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Ha ocHoBe rrpe~B apHTe~hHO pa3 p a6oTaHHoro y~o6Horo rrp e~cTaB~eHKR 
QMIT~HTY~ ~eHHMaHa, COOTBeTCTByromeH llpOH3BO~hHOH CH~hHO CBff3HOH ~HarpaM
Me c oTpHnaTe~hHHM HH~excoM, c~e~aao Hecxo~hKO rrepBHX maroB no rry;~;pea-
?H/anHK HaMe~eHHOH B pa6oTe rrporpaMMR /no~CKQ3QHHOH HQM pa60TQMH H 

I no Haxox,D;eHHro CHHry~apHocTeM TaxoM aMIT~HTY~I:l. YrrcimayToe rrpe~cTaB
~eHHe OCHOBNBaeTCH HQ 060CHOBQHHOH B TipH~O~eHKH TeXHUKe HHTer p HpOB a HUH 
no He3QBHCUMhtM BHy TpeHHUM 'HMTIY~hCQM 1II HQ y)(06HOH 11 ,1(MarpaMHOH TeXHI'l Re 11 , 

KOTOpag, CO CBOeH CTOpOHhl, OCHOBRBaeTCff Ha BBe~eHHUX B pa6oTe KBQ311I~Ha
rpaMMQX. C noMomhn 3Toro rrpa.n:cTaB~eaua ycTaHOB~eao, aarrpHMep, ~To xor~a 
~HC~O He3QB11ICHMHX HMny~hCOB He MeHhme 3, annapaT TQK HQ3RBQeMUX pe3y~h
TQHTHbJX 4JopM He MO)JteT TIOC~YJ!tHTh_ )(~H HQXOlK,I(eHHH CHHry~HpHOCTeH - ~TO 3Q
paHee He HCHO; TO~Hee, XOTH HQ rrepB~ B3r~H)( RQ )JteTCR, ~TO HCC~e)(OBaHHe 
MO~HO rrpoBeCTH C TIOMOmbro 3TOrO annapaTa, Ha ,l(e~e OKQ3NBaeTCH, ~TO He06-
XO)(HMO HCKQTh 6o~ee MOmHNe cpe)(CTBQ /H~H BTIO~He ,H3MeHHTh nporpaMMy/. 
Hcc~e.n:oBaHHH B 3TOM HarrpaB~eHHH 6y.n:yT npo.n:o~xeHH B noc~e.n:yrome H pa6 oTe. 

1. 

TiyCTh )(QHQ npOH3BO~hHQH CH~hHO CBH:,3HQH ,J;HarpaMMa ~eHHMQHQ c 
c '\'\. y3~aMH /T. e • .n:r~arpaMMa nopa.n:xa 'Y\/ H c l BHyTpeHHHMH ~liiHHar.m, 1co-

C~HTQTh OpHeHTHpOBQHH:biMH H npH TOM TaR. ~T06:bl OHH 6:b!~H "BXO,J;amHMH 11 • Jl~g 

npOCTOThl Mhl 6y)(eM rrpe.n:rro~araTh, ~TO B KQX)(OM Y3~e c; CXO)(HTCff 3 H TO~hKO 

3 ~HHHH. By.n:eM c~HTQTh, xoue~Ho, ~To y3~1:l H BHyTpeHHHe ~HHHH C: 3aHyMe

poBaKI:l HeKOTOp:b!M CllOC060M /He3QBHCHMO O)(HH OT .n:pyrHX/. 0603HQ~HM ~ep e 3 

L(lt BHyTpeHH'HH HMllY~hC t COOTBeTCTByDmHH ~HH'H.H C HOMepOM V t Y=t, .. . 1 t t Q 

~epe3 pi. BHemm~M HMITY~hC, cooTBeTCTByiDmH:ti ys~y c HOMepoM \., ~ = 1, ... , '\'\ 

/xoHe~Ho, He KOTOphle H3 BHemHHX HMITY~hCOB MoryT 6:b!Th Hy~aMH, a ~pyrHe M3 

HHX MOryT HB~ffTbCH CyMMQM.H H3 HeCRO~hRHX C~araeMmt/. 3aKOH COXpaHeHHH 

HMTIY~hCQ B KQJR:)(OM y3~e c, MO JR:HO 3Qlll~CQTh B BH)(e 



/1.1/ 

r ;n: e 

/1.2/ 

4 

1. 
.)::_ei.)<)l =Pi., i=1, ... , '\'\, 
V=1 

e,~ ... e..t 
e=ll· .. ·· · ·· · 

e1\i ... e"t 
- MaTp£EJ:a HH U:M;n:e HTHOCTM C, BBe;eHHaa Jioryxo:al:Dl, To;a;opo:a~ 11 'tlepl!HKo:aw/2~ 
KaR OHM o6paTMJH1 BHMMaHHe, :B KaiK;n:OM CTOJI6~e e, ;a;:aa H TOJI:&KO ,J;:aa 3JieMeJITa 

OTJIHqfi~ OT HYJiff, TipM qeM O.Jl:HH M3 HMX paBeH 1, a ,l;pyrOH pa:aeK -1, TaR qTo 

/1.3/ 
't\. 

.s=. eh = o, .v = 4, ... ,l. 
~·t 

M3 3Toro c noMom:&JO /1.1/ Jierxo noJiyqaeTca 

'\1.. 
/1.4/ :L oi = o. 

"=1 I 
KpoMe TOI'O COOTHOIDeHHff /1.3/ TIORa3&»aJOT, tiTO CTpORH MaTpH~ e JIHHeHKO 3a-

:lliiCidM~. CJie;n:oBaTeJib!IO, paHr r MaTpld~~ e, ROTopt:d pa:aeB/G/ MaKCidMaJibKOMy 

qHCJiy JIHHeHRO Be3aBHCHMhlX ee CTpox, MeH:&me qHc~a ee CTpOR: ~ '~-1. Moz

HO ;n:oxa3aT:&I, qTo ~=~-1· 3To 03HaqaeT, qTo cymecTByeT OTJIHq~H OT xyJis 

MliiHOp e paHra 'Y\ -1 /a Bee MidHOp:b! e paHra 1'\ paBHH JIY.IID/. Be3 orpaKHtie-

Jlliiff 06UIHOCTH MOiKHO cqHTaT:&, qTo HMeJIKO 

/1 .. 5/ 
e~.f+1 ... e.,t 
e:~~~~ ·:.: · e~~,~1 ~ o, 

r.l(e 

/1.6/ ~ = l-11.-t-1. 
IIoJIOXHMt 

/1. 7/ E I = II-.. .. . .. .. .. .. ' E II = ... '. . . . . .. . . .. . , E. = E I E ,, eu ... ~H ~ ~ h1 ... ett jl If II 
~M,1 ··• e.~,t e.tH,ht ... e*"",t 

I oqeB vr;n:tiO, qTo E." s:tBJiaeTca {'\'\-1)X("-t)-MaTpH~en; o6paTHM BHHMaHHe Ha TO, 

tiTo,corJiaCHO /1.2~ ~ llOJiyqaeTCs:t H3 e ycTpa.B:eHHeM ee llOCJie;n:HeH CTpOKH/. 

ICM. npldJio~eHMe I. 
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CorJiacHo /1.5/ a /1.7/, M&Tp~t~a E" perymrpHa, r. e. (E''t cy!llecrByer. Rs 

II I 0 I' I l [ 3Toro cJie.TI.yeT, tiTo 6JiotiHaff MaTpH~a !l r.t Ell 1, r;n;e - e;n;uHMtiH&H 1 xl-MaT-
II r:. I 

/1.8/ 

ilOK&KeM, tiTO O,li;HO - HanpMMep IIOCJie~Hee - H3 ypa:aHe~H~ /1.1/ HB

JiffeTCH CJie,li;CTBHe M OCTQJibH:biX; ;n;e~CTBHTeJibHO, C IIO MO!IlbD /1.3/, /1.4/ H nep-

B:biX '\1\-1 H3 ypaBHeHHM /1.1/ Mill llOJiytiaeM 1, 
t '1'\ 1 '1'\-t 1. 'I'\ '\'\•t 

.L e"'v l<v = ~ S: et,k.,-~ 2. ei,.'<, ::;: I. ~)I): e,, -r Pi = P" · 
):1 l=1 Y:t l: 1 )1:1 J'•1 ,:1 ,:1 

il03TOMy Mhl B npa:ae paCCM&TpHBQTb TOJibEO CHCTeMy nepB:biX ~-1 H3 yp&BHeHH~ 

/1.1/. 0tieBH,li;HO, tiTO MHHOp /1.5/ ffBJiffeTCff rJiaBKHM Onpe~eJIHTeJieK 3TO~ CHC-

TeMhl. CJie,li;OBaTeJibHO, ee MO:l!tHO pemHTb OTHOCHTeJibHO '<hi, ... ) \,(..\ H 3TO peme

HHe ,n:aeT Bbipa:JKeHHe ,li; JIR ~htl"''J~l, ~ BH~e JIHHeHHbiX ¢YHKD;HH OT p'l , ... )~1'1-1 I! 

k 1 ) ... l K 
1 

, npH tieM 3HatieHHa \( 1 , ... , \(f ocT&DTCH coBepmeHHO npoasBOJibHbiMH 

/3TO yTBepx,n:eaae ff BJiaerca cJie;n;cTBHeM H3BecrHoii TeopeMI:.I Pyme H3 JIHHeMHO~ 

aJire6pbi; TOtiHee, HMeeM B BH,ll;y 11 BeKTOp~ B&pH&liT" TeOpeMbt, T. e. CJiytia~, 

Kor;n;a HeH3BeCTHbie B CHCTeMe JIHHe~K&X ypaBHeHHH HBJiffDTCff BeRTOpaMH/ . 1-iTaR, 

tiT06bi pemHTb CHCTeMy /1.1/, ,li;OCTQTOtiHO pemHTb JIHIDb nepBbie ~-1 H3 ee 

ypaBHeHHM OTHOCHTeJibHO l.(h1 , .•• ) \(\' llpH '!leM B 3TO~ CHCTeMe BMeCTO \{'1) .. . ) L(i 

MOKHO IIOCT&BHTb IIpOH3BOJibHbie /BeKTOpJJH.e/ napaMeTpHo 0603liQ'IIHB, RaK B / 2/ 

3TH napaMeTpbi COOTBeTC'UeHHO tiepe3 ttl ... l if t .YH MOllteY H&llHCaT~ 
1, 
£~~)1\<y = t~, i.=1, .•. , ~ 
)'.:t 

t 2:. ei-~, v '<,::::. l>i.-f , l.a t+~, ... ,1 
V:t 

/BTOpaa rpynna paBeHCTB- 3TO CHCTeMa nepBHX ~-1 H3 ypaBHeHHl /1.1/, TaR 

KQK IIpH ft1 "' L ~ t MH HMeeM, COrJiaCHO /1.6/ t 1 ~ i -! ~ 'Y\-1/ • C llOMO!Il~J) 

M&TpH~ /1.7/ IIOJiytiae M 60Jiee ROMnaRTHYD 3allHCb 3THX COOTHOmeliHit 
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/1.9/ II~· ~·1111~:1 = ~~, 
r.Ite 

/1.10/ 
k1 K~ t1 IIP1 

I<' =ll~i ' I<"= ~ I' t- = ~~ ' p=~k. 
YMHOZH~ /1.9/ C~eBa xa II~ ~~~11-1 

H npHRHMaH BO BHHMaHHe /1.8/, Mhl no~y~aeK 

lk' t 
1 k'' = -(Euri E't + (E"r

11' 
T. e. 

