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AHHOT8llll.R 

B pa5oTe H3nO)!{eHbl OCHOBHbJe CBeaeHHR H3 TeOpHH cj:JyHKUHJl ne)!{8HU p a C uenbJO HX npH

MeH e HHSI K pa6 oTe C npeL\CT8BneHHeM MaHaenbCT8M8 H C KOMnneKCHbiMH yrnOBbJMH M OM e HTB

MH P ea)!{e. 05WHlt nnaH pa6 0 T bl cneayiOWHlt: B § 1 paCCMOTpe Hbl XOpOWO H3BeCTHbte CBOltCTBa 

cpyHKUHJl ne)!{8HLlp8 nepBOrO H BTOp OrO pOLlS C TipOH3BOnbHbiM K OMnneKCHbiM HHLleKCOM H apry

MeHTOM; B § 2 H § 3 npHBeLleHbl MeHee 113BeCTHbJe HHTerpanbHbie npeL\CTSBneHHR H 3H8'1eHHSI 

H e K OTOpbiX CYMM, COLlep)!{8UlHX cj:J yHKUHH ne)!{8HL\p8; B § 4 06Cy)!{L\8JOTCSI H9KOTOpb!e M8T9M8TH

'IeCKHe CBOltCTB8 npe o6p830B8HHR 3:JMMepr.j:lenbaa-BaTCOHa-Pea)!{e. 

R.l\1. Muradyan 

SOME PROPERTIES OF LEGENDRE FUNCTIONS 

Abstract 

The paper deals with the mai n information from the theory of Legendre functions in order to apply it to the Mandel

s tarn representation and to the complex angnlar momen ta of llegge. The contents of the paper are as follows: In § 1 

the well- known properties of the Legendre funct ions of the first nnd second k inds with arbitrary complex index and 

argument are treated. 

In §§ 2 and 3 are given less known integral representations and the values of some sums conts.ining tl1e Legendre 

functions; In § 4. some mathemati cal properti e s of Zommerfeld - IVat.son - Ilegge transformation are discussed. 



§I. OcHOBHHe CBOtiCTBa ~YHKUH~ He~aH,ll.pa 

H Q( (~) HBJIHIOTCH .1U!YMH .mmetiHO-He3aBHCl1MIXMH 

pemeHHHMM YPaBHeHHH ne~aH,ll.pa I 

(1-i::.)d~~ -..ti!:* + ece+J.)u.=o. 

TOliKH i!= ±i H 00 HBJIHIOTCH OCOOhiMli T01iRaMl1 8T01'0 ypaBHeHHH. 0C06~Xe T01IRH 

ypaBH8HRH 1 BOOO~e l'OBOpH,HBJiffruTCH OCOOhiMH 11 ~H pemeHHIA, OAHaKO, rrpH H8KOTOphiX 

YCJIOBHHX 5TH OC008HHOCTH MOryT HCt{e3aT:& B OAROM H3 pemeHH« ( HallpHMep, llpH peme

HHH 38AR'~ Ha COOCTB8HHhl8 3H8"1J8HUH RaK pa3 U~TCH pemeHJdn Ot:" OC008HliOCTe« ) • TOrAa 

BTOpoe JIHH8~HO- H83aBHCHM08 peweHH e B TaKoiit TO"IJKe a Ha.JrnTH1iHOCTU nep 301'0 

pemeHHH 06H38TeJlMIO HMeeT OCOO eHHOCTI>. ilepeti,lJ.eM K npOBepRe STHX YTBep~,neHHt\ H R 

HenocpeAcTBeHHOMY onpeAeJieHHIO pacnoJioJKeHHH oco6eHHOCTeti tl>YHRUHIA Pe. Ci!) H Qe (e-) . 

PaccuoTpHM nepnoe pemeHHe Pt. (r) KaK rpyHR~IO KOMnJieRcao~ nepeMeHHOIA i!; 

llpH tl>HRCHpOBaHHOM npOH3BOJin HOM KOMllJI8KCHOM t • qTOOhl BIXHCHHTI> x a paKT ep H 

pacrroJioJKeHHe oco6eHHOCTeiA BhlrrHmeM Ha cnpaBOt{HHKa Ee!ATueHa 2 ( TOM I, cTp.I63-I6 L~) 
llOBe,neHHe R. (r) rrpH rrpH6JrnllteiDm r K 11 ll0,1J.03pHTeJI:&HbiU 11 T0t{K8U ± I H 00 

rrpR c--.1. Pt<~)"':l (I) 

rrpH I'*'-
8TH ti>opuym• uoryT 6blT:& TaKl!te noJiyqeHbl npn:.w H3 onpeAeJieima tl>YHKUidt ne~HApa 

rrpH rrOMODUt rHrrepreoueTpHqecKHx tl>YHKUHIA, npHBe.~eHHbi:K B I i2 '3 

M3 3THX tl>OPMYJI Cj!e,ltyBJT CJI8;Icy'IOIIUIC tl>aK~bl: 

(2) 

(3) 

~3 (1) BHAHO 9 liTO TO 'IRa a= I liHKOrAa He HFJUieTCH OCOC50~ AJI.H rrepBOl'O peme

HHH Pe (r) 
Ma (~) BH,1J.l!O 9 '!TO TO"IJKa 

ro pemeHHH PC&) , a Hl.!eHHO 

KOl'Aa e= t\; { ~A8Cb H HHllte 

~ =-I HBJl.HeTCfi , B00 01Il6 l'OBOpR, OCOOO!A TOt{KO!t rrepBO

JIOl'apHtl>MHqecKOI.l ~~ Ot{KO!a BeTBJI8HHfl; B qacTHOII CJiylla e, 

~ =0, I,2,3 ••• ) aTa OCOOeHHOCTl> McqeaaeT M BM6CTO 

(i) ll0B8~6HH6 B TO'IK8 -I Orrpe~enHeTCH tl>OpMy~oa: 
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Pn (-1)=- (-J.}
11

• (2•) 

B 3TOM cnyqae ~YHKUHM ne~aHApa nepaoru POAa 06Hti HO Ha3HBaDT nonHHOMaMH newa~~pa . 

