naraTb HepenSITHBHCTCKYIO TeOpHIO T51I"OT8HRR, reOM0TpH3Rp0B8HHYI0 eano.0.06110 

TeOpHH OTHOCHT01IbHOCTH. no asanorB"tHblM npB"IHB8M B nepaoA rna:ee Mbl .He 

ttacTH.n c ayneaofl: MaccoA noKoB. 

4acT HblM cnyqaeM o6o5weHHOA 38.D.8."IB O CTOX8CTH'lJ0CKOM .a,BH)K0HHH 

0TCSI H aa.a.a"la 06 HHTerpane CTOnKHOB0HHA. npe.a.nono>KHB, 'lJTO cpyHKUHSI 

60 M0HSl0TC51 88 paccTOSIHHSIX nopHD.K8 pan.11yca aaaRMo.a.eA.cTBHS: "18.CTRU H 

aeacTBl<ll qacTHll Mano, Mhl np,rnoaHM 3ai,a'I)' 06 sHTerpane CTOnJ<HOB9HHA." ltBHeMaTHK.;..-\::~;; 

goee HHA 'll&CTHU. 

A5comoTHaSI z:HHeMaTHKa cTon1tH0BeHHA B o5paaax npoc'IpaHCTBa cxopocTeA paccMCTP~if; 

B pa5oTax125- 271 • Ycnex B o5nacTH KHHeMaTKKH TeCHO C8Sl3SH C TeM, ~o OHS 

saeT nHWb aMnynbCHO-CK0pOCTHbI8 xapax.TepHCTHltH '18.CTHU, y-qacTBYlOlllKX B oeaKII.HH, H 

3aTparz:eaeT eonpoca o xoop.a.BHaTaX '1.aCTHU B npouecce pea1tUBB. 1-:1ano>KeHae 

KHHeMaTRKH yaeno 6bl HBC OT npe.a.MeTa .a.accepTaURR, 

BblXO.QKT 38. paMJtB KRH0TH"10CK00: TeOpBJl raaa. 

nony'IHB HHTerpan cTonKHOBeHHA, Mbl npaxoaHM K a6conIOTHOMY KHHeTH'lec1toMy ypa,iii.;,;>/ 

BH!O Bon&nMaHa. Haw BhlBOll ypaBH8HHH Bom,nMaHa npsroaeH an" y'leTa Heynpyrn CTon'{~~~~. 

eeHHA. 

B nocnenHBX Tp0X rnasax .auccepTaUHR paccM8TpHB88TCB JU!HeTH"18CK8SI T80pHSI 

BHCTCKOrO raaa B rpaBHTB.UHOHHOM none. B 06wy10 cxeMy pacCMOTpeHHS: Bl'tnlO'll8lOTCR 

Ubl C HY neeoA MaccoR: noKOSI. XoTSI B .a.eAcTBHT0flhHO_CTH npR BbICOKllX TeMnepaTypax 

rHe CTOnKHOBeHHll 'Hrpa!OT ace 6onbW)'lO ponb, H3 M9TOllH'19Cl<KX coo6paJKeHHil B 

Tpex rnaBaX auccepTaUHH MbI 

THU raaa. B aTOM cnrrne ace paccMoTpeaHe cH11bHO y'npowaeTcst. no TeM >Ke 

nocneaaHX Tpex rnasax Mbl orpaHH'<HBaeMcH cnyqaeM, Koraa aaewaae canhl /aerpasHTaiuioa;;;• 

MeTpH'18CKHli T8H30p 3A:HWT80:HA npennonaraeTCSI senpepbIBHblM. nonycxaeTCSI, 

Tp8HCTB8HHO-Bp0M8HH00 MHoroo5pa3H8 X 

eoro xapaxTepa/ OTCYTCTBYIOT. 

secTH/28•291 • 'ITO ycnosae HenpepblBHOCTH MeTpH'l9CKOrO T9H3opa 3AHwTeAHa 

3Ha'lHTenbR09 orpaHH'l9HH9 Ha TOUonorH'l9CJt)'IO cTp)'!<TYPY MHOroo6pa3Hll X 

cpeaa i,ayxMepub!X KoMnaKTHblX MHoroo6pa3ali Ta1tOMY ycnoBH!O yaosneTBopmoT 

6yTbinKa KnellHa. 