/1.11/ 

r~e ~1 - xyne:aax /~eKTOpHaH/ 

/1.12/ 

k 1 = t-~· 
\<" =-(E•t1E' t- 9" 
t X 1-MaTp:n~a H 

q'' =-(E"t1p, 
t' • e. ~\t HBnHeTCH (t\-1) X 1 -Ma TpJ.U~e~ • :UpyrHMH CJIOBaMH, ~I H ()II HMe!OT BH,l!;: 

II I 

"· qi+1 a' - II : ll - - a - o a u : I - ~ ' -,1- ... - 'f- > -1 : tJ 
,If 1 t 

/1.13/ 

" 
/3,IteCb Mhl npHKHnH e~e pa3 BO BHHMaHHe, ~To, COrJiaCHO /1.6/, n-1=1-f/. Ha-

KOHen;, UO~O:S:HB 

/1.14/ lk' 
\< = I k"" , 

'\' 
~ = llqu 

• 
I 

11.15; F = !!-(E'T1 E' 
IF XB~HeTcH lx'-MaTpHu;e~V, 113 /1.11/ no~y~aeM 

/1.16/ K = F t -q. 
CornacHo /1.2/, /1.7/ 11 /1.15/, ~ onpe,Ite~HeTCH /o.ItH03Ha~Ho/ MaTpHueR HH

IJ;H,IteHTHOCTH e • tJTO RacaeTCH q t TO ;J;nH ee Onpe;n;e~eHH.ff t T • e. COrJiaCHO 

/1.13/ ll /1.14/ - ,l!;JUI onpe;n;e~e.KHH BeKTOpOB ~i). ••) '11, t MI:J ;n;a;n;HM Y.lt06Hy!O 
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"~vrarpaMMHyro Tex:snxy". O~uaxo, rrepe~ 3THM ~~ ~a~HM uecxonbRO orrpe~eneunR. 

Ey;n:eM uasHBaTb Be ::cTopnue rrapaMe Tphl t1 , •• • , t 5 CBOEO.UHli!MM /HE3ABMCID'ihiMH/ 
,.., . .., 

IDJIIIYJibCAWf ~narpaMMhi \., , a BHyTpeHuvre JIMH11H L. c HOMe paMn 1 , ... ,.f - ee CBO-

BO.UHI:am JIMHHHJIJM; :s CBH3H c 3TVIM 6y~eM Ha3brBaTb 'IMcno ~ - orrpe~enfteMoe 

/1.6/ - trn:CJIOM CTETIEHEti CBOEOJlbi ~narpaMMlii C. 
iloRa~eM Terrepb, 'ITO B8KTOphl q1, ... ) 'h 

/1.17/ 

Jlnfi aTon ~eJin saMeTHM rrpe~~e Bcero, 'ITo, corJiacuo /1.10/, /1.13/ n /1.14/, 

q-

Cne~oBaTeni>Ho, paBeHCTBy /1.16/ MO~Ho rrpn~aT& BM~: 

Ms BHmecxa3aHnoro cne~yeT, 'ITO npn nro6oM Bhl6ope t ITOCJI8,1l;Hee paBeHCTBO 

orrpe~eJIHeT pemeune ~i, .•• , Kl CHCTeMhl /1.1/. TionmKHB B HeM -b = 0 , Mhl 

y6e:P.:~aeMCfi t 'ITO CHCTeMa B8 l< TOpOB -£t
1

) ... J -qL fiBJifi8TCfi O~HHM H3 B03MO:a:m.IX 

pemeHH~. ilO~CTaBJiff8M 3TO pe~eHMe B /1.1/ H TIOJiyqaeM /1.17/. MTaR, BHyT

pf'IHKel Jil!HHH c 0 HOKSpOK V Mb! COITOCTaBHJUI BeRTOp qll, )) : 1, ... ,1, np~1 'leM, 

COrJiaCHO /1.13/ t q)l: 0, l1:1, ... ,fJ 3TH :aeKWOpi.r y~oBneTBOpHIDT, KaK Mhl TOn&

KO-'ITO llOKa3aJIH, ypaBH8HHfiM /1.17/ H BllOJIHe Ollpe~eJIHIDTCIT HMH /TO'IHee, Ha 

OCHOBaHHH 3THX ypaBHeHHH q
1

) ••• , ~ MOryT 6hlTb O~H03Ha'IHO Bhlpa.llCeHN B BH~e 
)[ 

JIMJ-IeRHhlX cpyHK~MH oT p1 , .. ·, fn-1/ . By~eM Ha3hlBaTb Bei<TOpi>r lt
1 

, ••. , q
1 

3E;rr.e-ttcTBMTeJibHO, 3a.nMCHBaa nepBhle 't\-1 I13 ypaBHeHnti /1.17 I B ROM
rrai<THOM BH~e 

H npHHMMa.ff BO BHMMaHne, 'ITO, COrJiaCHO /1.7/, /1.13/ H /1.14/, 

Et:i = E 'q' + E'' r1" = £." q" 
cpasy noJiyq~.e?A /1.12/. 3T11lli Mbi rro r<asaJIM, 'ITO qu BTIOJIHe on p e.u.eJirreTCH yp:;m
HeHHHMM /1.17/. Tor~a K3 /1.13/ H / 1 .14/ CJie;n:yeT, qTo TO .llCe ca~oe UO.llCHO 
CKa3<il.Tb H 0 tt• To e. 0 q'\)"'>"lt• 
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KBA3HKMTIYHbCAMM ~KarpaMMH ~. Cpa:aaeHKe /1.17/ H /1.1/ ~aeT HaM OCHOBaHKe 

yTBepx~aTh, ~To MH no~y~K~H c:aoero po~a "3aKOB coxpaHeHKH KBasKKMny~:Dca" 

B KOlit.J:OM ys~e c; npH 3TOM Ba,ll;O nOMliHTb t ~TO q)l::: 0 t )1::~, ... ) ~ H 'tlTO :8JieiiiJIJie 

KMnY~bC~ K3MeliHDT CBO~ 3llaR. CKasaBHOe MO~HO pe.n;aKTKpOBaTb 6o~ee TO'tlBO Tan 

ycTpaHeHKeM CB060.J:HHX ~HHH~ H nepeMeKO~ OpHeKTa~KK »HemHHX ~KHH~ /:ace OC-

Ta~bXOe COXpaBHeTCH - KanpHMep COXpaHHDTCH OCTa~hB~e »HyTpeBHHe ~KHHH H KX 

opKeHTa~KH/ K3 C no~ytraeTCH Ko:aaa ,n;KarpaMMa ~; .n;~H xaz.xoro ys~a ~ sanH

cinaeTca: "saKOJI • COXpaHeHHH K:aa3HHMnY~bCan /COOTHOmeHHH THna 9)1:: 0, )1; 1
1 
... 1 ~ 

a:aTOMaTH'tleCKH OT~HT~BaDTCH ycTpaaeHKeM CB060~HHX ~KHH~I/J TaKHM o6pa30M 

no~ytraDTCH Sxplicitum ypaBHeHHR /1.17/, KOTOp~, KaR ~ OTMeTK~H »HIDe, 

:ace KBa3HKMny~hC~ :ano~He onpe~e~HDTC.IIo B TOM K COCTOHT TeXHHKa onpe~e~eBKH 

K:aa3HHMny~bC0:8o KaR ~ BH~JIM, Olla OCHO:a~aeTCH Ha :8CDOMaraTe~bBO~ .J:HarpaM

Me ~, ROTopyD ~ 6y;s;eM Ra3~BaT:b KBA3~llHA.fPAMM0~ ~E~BMAHA, COOT»eT·cnyDI1181t 

.n;HarpauMe ~eftxxaxa C:. 
K:aasH.n;HarpaMMH MoryT 6HT~ xcno~bso:aaKa 11 .J:~H .n;pyrwx ~e~elt - ••-

npHMep .J:~H 6~CTporo H y.n;o6Horo :aHqHc~eJIHH 3~eMeBT0:8 OCliOBHO~ MaTpH~ (EII)-1 
K~H ~~H .n;oiCa3aTe~bCT:aa HHTepeCHOrO yT:aeps.n;eHHH, ~TO CHCTeMa CB060,ll;BHX ~H

JIHI c; COCTOHT 113 TaKHX K TO~bRO TaKHX BHyTpeKHKX ~HHHI c:, nepepesaBHe ~ 
Top~ Be BapymaeT CBH3BOCTb (!. Bee 3TO, O~HaKo, M~ noxa OCTaBJIM B CTOpOBeo 

2. 

TiyCTh Tenep:& ;D;HarpaMMa c TaKaH, qTO .J:~H Hee l > 2 f /MOD.O no

Ka3aTb, ~To .n;~H ,n;HarpaMM paccMaTpH:aaeMoro THna, y xoTop~ Be MeB:Dme 3 ys

~o:a - To e. y ROTOpNX 1\~3- K He MeBbme 2 :aepmHBI, 3TO HepaBeHCTBO :a~

DO~HHeTCHt TaR qTo OHO BUITO~HHeTCH :80 BCeX 6o~ee JIBTepec~ c~y'tlaH~J qTo6~ 

Be neperpyxaTh Hs~oxeHKe, ~He 6y.n;eM :axo,n;HTb B .n;eTa~H no 3TOMY Bonpocy/. 

06paTHM BfmMaHJi1e, qTO HepaBeHCTBO l > 2 f 3KBJ.iBa~eHTHO HepaBeHCTBY w(G)<o, 

-Tio.n; "BepmHHo~", xax o6~xo, no.n;pasyMeBaeM BHemHH~ yse~ .x~. 



rxe w(C:) - w•,J;exc )I;HarpawMH C 11/. )J.JIH npocToTLI 6y,~;ew cqiuaT:b, qTo npH

q•xm.re w•xll•• A~ t )I= 1, ... 't, COOTBeTC T:IYJOIItKe :aHyTpeKJUIW JIH.HHM c ' H:IJIH

DTCff npHqHJIJI~H ¢yHK~KffMK "cxaJIHp•oro THna"t 

Ac - 1 v- 1 l 
l..a - 2. 2. • ' - , ••• , ' , m,- \()I - tt 

r,~;e 11"\y- wacca, cooTBeTcT:ayDIItaH JIIUIHK c HOMepoM V, Y=1, ... ~ • . Tor,~;a, xatt 

o6paTKJIH »KHMaHHe Polki•ghor•• • Screato•/3/, :axJia,J; Ja .J;Harpau:MLI C • 
nepTyp6a~KOliiOM pa,11;e /T. e. COOT:IeTCT:IYDIIt&S c aMnJIHTy,J;a ~e~IMaHa Jq/ 

/2.1/ 

1. 
12.21 Q(()( ,q,t) =2:-ol,(k;-m~) j 

)I S:::1 

3.J;ec~> \(_., ••• 1\(1. onpe,ll;eJIHDTCH cooTHomeHHeM /1.16/, T. e., corJiac•o /1.10/, 

/1.13/ l( /1.14/ t 

12.3/ ~<,.=t Fy; t, -qy, v ~1, .•. , 'L. 
YfxTerpKpo:aaKHew no i, , ... ,t5 113 /2.1/ no.nyTJ.&e'fOI!/3/ 

/2.4/ 
_ l· (1 l(>{ot)s-a,o<>-1) 

J~ -e!~ ~ cLo~, ... ckt [Q'(Ill,q)+il]H~ ' 

r,11;e '-e(o<) R:»JiffeTcff pallHOKaJI:bliO~ ¢yiK~He~ oT 0(1,. .. 
1
0(t, a Q' (oc,.q) noJiyqaeT

CIJ./3/ Jl3 Q(0(1q ,t} 3aN:e•o~ ~h ... ;ti' •a pemene -\::t{ol,q), ••• , tf(o</1) cHcTe-

/2.5/ ~~ = 0 i = 1, ... , t 
~-vt ' 

/B ROTOpbiX KeH3BeCT11b!MH Ctti4TaDTCff i,, ... ;~~~·· 
•cu. npHJIO~eHHe II. HanoMKHM, qTo no c~eJiaHHOMy :a ~me TI?e~nono

se••JD •apn,~;y c /2.4/ 1m HMeeM l, >2.f - npH 3TOM HMeHHo np e.JJ;TIOJlO)KeHHH 1a 

npvrJioxeHHH II o6ocKo:aaxa pe~enTypa noJiyq euvrl! f]'(o<,q) vr3 ~(a< ,. Cj , -t ) . 



noJiy>-; aeu 

/2.6/ 

r;a;e 

/2.7/ 

ro 

l1ccJie.IJ;yeM c oJiee .IJ;e'I'aJibJIO lHi.IJ: Q'(oc
1
q). Tio.IJ;cTa»JIHH /2.3/ B /2.2/, 

t t 
Q =.~o.,~lti,tj -l ~ 1~ t~ + c, 

\,~-=-1 l=-1 , 
a.,.· =Lot,.. F,~ ~,J., i. j. = 1, ... ,f 

\ J )1: 1 . ' 

t 
lc·:: ~ ti.v F)li q)l, i =1, ... ,f 

\(;1 

c = f nc, (a 1 
- rn;) 

)'::t ()' 

