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H3BeC~Ho/I/, ~TO s~a~a 06 a~OMe Bo~opo~a MoxeT 6HTD npHBe~sHa 
K s~a~e o 4-MepHoM HsoTponHoM oC~HnaTope c nOMomLm TSK HaSHBaSMO
ro KS - npe06paSOBaHIDI. 03Ha~aeT J1H aTO, ~TO MHo.rHS xopomo paspa
60TaHHHe MSTO~ KBaHTOB02 TeopHH nona H ~epHO~ WH3HKH CMorYT HalTU 
atWleRTlIBHoe npXIMeHeHHe TaIOIte npH HCCHe~OBaHHH nOBe~eHWl BO~opo~ono

~06HHX aTOMOB BO BHeWHHX 9HeKTpHQeCRHX H MaI'HHTHHX noxax? KaRoBH 
B3aHMOCBH3H Me~ rpynn8MH ~HaMH~eCRO~ CHMMeTpHH aTOMa Bo~opo~a 

H 4-MepHoro H30TponHoro OC~HHHTopa? KaROB HB~ B~ rrpe06paSOBaHHI, 
CBH3HBaDmKX BOnHOBHe ~YHKUHH aTOMa Bo~opo~a c BOnHOBHMH W~HMH 

4-0C~HHHTopa? 0606maeTCH J1H OTMeQeHHaa BHme WaKT Ha ~yrHe paSMep
BOCTE, T. e. CBO~TCH Jm t -MepHW1 aTOM sonopona K H30TponHOMY 
OC~nnRTOPY R~~-Jm60 paSMepHOCTH? OTHOCHTeHLHO rrepBoro Borrpoca 
aBTOpH pa60TU I ~'CKa3HB8IDTCn onTHMHCTH~eCRH. BTOpO! BOrrpOC Hocne
.nOBaHCH B pa60Te 2 , a TpeTH! 614H CeIJoPMYJJ;HPOBaH H/,OBe.neH ~o YPQBHJi, 
llpH ROTOPOM B03MOEHO B~CHeHHe Ha SBM B p,a60Te/3 H 3aTeM peweH 
TO~O, T.S. aHanHTHQeCKHM nYTSM, B pa6oTe74/ . ITpoRoMMeHTHPYSM TenepL 
noCHS,nHH:ti, ~STBSPTua, BOnpOC. llpH f = 2 nspsxo.n OT aTOMa Bo,nopo~a . 
R oc~nHHTOpy ocymecTBnReTCH npe06paSOBaHHeM X = u; - u~ , ~:=. 2u~« z. • 
3,neCD He BOSHHKaeT, RaR aTO HMeeT MeCTO rrpH ~ = 3, He06xo~oCTH 
rrOBHmaTL pasMepHocTL rrpOCTpaHCTBa. ITpEBe~eHHmt npHMep, RaR H KS 
npe06paaOBaHHe, OTHOCRTCH R RHaccy TaR Ha3HBaeMUX He6HeRTHBHUX 
KBa,zu>áTHq}UlX npeoõpaaoaaaaã, B8JKHSlliuHM CBO~CTBOM KOTOpUX HBIDi8TC./i 
BHnonHeHHe To~eCTBa SRnepa 

1 ~).a v e ,..,2
( ti, + . . . + U ti = A of -+ . , . -+ J\ +. (I) 

B HaurSM KOHTSKCTe x, H .1,1" - aTO ROOp,nHHaTll, OTHOCHmHSC./i R 'T1Y 
Bo,nopo,na H R H30TponHOMY OC~HnRTOpy COOTBeTCTBeHHO .. H3BecTHo 5 , 
~TO To~eCTBO (I) BHIIOnHHeTCH nMWL ,nnH cne~ qSTH:pSX rrap, 
COCTaBH8HHUX H3 HH~eKCOB pasMepHocTH rrpOCTpaHCTB n: H t' 

(fi h) = (I,n. (2 , 2), (3 ,4), (5 ,8) . (2 ) 

,I" "Vlbi1<"I.Hf~~~ I' 