B O 4 - nepBOM naparpacp0 BTOpoit rnaebl - ,D.OK83bIB88TCSI, sq:TO 

HHA f qacTBllbl opB0HTHpyeMO seaaeHCBMO OT B03MO>KHOC~H opR8HTRpOB8Tb 

F onpe.a.enaeTCH Kalt ceMaMepHbdt ny"lolt eceeo3MO>KRblX 

c06bITHA X • npocTpaHCTBO 

HMnynbCOB '1.8.CTHllbl. B npoMe>KyTK8X Me>KllY CTOnKHOB8HHSIMR ll,BB>K0HH0 

.a.enseTCSI ypaBH0HHSIMH reo.a.e3H'l0CKRX: 

6 

a 
- p 

(x,a pk J 

dp• 
~ 

• 
- - ['afl (z) pa pf3. 

MO.>KHO paccMaTpBB8Tb KB.It K00pLtHH8.TbI B 

/2/ 

F • KoMUOHeH-

oape.llens::~TCSI H3 paB0HCTBa ( P, p) = m.i c a - C06CTB0HHOe apeMR '18.CTHilhl, 

:_, c~~~~H.R08 C o6bl11HbIM C06CTB8HHblM Bp8M8H8M fo npOCTbIM COOTBOW0HR0M rCl-.mr • Co5-
' · ,, .,~ apeMB r oope.aeneHo H JlnB 11.acTK.a. c H)':neaoij Maccott noxoH. npaBbie 1tacTH ypaB-

f (i,p) B F .. 3TO none HHI"Ll0 He ot5pa~aeTCSI B 

npe.a.nonaraeTcR •• 'lJTO npocTpaRCTBO COCTOSIRB.A F paccnan:BaeTCB 

- BeKTOpHbIX IIHHBA nona f(i,p). MHOroo5pa3H8 eaxnHnOBbIX Dp51MbIX 

a 5 ycTaaaanxaaeTcR KHaeT1111ecxoe ypaaHeHae Bon1:anMaaa ans: cMec11 N 

raaoB :a rpaBHTB.llHOHHOM none 3AHwTeAaa: 

N 

!'(z,p) A
1 

(x,p) = 1
1 

(z,p) s I 1 ( z,p), 
J=l IJ 

i::: 1,2, ••• , N, 

- .aHQ)!pepeanJ1an&Hbdt orrepaTop 

• a f3 a 
t(zp)=paA- r-a" rxJ p p a p• ' ' ax ~ 

j - f ICOMllOHeHTbI raaa, 

- HHTerpan CTOnKHOBeanA 'IB.CTHU i -a ltOMIIOHeHTbI C 'IB.CTHilB.MH 

OT .C.811bHblA SKT ynpyroro CTOlIKHOB0HB.S: 't8CTBU copTa j B COPT.8 

aa wecTH-

pen8THBBCT-

/3/ 

/4/ 

-A KOM-

B TO'IIK8 

xapal'tTepaayeTCSI HMIJYnhC8MJI p E p I (x) H q E P, (x) '18.CTHil llO CTOlIKHOB8HHSI 

e • y.noaneTBOpSIIOIUHM YClIOBHRM 

( e, p + q) = O, ( e, e J = - 1 • /5/ 

IIpOCTpaHCTBO HMIIynbCOB '18CTHULI copTa 

TpoAxoA: p' , q' , e 

i • 06paTHOe CTOnXH~B8HH8 oapeneng-

p, - IB.L±..!ll 
(p+q,p+q) 

( p + q) + < p, q > 

q' ~ ( p + q ) -
(p+q,p+q) 

,j(p+q,p+q) 

< 20.1. > 
,J(p+q, p+q) 

e, 

e • 

.- = ( p+ q, q) p :.. ( p+q, p) q 

<p, q> ,j(p+q, p+q) 
<p, q> = .j(p,q)•~p.p)(q,q). 

npeo6pa30B8.HHe /6/ HHaon~THBRO H coxpaHB0T BOCbMHMepa~A aneMeHT o6~eMa: 

dPdQde -.dP'dQ'•de'•, 

7 

/8/ 

/7/ 



rae dP , dQ -aneMeHTbl 061,eMa e P; (:,:} H I} (z) 

Mepaoll cqiepe /5/ /cp.'3011, Unq:,q,epeHnKallbROe ce'<eHHe 

de - sneMeHT 

B38HMonettcTBHSl 

0TCSl 
du;; • Ii;/< p,q>, -( e,e') ) de = h;; de. 