Tor.IJ;a Ka OCHOBaHHH /2.5/ K /2.6/ J~eTpy,:a;xo YC'I'QHOBHTh/2/, qTo 

/2.8/ Q':. Do , 
D1 

r;a;e 

/2.9/ 

c bt ... bf 

Do= ~~i. ~1~ ~·~ ~i~l, 
1~·1 ... a,,* 

t-~3 ,'b, ~~ ... a.n 
12:7 I, /2.8/ H /2.9/ HCKO, qTo Q' saJiaeTca cpyiKl(HeM OT 0( H 'l , npH 

D, = p_~~ :.: ;;_~~·. 

qey Q' 3aBHCHT OT q
1 

' ... J~'\, nocpe,II;CTBOM CKQJIHpXbiX npOI13:Be.IJ;eHHH q~ q).l 1 

~,Y-=1, ... ,t. Tax xax, corJiac•o /1.17/, 0 , ... q
1 

ff»JiliJOTca JIMiteihlMMH ¢YIK~Ka:-
-,1 ' f 

uu OT F'\,, .. } pt\_
1
, TO H3 TOJil>Ko-qTo cKaaaHxoro cTaHO:aHTCS! stcJD:l)(, ltTO Q 

M03:HO paccMaTpHBaTb KaK ¢yxxrunr oT 0( H p, npVI qeu Q aaBHCHT OT P•., ... 1 

p1\-~ nocpe;a;cTBOM CKaJIHP~ npoH3Be.IJ;eKHH fi .p j 1 ~~~~ 11 ... 11\-1. ;Ilpyr:aMu CJio:aa

MH 1 MOlleM C.1l:1TQTb t qTQ Q ffliJIHeTCH ¢yKKIJ;HeH OT ol H l t I';ll;e ~:: lf!~jll t a 

j! tl J;. ~ pj; L1p:\,.. .;tt-1. 
MH ~y~~M ~p~.IJ:noJiaraTL, xax H Polkinghor~e H Screatoi/31, qTo 

~o;~~;xo;a;n~aH qpou;e;a;ypa peryJ!HpHaau;:aK o6ecneqH:aaeT cxoxuuooT~> HITerpaJia J~, 

OnptJIJifftMOI'O /2.4/ 1 XOTOpbiH, COI'JIQCKO CXa3aXIOM~ H.JIHeTCH <PYIKu;:ael OT ;ct 
J"= r~cz) /0~1-~;II;XO, ltTO 3TH CJIO•a Kyz;a;aJOTCH ~ yTOqKeiHH, KO nORa MH OC

Ta~HM • CTopoHe .IJ;eTaJI~>Hoe paccMoTpeHHe ~Toro •orrpoca/. Polkinghor.e x 



II 

Scre ·~ton mcc~e~oaa~M· aHanMTMtiecKoe npo~on~eHme aToR ~YHKUHH - nep BOHatran&

HO onp e,Jr. e~euxoii .n;.'Irr :semecTBenx:orx Z - » ::-:o~mne :«:cH: o t1 o6.n;o.cTH. OuR ycTaHOJi114-

~M, tiTO ee MO)ICHO aHam1TH ti e CK!'- npo;n:Onl!CI1Tb ,l!;Jiff BCeX 3HatieH~H ,i: , ,:J;n5I :::\O TOpHX 

HO BhliTOJIEHDTCB COOTHOIDeH~B 

n:ll60 

/2.10/ 
~:1160 

To e., ~pyrHMM C~ODQMM, MO~eT HMeTb CHHry~HpHOCTH ~HID& TipM ycno-

BHM, tiTO BDmOJ!HBJOTCB 3TH COOTHOIDeHH.a:; npM 3TOM li /2.10/ o<,, ... ,C(1 CtiHTaDTCH 

EOMTI~eKCKhlMM nepeMeHKhlMH /a~eCb I~ He 6y,:rr;eM BTIYCKQTbCB li ~eTaJI~ 14 TIO BOTipO

cy o6 o6ocxoJilaKH14 cooTMomeHHU /2.10/ - Hama r~aBHas ue~b B HacTosmeR pa6o-

Te 6y,n;eT TIOTihlTKa nonytiM Tb ,:rr;aJi bHe MIDH e pe3yJih TaThl Ha OCHOJiiQHHH 3THX COOTHO-

me.HRt.i/. Totzxee, Pol ldnt;horne 14 Scre~.ton ycTa!WBHJIM , tzTo R /2.10/ aa~o npH-

6a:s14T b H yc~o•ne ±O(lJ = 1 , a TaKJKe H yc~OBHe, Tpe6y:romee nos11~eaH.a: - :a 
~-1 J 

npouecce aaa~HTH"tJ:ec-Kor o np o.n;o~xeaHa G (.,t.) - "aamHnByTli!X11 /"pinched" I xox-

Typo:a HXTerpHpOBa!{Mff /eM. / 3//, a 3TH ,li;OIIO~KHTe~bKbie orpaHH"tJ:eHHff MoryT cy-

3HTQ C0110RyiiHOCTb C~yqaeB, Jil KOTOphlX J,(~) MO~eT HMeTb CMHry~BpHOCTMo flc

KO, O,li;KaKo, tiTO 31latieHMS: l, ·~~ff KOTOphlX Jc:Ce) MMeeT CHHryJI.fipKOCT M, Haxo

~S:TCH cpe.n;M Tex aaatieHMM l, ~~a ROTop:orx ~hliiO~HeKhl c ooTaomeMM.a: /2.10/; Ha

ao:aeM nepBhle 3HatieHHH l nE~CTB~TE]hHHMH C~HrYnHPHOCTH~. a BTOphle - 3BEH

TYAnhHHMM C~HrYnHPHOCTHMM. EcTecT~eBKhlM o6pa3oM BO.II:HHKaeT c~e.n;yroma.a: npor-

paMMa ,ll;~ff ~a~bKeHIDZX .n;eMCTBMM: npe~,n;e Bcero OThlCRaTb COBORYIIHOCTb a:aeKTy

a~bKhlX CMHry~HpHOCTeM, TIOTOM CY3HTb ee C TIOMOmbD yTIOMHHyT:orx BhliDe yc~o:aHR K, 

IaKOKeU, H3B~etzb 143 Bee COBORYITHOCTb ,n;eHCTBHTe~bH:biX CHHry~.a:pKOCTeH. Tio no

~0611011 nporpaMMe pa6oTaeT H Tarski/5/, KOTOpHt.i, o.n;Haxo, orpaH~tiHBaeTCff pac-

CMOTpeMHeM TO~bRO ~HarpaMM C O~HOH CTeneKbD CB060.n;hl; ~n.a: TaKHX ~HarpaMM OK 

IIO~yqaeT MHTepecHhle H ~OBO~bllO IIO~Khle peay~bTaThlo B HaCTo.a:meH pa6oTe MH 

c.n;e~aeM Hecxo~bKO nepB:orx maroB no nyTM pea~maauHH uaMetieHBOH nporpaMMhl ~~.a: 

~HarpaMM C Tip0143BO~bihlM tiMC~OM CTeneHeR CB060,ll;hle 
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HeTpy~HO yc r aHOBHTb C ITOMOmbD /2.7/, /2.8/ H /2.9/, ~TO Ci' a•-

JI.fleTC B: O~ .t!OpO,li;HOM cpyHK~He~ rre pBO~ CTe iT e HJ1 OT HOC HTeJibJtO 0(1> . .. ,cX1 ; CJie~o:aa

TeJibJ!O, COrJiaCHO H33e CTl'lOM TeOpe Me 3HJiepa, .!.ffii 6 y ,J;eM HMeTb 

I l 'O Q' 
0 _\.....,-

- .L..-5"" )J "' )!: ~ uO<v 

TaR ~To, corJiacHo /2.10/, (i' = C .J;Jia 3~eKTyaJibJtMX CHHryJiapaocTeM. Tor~a, 
npWHHMaa BO BHHMaHHe, ~TO B CHJIY /2.8/ 

~Do rc. Q' Q' ·~ D1 
-··- = -;;:- D1 + ~ ()(. , ? (Xy ,, rX )i )I 

ll=1, ... ,t, 

~ y6e~,11;aeMC.fl C ITOMOmbD /2.10/, ~TO ~JI.fl 3BeHTyaJibKHX CHKryJIHpiOCTeH :ihliTOJI-

IHDTCH COOTHOllieHH.fl 

JIH60 

JIH60 

Ol -0 y-

't D.J_ =o , 
~ tX)I 

y =1, ... Jl. 

Ey~eM rOBOpHTb, ~TO HMeeM /a:aenTyaJibJtyiD/ CHJtryJIHpJtOCTb THITa CKEfH( 
, ecJIH 

:ihliTOJIHe~ K H3 BTOpOH r~ynn~ COOTHOIDeHHH /2.10/, COOT~eTCTBeHIO H3 :aTOpOH 

rpynn~ ITOCJie,li;HHX C OOTROm eHH~ Ht 3Ia~HT, ~-K H3 nep:aOH rpynn~ /TIO,li;06Jtoe 

on p e,ll;eJieaae ,11;aeT H Taraki/5/; no cy~ecT:ay Kame onpe,ll;eJieHHe 3RBHBaJieHTJtO 

~aiiOyY HM/o lJIH ITpOCTOT~ orpaiTH4HMC.fl paCCMOTpeHHeM JIHIDb /a:aenTyaJibHHX/ 

CHHryJiapHOCTe~ THna ~1 £:0 , aKaJIOrH4KNM o6 p a30M paCCMaT p HBaiDTCff H OCTaJibH~e 
T 11IT~ /tl.TO ,ll;iil. :t.:e rrpo me' ~eM paCCMOTpe HHe THna C1 E 0

' TIOTOMY 4TO 4HCJIO ypali

JteJtHH H y~aCTByromHX :a IHX HeH3BeCTHHX yMeJtbmaeTca/. 06paTHM BHHMaJtHe na 

ill E(l 
To, ~To, pa3 M~ paccMaTpHnaeM JIHIDb THn L , TO MOZ HO 6e3 orpaHH 4 eJtHH 

o6mxoCTH C~HTaTb, ~TO oiy:f f' , )1:1, ... ,1 , TaK RaK ll ITpOT H1UiOM CJiy~ae OKa3Iu'1i iM.

eTCH, ~TO MR HMeeM ,ll;eJIO C ,ll;pyrHM, "6oJiee HHCllieM", THTIOM. MTaK, H3 TIOCJie~-

,'1LE0 
JtHX COOTHO meJtHH B qaCTHOCTH - ,li;JIH THna ~ - ITOJiy~aeM 

/2.11/ ~ Po - c v - A 1 l '?! "" - , - , .•. , " , ()(.y -+ e, v=1 
•. r."- )1 T 

1 
... J 

1 

T. e. HHTe pecyro~~e HaC 3Ha4 eHH.fl ~ ,li;OJIXHR 6~Tb rr p e x ,11;e ~cero TaKHMH, ~T06H 
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cymecTDo:saJio HeuyJie:aoe pemeuHe cHcTeMJ>r ypaBmHfH~ /2.11/ OTHOCHTeJibiO 

O(U ... ,O(l. CorJiaC!'! O CI<a3aliHOMy :Biilllle, HMeeTCR :a BH;Jl;y pemeHYie B TIOJie KOMIIJieitC-

3. 

n 6 :a ...... .., n· 0 ~ n2 pHCTynaeM K OJiee ~eTaJibHOMy HCCJie;D;OBaHHD nA- H 
1l olv ' 

}1:1, .. )• Ha OCHO:aaiUIH noc.ne;n;Hero H3 COOTHOIDeHH~ /2.?/ H COOT R OIDeHHR /2.9/ 

no.nyqaeM 

/3.1/ 

r;n;e 

d., "1 ... bi 
/3.2/ D = "h1 a.,11 .. · a..,-t , 

............... 

/2.?/ IIOJiy'llaeM 

......... ........ ... . . . ............ . ........ 

