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B ~auuoA pa6oTe paccMOTpeuo aaaHMO~eAcTBHe orpauHqeuuoro no pa~Hycy nyqKa aapg

:>KeHHbiX qacTHU C n1183MOA B rH~pO~HHSMHqeCKOM npH61IH:>KeHHH, T.e. npe~nonaraeTCH, qTO ny

qoK H nnaaMa xono~Hbie. YfuTerpan CTonKHOBeHHH He yqHTbiBaeTCH. Yfccne~oaau cneKTp Kone6a

HHA ~ng pa3nHqHbiX B01IHOBb!X aeKTQpOB. nonyqeHbl HHKpeMeHTbl H8p8CT8HHH K01Ie6aHHit B COOT

BeTCTBy~LUHX o6naCTHX qaCTOT H B01IHOBblX BeKTOpOB. 



B liHTepe cyiOWeM H8C cnyqae CliCTeMa COCTO!iT. li3 KB831iHe~Tp8nbHO~ nna3Mbl nnOTHOCTii n 
.:1 

qepea KOTOpyiO .aB!i)!(eTCSI o · penS!TiiBiiCTCKO~ CKOpOCTbiO v0 CKOMneHCHpOB8HHbl~ ny'lOK 38pS!)!(eH-

Hb!X '18CTHU nnOTHOCTii n I ScSI cncTeMa npe.acTaBnSieT n:a ce6SI wHyp pa.anyca t 0 , c nocTo-

SIHHO~ nnOTHOCTbiO. TaKHM o6paaOM 1 ¢YHKUHSI pacnpe.aeneHHSI B CT8U!iOH8pHOM COCTOSIHH!i 6y.aeT 

liMeTb BH.a: 
f= ~ n 8 (~ _-; )h(t), 

a a a 
( 1.1 ) 

r.ae CYMMHpOB8Hiie npO!i3BO.aHTCSI no BCeM COpT8M '!.8CTHU B CHCTeMe 1 8 

h(•J- {: 

t < t 
0 

.. ... 
(O,O,v

0
) v v 

... te, I 0 
v 
a 

v 2 e, I 0 

Ill 
Vlcnonb3ySI KHHeT!i'leCKOe ypaBHeHHe B nHHe~HOM npH6nH)!(eHHH 1 nony'lHM 8H8nOrli'IHO ypaBHe-

HHe nonS! B o6naCTH t ~ t
0 

( p8CCM8TpHB810TCSI B03MyWeHHSI THll8 

E 
r 

r.ae 

H 

X 

E ( t, z, t ) = E (r, k, c:u, n ) exp I i ( k z + n ()- w t) I):. 

.:1 

1 d dE n 1 >. 1 
_ _ (t_.lL)- -E.+ __ E.= 0, 

t dr dt r 2 r 2 
0 

x __!!_ ( __ x_ d ~ ) + ~ 0 ' 

in 

n 

_L 
t 2 

0 

.:1 

dx x 2 -n 2 dx 

d~ + 
dx 

X E () + 

.:1 

i ( k - Jh_b) 
.:1 

- k .:1 (~ 
c .:1 

n.:l 
(k--;::7- b)n 

...;-;_ ~- k.:l 
.c.:l 
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1 -
n.:l 

__ .:1_ ( = 1 -
2 

(IJ 
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( 1.2) 

( 1.3) 



b v :1 :1 1 1 :1 :1 1 1 
0 I= 4rrni e ( - + --), 0 2 = 4rrn 2 e ( __ + _ ). 

m M m M (<)- k vo 

YpasHeHHH nonH s o6nacTH r > r 0 nony'la!OTCH H3 ( 1.2) npH £ =11=1,b=O.Brtanb-

HeltWeM BeiiH'IHHbl 1 OTHOCSIWHeCH K 061IaCTH r S:: r 
0 

CHa6)!{aiQTCSI HHAeKCOM 1, a K o6naCTH 

r > r 0 - HHAeKCOM 2. PeweHHSI ( 1.2) MO)!{HO 3anHCaTb B BHAe : 

(I) (:1) 

E,. = A I In (A r/ r
0

) , E.= A
2

Hn(IL rj r
0
), 

( 1.4) 

(I) (:1) 

<I> = BI<l>/A r/r
0
), <I> = B:r <l>:r ( 11 rjr

0 
) , 

rAe l=(~--k2 )r 2 
c:l o 

In I{ Hn cyTb tPYHKUHH Eeccem! I{ raHKenH, <I> I I{ <I> 1 - m!Hel!HO 

He3aBHCHMble peweHHSI BTOpOI"'O ypasHeHHSI ( 1.2), npH'IeM 

Ha 6eCKOHe'IHOCTH paCXOAHWYIOCSI BOIIHY. 