Une n,o!ioll napbl q,yH1t11Hll 

BBOnBTCSl o603BaqeeHe 

'Pi R "'j ' aanaHHblX B npocTpSHCTBaX COCTOSIBHA 

l,f,; • ,t, I J. "1; < z,p') 'PJ <"' q'J - "1; ( :,:,pJ "1; <"' q ). 

J,I HTerpan CTOJIKH0B8HHli l;; ( :,:,p) paeeH 

l;; • fl A;, A;] <p,q> h;;dQ de. 

B ~ 6 B3 JtHH0TBqecxoro ypaBH0HHB B~BOllRTCR ypaBH0HH0 nepenoca 

HSK.OB: 

rae 

va,f,~(i)•f l
1
(i,p} ,f,1 (:,:,p)dP 

~(:,:) 

+ f '4i(z,p) f (:,:,p) 'P, (z,p) dP, 

'; (z) 

Va -onepa.Top xosapsaHTHoro na(p4>8peaua:po:aasaw, 

,t,4 (z) •f pa,f, (z,p) A (z,p) dP, 
I f I 

P(i) 

C noMOWblO 
npeo6paaoaa!iHS1 /6/ H8.XO,OHTCR pa:aeHCTBO 

1
11

{:,:,p),f,
1 

(:,:,p}dP =¼ f[A
1

, 1][,t,1 , l]<p,q> h11 dP dQ de. 

1; (z} 

B I 7 paCcMaTpHB8.toTCSI 

naraR e /12/ "1; --,fn A; 

MaKp0CKOilR110CKRe xapaKT0pH~THKH penSITHBHCTCKOrO 

1 

Mbl npaxone:M K B0KTOPY llOTOKS. SBTp~nHH i -A KOMilOH8BTbl 

:aexTopa noToKa eHTponHB acero raaa cnenyeT 
raaa a a (z) Ha /11 / a /13/ ang 

N 
V aa(z)•¼ I. 

fl A; , A;] I [fn A; , 1 ] + [ 1, fn AJ] I <p, q> h;J dP dQ de~ 0. 

a ii=l 

TsxHM o5pa3oM, noxaaana H 

MbI npaxonHM It B0JtTOPY nj(x) 

--reopeMa B penSITBBHCTcx.oM cnyqae. nonaraSI B /12/ iJ, • 
• J,13 /l(/ H /13/ HaXOAHM

1

. 
llOTOK.8 qacTHU copTa 

Van: (z)=O, 

nonarasr e /12/ ,f,. • (f(z), p) , rae f(i} -eeKTopHoe none, Mb! npHxoaHM K 
I a~ 

eeeprHH-BMnym»ca i- ·n. -x:oMnOH0HTbI raaa T; (xJ • Y'tt:RTbIB8SI To>KnecTBO 

~ a ~ 
((x,p)(f(:,:J,p) • Y,<Vaf~+ V ~ fa) P P , 

H3 /11 / H /13/ HBXOAKM 

V Ta~ (x)aO, 
a 

I',18 
f-'3(.xJ-reHaop saeprBH-HMnynbca :acero raaa. Hax.oaeu, nona.rasi: iJ,. . , 

8 

X npoe:asom~HbIM MOMeHTaM q:lyH1tlIHH pacnpene11eHH51 

A;a, ••• a,. 

/16/ nony'laeM 

Va Aiaa, ... an 

rxJ = f pa, ... /" A; (i,p) dP. 

l}(z) 

a1 ••• an 
= I; = f pa'•••.Pa"f; (i;p)dP, 

P; (x) 

-a KOMilOHeHTbI raaa 

/18/ 

/19/ 

a~ 
cp0pMa T (x)fa~~ nono>KHTe~Ho onpea~neHa. CnenosaTe1IbH0 1 cywecT:ayeT 

X BpeMeeeorro.a.o5HaB npS1Mast 1 onpe.uenHeMaH ypasee-

Ta~ e • IL fa. 
~ 

cx.opocTh IlOTOKa M8CCbI ra3a B TO~Ke 

/20/ 

.x -E X • CooTB0TCTBy10mee co6cTsee-

p.(O) nono»c.11Te1IbHo. OcT_anbHble co6cTBeHHbie 'IHcna OTpHuaTelibHbI. Cxam1p 'h, c•J 

nnOTHOCTblO MaCCbI raaa B conposom.oaroweA CHCTeMe OTC11eTa. 

paccMaTpHBSeTCH paBHOBeCHOe pacnpe.oeneHiie pensrTHBHCT

raaa K8.K pewemie CHCTeMbl KHHeTH'l0CKHX ypaBHeHHll /3( .. 