T. e. 

/3.3/ 

rxe 
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qY. F 1 . •. ~)ol L 
o Yo o:J 

Fyo .. ·Vf (q):jC1vt ~~1 ... ~V,t /3.4/ 
1 • L 

, )1~ :\, ... ,\.-, L=O , ... ,,-. 

e • • • * • • ., • • • • • • 

qllf ~~1 ... ~~~ 
AianorH'tiKNM o6pa30M /HCITOnb30Ba HHeM BTOpOrO M3 COOTHOIDeXH~ /2.9/ - ~MeCTO 

/3.2/ - H nep~o~ rpynnH H3 COOTHOIDeiH~ /2.7// nonyqaeTCff 

/3.5/ 

r~e 

/3.6/ 

/3.7/ 

1 1 
r n n F F, ... ys 

D, = ~ .i:/">'J \(=' ll" \( 1 ' 

i :%, .. ., 

~)I .... )If = ~~~1~ ~~·.~~.t. 
F~ 1 ... F~f 

1 i 

'>'t =1, ... ,l, t..=fr .. ,t • 

KaK HeTpy~HO TIOKa3aTb, H3 /3.4/ cne~yeT 1 'liTO 

c Fvo ... ~,r, ) _ c~ F"h-o ... .v., 1. - i ._ r. ~h.. .. ·\.1.5 \q - ... \\o· .. h..~ ~ (t:\), >'t., "'-t- \, ... ,1.1, 1.--0, ... , ,-, 

r~e 'tll-l:CJia h0 \"''~.§ Bhl6pa!IH npoH3~0JibHhlM o6pa30M cpe,11;H 'tiHCeJI 0 , ... ,~ H r~e 

th_
0 
... \,._~* 0 JIHIDb npH YCJIO~HH, 'tiTO 'tiHCJUo. k0 , ... ,hG o6pa3yroT nepecTaHOBKY 'tiH

CeJI o, ... ,~' npH qeM Eko"'h5 = +1' ecna 3Ta rrepeCTOi.HOBKa 'tleTHaff H ~o'"h~ = 
-1, eCJIH ORa He'tleTHaff. flpHHHMaff ~0 :BHHMaHHe, 'tiTO, corJiaCHO /3.4/, 

F )1 .. ·)1, ( ) + c fl nt r ., . r 
o 1 t.1 = ~v~ .. ·h.f-IY~o_ rv \4 , v.=1,...,~,.,t=c, ... , 1 , 

I "1=o o ' "" "'~' ~ l 

t=o, ... ,s 
C ITOMO~biO /3.3/ H /3.7/ llOJiyqaeM 

., l f ' t l ~ .. .• ~ r, t- ~ r Fv. ... ~ 'o"' "· Y. ... v , -. 11 f f . ,t.; Q('(1 r '(q)r • '(q 1 =. t;; \l'~j ~" q,"· •• \ ~ .. " ·t ..... ~ \'I)"' 
t=c-, ... 1~ L: o, ... ,~ ~~o, ... ,~ 

~ 

=I. 
~=o 

,:o, ... ,i 

1 ~ £ .. n nr " Fv. ... ~ J_ ._,_ri. .. v; • ~)/h. r-v~. ~. t l .... h.r "'-o l....' ('1) = 
)1, =1 J-v ... 0 1(:1 '"\( f\.0 ~ 

" i•o, ... ,~ 
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' L ,-
/ -Yk..::1 

L 

5 )[ 
r nF F)-I ... }\ "!Y,, _ I Y K • 11-o f (0. ) 

:, \c. -= t ';o'i< I 

i -=c, .. . ,£ 

/3 . 9/ Dv. ... ~ (F)! ... )15-)2. 1 . c.. 
t f = 1 ' v, :i, ... ,L, t.=t , ... ,"J" • 

ffCHO, q TQ f OT 

olt, • • • J(.){l ' ll p M qeM R03qxpMUHeRTE 3THX q>opM- RaR HeTp y.l!;HO yCTGlH OBv! Tb C llOMOIII&J:l 

/3.4/ M /3.8/, COOT~eTCT~e~KO /3.6/ H /3.9/- ff~~ff iDTCfl CHMMeTpMqecRHMH <i>YKR-

uHHMH OT Y0 , .. . ,Y;, cooTBeTCTBeHHO ~, ••• ,~; .I;pyrHMH c~o:aaMH, no cymecTBy Mhl 

npoH3:ae~H cHMMeTpHpoBaRMe D H D1• 3To CHMMeTpMpoBaHH e o6~erq l1 T HHJKec~e,ll;yn-

t 
IKOKetiHO, CHMBO~ r: He ~HilleR CMhlC~a nHmb npH ycnOBHH, tiTO 

vh.~' 
i=o! ... ,§ 

tmcna h.o, ... ,h.~ o6pa3yiDT nepecTaHo:aRy· qHce~ 0, .. . ,5; 3TO yc~o:aHe, O.J;Haxo, :a Ka
meM cnyqae BNnOnHaeTCff, TaK KaK :8 caMOH BHemHe~ CYMMe /B3-3a npHCYCTBHH MHO-

XHTenn: [t
0 

. .. h
5

/ ytiaCTBYJOT TOnbRO cnaraeM:ore, ;lJiff KOTOpll!X h0 , ... ,h5 o6pa3yDT 

nepecTas:o~xy q Hcen O, ... ,S. 
t 
vlt.=1 

t= o: ... ,~ 
~a 3TOM MeCTe ~ cyMMe i :::: o, ... ,~, :a oc-

nonb 30:aa:aml'tc& TeM, qTo qHcJia h., ... ,h.5 opa3yiOT nepecTaHo:aKy 'tiHCeJI o, ... ,f 1 3T& 
3aMeKa He H3MeKHeT; ROHeq•o, 3•aqeKMff CjMMH. 

JEDHeTpy.J;•o ycTaHO:aHTb, qTO L£~ h. B TOqJIOCTH paBHHeTCH 'liHOJiy 
~0 "'•" . 5 

nepecTa.Ho:aoK 1IHCen 0, .. . , ~. \=c, ... ,.s 
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B caMoM ~e~e, H3 /3.8/ H /3.9/, np~x~MaH •o ~x~MaH~e TO~bxo-qyo 

cxa3axxQe, no~y~aeM 

/3.10/ 

t f 
~D = _i 1:. D"~···)/4( ) ~y. 
1ot)l ~ \ ~~t q l::t J 

. ' ~ &=1, ••• ,.,. 

D t 5 L =_L 2: D"v" ... ,, not.. )I· 
'>l=i, ... ,l. 

lO()I (!-,)! . y. .. ::1 j=1 J 
1?=2, .•• ,f 

KpoMe Toro, cor~acxo /3.1/, MY HMeeM 

~D, - lD - ~o< -m1 'OD1 - ml D 
~ -J - 'A (j.. L. Y, ~ ~ 0{ )I 1 , vc.y IJ )1 ~=t ')I 

' )l::r1, ... ,l. 

TIO~CTR».IJ!l!: /3.9/ H /3.10/ » 3THX C00TXOmel!IHJ!lX 1 JIO~yqaeM OKOXli&TeJI:&X8 

r~e 

/3.11/ 

1. y f 
~Do = ..L 2:, rL~ ... v. (q) nolv., v = i, ... , l, 
~Olv 5\ y.:t 1 J- j=t J 

• L t 
t.::t, ... ,~ 

, D,v, ... yfc 1 D"~···~ 1 n>'1···>i . 
d,~···l'f(q) = q)-~""">t -111)' , )',)t=1, ... ,l, .. =., ... ,s, 

T~ e. rxe, cor~acxo /3.4/, /3.6/, /3.8/ H /3.9/, MH HMeeM 

q, ~V1 .•. F,/2. 

/3.12/ a.:, .. >I (q):: 1:~. ~~ ~ :·: ~~~~ 
q}ls F~{··~; 

~ .. ···F.f z F, ···F. 12. 

- ~ m~ IF,~,··· F11{ -m~ .~1 
.... ~.*~ , v,~=tr,l, i:.t, ... ,~. 

...... .... ~ r 
c ... c ,/ .. r~~~ 
r'>f-1 r,f~ 

$!e•o, 'llTO llpH ! ~ 3 II ~=· .. -~ =tt Ka:at,J;brlt H3 Yl!aCT::ayiOID;HX 'II noc~e~KHX CO

OTXOmeXJIJ!lX onpe~e~HTe~e* HMeeT OXHXRRO»He CTpORH, TRK 'liTO 

/3.13/ 
}I 

cLt4···e = o, e'" =1, ... ,l (£~3). 

Tip• 5<~ &TH pa»e.l!lcT:aa xe JII:mO~XB:DTCXJ xanp:r.tMep, npH £ =2 •a /3.12/ 

e~exyeT, 11To 

/3.~4/ 
-' ~ 2.1Fv, Fl'.tlz 1 ( ) ~e~ =- -2. m~ Ft-1 Ftt1 ' tf,, = ,, ... , ~ = 2 · 



17 

4. 

EcTeCT»eHKhlM o6paaoM ~oax~:a:aeT ~~eH nonpo6o~aTb xaHTH o6o6~eKHe 

paccyx;v;eHH~, Ha ocHoBaHHH KOTOpbiX Taraki/S/ /npw f::: 1 I np:wme.JI R aa:a:JID'tle

KHD, qTo 3HaqeHHH l, ~JIH KOTOpbiX CHCTeMa ypaBHeHHH THna CHCTeMH /2.11/ 

PIMeeT HeHyJieBOe pemeH~e OTHOCHTeJibHO 01'1 ) ... J eXt t y~O»JieTBOpHDT t CO c:aoetoi 

CTOpOKhlt HeKOTOpOMy aJire6paHqec:S:OMy ypaBHeHHD /:a KOTOpOIII ()(1, ... ,Dc't Ie ytiQCT

BJD~!/. 3TO 3QKJIDqeHHe no cy~eCTBY OCHOBhlBaeTC.fi Ha H3BeCTHOH TeopeMe Pyme 

H3 J!HHeHHOH a.Jire6phl; MH BOCTIOJib3yeMCH ~pyroH a.Jire6paHqecKOH TeopeMol, H~

JlHD~eHCH :a Ha~ecTHOM CMhlCJ!e o6o6~eHHeM TeopeMhl Pyme. /8Ty TeopeMY HeTpy~xo 

no.JiyqwTb :a:oM6HHHpo:aaH~eM TeopeMH I, §6 c TeopeMol II, §9 PI c paccyR~eHH.fiMH 

:a Ha'tlaJie §9, r.Jia:ahl IV MOHOrpa~PIPI Xo~sa H nz~o/6(/ 

TEOPEMA& llycTb AaHa CHcTeMa 

/4.1/ 

/4.2/ 

:a:oa~H~HeRTOB. Tor~a cy~ecT:aynT KeaKHyJiwpynmHecH Tox~ecT:aexxo MKoroq.JieKbr 

'T' OT R03qxpl1~HeHTOB ypaBHeRH~ CHCTeMH /4.1/ t 06J!a~aDmHe CJ!e~yD~MMlll CBOHCT-

:aaMHr 

I. npH no~xo~H~eM :aR6ope ~eJioro HeOTpH~aTeJ!bHoro 'tlHCJ!a t~ HMeDT 

MeCTO TOllt,J;eCT:aa 
t 

/4.3/ T cx~t' = 2:. A~v(o<., ... ,oet) 4>v(o<o ... ,o<'L), ~=1, ... ,1,, 
\. )1: 1 

r;a;e At_Av(o<, ... ,o<t), tc,ll=l, ... ;\. - KexoTophle, no~xo~SI~MM o6paaoM :aR6paHmre, 

MliOroqJiemi OT oc., ... ,O(t C K03qxpH~HeHTaMR HliiJISID~HMHCSI MHOroqJieHaMH OT R03~ 

~H~HeHTOB ypaBHeH~H CHCTeMhl /4.1/; 

II. neo6xo~HMoe H ~ocTaToqHoe yc.JIOBH:e cymecTBoBaHHSI HeHyJie:aoro pe

meHHH CHCTeMhl /4.1/ npH cne~HaJIH3a~HH, KOTOpaSI npeBpa~aeT ee B CHCTeMy 
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/4.2/, 3QK~D~aeTCff ~TOM, ~TO TipH paCCMaTpHBaeMOH CITeQHQ~H3QQHH MHOroq~eiH 

1r o6pa~anTCH B HY~b. 

Ka%~~ MHoroq~eH 1r c 3THMH c~oHcTBaMH Ha3~aeTcH PE3YnhTAHTHO~ 
.OPMO~ CHCTeMM /4.1/. 