Ma / 3/ BH,l(HO, ti TO 6ecKOHetiHOCTh acerAa RBJI I! eTCR oco6on TOtiK0!1 A ( ~) , a HMeHHO, 

TOtiKOA BeTBH8HH il npH H8U8HhiX f?. HHH OOHDCOM npH uemn:: • 06paTHM BHHMaHl!le Ha TO , 4TO 

B rjJOpMyne /J/ HMeeT MeCTO TaK Ha3HBaeMOe I!BHeHne CTOKCa . J TO npHBO,J4HT K TOMy, 4TO 

npH f<e.e > - 'I%. r naBHH A BKHa,J4 ,J4aeT nepBIXA qneH, a npH Re e.:::- '/! - BTopolL roaopi! 

c noaaMH Mopca H 'l'ell!6axaf4/, ABa tineHa a acHMOTOTHtiecKOM pasno~eHHH "Hrpam B npRT

KH" Apyr C ,I4pyroM, KOr,l(a O,I4HH M3 HHX MCITHTIXBaeT "3aTM8HHe", CTaHO BI!Ch M8Hbllle , 48M 

Oll!H6Ka B ,I4pyroM, TO OH CKa4KOM MeHI!eT ¢asy, BIXXO,J41! H3 ThMH. • • 11 

TaKHM o6pa30M H3 (1:), ( z•) H (3) CJie;zryeT , t!TO npH ~eJibiX OOJ!OlKHT8JihHHX tt. P,. (l-) 

HBJIHeTCH aHaJIHTHqecKOH B JID60~ KOH84HO~ 06JiaCTH llJIOCKOCTH ~ H ee e~H~TBeHHaH OC06eHHOC~B 

-STO ITOJIK>C Ha 6eCKOH8liHOCTH ITOpH,li;Ka n.. • A H3 (1), (~) H (3) CJie;zryeT, 4TO npH H6L\8JibiX t 
Pe Cr) HMeeT TOqKy BeTBJieHHH rrpH ~ =-I H Ha 6eCKOHeliHOCTH H MO~eT 6b1Th O,li;H03Ha4HO 

onpe,ZJ;eJieHa B OJIOCKOCTH C paape30M OT -I ,li;O- 0o , T.e. YCJIOBHeM ja.t~(~+J.) /<Tr • 

PaccMoTpHu BTOpoe pemeHHe Ge (~) Ka:K <i>YHKL\HD KOMnJieKcHo£1 nepeMeHHO~ ~ npH 

tPHKCHpOBaHHOM KOMOJI8KCHOM t sa HCKJIDqeHHeM CJiyqaeB t 
HCHMTh xapaKTep H pacrroJio~eHHe oco6eHHOCTe~, BhlnHmeM H3 i 

npu6nneHHH ~ K "no,ZJ;oapHTeJihHHM" T04KaM ± I H oo 

npH Q-.1 QeCr)~ -.2:.~~ 
.2 .1, 

npH ~-.-1 Qe(i!)~ 1: ~er{f?lt ~- TC"tg_eTt:j 

npH 1~1~ oo 
Q~ (~) ~ :i!I:.... rft+~J -c-s. 

£ t•J. ret+ J:Z) z 

= -I, -2, -3, ••• 1iT06bl Bbl-

noae,ZJ;eHHe Qe (i!) npH 

(5) 

(6) 

(7) 

H3 (5) BH,li;HO, 4TO T04Ka ~ =I BCer,ZJ;a RBJIH eTCR OC060~ ,li;JIH BTO pOrO pemeHHH 9 HM8HHO 

JIOrapH<f>MH48CKO~ T04KO~ B8TBJI8HHH. 

M3 (6) BH,li;H0 9 t!TO T04Ka C =-I HBJIH8TCH 1 B006~e rOBOpH1 0C060~ T04K0£1 BTOporo pe

IlleHHI!, a HMeHHO - JiorapH<f>MH48CK0£1 TOtiK0£1 BeTBJI8HHH. B 4aCTHOM CJiyqae t KOr,ZJ;a e"" It• ~ 1 

r,ZJ;e n, uenoe noJIOXHTeJihHOe 4HCJIO HJIH ayn», aTa oco6eHHOCTh HcqeaaeT. 

H3 (7) BH,li;H0 9 4TO npH H8L\8Jlb1X t 6eCKOHeqHQCTb HBJIHeTCH TOQKO~ BeTBJI8HMH ~e(~) , 

a rrpH e=h- t r,ZJ;e ~ uenoe ITOJIOXHTeJihHOe qHCJIO HJIH HYJih 9 oco6eHHOCTh HC4e3aeT. 

TaKHM o6pa30M t npH ueJIHX e r::.fl., tPYHKL\HH Q, ( Z!} onpe,ZJ;eJieHa B TIJIOCKOCTH ~ c 

paape30M OT -I ,l(O +I • !IpH H8L\8Jlb1X e Ge(~) onpe,ZJ;eJieHa B llJIOCKOCTH ~ c paape30M 

OT - 00 ,ZJ;O +I. 
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B. lloBeAeHMe B nnocKOCTH t 
PaccMOTPMM nepBoe pemeHMe Pe (e) KaK @yHK~IO KOMIIJieKCHOt! nepeMe;:r~o~ t rrpH 

@MKCMpoBaHHOM KOMnneKCHOM r , rrpM'tleM l! ~ -I. CHTya~a a~ec:& ropaa;l.lo npol!le 

no cpaBH8HHIO c IIJIOCKOCT:&IO r . IIIMeHHO' B JII06ot1 KOHe'tlJ:IOL! qacTH ITJIOCKOCTH e WYHK~fl 

RexaH;l.lpa rrepBoro po;l.la ~(z.) He MMeeT HMKaKHx oco6eHHOCTeL!, a oco6e HHOCT:& B 6ecKOHe'tlHO 

y;l.laJieHHOM TO't!Ke onpe;l.leJiaeTCR npH ITOMO~ aCHMITTOTH'tl8CKO« @opuyn~ 21 : 

Pe. (z.) _, ~A e..<·~ -Az.t + ~Be-..<~? +-<z."l 
lei.., 0o 

3;l.lec:& H HHxe B {10) rrpHHHTH cne~y10~e o6oaHa'tleHHa: 

&.:a ~A. (~~it) 

f.,.~ = ...<1.-t i..<z. 

I a:r.Cfe/ < f- · 

0TM6THM 1 'liTO B (8) W CHOBa BC'l'peqaeMCR C ffBJl8HHeM C'l'OICca: llpH ...(.t f-.<afl > 0 

(§) 

BTOpon 'tlJieH MOlltHO OT6pOCHT:& 1 npM A~'-.(z'Jl <.0 Ha060pOT, Jlyl!tHO OCTaBHT:& 'l'OJI:&ICO 

BTOpOL! 'tlJieH. <PyHK~H Qt.(i!-) npH ilJHKC.I'lpOBaHHHX KOUIIJieKCHWC i!-F ± I .l!iMee'l' B IIJIOC-

KOCTH t npOCThle IIOJIIOCa npH e=-n., -1. 1 r).le /1... :: 0,1,2,3 ••• IlpH ()TOM Bhl'tl8'l' B IIOJIIO-

ce OKa3h!BaeTCR nponop~OHaJI:&HHM IIOJIHHOMY ]elltaH;l.lpa ( CM. RHl!te ~OpMyJiy (14) ) : 

Bli'l8T [ Q-t-~ (~)] : /',. (~) , e .. ~~. 
(9) 

B OCTaJI:&HOn qacTH IIJIOCKOCTH :il: OHa aJaJIHTH'lHa, a ITpH 60JI:bllll!X f. H il>HKCHpOBaHHWC 