, ~IWX fJl... ~.ua.a 

, Fi,t'1~ Jlf,l :"':Tl=J.( â 



llapaM (2,2) 11 (3,4) cooTBeTcTByIDT rrpe06paSOBaHHR, o KOTOpUX 

rosopaaocs BWIIe. BOSHMKaeT sonpoc: nepeaonar 1m II:Pe06paSOBaHlle, CBR:
38.HHOe c napo1! (5,8), s8,IJ,allY o 5-MepHoM '8TOMe Bo,u;opo,u;a·B sa,u;a'tlY o 
8-MepHoM l1S0TponHOM OCUHJlnHTOpe? HaCTOHmaH CTaTbH ,u;aeT nOJlOZllTeJlb
HH! OTBeT Ha aTOT BOnpOC. TaKHM 06paSOM, 3a HCKJlID~eHHeM napH (1,1), 
HadOP (2) nOJlHOCTbn Hc~eprrHBaeT BOSMOEHHe He6BeKTMBHRB KBaAPaTH~
ase npe06paSOBaHMH, nepeBo,II,fil.UHe BO,u;OPO,IUIyD sa,u;aqy B OCUHJlnHTOpHyD. 

•	 EBe,u;eM He6MeKTHBHoe KB8APaT~lIHoe npe06paaOB8.HBe, CBR:SHBaIDmee 
Koop,zmHaTH (x.." • . • , '><5.) npOCTp8.HCTBa R S c Koop,IUiHaTaMJI1 

(1.1." ••• , U ~) npOCTp8.HCTBa R8 

(3)L}rn = L
8 

T hl j U j 
j:.{ , 

rne q::. CX-1). ~ • ,Xs, 0,0,0) , a T Mj BMeeTCJIe,u;j'1OUU1it BM: 

1.42

'U4 

'U'" 

- 'U.~ 

'U... 

-uz. 

:tA?1 

1\.(" 

U, 

1.48 

1.(5 

'U~ 

-1A4 

'IA, 

-1l'f 

'Us 

Tm j = 

u" 
~a 

'U" 

-'\AS 

'U~ 

-Uz 

-'\,(, -'U-l -tAz. 1,(1 -'\.4. -1A:7 

'lA, -1.{s -'t(O\ iU?) '\.,(2. _'lA-1 

'U'b -'U4 tU'S tU, 1.1~ -1.(& 

(4) 

ttl!l 'U4 - t.l. -1.11 1A~ -'U, -'tI'5 'lt,' 

'lAs 'U, - 'U:J '\A8 -'tA., -1.'& i\.(1J ~'1.4+ 
1.t~ -~3 '\.(5' 'lA, - 'C.('!I -1,(4 1\04" 1,(2. 

MaTp~a (4) OTJIH~eTCJi 01' 113BecTHoI B MaTeMaTHKe MaTpH.qfi KeJm!5,6! 
nMWb onpe~eneHHoI nepeCT8.HOBKOI CTpoK. ~a (3) B (4) cne~T 6HHH
Heihme COOTHomeHIDI, CBHSlffi8lOllUfe Koop,lUmaTIi ;( H ~ " 

x~ = Z('\.(-1tU2. + 1,.( õ 'U<\ -tl.l s 'U& -'U~Uc), 

X2 = Z-(1(., 1.44 - '\A2.oU~ + 'Us 1.(8 + 'U,1l=J)., (5) 

.2 

x~ '= 2 ('lA,f'U6 - 'Uz.tlS' - 'U'b'U, - 'lJ4 'U:J. ) , 

'<'4 = :2 ( 'U~ 'U, -+ 1Âz. ti ~ + tU ~ 'U6 - u.(Us-)
./ 

v_ Z " 'Z.. 2. '2. 222
1\5 - 'lA1 -t«~ + q,(s + 1Â+- - 1Áz - U., -1A6 -'Urs . 

nO~q8pKHeM, QTO K~OMY 3JleMeHTY B Á? ~ COOTBeTcTByeT a8 O~H 
8neMeHT, a U8JIOe MHozeCTBO aJIeMeHTOB B )2 8 , HaSlffiaeMoe CJIOeM. 
BaTOM H COCTOHT CBolcTBO He6HeKTHBHOCTH npeo6paSOB8.HHH RS~ R ~ 

lloJIb3YHCL HBHHM BH~OM MaTpH~ (4), JIerKO nOKaaaTb, qTO 

L.
I

Tm · T;J = tl 2 cF. ,	 (6). J mn 
J-1 • 

± () 7:,j . = O	 (7) 

j=" Ô ui ' 

2. 2 ,rne 1.1 == V" + ... + 'lI4 
• ToçecTBo SAnepa (I) m.aeeT BH~ 

(8)x 2 = '</+ ... + )(5
2 

= U 4 

11 nposepaerca c nOMOIItDll llJoPMYJI (3) 15 (6), JIH60 llJoPMyn (5). ~3 (4) 
TBI0!9 CJIe.IU"eT, 'qTO 

9Xrn =' ZTrnj .	 (9)9'tI.J. 