Cor~acHo /3.11/, :ace ypaBHeaHff /2.11/ a~re6paH~eCKH e H o~Kopo~

IHe CTeTieHH 5 ; COr~aCJI:O /3.12/, HX K03<'M>HUHeHTbi HB~ffiOTCff MHOrOqJieHQMH OT 

q~q)l, t',Y::t, ... ,'L, T. e. t COrJiaCHO CKa30ilHHOMY B 2., OHPI ffB~ffDTCff MHOrO~~e-

KQMPI OT 2_ • 

<PopMl>I 'aDq 
~oty' 

IlycTJ, ,~;aHa rrpol!i:mo~bHaa crreQHOil~H3aQHH ~ -l . 0Ha rrpeBpa~aeT 

V=t, ... ,l OITHTb :B tPOpMaX CTerreHH 1 OT 0(, 1 •.• ,o('\,, HO yxe C He3a-

BHCH~HMH OT 2 K03tPtPHQHeHTQMH. HMeff B B~~y :Bee 3TO, Mhl paCCMOTpHM C~yqaH, 

KOr~a CTeiTeHb /O~HOpO,I;Hl:JJX./ MHOroq~eHO:a 4>, t )1:.1, ... ,l paBHffeTCH s H Kor;u:a 

'-fv, Y=t, ••. ,l . - MHoro~~eHhl, B KOTOpbie rrpeBpa~aDTCH ~~0 , '>'=1, ... ,1 B pe3y~b-
- y 

TaTe crreuHa~H3aUHH 1-~. Hcao, ~To crreuHaJIH3aUHIO, KOTopaa npeBpa~aeT 

/4.1/ B /4.2/ MO~HO ITpOH3BeCTH B ;n;Ba 3Tarra: cnepBa Mhl CTie QHa~H 3HpyeM K03tP

tPHUHeHThl CHCTeMbi /4.1/ TQKHM 06 p a30M 1 ~T06bi OHa rrpeBpaTH~aCo B CHCTeMy 

/2.11/, T. e. crrepBa ITpOH3B0,1l;HM crreuHaJIH3QQHD, ITpH KOTOpOH ,n _~Do 
~y ~O(y t 

)l:i, ... J; ITOT.:>M ITpOH3BO,ll;HM CTieQ~1QJIH3QUHIO l--l. , T. e. crreuHa~H3aUHD, nplll 

~Do - L KOTOpOH ~~)I -.(_Qy 1 )1: 1, ... , • QqeBH,ll;HO, qTO ITOC.IIe rrepBOrO 3Tarra Ka~;n;aff 

pe3yJioTaHTHQff tPOpMa 1r npeBpa~aeTCH B MHOrO~JieH ir(~) OT l, ITpH ~eM TO~-
.n:ecTBa I 4. 3/ rrpeBpa~aiOTCff B TO)It,ll;eCTliQ 

l 
T<:e)o<~ = I.&.,io<,, ... ,o<t) :~o. ~ =1, ... ,l, 

)1:1 \: 1 
/4.4/ 

r.n:e llt'v(o<, ... ,o(\), tc,Y:1, ... ,l - /rro,l!,XO.!(ffinHM 06pa30M BhlOpaHHhle / MHOrO~~eHhl OT 

o<, , ... ,()(\ C K03tPtPHUHeHTQMH HB~ffiOin!tlMHCH MHOrO~~eHaMH OT l_ • Q~eBH,ll;HO 1 qTQ 

noc~e BToporo 3Tarra ~(~)~11(~), TaK ~To B pe3y~bTaTe ;n;Byx rroc~e;n;oBaTe~o-
HbiX cneQHQ~H3QUHn /3KBHBa~eHTHbiX cneuHa~H3QUHD, rrpH KOTOpOH \.('y _. ~y, 

V=1, ... ,t/ 6y;n;eM HMeTb T--T(l). C~e;u:oBaTe~bHO, B c~1~y BhilllenpHBe;n;eHHOH Te-

opeMhl ne o 6xo;n;HMoe H ;n;ocTaToqrwe yc~oBHe cyhleCTBOBaHHH neHy~eBoro pemeHHff 

cHcTeMhi /4.2/ 3aKmoqaeTCff B Imrro~HeHMM paneHCTBa T(~}=O /rrpH Ka)lt;n;OM Bhl-

6ope pe3yJihTaHTHoti ¢opMh! T I. IlpMHMMaH · BO BHJ1Maul1e, qTo rroc~e BToporo 3Ta-
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n a CHC T 8l'll<it /2.11/ Ilp e:J.;) B i '(:l eTC ff B C :JC T Cl,\Y /4.2/, Mbi y 6 e;K,n;a e M Cll B T OM , t! TO 

MOJKHO BhlCKa3a Th cJi e .n;yJOI!1 e e yTnepr..:.n;eH Yi e: cy:ne c T BYIOT MHo roq.lJ e aor T ( l ), y .n;oB

JieTaop&IOI!1K e /4.4/, TaKHe, qTQ He06XO,II;HMO e H ~OCTaTOQHOe Y C JI OBH e c y meCTBO

BaHHII HeHyJieBOI'O p ernerlHS /OTHOCWreJibHO 0{1 , •.. ,o<.1.J C Jl:C 1'8 !>~H / 2 .11/ II I=' ~! CTie

U:HaJU13a rJ: >m 2--~ 3a K JI EJ ' r oo. e Tc s a nrmo .rme!-!1'1 !1! paBeHc Taa T( :C )=-0 .n; :rs I<a.ln:.n;o

r o TaKo ro MEo r o q.;; cua TC~) . TaR xaR cne u:I o. Jia 3 au:un ,e-,e I!po:I 3 :J OJibHa, TO 

CRa3a~ ;ro e OC T aeTC H B CBJie Il p H JI I060M ee Dhl6 0 p e. E y .n;e M Ha3hlDBT & Ka~,II;H~ MHO-

roqJieH e yRa3aHHhlMM CBo i:: eTBa M!A PE3YJibTAHTHOM ~OPMOM e~tcTeMhl /2.11/. 06pa-

TYIM BHHMaHHe Ha CJie~yJOI!1H~ ¢aRT: H3 TOrO, qTQ pe3yJibTaHTHhle ~OpMbi eHeTeMbi 

/4.1/ He aHHyJIHpyDTe& TO~~eCTBeHHO, HeJib3H 3aRJIDqHT&, qTo H pe3yJibTaHTHhle 

!PopMhl eHeTeMhl /2.11/ He aHHYJIHpyDTC& To~~eeTlteHHO. OCSpaTHM e~te ••••aliHe • 

Ha TO, qTO :see ~HOroqJieHhl, 0 Y.OTOpbiX H~eT peqb Bhlme, 3BBHCHT OT ~' eorJiac

HO eRa3ta.HHOMY norme t TIOCpe.n;eTBOM MHOroqJieHOB OT qt'~Y' ~,V:1, ... ,l H qTo Raxt~O~ 

cneu:aaJIH3a u:•m l cooTBeTCTByeT n.exoTopas eneu:HaJIH3auas ll~~V' t',Y=1, ... ,~. 
MoEe ;.1 :Ia.n;e&Tbcs, qTo c noMOI!1hJO pe3yJihTiiHTH:s!X !PapM CJIICT e Mbi /2.11/ 

HaM y.n;aeTCH CY 3Ji!Tb eOBORYTIHOe Th 3Htil."t!eHHM l, cpe,II;Jil K OTOpbiX HaXO,Il;&Tes; HRTe

peeylO!qlile nae - i1 eB.ff3H C pacc y r.<,J;eHHITMH B 2. - 3Ha"t!eH:~H ~ • K aR Mil OT MeTHJIJ/I 

B 2., nocJie;a;HH e 3HatieHHH ~ npex;a;e Bcero TaRHe, qTo cymecTBye T Herry~ en o e 

pemeH M: e Clt!CTeMhl /2.11/ OTEOeJITeJII>KO O(, ... JO(t H 3Haqlt!T - C CrJi aC HO eKa 3UHHO

My a:e MHoro Bhlme - TaRMe, "t!T06 H ,Il;JI& 3THX 3Haq~rHHtt l Mhl J'.MeJIH T(;t) =" np1~ 

JIJ06oM BHCSope pe3yJioTaHTHO~ !PopM!:l TCt). Hca:o, "t!To yp an He m rs nma TL;c. )=O 

;rz;a roT B03 :,tO:l.:H OCTb ey3HTb yTIO l'IISHY TYJO eOBORYTIHO e Tb, eeJIH TOJibKO e OOTB e TeTBy!O-

I!1l1Ie pe3y.nbTaHTHHe tPOPM!:l He QHHYJI!t!pyroTe& TO JJZ,U:eCTBeHHO /KOHe"t!HO, OTHOe n T8Jib

HO .C /. R e OjKaJie H liiJO, np!li f ~ 3 n pe ;rr,noJioxeHHe, "t!TO e nor.r omoJO p e 3yJihTaHTHh!X 

tPOpM C>l:CTeMb! /2.11/ HaM ;>•;rr,aeTCH e y 3HTb ynoM&HYTyD COBORyTIHOCTb, He OTipll.B,Il;hl

BaeTCH, TaK KaK llpH ~ ~ j Bee p e3y.!IbTQHTHhle tPOpMbi aHHyJIHpyiOTefi TO)!(..ll:eCT

li8B.O. B caMOY ,J,eJie, ecJIH T (1-) - n p olii3BOJibHaH pe3yJibTaH THa.ff !PopMa c a eTe-

.Mli /2.11/ t TO, 
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r~e E,fAY::::b~v\0(1, ... ,~~)1 , A1(4,Y.::1, ••• ,lH r;u;e, corJiacuo /3.11/ M /3.13/, 

lex').= t>.t~ 

.;~0 ~ :;::td,~···tt~q) = 0, ~,t4,v=1, ... ,l (f-q3) 
v OC').=o~~ . 

/4.5/ 

/noc.rre:n:H:r.e paBeHCTBa :IB.;1.f!IOTC.f! TOS,J:r,eCTBB M.Z OTHOCi1T8JlbHO 2,!/ 
1 

TB!< tiTO IIpY! 

£ ~ ~ M:bi HMeeM 

Tc,e) = o. 
llpyr:nm CJIOBB MY! 1 TipH 5 ~3 Cl1CTeMa /2.11/ VlMeeT /no M8Hbmeli Me_;:Je OJJ..HO/ 

H:e HyjreBoe pe!:~;-ue OT ~: OC!'.Te..'Ib.HO cx,, ... ,O(l non JID60M Bbl6ope & . B cnpaBeJJ..J1H

aocTH ITOCJiel(Hero ;)' T:ae.;n<JJ..e H":E: MO:l::IO y6e,TI;HTbCH M'I HeiiOCpeJJ..CTBeHHhlM ITO.II;CtieTOM 

C nOMOII\blO /4.5/; H3 /4.5/ CTalJOB~lTCIT HCHhll·.l 1 tiTO 0( 1 :~t\)'' ,,O(.t =~rt _f:1, ... ,1 
- CHCTeMa l HeHyJieB:DIX pemeHHI. 3TV. peUJeHli!H 1 O.Il,HBKO 1 .II;JIH HBC He npe.n;cTaB-

JIHDT HH Te p eca, IIOTOMy qTo B CHJIY /2.11/ HaC HHTepecyDT TOJibKO pemeHHH, ~JIH 

KOT Oplu'X tXv::f.o, Y:i, ... ,t .. TIOKa OCTaeTCH OTKpb!ThlM :aonpoc, HMeeT JIH CHCTeMa 

/2.11/ pemeHZH ITOCJieAHero THIIB npH 5~3; 
;::;pyrr:x ueHyJielimx pesem'lx, RpOMe y:&a3aHHbiX 

eCJIH OKUEeTCH 1 tiTO OHB He HMeeT 

l, TOr.n;a 6y.n;eT MMeTb M8CTO 3Q-

RJ1DtieHI~e, tiTO cnHryJilipHOCTeH nma Cl.EO He cymecTByeT. 11ccJie;o;oBaHvre 3Toro 

BO:-rp oca Hy::.c;n;aeTCH B cpe .n: cTBax ropa3;n;o 6oJiee CJIOZH:DIX, tieM arrrrapaT pe3yJih-

TaHTH;;IX cpopM. TIOCJie.II;Htd1 1 RBR Mb! BVI.II;HM, He M07,\8T IIOC.llyJKHTb .II;JIH HBI:lHX IJ;eJieiii. 