'2 -:f. ± I oHa Be;l.leT ce6a cne~IOIIIHY o6;>asoM21 : 

Qt. (r) ~ ~ e-.<•~"".<a"Z /azte.f< 7r: • (10) 

C, CBOL!CTBa CHMUe'l'pHH d!yHKIWL! .R (a)_-"H"'-Q ':__(_e-_)_._ 

,1ll1q¢epeH@aJI:&HOe ypaBHeHHe ]el!tall;l.lpa HaBapHaRTHO O'lHOCHTeJll>HO SaMeHU ~_,-a 

HJ!H e~ - f-1 ; II03TOMY Hapa;l.ly C HUTerpaJiaWI Pc (e) H Qe ( i!) pemeHHHUH 32'0ro 

ypaBHeHHff 6y-,zyT TaKl!te @YHKWiH .R (-r:), G?e (-~), B.-~ (c) 1 G-~-.s. (I!,). 
TaR Katt mo6oe ~!MJepeH~aJll>HOe ypaBBeHHe BTOporo nopa~Ka x ueeT TOJI:&K·1 };.Ba HeaaBHCHIWX 

HHTerpana, TO M8l!t~ YIIOMHHYT!ihm pemeHHHMH ,li;O.UlKH!i CYll!8CTBOBaTl> JIHHe~hible COOTHOmemm. ~ ipH

Be).le~ 3).l8C:& TO.U:&KO OCHOBH!ie H3 3THX COOTHOmeHH~ ( CMos HanpHMep, 2 •3 ). 

"0Tp~eHHe" apryMeHTa: 

Zit!C 
ft(-1:):::. e .P,.(e)- t~i.,t7CQ~(~) (II) 
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b 

-·trr 
Ge (-r) =- e +L ~(.i!) 

B aTHX cpopMyJiax BepxHHe 3Hairn 6epyTcfl npH J, ~ < o 
"0TpaJKeHHe· HH.zterwa: 

P..e-J.(lJ= Pee~> 

0-e-J.. (~) = Gc(l:}- TCct-3-ercPe(.i!) . 

, HHlltHHe - npH ';J, ~ > 0. 

0TM8THM TaKJKe, ~TO ecnH r 06XO,Z(HT TO~KY +I B OTpH~aTeJinHOM HanpaBJI8HHH, HOBaH 

BeTBn ~yHK~H ~t .ztaeTCH ~OpMyJio~: 

Oe ( l, i-) = Ge (l:) + i:rr .Pe. (~) . 

~3 (II) BH,Z(HO, ~TO npH U8JIHX TIOJIO~HT eJinHhlX fL 

(I2) 

(13) 

(14) 

(IS;t. . 

p,."(-?}= (-J.)".l',(c) . 

A eCJIH e. BemecTBeHHO' HJIH lite e = -}1 + ',( 

(II') 

t r.zte .(. B8lll8CTB8HHO X) t TO \IJOpMyJia 

(II) .ztaeT: 

J~n Pe (-x ;ti.O) :=. .:t ~C:It er p; (x)) (III I) 

eCJIH lite e He Be!ll8CTBeHHO, TO (II) .ztaeT npOCTO CKa~OK Ha BepXHeM H HHlKH8M 6epery 

pa3pe3a, B0061Jle roBOpH, KOMTIJieKCHhl~. 

~3 (12) BH,Z(HO, ~TO npH UeJI~X TIOJIO~T8JinH~X fL 

Q n-.1.-Q n (•;l-)= (-J.) II (i!). (I2') 

COOTHOWeHHe (13) TIOKa3~BaeT, 'ITO ~YHK~HH ]el!taH.ztpa nepBOI'O po.zta OCTaiDTCfl 6e3 H3M8H8HHH 

npH 3aMeHe e_,.- e-i . 11 3 (I4) JI8I'KO TIOJIY'IHTn BH'IeT \t)yHK~H ]e~aH.ztpa BTOporo po.zta, 

npHBe.zteHHhl~ B (9). 
ITpHBe.zteM HHTerpaJinHOe npe.ztcTaBJieHHe .ztJIH \PYHK~~ ]elltaH.ztpa BTOporo po.zta, cnpaBe.ztJIH

Boe npH JII06~X e "4 -I ;2 •• • lol npOH3BOJinHh!X r 6 '? : 

1 -~ 

Q (l:) = ~ J Pe (~') rh' - ?tl! eTC f Gt {- P// el.i!" (16) 
t. .C. i!-'i:' 7C if:'-~ -i -00 

xJB UOCJI8,Z(H8M CJiyqae \IJYHK~H ]eJKaH.ztpa HOCHT Ha3BaHHe \lJyHK~n KOHyca H 06Jia.ztaiOT pfi ,Z(OM 

3aMC'IaTeJinHHX CBO~CTB, I'JiaBHOe H3 KOTOphlX 3aKJIIO'IaeTCfl B TOM, 'ITO ~k•i~(.i!) f!BJIHeTCR 

BemecTB8HH~M npH Belll8CTBCHHb!X A H :i! • KpOM C TOI'O t npH JllOClblX /.. 11 C 

P~m. {1:} = P-J,S-iJ. {~) 

eM. 2 , 3 lll oco0eHHa5 • 
, T. e . flEJI.fl CTC fi tteTHOll ~YBI'I.!,HCU ~ • 06 OCTaJinHhlX CBO~CTBaX 
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Ilp!.1 JJ.8ni>IX ~ STO rrepexo~T B xopomo !.13BeCTHOe HHTerpanbHOe rrpe~cTaBneH!.1e He~uaHa: 

(I6') 

1 
% I f"(~'J , Qll (!-} = :t J F2't:/~ . -· 

.n. ~YHK@H lielltaH;n.pa 11 Ha paapese" 

Ecn1.1 nepeMeHHaH .X np!.1HJ.1MaeT 3HatieHH H, Rell[all\1.18 M8llt,1cy +I 1.1 -I , TO BBO~HTCH 

TaK Has~BaeMble cl>YHKJJ.!.1!.1 JlelltaH.ztpa 11 Ha paspese " ( on the cut ), KOTOpiie orrpe.ztenHDTCH 

KaK nonycyMMa 3Hati8HJ.1~ Ha BepXHeM 1.1 HJ.1lltH8M 6epery. 8TJ.1 HOB!ie ~YHKJJ.I.1H Y.zt06HO 0603HatiJ.1T~ 

rrp1.1 nOMOil!H rraJIOtiKH, rrocTaBJieHHO~ Ha.zt CHMBOJIOM tl>YHICJJ.!.1!.1 Pc (x.) H Gc Cx) x) 

Tor.zta: 
Pe. (x)::: .Y.t { P~ (:c:+to) -t- Pe. (oc- \.o) J 
Q, (:le.)= 1~ { Q~(:ui.o)+ Qe.(!lC.-io)~ 

TaK ICaK rrepBoe peweH!.1e He HMeeT paspesa OT -I .zto +1 , TO STO HOBOe onpe.zteneHHe 

COBna.ztaeT CO CTapiiM, TO 8CT~: 

Pc. c:c:>!!! Pc.C.x.J , -

(I7) 

a Qe, (:x.) HBJIH8TCH .zteilCTB!riT8JI~HO HOBO£! cpyHKJJ.I.1ei!. IlpH 11.8JlliX rt. OHa HUeeT CJI8,1cyJOutee 

HHTerpaJI~Hoe npe.ztcTaBJieHHe: 
~ 

Q- (!lC.).:: ~ ( PnCx.'l ol.x.' 
" • ) X.- X.' I 

~ -· 
r,lle P. - CHMBOJI rJiaBHOrO 3HatieHHH. 