8 - nepBOM naparpa~e TpeTbeA: rnaabl - onpe.oensteTcSI noKanheoe paaHosecHoe pac

penSITHBRCTCKoro raaa B T011Ke .x E X enHHCTB9HHbIM ·ycnoaaeM Va Sa (x) - 0. 

npHHUHn .oeTallbeoro 6anaHca a paBHose·caoM pacnpe.oeneH1m: 

A; (z,p') A;(:,:,q'} <p;•q'> h;; (<p',q'>, -(e;e)) dP'·dQ'de'dX e 

/21 / 

= A; (z,p) A; (i,q) <p, q> h;;(<p, q>, -(e, e'J ) dP dQ de dX • 

h;j = 0 • -TO H3 /21 / nony'laeM q:lyHKUHOH811bHoe ypaBH0HBe EonbUMaHa 

[A;,A;]=O /22/ 

cnr1ae • .UoK&.3bIB8.9TCSI, 'ITO R3 122, cnenyeT [ Ai , A; ] :a O • 

B § 9 noxaab1saeTcS1, '!To o6wee peweea:e ypaaaea11st [ A; • A; 1,,. 0 a Knacce aenpe-

¢YHKUHA OT HMnynbCa p E pi (.x) npe.ll.CT8B11SI0TCSI B Bline / 1 /. 

B § 10 paCCMaTpHaaeTCSI TepMO.ll.HHaMHK.a nOK8.1IbHO-p8BHOBeceoro pensrrHBHCTCKoro raaa. 

B " 11 ~bISlCHeHO, B KSKHX cny"laSIX ¢YHKIIHR /1 / YllOBneTBOpHeT KBH0TH"l8.CKOMY ypas-

aeHHIO /3/ • .0.oKB3bIB8.8TCSI, qTo 8 .o.on>KHO He 3BBHC0Tb OT .X ecna: XOTSI 6bJ O.ll.HS 

m; ae paBHS Hyn10, TO B9KTOp A (.x) non>KeH fiO.ll."IH
0

HSITbCSI ypaBH0HHlO 

KHnna:Hra; ecnH >Ke see m; paBHbl eyn10, TO 

V 
a ).~+ Vp>.a a 2 cf,(x} g a~ /23/ 

rae cf,(z} - HeKOTOpaSI cz:anSipHaSI q:lyHKUHSI. YpaBH8HH0 Kennuur-a onpe.oemteT H30MeTpH-

"10CKOe npeo6pa30BaBHe rrpOCTpaHCTBS co5b1THA X , ypaaeeHHe 1231. - xoeQ)opMHoe rrpe-

9 



o6pa3oBBHBe. Bex.Top A (x) ll.Oll>Kee 6b1Tb BpeMeHHC:)nOno6HbIM. - EcnR Jt00pll.BB8.Tbl 

zO ,xl' ::J. xJ Bbl6paTb ~alt~ 'IT05bI B81tTopaoe none BMeno ltOHTP8.B8.pHS.HTHbie JtOMfiOHenTLI 

/1,0,0,0/, TO ypaBseaee Knnn3Hra 03Ha1:1aeT -1:,.,fJ •ha{J (xi, x
2
, x'J.YpaaHea~e /23/ B aTax 

ltOO~D.BH8.T8.X 03B8."18.8T ga{:1 • p(:r. 0
, z!, x 2, ..;, IJz.tft', :r.2,:r').Ton~xo B TS.JtOM npOCTpaHCTBe 

6blTRA B03MO>KBO pacnpeneneHee raaa no aaicoay /1/. 