rpaHH'IHbJe yCIIOBHSI 6epeM B BHAe: 

E(I)= E (:1>, H(I)= H(:l) 
s • • s ' 

(I) (:1) (I) (:1) 

E()=Ee, H = H 
() (} 

<I>I orpaHH'IeHo s nyne, a <1> 1 rtaeT 

( 1.5) 

3rteCb npertnonaraeTCH, 'ITO nosepXHOCTH bJe 3SpSIAbl H TOKH OTCYTCTBYIOT 1 'ITO AIISI 06'beM -

HbiX BOIIH SIBIIHeTCSI BfiOIIHe onpSBASHHb!M, 

Vl3 ypasHeHHA MaKcsenna: 

H "" ic [ dE,. () (;) --::r::- - i k E ] at' r , 

( 1.6) 

R = - i....5 [ _1_ d r E - J!!.. E ] 
• w r Cir (} r r 

nanee 5yrteM pSCCMSTpHBSTb S3HMyTSIIbHble BOIIHbl npH k = Q H 6.eryWHe BOIIHbl np11 

n•O Ill 
• nepBblll cnyqaJt fi0Ap06HO HCCII e AOBSH B pa6oTe 1 n03TOMy OCTSHSBIIHBaTbCSl Ha HeM 

Mbl 3AeCb He 6yrteM. npHBeAeM TOIIbKO HSpSCTSIOWee BO BpeMeHH peweHHe AHCnepcHOHHOrO 
:1 :1 

ypasaeHIHt s - o5nacTH qacToT I w I ~ 01,:1 (s o6paTHOM npertene AHcnepcHOHHoe ypasHeHHe 

peweHHll · He HMeeT) : 

:1 0 2 :1 0 2 :1 :1 :1 v 2 
w'= 'n I ( 0

2 
+ ....::.:.t ) + y ( 0 2 +~ ) + 40 I 0 2 --D-

y 2 y2 c:l 

npH nonyqeHHH BblpS)!{eHHSl ( {. 7) npertnonaraiiOCb 1 'ITO 

02 
2v

2 
= 2 2 -crro<< 1 H 2vi 

y 

( 1. 7) 
:1 ni 2 
~ ro « l. 

3TH YCIIOBHSI orpaHH'IHBaiOT 'IHCIIO 'laCTHU Ha eAHHHUY AIIHHbl ny'IKa ( v - "nor0 HH bilt" 31IeKTpoH). 

8 HepeiiSITHBHCTCKOM npertene ( l. 7) nepeXOAHT B 

lmw= Ot O:r ~-
JM+O~ c 

( 1.8) 
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2. BepHeMCSI K cny'laiO n = 0 TOr LIB, K8K nerKO nOK838Tb, ypasHeH!fSI LIIISI no-

nell: E;
0 

11 Ez pa3BSI3biB810TCSI, 11 peweHHSIMH aTHX ypasHeHHJI: cny)t(aT IIHHeli:Hbi e KOM6HH 8 Uiflf 

MOLIHcplfUHposaHHbiX cpyHKUifA: BeccenSI 11 cpyHKUHA: KenbB!fHa. llHcnepCHOHHOe ypasHe HHe nony'IHM, 

y.OOBIIeTBOpSISI yCIIOBifSIM ( 1.5): 

3Liecb 

If 

2 
,\ 

---;-T 
0 

2 2 
2 

2 
p. .. ( k - ____:;.,. ) r

0 
• 

(2.1) 

( 2.2) 

VfccneLIOB8Tb ypasHeH!fe ( 2.1) 6y LieM B .nsyx o6naCTSIX '18CTOT lw I » n,, 211 lw I « n J. :l 

.. 

nepByiO 061I8CTb 418CTOT no OTHOllleH!fiO K BOIIHOBOMY BeKTOpy MO)t(HO pa36!fTb H8 LISe: 8) peao-

H8HCHy10 W - VO k << l If 6) 061I8CTb .ll81IeKyiO OT pe30H8HC8 W- V l ~ 

VfccneLIOB8Tb pe30H8HCHYIO 061I8CTb 6y LieM HH)t(e, ceJ!:qac p8CCMOTpHM LIHCnepCHOHHOe 

ypasHeHHe (2.1) s HepeaoHaHcHoA o6naCTif. TorLia c 8 = l H 

ypasHeHHe (2.1) nepeA:LieT s ,'ITO He MO)t(eT BbinOIIHSITbCSI, 

T8K KBK nesaSI 'IBCTb aToro ypasHeHHSI eCTb spoHCKHaH IIHHeA:Ho-Heaa&HCHMhlX cpyHKUHA BeccenSI. 