OTCJO,lla c ytieTou (I8) H paBeHCTBa 

1. 
"-x' :tio 

nerKO YCMOTpeT:& COOTHOW8HH8, cnpaBe.ztJIHBOe H rrpH H8JJ.e.n~ 

Gt. (:;c ;tio) = 1i, (x.} + if Pe (:x.). 

(I8) 

B STOU rraparpa@e paCCMOTpeH!i .ztBa HHTerpaJI:&HiiX Tipe.ztCTaBJieHHH, HaxO.ztHil!He ITpHUeHeHHe 

B tiacTHOCTH npH pa6oTe c npe.ztcTanneHHeM MaH.zten:&cTaua. 

x)OTMeTHM, liTO B cnpaBOtiHHKe EeilTMeHa, a TaKXe B nocne.ztHeM Hs.ztaHHH PliEHKa cpyHK~H P, 
1.1 Q, o6osHatieH!i no .ztpyrouy, HMeHHO- np1.1 rroMOJit!.1 npRMoro wpH¢Ta. 
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A. ~HTerpanDHOe npe~cTaBneHMe npoHaBeAeHHH ABYX nonHHOMOB ]e~aHApa 

PaCCYOTpHM ~a e~HMqHHX BeKTOpa, 3a~aHH~X CBOHMH KOMnOH6HTaMH 

it'= { ii.t.a't:M<J~ ~ill!1~illtj', C01~' j 
J II • .0" • II ... ttl 

;tu"' 1 ~i.n" Ctt6<f 11
, :S•nv ~·n'f , ~v J 

KocHHyc yrna ue~~ HHMM paBeH 

• G. -., -.., ..... , .o" .. -o.' · .oil ~ v .a 11. •IL = ~v cMV +~tnv ~t.nv ~':1 ':1:: '! ,_ 'I" . 

(I9) 

}tnH ITOJIHHOMa JleJKaH~pa, SaBHCHll(ero OT TaKOrO 11 CJIOJKHOr0 11 yrJia, HMeeT MeCTO CHe.l(j'IOll(ee 

pa3JIOJKeHHe, KOTOpOe 06~qHO Ha3~BaiOT Teopeuon· CJIOJKeHHH ( P~JKHK, CTp,I029) 

P, c~-6'-)"' P, c~~~ p, c~tY?.,. 2, L; (11-111)! P,""r~,.,) P,'"(~~u) ~..,'! 
'" (ll+lhJ/ ( 20) 

ITpoHTerpHpOBaB o6e ttaCTH aToro paBeHcTBa no cl'f :a npe~eJiax OT 0 ~o 7f" , nonyquu 

CHe~IOl!lee npOCTOe paBeHCTBO, BHpaJKaiOll(ee npOH3Be~eHHe ~BYX nOJIHHOMOB ]eJKaH~pa qepe3 

HHTerpan no O~OMY S 
'It" 

HHH, 

Pn (CRt rJ') P, (ce~,u):. i J R, (CM") d '/ 
0 

BBe~H 0603HaqeHHH X,_:· c.t»b-1 
Xa-=Co1 tt" , ITOJiyqHM: 

'lr 

f, (x,.)P,(xz) • # J P, (ot:,Xz +v't-:r,?./t-x,'-'UJrJti}oi'J. 
0 

(2I) 

(2I I) 

llpHHHB apryueHT CTOH~ero no~ HHTerpaJIOM nOHHHOMa ~eJKaH~pa 3a HOBYIO nepeMeHHyiO, T.e. 

nOJIOJKHB 

oc::. x,~J. .. ~ ~ ~ rf 

ciX=- Vl-t2X,'G_:X>:r:,"-xJ-x.,_' of':!~ 

nOJIYliHM :X:"' 

P, (X£) P, (xz.) =- ,t:- j P, (x.) Jx. , 
x- ..{-K.(.:c,:xlx) 

r~e npHHHTO COKpall(eHHOe 0603HaqeHHe X) 

xJ TaKoe onpe~eJieHHe Kcx,~,r) , a HMeHHO c o6paTHHM 3HaKoM, y~o6Ho ~JIH 
TOro, qT06~ HHJKe B ~OpMyne (25) He BBO~TD HOBOrO 0603HaqeHHHo 

(2I I () 

I 

' 



I 

II 

a llepe3 X :t OCi03HalleH~ KOPH~ KBa.ztpaTHOro ypaBHeH~fl " ( :;c, :X~ X) sa 0} 

Ke~.ztY KOTOp~MH llO,llKOpeHHOe B~pazeH~e B (2!) llOJIOXHTeJihHO: 

::C% a :C£"z. % {1-:c.,'-JI-Xa.'- ~ 

PaBeHcTBO (2!' ) Y.ztOCiHo nepenHcaTh c nouomPD Q- WYHK~H 

Pn («,) p" {:c.l): .;- J P"C~) 8£-K.(:c,x .. xJ] c/:JC • 
..[-K. (.1CtXz X..} I 

(22) 

(23) 

(24) 

3.zteCh npe.zte~ HHTerpHpOBaHHfl MOXHO CllHTaTh pacmHpeH~MH OT - 00 ,llO + 00 , XOTfl 

¢aKTHileCKH HHTerpHpoBaHHe H3-3a HanHIIHH Q - WYHK~H npoBO~TCH TOJihKO OT ot- .zto ~· 

( cu. pHc.I). 

j(:Jt.}:. -K(t£.1x,x.) 

~ 

PHc.I. OCinaCTh HHTerpHpOBaH~fl B ¢opuynax (21'') ~ (24) OCi03HalleHa 3HpHOK 

nHHHeK. 

UOXHO ,llOKa3aTh, liTO (24) OKa3~BaeTCfl CllpaBe.ztnHB~M npH JIDCiOM KOMllJieKCHOU t 

AHanorou wopuy~ (24) B cnyllae WYHK~~ nexaH.ztpa BTOporo 

¢opuyna, npHHa.ztne~a~aH ~pyaccapy 9 i 
00 

QeC!1) Ge c~z.) =- ~.Qe.(r) .J=~'l:, rz. i:>' • 

7 

(25) 

r.zte llO,llKOpeHHOe B~paEeHHe onpe.zteJieHO WOpuyno« (22), a i!... f!BJIII8TCII ero HaHC50JihJIIHY 

Kopneu 

(25') 

ilpHuepn~tl B~.ll WYHK~H 1<. (c, l J. r) Hsoe5pallteH Ha pHc.2. 