B D 12 pacCMaTpaaamc11 ycnoBH!I RHTerpzpyeMOCTR ypaBHeHK!I /23/. Cnyqaa 

HHTerpapyeMOCTH 03H8."18.6T, '!TO npocTp8.HCTBO c06blTHA X sransteTcSl npOCTp8.BCTBOM no~',;?.• 

TOSlHHOA KpHBB3Hbl. 

B • 18 paCCM8.TpBB8.8TCSl pacnpe.aeneHBe /1 / B npOCTp8.HCTB0 Mnaxoacx.oro • 

BaeTcR, 'ITO !pYH!tllH!I ,t,(I) 

.aon>KHa 6btT& nsseA.90:A. cpyaKnaea. Y'cTaHa:anaaaeTca o6waa ~a.a nomr A (:r.) 

pa10wero ypaseeHRIO /23/. Pacc~aTpz:eaeTCSI "lacTHbli1 cny,qafl: pacnpe.aenesssi 

CTBYJOUlBA paBHOM8pHOMy BpaweaB.10 raaa. PaccMoTpeHbI oco5ble 

nenBHR 5l ra_aa, cocTOSIUiero Ha qacTsu c eyneaofi: ~accoA. . noKoSJ. 

B § 14 paCCMOTpeHo H8CK011bKO xapaxTepHblX npHMepoa pa:ea·OB8CHOro 

penHTBBHCTCKOro raaa B rp8.BHT8.UHOHHOM none. 

B 015 H3ytteHa TeCHBSI CBH3b pacnpe.aeneHBH /1/ C HHTerpMhHJ,lMH 

B "10TBepToA rnaae LlHCC8pT8IIH-l! naeTCH MH1tpocxona"leCKoe· o6ocHOB8.HB8 

T'BD.pOLlHHSMRK.H. PaccMa.TpHBBeTCSI onHOKOMnoHeHTHbIA raa. B KaqecTBe ucxo.nablX 

ypaBHSHHSl MOM8HTOB /19/. B uepenHTHBHCTCKOM cnr1ae aaanorH'lHaSJ npouenypa Bblnonaeaa 

rpanoM
131 '. MeTOn MOMer.:TOB rpe.na OCHOBBH aa pa3nomeHHH .OTHOW.9HH

0

H BCTHHHOA 

pacnpeneneean raaa K pasHoBecHon B pH.a 

CK.OpOCTR. 06pbIB8H pHLJ. Ha onpeaeneHHOM 'l116H8 R Y"IHTblB8.R, COOTBe:cTBeHHO, 

BbIX H0p811SlTHBHCTCKHX ypaBH0HHA MOM8HTOB, rpan nony'laeT eepenHTBBRCTCKH8 rBLJ.pO.OHHaMB-?ft-;, 

1:1ec1tRe ypaBHeHHH. nstTb ypaBH8HHA MOM8HT0B IIpHBOllRT K ypa.BH0HHHM 3Anepa 1 

ypaBH8HHA MOM8HTOB npHBO.C,HT K ypa.BH0HHHM Haa&e-CToKCa. 

B ~ 18 - nep:eoM naparpatpe 1.1eTsep-roA rnaabl - nonyqa10TcS1 

HaMH'leCKH0 ypaBH8HHH 

STB ypaBH0HHB, HY>KHO nonycTHTh, 'I.TO (pyHKllBSl pacnpenen.eHHSI rS.38. n6cTaTO"iHO xopowo 

CbIBS8TCSI cpyHlmHeA /1/, R MOMeHTbI cpyHKUHH /1 / DOJ:lCTS511Tb " ypa5HeHH!I /15/ H /17/. 

OrMeTBM, "ITO penSJTHBHCTCKHe ypaaHeHHSI HJieanbHOA raao.a.BH8.MHKB 

llOMOWB KBH8TR'l0CKOro ypaBH8HHSI, KS.It s,TO Cll.0118.HO B pa6oTe 
131 

J]nSJ y'leTa .[lHCcHnSTHBHblX npoueccOB aeo6xo.a.HMO BB0CTB nonpaBKH_ 

B e 11 BBO.O.HTCSI 0606weeae nonHHOMOB 3pMHTa-4e6bIW8B8. Ha penstTHBHCTCKHti cnyqaD:. 