T 6 6 1'-'l>>n,. w-kvo ?_ l 8KHM 0 p830M, B 0 II8CTH ~ u 
1,2 w 

ypaaHeH!fe (2.0 peweHHJI: He HMeeT. 

B o6nacT!f I w I < 0 1, 2 6yLieM, KBK H paHee, npeLinonaraTb, 'ITO 11
2 

11 1/1 / y << 1, TorLia 

3Ty o6nacTb 
2 

2 0 
k » ------cr 

2 2 
~ r 0 « 1· 

c 

no OTHOllleHHIO K BOIIHOBOMY BeKTOpy MO)t(HO pa361fTb H8 LIBe 

• B nepsoA: o6naCTif p. « l , BO BTOpOJI: p. » l • 

VfccneLiyeM cny'lall: p. << l , LI!fCnepcHOHHOe ypasHeH!fe npHMeT BHLI: 

If T8K K8K 

In _P._ I(>..)= 0 
c r 

I 

(2.3) HMeeT 

2 2 2 :l 

( 1- n,+o2_ ~ ~J (k2- ~J>..J (>..)=o 
c 2 w2 w-kv c 2 1 

0 

nocne.nHee ypasHeHHe paa6HsaeTcSI Ha qeTbipe 
2 2 2 2 

1- 0,+02 o, kvo =0, k~~=O, 
w2 c;:;T w-kv c 

0 

If 

( 2.3) 

BHLI 

(2.4) 

(2.5) 

nepsoe H3 ypaBHeHHJI: (2.5) SIBIISieTCSI Ky6H'IeCKHM OTHOCHTeiibHO W , HO .OeTepMHH8HT ero OTpH

U8TeneH, noaTOMY KOMnneKCHblX KOpHeJ!: OHO He HMeeT. 

2 2 

Y'pasHeHHSI k 
2

- W = 0 If k 
2

- ~r-o{) HMeiOT T8K)t(e TOIIbKO .neJ!:t:Tl3ii TeiibHble KOpHH. 
~ C2 

OcTaeTCSI paccMoTpeTb 

02 1 ___ 2 

W2 ( 2.6) 
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H 

2 2 2 2 
(k- w () w ., 

_ (? ~ AI 

(k-~ b) 2_ (k 2_ .-'<!2/~(l+ tFb1~ v (2.7) 
C4 c C7 

YpasHeHHe (2.6) 
/2/,/3/ 

HCCneLlOB8HO B pS!Lle pa6 0 T (CM, H UHTHpOB8HHYIO T8M nHTepaTypy ), 

.[lo6aBHM TOnbK0 1 'ITO B o6naCTH · w "' kv 
0 

H kv"' 0 
0 2 

pew eHHe ( 2.6) HMeeT BHLl 

w=kv0 + 0 2 (_1 +-'3 )( nz )l / 3 
~1 3 _v ---
2 yn 2 

(2. 8 ) 

BbipameHHe (2.8) cnpaseanHBO npH nz << nil 
1 HHKpeMeHT 

lm w"' 0: v'3 
z4/ 3 

n l / 3 ( __ t ) • 
1 

nerKO 38MeTHTb1 'ITO ecnH '1/ f, 0 yn~2 
k 1 - __ (.;, 0 

c2 
H yqecTb ~- rl« 1 

c2 o 
, TO (2.7) 

ynpowaeTCS! 

HnH 

2 2 

( k 01 1 
2 w 2 0 2 ---;=-r-bJ-(k-_£)(1+ __ 1 b)=O 

c c2 c 2 

o' 2 
1 2 

w
2

( 1 - l ) - 0: ( 1 + O I f3o ) = 0, 
(w-kv) 2 (w-kvf 

0 0 

$= vo 
0-

c 
(2.9) 

Vfs C8MOrO BHLl8 ypaBHeHHS! HeTpyLlHO 38MeTHTb 1 "'TO ero peweHHS! HMeiOT MHHMbie '18CTH
1 

no 

KpaAHeA Mepe 1 B Tpex o6naCTS!X '18CTOT; 1) 

B nepBOM npeaene 
2 2 

1 
. 1 1 + ot f3o 

(L\ =0 ~ 
2 n ' 1- .. 2 

{1cV]"r 
0 

w << kv 
0 

• 2) w-kv <<O ' 
0 

3) w » kv 
0 

(2.10 ) 

8os6ymaeHHe HMeeT MeCTO npH 01> y k v 
0 

• EcnH O»ykv 1 TO (2.10) cnpaB eLlnHBO, 
,.... kc 

Koraa u 2<< -
y 

B TOM cnyqae , Koraa Oi= kv
0 

w = o1 <-1-t-v3) 
2473 

3To BbipameHHe cnpaseanHBO npH 

l 0 

1 p e l.lleHHe (2,9) HMeeT BHLl 

1 / 3 
y nz ) 

~ 
21 ' I . 