CTBHOBHTCH HCH:b!M, tiTO )l:JIH peaJ1H3HpOBaHHH HBMetieHHOH B 2 • rrporpaMMH Heo6xo-

.II;HM annapaT, rO,ll.Hbiiii JJ;BTb OTBeT HB BOIIpOCbi no.n;o6Hhie TOJibKO-tiTO ynOMH HYTOMy 

BOnpocy. /KoHetiH0 1 B03MOXeH H HHOH IIO.II;XO~: HaMeTHTb ~pyryiD n p orpaMMy./ 

liTO RacaeTCH cJiytiae:a, Ror~a ~ = f, l, Mhi OTMeTHM cJie.n;y ro'il\ee. CJiy-

qa~ 5 = 1 HCC.'le;o;o:aaJI, F.BK MU CI{B3aJIH il 2. 1 JJ;OiiOJibHO DOJIHO Taraki/S/; TaR: 

Jfi~ Ppl-i ~::; 1 ypanHeHiiH /2.11/ SiiiJISIIOTCJI Jil~HeiiiHHMH, !1CCJie.n;o:a <:ttme MOJiCHO npo

I~Q'fH §l}F.ijHHTeJibHO sJieMe HTapHD!MH cpe.n.cTBaMH - :a MeCTO :ahllllenpHBe~eHHO~ Teo

POW Me!MO I.JCJIOJih 30BaTb TeopeMy Pyme !13 mmetiHOH aJire6phi /KaK ME! y:ate OTMe

Tl1JI!1, !1MeHHO Tax 11 nocTynaeT Taraki; TeopeMa Pyme, KaK Mu TOJ.<e OTMeTHJit1, 

SIBJIHeTCH lil H3B8CTHOM CMbiCJie tiaCTHbiM C.'IytiaeM Bhl1IlellpHBe;n;eHHOH TeopeME! - BOT 

IIOtieMy Mbi TOJibKO-tiTO CKa3BJIH 1 tl:TO cpe~CTBa, npH IIOMOII\!1 KOTOp:DIX Taraki HC-
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/4.5/ 

/3.13/ B~t:J:OJLHH 0 TC .'i /3.14//, Tat-: '-IT O ::: ,_J ;.: o:;.;c).i o· -:~ · ;c a -::.o , ··! T O 3 c:r~·q :~.~ (' . . . j' ... . -

.t:-.. : ; 
.j --

c y 3 v!Tb COllO KYTl !i O~Tb 3Hct l.J8r'!l~ l ., C ,) e ;a::·: :::'T O,i):'JiX li:?.XOJJ::iTC £ i l :£ TP ::JG CYIOJ\ L! 8 ;.rae 

3HBl.J8HHfl l:_; ITO I-:a OCTB8TCfl OTKpb!ThiM BOTi p OC , OIIp<iiB . .Ii:BeTCIT JI!Il 3TO rrpe:r;;r:o .;rozte-

J:Gle >1. ecJIH .n:a - TO KaimM o6pB30M ITOCTpO~Tb ~83JJibT<l.l1 THEe (j;J OpMhl c::-:::Te:tv!H 

/2.11/ /npH 5 =2!. 
0TKpb! ThiM OCTBeTC ~ ITOX2 U BOIIpOc , KaXHM o6pB30M ocy~eCT3 ~ Tb p ea nM -

m.tTltK ,]I;Jiff pa'3pemeHMff rre p e'4:J1CJieHHHX :BOIIpOCOB Mb! CJJ:eJiaeM B ITOCJie;n:yJO:,nei1 pa60Te • 

• 
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nPz.nonmm 

I. 
/ 

B 1. MH cymecTDeHKHK o6pa30M ~ocno~L30Da~Hcb c~e~ynme« Teopeuol. 

TEOPEMA I: Paxr MaTpHgM HH~H~eHTHOCTH npoH3DO~bHo« ODH3Hol ~Ha-

rpaMMU paBuaeTca qHc~y ee y3~0D /T. e. ee nopa~xy/, yueaLmeaaoxy aa e~m-

HH~y. 

HecMoTp.s: Ha TO, qTo :a 1. Mhl rrpHMeHHJm 3Ty Teopeuy xns: cH~bRO 

CB .S: 3HOW ~HarpaM~~, 3~8Cb MH ~OKa~eM ee BO BCe~ o6mHOCTHt ~K~DqHTe~bHO H XJIH 

c~a6 o cB.s:3Hux ~HarpaMM. Crrpane~~H~ocTh co~epzameroca B TeopeMe YTBep~eHHH 

~JI H npoc TeilmMx .JurarpaM.M oqeBH~Ha. ll03TOMY Mhl rrpo~omJtHM ;~:oxa3aTe~bCT~O no 

HH~YKl~lrm, c rroMomhD BBe~eHJWX Boromo6o:sl>IM H illHpKOBbiM/1 / onepan;H« a/ B CS/. 

KaK OHM o6panr~H BHI-iMaaHe, "• •• JIDCSas: /o~e)f.yeT no~pa3yMe:aaTbZ JID6a.s: .!!&!,

Ra.s:! - UpHK. a:aT./ ~Harp&MMa MOXeT 6NTb IIOCTpOeHa H3 IIpOCTe~mHX ~HarpaMM -
IIOC~e~OBaTe~hHbiM IIp l1MeHeHHeM ~O~l!CHOro q~!CJIQ 3Tl1X onepa~H~· /~Tp. 223/. C~e-

' 
~OBaTe~bHO, qT06N 3QKORqHTb )f.OKa3aTe~bCT~O, )f.OCTQTOqHo IIOKQ3QTL, qTo, eCJIH 

co;n:ep:.tameec.s: B TeopeMe yn;epJK~e.nue cn ~> aBe~m-tBo ~~.s: HeKoTopo« ;n:11arpaMMN 7 oao 

CII pa:Ee ,n:JII~ B O :-t ~~.'l KQ~,!(OH ,n:HarpaMMl:Jt KOTOparr MOll<:eT 6biTb TIOCTpOeHa I13 Hee C 

rr oMOM&D onepa~HR a/ H CS/. 

HTaK, rrpe.n:rro.JIOEI~M, qTo ~~.s: paccMa T pH:n ae Moi1 B 1. ,l(HarpaMMN C yno

r-r.rr.ny Toe YTBep:;c;;:e rme cr.:paB e:n;.JIHBO, T. e., qTo paHr MaTpH~bl e pa.BH.S:eTCH 11..-i. 
"'' TipHMerraM K L.., cnep~a onepa~rno a/; 6e3 orpaHl'I'tleH.vtn: o6mHOCTH MO:.<::HO cqHTaTh, 

't!TO :aHyTpeHHHR miH~UI .];06aBHJIQC:O Mex;n:y y3~QM>i: C HOMepa.MH 1 H 2. 0603HQ'4:HM 

HOBono~yqeHHYIO ;c;;ra rpaMMY qepe3 Ga, a Ho~m BHyTpeaaHi! HMTiy~&c - qepes 1<0 ; 

KOHeqHO, 3HaqeHHH OCTa~:OHUX ~HyTpeHHHX HMIIY~bCOB, B006me rOBOp&, H3MeHffTCH, 

HO 0603HaqeRHH ,l(Jiff HHX MO~HO COXpaHHTb Te ~e /eM. pHCo 1/. Qqe:aH;c;HO~ qTo 

IIOCJie ,TI,HHe 1'1.-1 M3 ypaDHeHid /1.1/ t a HMeHHO 
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1 
~ e~y Ky = f~, i.= ~, ... ,"
V=1 

COXpaHHDT C~OD cnpaBe~~HBOCTb, a ~MeCTO nep~HX ~~yx H3 ypaBHeHH~ /1.1/ ~H-

no~HHDTCH ypaBHeHHH 

1. 
~eivkv- Ko = p1, 
>'=t 

C~e~o:BaTe~:&HO, , 
' e '" = p. , '- = 1, ... , n. , L i.v"v l 
V=o 

r;.;e e,o_=-f, e.2,o=1, ei0=0, t=3, ... ,'n. 3TO 03HaqaeT, qTo MaTpH u;a MHIJ;M

~eliTHOCTH ea ~MarpaMMH Ca no~yqaeTCH M3 e. npM6aa~eHMeM O,!!;HOro CT0~6u.a, 

TQK "l!TO ee paar ra He MeR:& me paHra e t KOTOpbrn no npe;D;nOJIOlleHMD HH~YRUHH 

paBHHeTCH '\1.-1, To e. ra>n-1; C ;a;pyro~ CTOpOHH, llp.!4HMMQH BO BHVIMOI.HMe, 

"l!TO paccy:l!t~9HM.II, HOI. OCHOBQHHU ROTOpi:JX ~ 1. MH yCTQHOBUJIH, qTQ paRr Ma.TpUIJ.bt 

HHUU~eHTHOCTU C MeH:&me qHcJia ee y3~o~, MO:l!tHO npoBeCTH ~JIH xa:l!t;a;OH ;a;Harpa MMH, 

Mill y6eac;a;aeMCH, ttTo paar Ca MeH:&me 'l1 /qMc~o Y3JIOB y C.a Taxoe :lite, Rax H 

y G; t T. e. ra~ '\'\-1. CJie;a;o~a.TeJibHO, r~=lt-1 • .IJ;pyrnMH C~OBQMH , CO )l:epiR:a qe

ec.a: » TeopeMe yT:sep:l!t;a;eaMe cnpaBe;a;~M~o H ;a;Jia ~a· 

\)\'\ C . i 

llpuMemfM Tenepb R C onepau;MID 6/; 6e3 orpaHliitrenurr o6muocTn MOJKHO 

CtiMTQTh, "l!TO HOBbY~ y3e~ COe;li;UHHeTCH /nocpe;a;CTBOM BHyTpeHHe~ ~MHliiU/ C Y3JIOM 
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c xoMepoM 1. 06o3xaqzu •o~ono~yqexuym ~~arpaMMy qepe3 C:
5

, a no»NH y3e~, 
XO~~ :lxyTpeHKH~ HMny~bC :11 HOB~ BHemHK~ HMnY~bC - COOTBeTCTBeHHO qepe3 0, 

1.<.0 H po 1 xoJteqxo, 3HaqeHHH ocTa~bHHX »HyTpeHHHX HMny~bco:a, :aoo6me ro:aopH, 

OXO:Ia H3MeHS:TCH, HO 0603HaqeHHS: ~~H HH:X OilS:Tb MOJ!Cl!O CO:XpaH~Tb Te JKe /CMe 

pKC. 2/. Qqe:aH,li;HO, qTo TIOC~e~HHe 1'\-1 H3 ypaBHeHHH /1.1/, a HMeHHO 

t 
2:.etvK,= pi, i=l, ... ,n 
)1.=1 

COXpaKS:T C:IOIO cnpa:ae~~HBOCTb, Q BMeCTO nep:soro K3 ypaBHeUK~ /1.1/, B:miO~HH-

eTCH ypaBKeKHe 
l 
~ e1v Kv - K0 = p, ; 
>'=1 

EpOMe TOrO, :INTIO~HS:eTCH :11 ypaBHeHHe 

CJle,ll;o:aaTe~bKO, 

K0 = po · 

~ 

~ e,LvKv = Pt' i. ==D, ... , n..' 
V=O 

rxe ~=1, e,0,=0, V=1, ... ,t, e10=-1, ei0:::Q, t=l, ... ,n. STo 031!aqaeT, qTo 

MaTp14ua KMUK,J;eHTHocTH ~ ~HarpaMMH Cs HMeeT BH,J; 

1 0 eto
1 

e8 =II e e ) eO = : II o 

o e,o .. 
D03TOKy, ec~H Ml>I o603HaqHM paHr e.s qepea r!l' a pallr e - qepe3 r, TO <Sy-

xeM KKeTb ~8::r-+1 /XeTpy,li;HO TIOKQ3QTb, qTo MQRCKMQ~bKOe qKC~O ~HHeHHO He-

3QBHCHMNX CT0~6UO:I e6 xa e~KHHUY 60~bme MaKCHMa~bXOrO qKc~a ~HHeHMO He3a

~HCHKNX CT0~6UO:I ~~ HQllOMHKM, qTO paHr npOH3BO~bHOH MaTpK~ paBRS:eTCH/S/ 

MaRCHKa~bXOMY qHc~y ~KReHHO xesaBHCHMNX ee cTo~6uo»/. Ho TaR xax no npe,ll;

noJiozeKHD HH,li;YRUHl! r= 1\-i, TO r 6 = 'Y\ • ;IJ.pyrHM!-1: C~OBQMH, CO~epxameecg :1 

TeopeMe yT»ep~esHe cnpaBe,li;~K:ao H ,ll;~s: (;6 • 

Cor~acxo cxasasxouy BNme, 3THM ,J~;oxasaTeJibCT»o TeopeMH saxoHqeHo. 
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II. 