·B nocJIe)Uiel llloPMYJIe E~eKC m. rrpooeraee 3HaqeHIDI 1,2, ••• ,5. 
3a1tMeMcH Tenepb npe06paSOB8HBeM npoESB9mna. YtmTHBaJI (9), 

nOJIyqmI 
5 

{) 7="(<() =- z L. T;j d Fr",) , 
d UJ 1(." ax, 

(10) 

'\''''1 

r~. r ('lA) - npoE3BOJI:bHWI ~yHKInUI O1'.u • YMHOXWl (10) Ha Tn.i 
cy:wmplH no j E mleH B B~ YCJIOBEe (6), aerxo nozaaars , lli'O 

~ T('U) .( a 
. = - ~ T. 9 ~('U) (11) 

1""\ Zu 2 L- "'J' .....~xrn j_" g~ 
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BBe~eM onepaTopH(HBnOMHHM, ~TO B (11) nt = 1,2, ••• ,5). BBe~eM cHe~mee o6oaHa~e

HBe: Â Q' 8 . 
-,IJ _ ,''''/~_ =L ~ ~ .L. (16)
~rn - "" 90 ~ L-. ''"):;>(1 ..2---L...!:-r ~ r~ j_( ~ 

~o == o z ~ I m · - , (12)
r m ;(.,{/ /=" 'J 9~· /1, "
 

Ha aToro onpe~exeHHH H ~PMYXH (9) CJIe~eT, ~TO 
r~e ~ =1,2, ••. ,8. ~opMyxa (12) oóoómaeT COOTHomeHHe (11) Ha 
cxyqaa n1 = 6,7,8. COBepillHB B (11) oÓpaTHoe npeo6paaOBaHHe,·c no " 

. )10ut:DIO (6) noxyqHM oneparopayn ~PMYXY, oÓo6utaIOmYD (10): ~'" XI<. = /.' U2. dmJc. = O, 

C; 3 T.R. m = 6,7,8 , a k = 1,2, .•• ,5. TB.KIDJI oõpasoa, orreparops (16)
(13)~u. = Z'Z r; 'd~ se 3aBHOHT OT Koop.rumaT x., ... , ~ s H n08TOMY ,ItJIH npOHaBOX:DHOI 

j IH-f rJn . ll>YHKIU1B F(x) cnpaaenazso To~eCTBO 

PaCCMOTpHM BTopHe npOH3Bo~e. Ha (12) cxe~eT, ~TO 
/\ 

~h1 r ro ==0. (17) 
cI J I~e F(tU)Z ;, Z Z .L[-:2 7;j 9 ~(1J7' (14) HOXOM as qx,l?MYXU (16) H MaTpH~ (4), MOJKHO ~OKaaaT:D, ~TO oneparops 

1Jt='f ~9: Iflc." j_-( 99m (;1.I.J. (16) IDJIeIOT oxe.u;YIOutHa HBHIDi BH~: 

IlOBTOpHO npHMeHHH ~PMYJIY (12) B ytrnTllBaJI ycxOBHe (6), noxyqmA ~ =. ~ /'Ub~ +'U.,~ -1.1., L- -tlz---L +VM~ -~L -u~~ .fá}) 
8 . " """ (" (71.(" 'd'Zla. t;;Yu~'oI1./q .D/tis :;lV, -cJ ~ "'IJtjj

ZL d ,Fr'U) _ ~ ± ti ± /J} -I ) ~ :;t"('t() 
/'tIs-/ (;)02. - 4112. ""?" ~Y(~tI'J 112 ~II'" + " 'I:,Im "'=-1 J-f ))-1 " .;z; = ~ ( u~:~ + u.l11a - 1f..~.. -+1<'1~. -'t{~CJs - Uaf",;.,. "..fu~-~ , 

+ f J?Z
4u z L ~'U)