HHZHH" npe.zteJI B WOpuyne (25) MOEHO paCWHpHTb ,llO - 00 t 9CJIH BBeCTH llO,ll HHTerpan 

Q - WYHK~IO BH,lla eca-c+} • B Bblpa~eHHH: 
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f(~)aiC. (~, i&t) 

f J • t 

PHc.2. 06naCTL HHTerpHpOB8HMH B ~OpMyne (25) 0603HaqeHa ZHpHO~ nHHHe~. 

e Ci-i+J 
vK.C!,i:~,i:) (26) 

MOXHO Y3H8TL ClleRTpanLHYID ~YHR~ID RBa~paTHRa ( C TOqHOCTLID ~0 RHHeMaTHqecROrO UHOXHTe

JUi), TaRHM 06pa30M, ClleRTpanLH8H ~YHK~fl RBa;npaTHKa 06na;naeT CBO~CTBOM 11 paCIJ(ellnHTL11 

o;nHy ~YHR~ID ~exaH~pa Ha ~Be x) • ~opuyna (25) cnpaBe~nRBa H npH KounneRCH~ t 
( cu. 7 ). 

§3. CyuuN, coAepzamwe rrpoHsBe~eHHfl WYHKgM~ ~exaH~pa 

A. Cyuua npoHsBe8eHHH Tpex rronHHOMOB ~eEaH8PS 

flonHHOMhl ~elltaH~pa Pn (:x.) ' YMHOlKeHHble Ha HOPMY ve+ ~' , o6pasyiDT rronHyiD 

OpTOHOpMHpOB8HHYID CHCTeMy B npoMell(yTRe (-1,+1) , f!OSTOMy PI3 HPIX MOlltHO CKOHCTpyHpOBaTL 

G- ~YHK!UIID ( cu., HarrpHMep, II cTp. 28) 

~ (2nd.).P, (::c.) P..c=c3) ... !o(x-x~) (27) 

" 
YMHOlltMM o6e CTOpOHN STOro paBeHCTBa Ha 

1 e f-K.(x, xl.xJ] 
'7f ..[- K. (::C,Xz.x.) 1 7 

PI llpOHHTerpHpyeM ITO X: OT - 00 ;no OD • f!pld HHTerpP!pOB8IDfH rrpaBO~ qacTid rronyqeHHOro 

paBeHCTBa, BOCITOnLayeMCfl OCHOBHbiM CBO~CTBOM ~- ~YHK~H: -J f(:x.) J"(x-x~) rl:x:. = f(x3). (28) 
-oo 

xJ 0 CBO~CTBax ~arpaMMbl meCTOrO ITOpll;nKa H ee CBH3H C HHTerpanLHbiM npe~CTaBneHHeM 
rrpoH3Be~eHHfl Tpex ~YHK~~ ~exaH;npa BToporo po~a cu. 10 

.. 



f 

CneBa r.crronnsyeM paBeHCTBO (24). 8To rrpMBe~eT K cne~yro~eMY peaynnTaTy: 

r (211+i) R. (:x,) P.. (:lC~) P,cx3) =- ;. 9[-1( (:IC,Xz..X.s)] . 
fl V-K.(~t%z.X.J) 1 

(29) 

8Ta cyMMa 6~na B~qMcneHa B pa6oTe 8 • BM~no, qTo (29) RBJiffeTca o6o6~eHHo« ~YHK~e«. 
llpffMhiM 0606~eHMeM CYMM~ (29) ffBJiff8TCfl CYMMa TipOHSBe~eHMff Tpex ITOJIHHOMOB rereH6ayapa 

(cM.npMno~eHHe K ~HccepTaUHH aBTopa): 

(29') 

KOTOpaH, KaK JierKO BH~eTn, rrpH V= Yz. nepeXO,'!UfT B (29 ). 

B. CyMMa rrpoHSBeAeHMH 8BYX WYHK4R~ ]eEBHAPB BToporo POAB Ha nonHHOY ]eEaHApa, 

YMHOllrnB pa3JIOlK8HHe 0- ~YHK~H (27) Ha (a-x.~)-1. M npOHHTerpHpOBaB ITO d::c-.1 
C yqeTOM OCHOBHOro CBOLiCTBa 0- ~YHK~H (28) H paBeHCTBa (IS), rronyqHM H3B8CTHOe 

pa3JIOlK8HHe reUHe !,2 , 3 : 

H npoHHTerpHpyeu rro r OT - oo ,11;0 + 00 • 
llpaByiD CTOpOHy OCTaBHM He npOHHTerpHpOBaHHO«, a rrpH HHTerpMpOBaHHH CJieBa BOCTIOJI~-

3Y8MCH paBeHCTBOM (25). 8TO rrpHBO,'!UfT K CJieJJ;yromeuy peayJinTaTy: -J dr .1. 'E (2n + :1) Q" (~,) Q, ( ~z) R. (.r.) -=- ~ ~-;:IC.::::(;:::-!,=~==i!:=-) , 
" ~ ,_ (31) 

rJJ;e C+ CHOBa ~aeTCff paBeHCTBOM (25'). 

CTOff~« 3~ec~ HHTerpaJI MOEHO B~qHCJIHT~, qTQ ITpHBeJJ;eT K H3BeCTHOyY YaHJJ;6JI~CTaYOBCKO

MY norapH~MY JJ;Jiff a6cop6TMBHo« qacTH KBa~paTHKa: 

_!. 1. ~ «- ~tZ:~. +efK.(~,h:x.i . 

~ v'i(.(~,i:.,.~) 'X-~,~~-JK.(~,i!.z.X.) 
(32) 

Q~aKO B H6KOTOp~ cnyqaf!X y~o6Hee HM6T~ ,11;8JIO C HenpOHHTerpHpOBaHHYM Bh!pazeHHeM (31). 

§4. MHTerpa~ ITO HHA8KCI 

A. !1peo6pasoBaHMe 3oMMepWeJI~Aa- BaTcoaa- PeAEe 

Teopeua Konrn 

• 

(33) 
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HMeeT MecTo, ecJIH IPYHKI.Ufff A(~') KOMITJieKCHOtl nepeMeHHOt! r I= :X 1+ 'K I 

He HMeeT OCO OeHHOCTet! BHYTPH HJIM Ha KOH Type HHTerpHpOBaHMH, OKpy~a~mero TOqKy r 
B qacTHOCTH' eCJIH I) A (P:'/ He HMeeT oco6eHHOCTe~ B KOMmieKCHOtl r I ITJIOCKOC TI!I sa 

MCKJI~qeHHeM e)\HHCTBeHHOi1 TOqKI!I BeTBJieHHH rrp.PI X'= Q.. ; 2) A(t!') CTpeMHTCfl K HYJIIO 

rrpl!l /~1~ 00 , TOr)\a MO~HO rryTeM .1\eWOPMIIIPOBaHHH KOHTypa HHTerpHpOBaHHH M MMeH B BH.l\Y 

ycJIOBHH I) 11 2) , rronyqHTD: 
00 

A (c)= ~ j Alx-tlo}- A(x-c'o) cfx 
l/rt :x- t '(34) 

Q 

~, B TpeTDHX, ecn111 A (x.) 