(~)/3« 1 
nt 

( 2.11 ) 

Bo BTopoM npeaene w - k v
0 

« d
1 

, 0
1 

f3 
1 T8K:lKe HMeiOTCS! H8p8CT810l.llHe pellleHHe 

BHLla: 

lm w = + 0 1 y f3 
(2.12) 

nony'leHHOe Bb! pameHHe Cnpase;.nHBO UpH Y 0 1<< 0 t 

Koraa w >> k v
0 1 nony"'HM BbipameHHe aHanorH'IHOe ( 1. 7) 

H kv0 << 0 ' 
/4/ 

• B Tp eTbeM npeaene, 

CM 

PaccMoTpHM Tenepb cnyqaA p. >> 1 

B 3THX npeanonomeHHS!X ( kc >> Ot,) 

1 T,e, k r
0 

>> 1 npH 3 TOM OllS!Tb 

ypaBHeHHe (2,1) UpHMeT BHLl: 

(k2-
c1 

2 1 

Ot+02 ) 1 (/..) ll + ( 1 -~ o. 

2 :z· 
~bk) ( k 

1
- ~ ) All(/..) = () w4 c:z 

6 

01 2 
__,_1· ~2~ r << 1 
c 2 ° 

(2.14) 



HnH, TaK KaK 1J. >> 1 , II09TOMY 
2 2 

2 n 1 + n2 
k - ---.,.-------- : 1), 

c 

HH rrepaoe H3 ypaBHeHHit (2.15), HH BTOpoe peweHHit He HMeeT. 

(2.15) 

TaKHM o6pa30M, B 9TOit o6naCTH 'laCTOT H BOnHOBb!X BeKTOpOB HapacTaiOWHX KOne6aHHit 

HeTpy!lHO IIOKa3aTb. 'ITO B o6nacTH w >> nl,2 H 
w- kv ____ o;_ « 1 

w 
HapacTaiOWHX KOne-

6aHlrit HeT, 'ITO BIIOnHe ecTeCTBeHHO, TaK KaK B 9TOit o6naCTH 'laCTOT f: l , H BOnHbl pac-

npocTp8HSIIOTCSI KaK 6b! B nyCTOTe. 

Bo seeM BbrwerrpHaeneHHOM paccMoTpeHHH cyweCTBeHHbiM o6pa3oM y'IHTbraanocb HanH'IHe 

IIpOCTpaHCTBeHHOit !lHCnepCHH B nepneH!lHKynSJpHOM K ny'IKY HanpaaneHHH. 8 OTCYTCTBHH TaKOBOit 

( !lOCTaTO'IHO nonO.lKHTb b = 0 ) rrony'IHM !lHCnepCHOHHOe ypaBHeHHe, aHanorH'IHOe HccnenoaaH-

HOMY 
' /5/ 

a pa6oTe 

weHHit He HMeeT. 

B paccMoTpeHHoit o6nacTH v«1 

fl H T e p a T y p a 

H f3 .. l 
0 

OHO KOMnneKCHb!X pe-

1. O.VI. HpKoaoA "A3HMyTanbHbie aonHb! B cHcTeMe nna3Ma-ny'IOK orpaHH'IeHHoro panHyca". 
nperrpHHT OHHVI P-1053 ( 1962). 

2. B. n. CHnHH, A.A. Pyxan3e "3neKTpOMarHHTHbre caoAcTBa nna3Mbi H rrna3Morrono6Hblx cpen". 
M.ATOMH3£18T ( 1961 ). 

3. B.r. MaxaHbKOB. '83aHMO!leAcTBHe CKOMneHcHpoaaaaoro ny'IKa 3apSJ.>KeHHbiX qacTHU c 
rrna3Moit". npenpHHT OYIHVI P-910 ( 1962). 

4. B.r. MaxaHbKOB, A.A.Pyxan3e 'Bo36y.>KneHHe aneKTpoMarHHTHbrx aonH rronepeK ny'IKa 
3apSJ.lKeHHbiX 'laCTHU B rrna3Me". npenpHHT OVIHVI P-1005 ( 1962). 

5. r. VI. 6y nKep. • ATOMHaSJ aHeprHSJ, Q. 9 ( 1956). 

PyKOnHCb nocTynHna a H3£laTenbCKHit oTnen 
4 SIHBapSI 1963 rona. 