meeawe nonHHOMbl n HMelOT Teaaopm,d\ xapaxTep. 
a ... a 

l n 
H 

Cli ... all 
B § 18 ,qepea o5o5weHHbie nonBHOMbI Bbipam 8.lOTCSI nonpaBKH K paB~OB8CHO-

My pacnpe.neneaHlO /1/. YTO'llllieHHaH TS.itHM o6paaoM (pyaKuHst pacnpell.eneHRst conepmuT 

TpHH8..[lll8Tb napa.MeTpoe. ilnSJ HX onpe,aeneHHSI ycTaHaBnHeaeTCSl CHCTeMa TpHHa.a.uaTH ypas

H8HHA MOM0HTOB. 3Ta CHCTeMa SIBnBeTCSl o6o6weHH8M Ha pensr.THBBCTCKBA cnyitaA CBCT0Mbl 
/31/ . 

TpBH8..0.U8TB ypaBHeRHA rpa.na • 

10 

B § 19 BbJqHCnS!eTcSI BTOpoA MOMeHT 0THOCHTenbHO CTOJIKHOBeHHA, BXonRwuA ,, CKCTE 
TpHHa.ouaTH YpaaaeeHa MOM8HTOB. 

HaxoHeu, " § 20 nonyq8!0TC51 penSITHBKCTCKHe rHJ:lpOJ:lHHaM H'leCKHe YPSBHeHHR J:lHCCHD 

THBHb!X npoueccoB, np0Te1ta10ll!Hx " raae. ITocneJ:luze 6wIH HaBecTabl pa Hee " 'lH CTo cpeuo, 

eonora'lecKoM acnexTe

14

•
51

• YcTSHSB1IHBaeTcS1 B penSITHBHcTcKoM cnyqae HeuaaecTaag PaHe 

3BBHCKMOCTb KOacj,cj,HUKeHTOB Tennonpoeo,,_aoCTH H 5Sl3KOCTH OT _LlHcpcpepeHuuanbHoro ceqeHH 

aaaHMoneAcTBK!I 'lacTHU raaa H OT noxanbHOA TeMnepaTypbf raaa. K ax B KHHeTHqecxoM yp 

BeHHI{. Tax If B YPBBHeHH!IX rHJ:lp0J:lHH8MHJCH yqTeHbI rpaBHTSUHOHHb!e >IBneuag 3l!awTel!na. 

lLlL.!_e lL a T y p a 

1. B. ITaynH.•TeopHH OTHOCKTenbHOCTg• f"l1TTn, M-JI. 1947 r. 
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12. H.H. BoronI05oa • ..>K3T<t>, !lL Bhln. 8, /691/, 1946. 

13. H.H. Boron,1060B. ITpo6neM., nHHBMHqec1<0A TeopHu " CTaTHCTH'lecKoA cpHaHxe. rTTH 
M-JI, 1946. 

14. H.A. 'IepnHxos. Hayqa.,e J:lOKna,,., Bhlcwel! wxon•r, q>Hazxo-MaTeMaTH'<ecKHe Hay1rn 
Ns, I /168/ 1959. 

H.A. 'lepHHKOB. D.AH CCCP, JM, Ns, 1 /84/, 1960. 

H.A. 'lepaHxoB • .[(AH CCCP, J.I&, N, 2 /333/, 1960. 

17. H.A. 'IepHH!tOB • .llAH CCCP, lii_, N, 1 /89/, 1962. 

H.A. 'IepHnoa • .llAH CCCP, 144 N, 2 / 314/ 1962. 
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H.A. 'IepHHKos. OperrpHHT 011Sll1 P-1159, .l(y6na, · 1962. 
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H.A. 'lepHHKOB. CTOX8CTH'iec,rne J:lBR>KeHHe pen!ITHBKCTCKOA 'lSCTHUbI, KSHJ:lHJ:lSTCKa!I 
J:lHCcepTBIIHH, .Qy6aa, 1957. 

H.A. 'lepHH11:oB. Hay'lHble J:loxnaJ:lhl Bbicwe·a wxonbl, cpua.-MaT.Hay,rn, N, 2 /158/, 1858. 
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1eMeHHOno.o.06abIM •. EcnH x.oop.aBH8TbI 

:108 none B.M eno KQHTpaaapHaHTRble 1tOMI[OH:eHTI>[ 

. h (x' x', ,•))lpaakear.e /23/ 
',.fJ • a{J • 

} 4,_fiz', x2,z"J.To1n,KO B TS.JtOM npOCTp8.HCTB8 

u,oay /1/. 

r-pupyeMOCTI! ypaBH8HHS! /23/. Cny~all 

3,0 co6bITHA X g5nsieTCSl apocTpaHCTBOM 

r1e /1/ B npocTpaHCTB0 MnH1tOB~!tOf'O. 