Y=" - ~ =..LIu.,.:L- -'&112.- +'U,.~ +u,1..--ti L _tl.,i-:. +'Uzlü.)-ti. Gti 2. ("" ~fI., ~tlz ó>tI~ 00., J;;>us- .,~ af(~ 'I •I 

CBREeM Tenep:D 3a.na~y o 5-uepHoM aTôMe sonopona Q 8a.na~el o 8-uepB nepBOM ~xeHe MomHO npOBeCTH ~H~pe~pOBaHHe no ~aCTHM H BOO

nOX:DaOBaT:DOH yoxoBHeM (6) B aaTeM To~eoTBoM (7), B peaYX:DTaTe, ROM H~O TponHoM oCIumJIHTOpe. IIyoT:D o,,... , 'J(os) H (u", ... , 'UI) - .n;e


KapToBH Koop~HaTH, OTHOCHmHeCH K nepBo! H"BTOpol 8a.na~e. Ha qx,p
noxyqHM
 
MYJIll (15) o j"léTOM (16) cxe~eT, ~TO XanXaOHaHli L1)( H .L1 ti OM

8aH1l cOOTHomeHHeM
+ ';)27(",) = 1- +- [}2.~('U) 

L- ô 2 4L...- g 2 (15) 

(.
' l 

u ) 
me:« 'Im '(,/2 ))-1 11';1 _ ~" 1"Ll x _ - o. +" .-p2. 

4iA2. LI ~ ~ (18) 
COOTHomeHHe (15) BMeOTe O TOJK,D;eOTBOM (8) - aTO BeOL "MaTeMaTH~eclU'II 1\i
apoeHax", TpeóyJOllUrltCH ~JIH npeOÓpaaOBaHHH raMHX:DTOlmaHa 5-MepHOrO t' B KOTOpoM oneparop ~2 onpeneaaaroa Ka.K 

aTOMa Bo~o~o~a B rBNHHbTOHHaH 8-MepHoro HaOTponHoro OOUHHJlHTOpa. 
"z "2. "2. "z (19)Ilepe~ TeM Ka.K aaHHT:DOH 8THM npeOópl\aOBaHHeM, BepHeMCH K ~pMYHe (12). r;;t =- ~6. +;;tTo +:tJ 
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I 

COOTHomeHHe (I8) M ~PMY~ (I7) H (IS) n03BO~~ rrpeOÓpa30BaTD 
yp8BH8HHe illPe~Hrepa ~nH 5-MepHoro aTOMa Bo~opo~a 

Jt2 2)( - 2ft Ll x - ~ . ~ (-X) = E 7jr(x) (20) 

l,K CH8~meMY BHAY: 
I, .. 

/I .. (-.:; i11.( ~ 4E11~1jJ(~ =1e'~/dx~ (21) 

. 
CPaBHHM nOHyqeHHoe ypaBHeH~e c ypaBHeHHeM illPe~repa ~ng 8-MepHoro 
M30TPonHoro OC~HngTOpalli 

( - .1:. L1 + h.. WZ til) qJ(ij) = E CPr-o. (22)
2ft· U Z 

YpaBHeHHe (22) HMeeT WH3H~ecKH ~onycTHMHe pemeHMH, eCnM BHnOnaaeTCH 
tCHoBEe 

E - 4·= IV J ;ti= O," -<-, ...#w (23) 

H3 ~23) CJIe.nyeT, ~o rrpa 3B.I4aHHOM O) KB8HTyeTCJI E (9'1'0 CT8H
~apTHBJl CBTyamm), H, naooopoe, npB 88,I48HHOM é KBaHTyeTCH 
qaCTOTa al • ~YJIKIij1JI ~ (x) 6y~eT qaCTHW pemeHBeM ypaBHeHM (22), 
y~OBJIeTBO~ To~eCTBY 

A 

;zo~ cp(~) = O 

eCJIH IUmOJIHJDlTCH YCJIOBBJJ; 

~~r. ::. _ 4E )4e~ = E. (24) 

KPOM8 Toro, BS (5) OHe.ny8T, qTO 1f(x) eCTD qeTHM WY'HKItWI 
nepeueHHliIX '\,( 

11~ (X(~A)) ='f (x (-11». h,
j 

nO~TOyyJlll6oe pemeHH8 ypaBHeHBH (20), ~(x) MexeT 6HTD paSJIOJ!eHo f' 
no nOJIHol CBCTeue lleTHHX pemem <:PNo<. (o(. - OCT8JI!lHHe KBaHTOBHe 

, 
; 

·1 
6 ~ ~ 

O 
.1 
il 

quOJIa) ypBBHeHHH (22), T.e. 