Kax MH oT MeTMJIH n 2., Polkinghor:a.e H Screo.ton/3/ yTnep=tC,naiOT, 't!TO 

HKTerpapo:aaHHeM no \, ... ,t.S H3 /2.1/ noJiyqaeTCE: /2.4/; OllH, o;rr.Kaxo, Ke ;u;aiOT 

;r.oxasaTeJibcT:aa sToro yTnepJ~t;rr.e Has:; H<iCKOJibKO HaM asnecTHo, ;rr,o cax nop Taxoe 

~OKa3aTeJibCTaO He ny6JIHKOllaJIOCb K ;rr,pyrHMH QBTOpaMH, lie C't!MTaE: O;II.HOro 't!QCTH't!

HOrO HCCJie;rr,o:aaHHE: 110;II.06HNX HHTerpa~H~, KOTOpoe C;D;eJlaJI Yathews/4/ ;II.JIH lleKOTO-

pHX llpOCTbiX ;D;HarpaMM /KOlle't!HO, HeJib3H C't!HTQTb, 't!TO 3THM HCCJie;rr,onaHHeM HC't!ep

~~aeTCH o6ma~ cJiy't!aM/. TiosToMy :a aacTorrmeM npKJIOXeHHK MH 3<i~MeMcs: ;rr,oxasa

Te.llbcT::aoM ynOMJ!HyToro yT:aepx;rr,eHHE: /JJ o6meM cJI.yqae/. 

llpe;rr,:aapaTeJibHO ;u;oxaJ~teM o;rr,.a:y JI.eMMy, xoTopyiO Tarakif5/ ~opMyJIHpyeT 

/no ;r,pyroMy DOBO;D;y/ 6e3 ;I.OKa3aTeJibCT:Sa. ilyCTb a=llastll- DpOH3liOJibllQH CHM

MeTpH't!eCKa;r (N+1)X(N+1)-MaTpao;a, r;r.e N~2· lloJI.OlKHM: 

N 

/1/ X= La~txsxt, 
s,t=o 

r;u;e :t0 , ... ,X,N - npOV13 :3 0JibUHe nepeMeHXhte • Qqe:aH;D;HO, 't!TO Mbi HMeeM 

AN= a"" 
N-1 

121 X:: AN~+2E1Nl1.J+CN' EJN = ~ aNsl:s 
N-t 

c = L astX.Sl:t 
N ~.t=o • 

HeTpy;u;Ho noxasaTh, 't!TO ecJIH qepes ft(x) Mhi o6osxa't!HM onepaTop, xoTopHI ;u;e~-

cT:ayeT lla /npoH3BOJib:a:J:.rll/ x:aa;n;paT!!J>rlt TpH't!Jiell A:t2 +2P,l: + C no aaxo:.y 

/3/ R(:x:.) (A:x:.1 +ll!Jx +C)= AC -Ell., 

TO 

r,~;e A,, S=o, ... ,N-1 He sanacrrT oT :!.0 , ... ,~, a ~S a Cs .a::aJI.a:IOTCH cooTneT

cT:ae••o JIHlle~:tmH H x:aa;u;paTH't!llOH !JlopMaMH OT X.o.,···)~t ~=1, ... ,N-1; 't!TO xaca

eTCff Bo H C0, lleTpy;rr,Ho noxa3aTh, 't!TO ~o= C0=0. ItfTax, npHHHMarr :ao :aaH

MaKKe H /2/, Mhi MoxeM yT:aepx;rr,aTh, 't!To As, S=O, ... ,N ae sanacrrT oT :X.O, ... ,J:N 
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/5/ 
Co:::: O, 
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s-1 
il -- ~ .j \t u5- L 1.?5 Xa 

<T.::o 
S-1 

C ==- " C O''t' X X sL~ a 't 
<r,~=o 

' S= 1, .. . , NJ 

r)J;e b~, c:ti, <r,t'=O) . .. ,S- 1, 5=1, ... ~N He 3aBRCfiT OT :r:o,·••)x.N. HaKOHei.J;, He

Tp y,ll;HO no~a3aT& C nOMO~biD / 4/ R /5/, qTQ 

A - A ~-f S-1 ( 1 S-1 )2. N s-1- sCs ' - t:>s ' s=1, ... , 

/6/ 
1 <r - A $-1 <r 1 s-1 1 IT _,s .. 

1
- sC,'- b5 bs, <r=o,. .. ,s-.z, S=2., ... ,N 

ciTt - A <Tv 1 cr 1 't N s-f- 5 Cs -b& bs, a,-&=o, ... ,s-2.,5=-',· ··, 

Bee 3TO MOBHO ycTaHOBRTb RH,ll;yKI.J;Re l no 5 C noMO~bD /2/. /Cxe~yeT o6paTRTb 

BHRMaHRe Ha TO, '!ITO BhlBO)J; COOTHOIDeHRH /6/ OCHOB~aeTca, Me~)J;y n p oqRM, Ha 

!IJaKTe, qTo MaTpHu;hl 11cru II, s=t, ... ,N cRMMeTpRqxhl. 3ToT !PaKT ycTaHa:axH:aaeTcli 

TOXe HH~yKIJ;R e ~ no 5 O~HOBpeMeHHO C ycTaHOBXeEReM TpeT&eH rpynnhl COOTHOme-

KHH /6/. KoReqao, qT06hl BOCnOXb30BaTbCff MeTO~OM HH~YKI.J;HH, He06XO~RMO npex~e 

:acero noKasaT:&, '!ITo MaTpHu;a IIC~iill CHMMeTpHl!Ma. Ho Ta:K Ka:K MaTpRu;a llastlj 
CRMMeTpRl!Ba R, COrXaCKO /2/, c~c = a<T'C' G"'1 't =0, .. . ,N-1, TO c npane.J;XRB OCT:& 

nocxe,ll;Kero yT:aepx,ll;eHRH He :au3u:aaeT coMKeBR«./ 

IlOXOJ!tRMZ 

/7/ r,s= o, ... ,N-1 ayo= 
aN,. ... aNN 

I a,..+1,s 
~s = : 11, 

,.. I~NS 

~,..,.. ... a,.N 
, r = o, ... , N, ... . .... ' .. .... 

Ill£ 

/8/ 

T TS T T TS 

ll =
1
a .... a~ . ast a" _ a"', a~ . a .. t a~ b I a,~ a'", a,. 

rst ar a at a s -t -j"'tY"+1. a ! r 
r t"+1 r r+1 ar ar+1 a:r a,..+, r.t a,.,. ~r 

a~ a~ 3r+1 

r,~,t = 
o, ... )N-1. 

~CX~ ~ - llpOR3BOX:&HaH MaTpRu;a, TO, XaK 06hll!HO, 1!epe3 ~~~ M& 
6y~eM o 6 osHaqaT& ee onpe;.;e.nH'Ie.n::&, a qepes ~ - MaTpMu;y, TpaHcnoHHpo:aaHHyD 
flO OTHOIDeHRD K ~. 



• 

i:'7 

/ 9/ !2\ ... l::IAr•;• a~ I,·· -." N--1 I ~ '1-· ;.\ ;_ A ~ \·': ':';I' ..... I - <;, ... , ,, .::-I N - ·· ""'1111N .. i -1N 
;'-"r- C\\'+1 

/nocne~see pane3CTBO rronyqaeTCH K3 / 2//. C rroMO•biD /7/ Mhl y6ez~aeMcE, QTO 
T 

Mo.tTp vU.-Ihl Ot'l"-4- 1 , ·r :: O, ... ,N-1 TOAte CKMMeTpHQHbi, TaK 'tlTO 6y~eM HMeTb aN·1:: a\"+1 1 

Y" :O, ... ,N- 1; CJie~oBaTen:OHO, 

a,..se'; =a"s ~~ \=a,..sa~ 1
1
,V',s=o, ... ,N-1• 

a~ a'I"·H a~ a.-+1 a~ t\r+1 
Cnep:sa paCCMOTpvlM cnyqaw' KOr,l!,a tar+il=FO, '(' = o,. .. ,N-1. TipHIU!Mas 

KHe TOnbKO-'tlTO rronyqenHHH pe3ynbTaT, no H3BeCTHhlM rrpaBHnaM/7/ MH 

Ar-~t = Jarr-a; ~+1a~l~ar+1~laat- a~ a~+i a~Harttl-
- ,a,., -a~a~+i~l~at+tl·la .. t- a~a-~+ia~ar+11-

liO 1UUU&a-

nonyqaeM 

= 1 ar+•lt [ c a,r- a:: .:r.!.., a:: )(as.t- a~ a-;::., a~) -(a,,-a~a-;.~. a~xa ... c a~ a~ .. at} 

a,-t-a~ a-;:1 ai a .. ,- a~ a-;.~ a~~ - -a 'Ir -t -t l:r -1 r -0, r,&,t-o, ... JN-1 
.. ~-a .. a,.+1at' a.,. .. - ~rar+ta .. 

/MaTpHUH nep:soro, TpeTbero, uaToro H ce~bMoro H3 yqacT~yro~Hx • 3THX npeo-

6pa30:JiaftHBX orrpe~enHTeneH HlinH~TCB rrpOCTO QKCnaMH; TO Xe CaMOe MOXKO CKa-

3aTb H o MaTpH~ax, KOTopue BXO~HT li 3.JieMeHTbi noc.Jie~Mero onpe,l!,eJIHTe.Jis/. 

HTaK, npH ·lar+tl -=1= 0, r =o, ... ,N-1 Mbi I4MeeM 

/10/ £l.,.&i. = O, r,s,t= O, ... ,N-1. 

¥13 "coo6paJKem~s Henpe pbilll'IOCTH 11 / 7/ cne;n:yeT, 'tiTO /10/ ocTaeTCH cnpa:ae;n:ni4llblM 

11 ll cnyqae, xor~a aeKoT opNe H3 onpe~emneneti 12..,. .. 11, r =o, ... ,N-1 a••Y.JIHpy

roTcs. 3aMeMHli r- aa N-v-, S - xa <1 H t - Ma "t', t-~:3 /8/ H /10/ nonyqa-

eM B qaCTE:OCTlll 
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T 1
1 

T : 
1 

T J T fJM> a a~r 11-r 11 q- l l 11-r N-r v.. N·r111' 11-r 
OtN•l'",tH• aN•r i a<T'C a;N-f' : iaN·l",<r aN-r aN-r,'t aN~r -~ a 

' - . - H Y"+\ ~ N·r o_N-r ..,. 't i ; <r 't ~ N-,.,~ '-"..-u-r 111-r 
N-r "'·--.. ~"•-r a .... ,l Ia... a •. r .. la •. r a..,.., a~ a•·; ., 

N-Y' N•r '-"M-f-t1 

/11 / 

a-,~ = o, ... ,N-r -1, r::. t, ... , ~-1. 
C I10MOUI !> Kl ~noro p e 3JJibT a Ta :.rn: ,r: OI{aJ!te M C Ji e ,il;yJO~M e COOTHOIDe.H.v.tlU 

/ 12/ 

'A 
= I laN-r,N-r a~:_~ 

N• r ~I"~ H_.,. a I a,_,. N-r ·H 

I I TN ,. I 
1 \f - k a111-r tr a.,:'" ; ,.. = o N-r-1 ' t) -- , ' '" , .•. , I N-r '"I~<T a I 

"'N-r N~r+1l 

,._, 
ro-1 N-1· 1 -1 1 -n Ar-p r-l N-1 - , ... , ' ~e,- , 1<,.- 1-\ 1 ' - , ... , • 

~:1 N-p+ 

<rt - l Ia a cr ' c,._l'_ <r IT1i N-r l l,<r,t=o, ... ,N-.,.-1 

a~-r aN-r+1 

Ilpl1Hl1MaJI B O 3Hl!lM<iHAe, tJ:TO , c o r;rac a o /2/ .v.t /5/, A =a ' ,cr=a 'ccr't=a t 
N NN ON NO' H n 

cr;t =0, ... , N-1' Ha OCii OBaii";1'il /6/ ;rerKO UOJiytraeM 

A =A ; ... H,"-1 (, N-t v· _
1
aN-f,N-1 JN,N-1 

N-t N "'M - t?N J - a 1 1' 
N,tH CI.NN 

~ It = A ... w-1,cr _ 1 N-1 1 cr -I aN-1 10" aN,w-1
1 

_ 
N·l NLN bN tN- a , <r-c, .. . ,N-1 , 

N<.T JNN 

co-'t -A crt 1 <r 1 't _,a(J''t AN<f ~ 
N-1- NCN - b~ bN- I, IT,'t=C, ... ,N-~ ; 

~N~ ClNN 

3THM c rrpane~JI~ D OCT b / 12/ rr p H r=i ycra&OBJieHa. Herpy~HO ycTaHOBHTb cnpa-