,1.,q:>HHHbIX B:OOpllHRaTaX 
ypaeaeaHe /23/ • 8 8 '+' 

• noM A (x) 
iaeaeTCSl o6wB.n ~Hll 

- • pacnpe.oeneaasr /1/, 
1:1acTHbIA cnyqan 

1accM0Tp8BbI oco6bt8 cnyqaB paBHOBeCHOt"O 

ieeofl: ~accoA. no1toS1. 

•epHblX npHMepOB pSBH'OB8CHOrO 

ne. 

neHKH Ill c uHTer-panbH,bIMH 

CSI MHK.pOC!tODHqecK00 o6ocHOB8HR 

ooaeHTHbia. raa. B KBlJ8C.TB8 HCXO 

cxoM cny1.1ae aaanorHqHBB ~pouell.YP 

)BSH Ha pa3JIO>K8HHH OTHOW8HH.SI BC 

no nonHH0M8M 3pMHTa-lie~btW8B8 

'1118H8 H ylf.HTblB8Sl, cooTae:cTB8HH 

1, rpall 
nony1:1aeT·HepenS1THBHCTCKH8 

3A.nepa, TpHH8.0U8Tb 
'OB npHBOllH'I' K ypaeaeHHHM 

HM Haebe-CToKca. 

Bbl - nonyqaIDTCSl pe11HT~BHCTCKH0 

)A rna lfTo6hI nonrrnTb 
)ueccoe, npoTeKa10WBX e raae. 

raaa .obcTaTOttHO xopowo 

<KUBH pacnpeLleneHHH /15/ H /171. 
IHH /1 / 00ll.CT8BR'I'h B ypa»HeHHfl 

uneanbHOA ra30LU!H8MHKH MO>KHO 
/3/ 

J cnenaHO B pa6oTe 

I eea6xonaMo seecTB nonpaBKH. 

HS pe llSITHBKCTCKHn 
pMHTa-4e5blweea 

nbltt xapaKTep • 

H Bblpa>K aroTCB nonpaBKB K 

Ci ••• an HSI pacope.o.eneHHSl co.oep>KHT 

M o6pa30M cpyHKU HHanuaTH ypaB-. 

Y
cTaHaBnHB88TCSl ce.CT8M8. Tp Mbl 

1eHHB A cny11aA CHCTe 
J6061U8HH8M HS pensiTHBHCTCK_B , 

10 

B § 19 Bbl'IHCJrneTcSI BTOpo:R MOM8HT OTHOCHTenbHO CTOnKHOBeHJtl1, BXO.lUllltHA B CHcTeMy 

TPBHa.O.USTH ypaa~HHA MOM8HTOB. 

HaxoHeu, B § 20 rrony'laroTCSI penSITHBHCTCKHe rH.O.p0,0HHaMH'leCKH8 ypaeHeHHSl llHCCHna

THBHbIX npoueccoB, rrpoTeKalOI.UHX B raae. nocne.a,HBe 6LtnH H3B8CTHbl' pa nee B tm: CTO (peHOMe

HOJIOrW18CKOM acneKTe
14•51• YcTSH8BnHBS0TCSI B pemtTHBHCTCKOM cnyqae H0H3B8CTHSSI pa.Hee 

aaBHCHMOCTb xoag)(pHUH8HT0B Tennonpoeo.nHOCTH H BS13KOCTH OT _.o.Rtj:i(pepeHuHaJibHOro C0'18HHH 

aaaHMOD,8.ACTBHSI 11acTHU raaa H 'oT noKanbHOA TeMnepaTypbl raaa. K ax B KHHeTH'i8CKOM ypae

H9HHH' TBK H B ypaBH8HB'SIX rH.opo.oHHaMHKH y1.1TeHbI rpBBHTBUHOHHbie sianeHHSl 3A:BwTeff Ha. 

n11TepaTypa 
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