A (~4')= A'"(r} , HMe eM : 
.1\e tlCTBHTeJibHO ITpH ~ < ct.. , TO B CHJiy rrpi!IHI.Uma llJBapt(a 4 

A (X+io)-A(x-t'o}=- li ~, A(x-t c' o) . 

TOr.lla BMeCTO (34) MO~eM HaiTHCaTD x) 
00 

A ( = ..:!. j 'j~n A (Xt-c'o) J 
i!) 1r :r- i! q:.C 

Q 

HJIH, rrocne BBe.lleHHH ooosHaqeHHn A~ (x.) = 'Y~~-r A {:c,.,· o) 

qaCTH, MO~HO rrepeiTHCaTD (35) B BH.lle: -A (i!-) = .4.. f A, ex.> olx.. 
rr :x:- i! 

" 
TerrepD HeTpy.1\HO ITOJiyqHTD pa3JIO~eHHe (35') ITO ITOJIHHOMaM ]e~aH.1\pa: 

A (r) = E (2r~+J.)a, p, c.e), .. 
r.lle 

I 

a..,=- ~ J A (.t) P, f~)d~ _, 

HJIH, IT0.1\CTaBHB C~.lla McrrepcHOHHOe npe.zlcTaBJieHHe (35') .1\JIH A (i!!-) 
3KBHBaJieHTHOe B~paEeHv.e .1\JIH K03~l!II:(IIIeHTOB pa3JIO~eHHH 

00 

a.,= 7f J Adx.JG, Cx.Jax.. . 
0. 

(35) 

.1\JIH a6cop6THBHOi1 

(35') 

(36) 

(37) 

, nonyq.PIM .1\pyroe 

(37') 

ITpn 3TOM M~ nocnonDsonaJIHcD HHTerpaJIDHUM npe.l\CTaBJieHHeM HetlMaHa .1\JIH !fJYHKI:\Htl ]e~aH.l\pa 

BTo poro po.lla, .llaBaeMoro @OpMynoi1 (16') H cnpaBe.llJIHBoro TOJibKO np111 I:(eJI~x rL • Pasno-· 

X) B MaTeMaTHKe 3Ta qJOpMyJia H3BeCTHa ITO)\ Ha3BaHHeM npeo6pa30BaHHH rHJib6epTa ( CM., 

HanpHMep, 
19

), ecJIH JKe A (i!-) HBJIHe TCH aMITJIHTY.l\Otl pacceHHHH, (35 ) Ha3h!BaeTCH 

.1\HCrrepCMOHH~M COOTHOWeHHeM. 
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EeHHe (36) C K03~~H~eHTaMH, ~aBaeM~MH ~opuy~O~ (37) 1 HB~HeTCH UOKa qTO ~pMaJibHNM. 

0HO 6y~eT HMeTn CM~C~ TO~bKO B 06~aCTH CXOAHMOCTH 9 KOTOpaH, KaK HSBeCTH0 9 HanpHuep, 

H3 I HnM I2 , HB~aeTca HaH6o~nmHM a~~Hncou B n~ocKOCTH i! c ~oKycauH B TOtiKax ± I, B 

KOTopou A (2:) pery~apHa. BHe aToro s~JIH.nca PH.li pacxoA»Tca. 

Ha~,lieM ypaBHeHHe aToro anJIEnca. 

llpH 6onnmHx ~ nap~annaaa aunnMTy~a Be~eT ce6a Tax: 
a. ~ ~ e-" e,. Ca+!~Qq) 

h ~ 

a nonMHOM ]e~aH,lipa Y.liOBJieTBopaeT c~e.l\Y~~euy HepaBeHCTBy: 
,1. It tH (i!<t{2\.j.') 

p, (~J < R e 

nna TOro, qT06H paSJIO~eHHe (36) CXOAHJIOCb 9 ~OCTaTOl!HO ~OKaSaTn CXO,l\HMOCTb uazOpHpyD

~ero pa,lia ( apH~MeTMtiecxaa nporpeccH.a ): 
" -nett, lt.-t~ £..J e e .,.1!,-j.. 
" A 3TOT pH,li 6y,lleT CXO,l\HmHMCH 9 KaK ner KO BH~eTn 9 npH BHllOJIHeHHH yCJIOBHH! 

I r+J~t..( I< Ia. ~~tt~-j_·J. 
(38) 

8TO ypaBH8HHe BHmeynOMHHYTOrO 3JIJIHUCa CXO,l\HUOCTH , B XOTOpOU CXO~HTCH pa~ (36), H 

~ H J~~-L' - ero no~yocH. BHe aToro SJIJIHnca TpeoyeTCH aHaJIHTHtiecKoe npo~oJIEeHHe 

pa,lia (36). 

MO~HM Cpe,liCTBOM TaKOrO aH~THl!8CROrO UpO,liOJIZeHHH HB~HeTCH npeo6paSOBaHHe 

30MMePWeJin,lia- BaTCOHa- Pe~e. nna 3TOro CHatiana nepenHmeM PH.li (36) B BH,lie: 

A(r)= 'l;(J.n+.1){-J.)"'P,(-e)a.n , 

" 
liTO B CHJIY COOTHOmeHHH Pn (&)::. (-j.) 

11 P, (- i!:} 

3TOT pH,li MOXHO saueHHTb C~e,liy~mHM HHTerpaJIOU 

A C1:) =- 1.3:- J<tt+:i) ~ a.e Pt. c-1:) 
' ~'"err } G 

(39) 

( 40) 

r,lie KOHTyp C OKpy~aeT TOl!KH t = 0,1,2,3,4,5,6,7 , 

~eHHH tiaCOBO~ CTpe~KH ( CM .pHc.3) : 

... M 06XO,l\HT HX B HanpaB-

neRCTBI1T8JibH0 9 S,lieCn UO,l\HHTerpaJibHOe BHpazeiDi e UQ~qaeTCH 113 o6~ero l!JieHa 

pa,lia ( 39) 9 OT6paCHBaHH.8M MHODTeJIH f.i) H 3aMeHoa h.. Ha t H 3HaMeHaTe~eU :S i.H ftr. 

llpH 3TOM UO,li Qe_ 

] eJitaH,ll.pa onpe,lieJieHa B UJIOCKOCTH C C pas peSOI( - 00 ;no -I. ( cu . §I ). 