1/fn (X) =.2;. Ctl-cA- ~No<. «o, 
r~e 

N == Zn. (25) 

HeTPY~O yóe~TDcH, qTO ~ cOBn~aeT c rJIaBHHM KBaHTOBHM 
qnCHOM 5-MepHOrO aTOMa Bo~opo~a. ~elcTBETeHbHo, nO~CTaBnHH BTopoe 
YCHOBBe HS (24) B (25) B (23), KMeeM 

2e 2 

n (26)
tU = k(fl.+2) 

Ta.KEM oopaaou, B Ham8M CH~ae SB,lt8HH B8JmTUUm E H KBBHTyeTCH 
qaCTOT~ CO • IIO~CTaBnHH TenepD (26) B nepsoa YCHOBJIle (24), MIl 

rrpmco,lUIM K BHpBJKeHHI), orrpe~eJJSIlOlIteMY 9HepreTElIecIWI cneKTp 5-MepHO
ro aToMa BO~OpO~~ 

E =-~~ 
Il.. 2t;2. (J1.+;:.)2 . 

BoSBpaTHMOH TenepL K onepaTOpaM (16) H nepeo60SHa~ EX 
O1I8,lijTIaIlHM ocpaaoa: 

A '" '" A '" Â (27)
11 =;/6 ) rz:== r;;t=1 ) J::: ;Xl,. 

'" '" '" • IlOJI&SYHCL ~HliM BHAOM oneparopoa ~ ,;;l':f H ';;tef, MO!tHO 
npaMHM B~CJIeHHeM ~OKaaaTD, lITO onepaTopH (27) ~oBHeTBopHDT 

KOMMYTaIUtOHH:I:BI COOTHOmeHIDiM 

1'" /'1'''

JiJ\( -JkJL = ieiKI1'\J~., 

B KOTOpmc i.K :: 1,2,3. BwmcH8H:wI nOK83UB8JOT, -qTO onepaTopa (27) 
KOWYTHpYJDT c rw.umDTOlUiaHOM OCI.ijiJlJIR Topa 

I' 1\~ z e I' I' /1."
dio= - c?p. L\ l.( + ~~ U I Ji 'di D - 'J{o Jt = O. 
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TBRHM OÓpa30M, cymecTBymT COCTOHHEH, B KOTOpUX O~OBpeMeHUO ,UaBTJlH JI.C. H Ap.	 P5-87-211 
H3MepHMIl saepraa OCmIlIJIHTOpa, npoesnaa IMOMeHTa" J~ Jl KB8,lIJ>aT
 

MOM8HTa JC;r+.t) •
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PyKOIIRC:& nocTyIIWIa B RSJl,ElTeJmclCd OT,lt8Jl 

3 aIIp8JIJl I987 roJl,El. 
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0606meHHoe KS-npeo6pa30BaHHe: 
OT õ-srepnoro aTOMa aonopona 
K 8-MepHoMY H30TPOIlHOMY OCUHJIJUITOPY 

IloKa3aHO , lfI'O He6HeKTHBHOe KBa,npaTHtIHOe npeoõpasoaaaaé, 
reaepapyesroe MaTpHI.J;eH Kerra, nepenonar aanasy o 5-MepHOM 
aTOMe aonopona B sanasy o 8-MepHOM H30TporrnOM OCUHnnHTope. 

Pa60Ta asmonaeaa B Jlaõoparopaa TeOpeTHQeCKOH cPH3HKH 
OHHH. 

Ilpenpaar 06'beAmleHHOrO HHCTHTYTa FlAepHhIX HCCJIeAOBaHHH. ,lly6Ha 1987 

IlepeBon r.r.CaHnYKoB~KOH 

Davtyan L.S. et al;	 P5-87-211 

Generelised KS-transformation: 
.from õ-dimensíonal Hydrogen Atom 
to 8-dimensional Isotrope Oscillator 

It is shown that non-bijective quadratic transformatíon gene
rated by the Kelly matrix changes the problem of a 5-dimensional 
hydrogen atom into the problem of an 8-dimensional oscillator. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1987 