l b 

• 

ITOA Cl~ cne~eT ITOHHMaTD aHaHHTHqecKOe npOAOH~eHHe ¢YHKUHH ~enoqHcneHHOrO HHAeKCa 

Q.n Ha npOH3BOHDHble KOMnneKCH!:le t X) • il>yHK~fl (o~U.e1lr.1. HMeeT BHYTPH KOHTypa 

C nOHIOCI:l nepBoro ITOpflAKa B TOqKaX e • 0,!,2,3 

¢opMyne 

c B!:lqeTaMH, onpeAenHeM!:lMH no 

( :1. ) - :1 = B1:1qeT ~T£ e .. n -
(-:L), -Tt" 

A BeCD HHTerpan npOCTO BHqHCHHeTCH ITO TeopeMe BblqeTOB, HMeHHO OH paBeH -2~t 

YMHO~eHHOe Ha CYMMY B!:lqeTOB nOAHHTerpaHDHOrO B!:lpa~eHHH: 

-:. ((2e+J.).1l:-a~,Pe(-r)::. -~i zall+i)(-l)"q,,P,(-r). 
4'- ) :sinerc -.~., " 7C' 

c. (4!) 

MHTerpan, B3HT!:l~ no KOHTYPJ (: , MaHO OTRHqaeTCfl OT nepBOHaqanDHO~ CYMMH H HMeeT 

TY ~e o6naCTD CXOAHMOCTH. CneAJIDmH~ Ba~H!:l~ mar COCTOHT B Ae¢OpMHpOBaHHH KOHTypa 

HHTerpHpOBaHHfl. ilpeAnORO~M, qTO nOBeAeHHe ITO~HTerpaHDHOrO B!:lpa~eHHfl TaKOBO, qTQ Ml:l 

MO~eM Ae¢OpMHpOBaTD ROHTyp HHTer pHpOBaHHH C B C I ( CM.pHc.3). 
'Jme 

-~1,.1 " l J + S' 6 ~ ~ R~e 

Plfc.3. KOHT.IQ!i C .11 C 
1

, 

(:
1 

COCTOHT H3 rrpHMO~, napanneRDHO~ MHHMO~ OCH, H npOXOAHme~ qepea TOqRY -I/2 H AByx 

nHHH~, npOXOAflmHX Ha 60HDlli0M paCCTOflHHH OT BemecTBeHHO~ OCH, 06XOAHmHX OC06eHHOCTH Q~ 

x) Bonpoc o6 OAHOaHaqHoCTH TaKoro npoAon~eHHH paccuoTpeu HHxe. 

... 
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H COe;ztHHHRllllHXCfl B 00 • Ilplif STOM MH yq1IJ4 1 'qTO y Q t MOryT C5HT:& II OJIKlCa B IIJIOCKOCTH e. , 
Tor.na, BHAenHB MX BKnaA H OTAanHB B C5eCKOHeqHOCT:& COeAHHflRllllHe yqacTKH rryTH HHTerpH

pOBaHHH1 rronyqaeu: 
-f+t'OO 

E(zt~+i) q, P, Ci:J=- - 1'. Jctet-L).!f.!:- cr~ Pe r-z) 
fl t $'H~C 

-f -<'DO 

- Tr z: (Jc(,'+1..)fo,· ~;(-~,·) 
i. ~,·,Tl.,( i (42) 

3.nec:& f(i M Pi. 
KOCTM f_ 1 T.e. 

ITOJIOllteHH/1 H BHqeTH ITOJIJOCOB X) tPYHKL\MH a~ B KOMITJieKCHO« ITJIOC-

p, .......... _ . 
e-a~-.i. 

PaBeHCTBO (42) noKa 'qTO HMeeT wopMan:&HHU cwcn. HaM HYZHO AOKaSaT:&, BO-nepBHX, 'qTQ 

HHTerpan ( T.e. npaBaH qacT:& (42) ) CXOAHTCH B C5onee mHPOKo« oC5nacTH, qeu nepBOHaqan:o

Haa cyuua ( T.e. JieBaH qacT:&) H, BO-BTOpbiX1 'qTO OHH l1MeJOT HeKOTOpyiO 06lllYil OC5JiaCT:& 

CXOAHMOCTH H1 B TpeT:&l1X1 qTQ B ::ITO« OC5~e« OC5JiaCTH OHH COBITaAaJOT. TaKHM OC5pa30U 1 C5y.neT 

rroRaaaHo, qTo .ne«cTBHTeJI:&HO rronyqeHo aHanHTMqecKoe npo.noJlllteHHe pa.na nelltaH.npa aa 

8JIXIITC CXOAHMOCTH. 

3AeC:& 1 rrpellt.ne BCero, BOSHHKaeT BOrrpoc: KaK OT tPYHK~H dn 1 3aAaHHO« B 1.\eJIO

qHc~eHHHX TO'qKax, nepe«TH K WYHK~H a~ KOMITJieKCHO« nepeMeHHO« e ? HeRo, 'qTO eCJIH 

y HaC HMeeTCH tPYHK~H :/ = f;/(x.) 1 onpe.neJieHHa.II .l{JIH BCeX 3HaqeHH!a .X.. 1 TO OHa MOltteT 

CJIYEHT:& OCHOBaHHeM AJIH Orrpe.neJieHHH qJyHK~H OT ~eJIO'qHCJieHHOrO apryueHTa 

'1=- '}'(,). 

C .npyro« CTOpOHH 1 H3 ~1160« qJyHKIUU1 OT n.. MOlltHO ITOJIY'qHT:& C5eCKOHeqHQ MHOrO 

qJyHKIUfU OT 'X. 1 COBrr~alliiiHX C <jCtt1 TOJI:&KO rrpH 1.\eJIHX fl.. • 3a.naqa onpe.neJieHHH 

tPYHKL\MH OT ~ , KOTOpaH . .l{OJIEHa npHHHMaT:& .l{JlH BCeX ITOJIOEHTeJI:&HbiX 1.\eJIO'qHCJieHHHX ~ 

Orrpe.neJieHHHe 3HaqeHHH1 Ha3HBaeTCH aa.naqe« tPYHKIUfOHaJI:&HO« HHTeprrOJIHIUfH. BOT 'qTQ ITHWeT 

no STOJIY ITOBOAY r .XapAH B "Kypce qHCTOU MaTeMaTHKH II : ' II EcJIH C5H aa.naqa COCTORJia TOJI:&KO 

B TOM 1 qTOC5H HB2TH KaKYll- HH6y.n:& tPYHKI.\Hil OT ~ 1 YAOBJieTBOpHRllllYil ITOCTaBJieHHHM ycno

BHHM1 TO ee pemeHHe He rrpe.ncTaBJIH~O 611 HHKaKHX TPYAHOCTe«. MH MOrJIH C5H rrpOCTO SaiTOJIHHT:& 

H6.l{OCTaDlllHe 3HaqeHHH KaKHM yrOAHO 06pa80M ••• Ho TaKHe pemeHHH1 KOH eqH0 1 He rrpe.ncTaBJIHilT 

HHTepeca. B KaqecTBe pemeHMH oC5HqHo Tpe6yeTcH. HeKOTopaa llJopuyna ( BOSMOlltHO C5onee npocororo 

8TH ITOJIIlCa HaSHBallTCfl ITOJIRJCaMH Pe.l{llte. 



H:l 

llH~a), COMplKall(aH 0C H IlpHHHMaiOU(aH ~aHHhl8 3Ha l!8HHH IlpH 

X= o1 J..,t,3, ... 

B H8KOTOpbiX CRyl!aHX, ll OC06eHHOCTH TOr~a, KOr~a CaMa ~YHK~H OT fL orrpe~eReHa 

C IlOMOU(:bl!l ~OPMYRhl, HM88TCH Ol!8llH~H08 perueHHe • ECRH, HarrpHMep, l.j = cj(ll} , r~e ":f(n) 

TaKaH rpyHKI..\l1H OT h , KOTOpaH ( KaK, HailpHMep, 1"1 t. .HRH c.Di 111C" ) COXpaHH8T CMbiCJI' 

.H ~RH ~ , OTRHl!HhiX OT IlOROXHTeR:OHhiX ~8RhiX l!HCen, TO Mbl, 8CT8CTll8HHO, 6epeM ll Kal!eCTll8 

perueHHH ~YHK~IO ~ = ':f(:x..} • Ho ~a~e ll STOM Ol!8H:b rrpOCTOM cnyqae nerKO HaiTHCaT:b ~py-

rHe, rrol!TH o~HaKoBo oqeBH~Hhle, perneHHH aa~al!H. HarrpHMep, 

~ = ':f(:te.) T ~i.11 '/C'X 

rrpHHHMaeT 3Hal!eHHH fj(n) rrpH X=n , TaK KaK -1L·, n rr= o " • KpzTepHeM B!i6opa Toro 

HRH HHOrO CI10C06a aa~aHHH ~YHK~.If IlpH 4. , OTRHtiHhiX OT ~e.lThlX, MO~eT cnyDTl> IIOlle~eHHe 

Ha 6eCKOH8l!HOCTH. Hy~HO llb16paT:O Te IlpO~ORmeHHH, KOTOpble XOpomo lle~yT ce6H Ha 6eCKOHett

HOCTH, HMeHHO TaK, l!T06bl ll03MOJKHO 6b!RO C~enaT:& rrpeo6pa30llaHHe 3.-B.-P. IT03TOMY H3 ~llYX 

eCT8CTll8HHhiX CIIOC060ll IlpO~OnlK8HHH a, Ha KOMI1H8KCHhle 3Hal!eHHH HH~eKca 
I 

'lt= 'l'.z, jA(r)RCc)dr _, 

00 

ae. -a: f Adx.J Qe.Cx)dx_ 
Q 

(43) 

Bbl6HparoT rrocne~Hee, TaK KaK rrepBoe rrnoxo Be~eT ce6H rrp.11 Jet~oo • Tor~a Ha Teopeubl 

KapRcoHa x) cne~eT, ttTo Bb16paHHaH TaK.IfM o6paaoM ~YHK~H e~HCTBeHHa. 
Tor~a, HCI10H:b3YH aCHMilTOTHl!eCKHe ~OpMynH ~ff ~YHK~~ ]ezaH~pa (8 ) H (10) H 

onpeAeneHHe Qt 1 rrpH IlOMOU(H llTOpOrO H3 paBeHCTll (43) IlORJl!HM, l!TO HHTerpan CXOAHTCH 

npH I r I "> :L • 0TMeTHM, liTO Ha.H6onee rro~po6Hoe Hccne:ztoBaHHe MaTeMaTHl!eCKHX cBoltcTB 

rrpeo6pa30llaHHH 3.-B.-P. MOlKHO HaaTH ll rrpHROlKeHHH K 2I • 

B aaKnDl!8HHe KOpOTKO OCTaHOllHMCH Ha YCROlKH8HHHX, ll03HHKaiOU(HX IlPH rrepexo~e K 

penHTHll.lf~TCKO~ TeOpHH. 8THX ycnOSH8HHR ~a: HM8HHO HaRHtiH8 ~YX paapeaoll y aMilnHTY~ 

H He06XO~MOCTl> llbll!HTaHH~. ITo~p06HO C STHM llOilpOCOM MOJKHO I103HaKOMHTl>CH ITO pa6oTayl6-IB. 

XOTH 3TH paanHl!HH IlpHllO~HT K llaJKHblM ~H3HtieCKHM cne~CTllHHM, MaTeMaTHl!8CKHe ycnO~HeHHH rrpH 

3TOM H83HattHTen:&Hble 

B. Bbll!HcneHHe OAHoro HHTerpana 

~HTerp.lfpOllaHHe ~YHK~l ]elKRH~pa ITO HH~eKcy HMeeT ~allHIOIO HCTOpHIO. H8.H60nee IlOnHaH 

Ta6nH~a TaKHX HHTerpanOll H8AallHO 6Hna ~aHa Pe~e C COTpy~HHKaMH 6 , H8KOT0pble HHTerpanbl 

x) THTl!Mapm rg , CTp.213. 



IY 

rrpHB6A6H~ B cnpaBoqHHKe EeHTMeHa, a C HCTOpHe~ BOnpoca UO~O IT03HaKOMHTDCff ITO 

MOHOrpa@HH H.H.]e6eAeBa S • 

B KaqecTBe npHuepa npHBeAeu B~qHcneHHe HHTerpana 16 
. -t-•a. 
!i J (!tti.) de ~ (i!,} Qt (h) Pe (x.) 

-~ .. ,., (44) 

nnH 3TOrO CAenaeM B neBO~ qacTH paBeHCTBa (31) npeo6pa30BaHHe 3.-B.-P. H B~qHCnHU 

CKaqKH ITO ~ OT OOOHX qacTeH paBeHCTBa npH ITOMO~ ~OpMyn: 

~ rn 1. .... 7C <fc~-x..J 
i!-x-io 

'Jm I{ (-.x.-io) = -si11t~ If. {!JG) 

qTO cpaay AaCT An.fl ( 44) cneAYIO~~ OTBeT: 

e (:x-~+> 
vK.c2, 2, '2,f (45) 

B aTOM B~pa~eHHH nerKo yaHaTh y~e BCTpeqaBwy~ca cneKTpanhHY~ @YHK~~ KBaAPaTHKa. Eonee 

CnOXH~~ HHTerpan 3TOrO THna, CO~ep~a~~ qeT~pe ~YHKUHH ]eEaHApa, UO.HO HaHTH B npHno

XeHHH K ~ccepTaUHH aBTOpa. 

PyKOIIHCb IIOCTyiiiina B H3ll8TenbCKHA OTllen 

8 MapTa 1963 roa a. 
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