Be~Jii1BOCTb /1 2/ H npM "r=;(.; ll COii.MOM ,!;eJie, Ha OC!iOBaHHH /6/,/7/,/9/, 

/11/ H TOnbKO-QTO ~O~a3aHHOrO ITOJiyqae M , HaTi pHMep, 

C<rt ==A ,CT t _, tt ·_-r =laN-t,N-1 aN,N-1. J,.t ~Nrrl- Z\N-t,rr a N,tH. aw-,,'t 3.N,tH 
N-.:_. N-~ '"'N-1 biH t N-1 1 ::. a .l :}. .:' ::\ 

. -lN1 N-1 (ANN Nt ~!'IN '--\NIT 1::\NN '--' H't OtHN 
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11', ~ = o, ... , N- ~ ; 

3THM TpeTbH rpynna COOTHOIDeHHM /12/ ;D;OK;,osaHa ltl npH '(" = 2.; aHaJIOrH"Y::iU.:M 06-

pa30M ;D;OKa3HBaKJTCJ3: .III OCTaJibMHe H3 IIUX TipH f" = 2 • ;IJ.aJib!lle ,Jl,OKa3aTeJibCT:aO 

llpO,ll,OJl~HM HH.Jl.YKUHe A no r. HTaK, nycTb COOTHOilleHHH /12/ cnp;,oBe;D;Jim~hl ,Jl,JlH 

Kal!C.JJ;Oro ue.rroro llOJIO:>itl-i TCJlbHOrO qHcJia' J!e npe:llhlllla10lllero r' .t ~ r ~ N-1· Tor

,l(a, cor.rrac11o /6/, /7 I, /9/, /11/ H /12/, 6y;n;eM I1MeTb, HanpHMep, 

C ITt' -A ,rt 1 IT 1 
11 = N-T'-1 - N-T' CN-T' - tltt-r l~ N-r 

a<rt 

= GAT'-1 A'"-.2. ···A )~ ta I· N I'H 1'4-Y"+.t N-N1 3N-f'1t 

3.~-~ 

A"(" Al"-1 At 
= N N-1··. N-1'"+2. • 

Ar A'"-f A.t A atl't = N N-1... N-l"t.<, N-'r~1 ;)_"t 
N-.--1 

_aN-r,<r 

aM·!" M·l' l 

- ~-Y' 

.:lN-r 

"t 
~N-Y'+1 

N-r-+1 

~N-'1'+.(. 

3TJIM TpeTbJI rpynna COOTHOIDeHHM /12/ ;D;OKa3aHa; aHaJIOrltl"Y:HhTM 0 6pa30 c.l 1~0I< C. 3"!':!1l a-

DTCJI .III OCTaJibllhle H3 HHXo IlOCJie TOrO, KaJ' cnpaBC,!l;.tll1l3 0CTb COOT riO me l!HL! /12/ ;IC-

TaHOB.rrena npM 'f"= N-1, N-2, aeTpy,n;Ho ycTaaoBHTb ua o c HoBaHII!H :noro :11 c:1pc. -
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Be,IJ;JII.iB OCTb COOT IIO :J e!IVI.fl 

/13/ A = AN-1 AN--2.···A ~00 a: .. 
o " N-• ~ Ia~ a1 

3To Mo;Ka o c,n;eJiaTb c noMOl!lhiO p accy:ac.n;e ruri1 To ro JB:e Tvrna Kai< Vl Bumenpvr:se.n;eHHh!e 

I c TOti pa3HIU.i;e~' '!TO BMeCTO /11/ Tenepb CJie.n;y eT HCI10Jib 30BaTb /10/ - nplil rat 

H S=t=O/. HaKoHe~, npvrHuMa.fl BO BHl1MaHVIe, '!To, corJiacKo /7/ H /9/, 

~ 
T 

N-r 
M-r,M-r aN-r 

~M-r a 
~111-r N-r+1 

- b I =fart-r,N-r. :: ·.~~~~'.~1, r a:: t, ... , N, - j'N-rj ......... . 
aN N-r ... aNN 

' 
H3 /12/ H /13/ noJiyl!aeM 

/14/ AN-r = kr~~~~,~~ ~·.· . ~.~~~~~' 
OoN,N-t' .•• a HH 

F\ r=I, ... ,N; ~=1, kr= f"'A:~~.,· r=l,.,N. 

TaKHM o6paaoM MH .n;oxaaaJivr cJie.n;ynmyiD JieMMy. 

JIEMMA 11
1

1 ITycn .l(aHa x:aa.l(paTVIliHali cpopMa /1/ /r.l(e N "';::.2,1 u nyon . 

As' S=-0,-,N onpe.n;eJiliiDTCli cooT.aomeHH.fiMH /2/ H /4/, r.n;e 'R.(:x:.) - onepaTop, 

.n;ei1cTBYDmvr~ no aaxoay /3/. Tor.l(a cnpaBe.l(JIHBO cooTKomeHHe /14/.• 

PaccMoTpvrM Tenepb HKTerpaJI 

r+• cL 
I = J. (A~c:1 tl.&~ +C+it)M ' /15/ 

rxe A =/= 0 , B, C, £=F 0 H M ) t - )[tUtOTOpl':lle BemecneHirne l!HcJia 1 •e

TpyxHo I10KQ3QTh, liTO 3TOT HKTerpaJI CXO,l(HTC.f!o OlieBH,li;HO, liTO OH 3aBHCHT OT )\, 

E,,C H £. qT06H llb!.fiCHHTh liH.l( 3TOI 3aBHCHMOCTH, C,l(eJiaeM CJie.l(yDl!lYD 3aMe)[y 

nepeMeHXhiXS 

/16/ 
&= . A X+ :B 
, [A(C+it)-B1f ~(C +i£)-B~! 

/3HaMeHaTeJib OTJIHlieH OT HYJI.fi!/.•HcHO, liTO KOr;ll;a 'X H3MeH.fieTCR OT-00 ;11;0+00, 

i 9I1HCl':llllaeT OpliMYD l. ~ KOMDJieKCHO~ OJIOCKOCTHI 3Ta DpliMali DpOXO~HT qepe3 

X04liaJIO KOOp;II;Hl{QT /npH ~=-it 2 =0/ H )[e CO:arra,J;aeT C MHHYOI OChD /eOJIH 

S3Ta JieMMa He COllna.n;aeT B TOliHOCTH C JieMYOI, KOTOpyD cpOpMyJIHpyeT 

/6e3 ;~~;oxa3aTeJI&cT:aa/ Tareki/S/, xo no oymecT»Y o•a 3K»H»aJieHTKa eA. 



JI 

,l.I;OIIyCTHTb IIpOTI1BnOe t TO - TaX xax ll T<£XOM CJiytrae lt03qxpiiii~HeKT H CJa060,l.I;HHi1 

qJieH 1il /16/ aBJIKIOTCH trHCTO MHHMhlMH tfHCJiaMH - :abiXO,l.I;HT, 'tlTO A E. = 0, a aTo 

IIpOH!BOJ?etfi1T C,l.l;eJlaHHI:D.{ npe,l.I;IIOJIO:lKeHHHM OTHO Cl1T eJibHO 

yi<aaannoi1 aaMeirn: nepeMeHHbiX noJiy-qaeTca 

A H £/. B peay.'lbTaTe 

/17/ 

r,l.l;e 

u = ~ (l:tcLt~) t1 • 
l.. 

/18/ 

kf3 :BhiiileC K<£ 3QHHOrO CTaHOBI1TCfi ff CHbiM, 'tlTO IIO,l.I;HHTerpaJiliiaH cpyHitl.J;l'IH 

H BernecT-

JaeHHO~ OCbD H ltO TOpaa He CO,l.l;epXHT MHHYO~ OCH /aamTpHX01ilaHMaH 06JiaCTL Ka 

pHo. 3/. KpoMe Taro, ecJIH Lr - OKPYXllOCTb pa,l.I;Hyca r c 1\eHTpOM 1il HatiaJie 

xoop;t;HKaT H ecJIH \::,. H Lr - .li.Yrll Lr, nepBaa 3aKJID'tleHHaa: Mex,l.l;y L H noJio

XHTeJibKO~ traCTbiO BernecTJaeHHOI OCH, •Topas - Me~y ~ H OTpHI.J;aTeJibHO H 'tlQCTbD 

•erneCTBeHHOH OCH, TO 

·t· (. cL~ 1. c d.g - 0 
r!.":!. -h~2'+1)M =0, ,.L!,'!l~c?•t1)M - · 

B caMOM ;t;eJie, xanpPIMep Ha \!'r YL1 HMeeM jW~)j ~ (rt -1)-M, TaR 'tlTO, ooo 3Ha

-qaa -qepe3 [4>,, 1('2.] Hl'ITep:aaJI, B XOTOpOM l13MeHaeTCK apryMeHT 'fJ nepeMeHHO~i ~ 
.... 

xa ~r, noJiytraeM 
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~ W'(l) &.:c, = 
t:~ 

r~.2. · r~!. r~ '-f-1 J W(re,i~) ril~d.~ ~ J (r-.2.-1rM r- cl~ = (4'.1-~)~- ~'} r-2M+t; 

"'1 1(11 

oTcn~a EhlTeRaeT rrep~oe Ka ~hlmerrpKBeAe•~ cooTHomeHK«; axa~orM~HNM o6paaou 

~OKaa~aeTCff ~ BTOpoe. Tor~a, Ha OCHO~aHMM BCero 3TOro, C ITOMO~bD TeOpeMN 

Komw ~er1w rro~y~ae~.~ Ka /18/ 

-oo 

r~e E = + 1 M~M E: =-1 ~ aaBMCMMOCTM OT opi!eHTiill\MM L; c ~pyro~ CTopoHhl, 

1~ L 
HeTpy.!tHO ycTaHOlH1Tb C ITOMO~bll /M/, ~TO op;.IeHTal\MS: OITpe;rr,e~rreTCJ! 3RaKOhl 

A, TaK ~TO E: =+i M~M 6 =-1 D aa~Mc;nwcnr OT 3RaKa A. c~e~OllaTe~bHO, 

l,< = c.o~t·si~ ft, 
r~e ~epea "co••t" Mbi o6oaHa~I1JH1 ~em!~HHY, Heaa DMCSI!IIYKJ OT l:, A , E:,, C H E.. 
I10,li;CTa~~ffS: lil /1?/ H ITpMHMMasr BO BHMMaHHe /3/, HaXO,li;HM 

/19/ 

ITO~OlKMM% 

/20/ 

A AM-f I - C.011..S ~ • 't ~'"' . 
- (R(x)(A :x:1 t:z.B:x:. +C)+ i. tA]M- i- . 

+oo +oo 

J = ~ ci:t:, ... s d.. a;. ,. . .• .. ~ , 
-oc -oo 

r.n;e X orrpe,ll;e~sreTcsr cooTHomeHHeM /1/ M r,11;e f.:fO, a M>~, T. e. M> _i, 
Tal\ KaK no yc~o~!4D N~l· Cormtcao /4/, /15/ H /19/, rrpK rrpe.n;rro~o:KeHKM, ~To 

AN :f= 0, Mhi 6y;n;eM MMeTb 

+OO +CCI r ot.x.. r cl ~ .. 
_l(X+ l£.)H -~(AN:r.;+i@)N~+CN+it)M 

A AM-1 
c..o1'\&i·~l~ p( N • 

[R(~)~NX:+l~"xN+f!N)+it.ANr·t 

~aK K3 BeCTHO, ~i.~nA=+1, ec~M A>o H ~i~"-A=-1, ec.nM A<o. 



33 

L A AM-1 1 
== C.01'\S11. ~igt' ,. . N (A .t )M t ' 

"""' ~-t t.tP,N_,a;_, +C.-t + ie.A,. -
•••~Y qero 1113 /20/ Mhl noJiyqaew 

+.., +oo 

s = con.t. Si£" AN. Ar;;' ).u:, .. : ~ d.a;. (A X: + .:1. B... ~ +C. tit A ~~~-r . 
_ 00 -oo "-t -t t -t -1 N 

.U.aJiee, npM npe;n;noJioJXeHHvt, qTo H A</fO, S=i, ... ,N-1, nocpe;n;cT:aoM paccy:at.I~;eJlHI 
TOrO ze THna, llOJiyqaeM MeTO;D;OM HH;D;YKUHH 

HaKoRen, npHHHMaa BO BHMMaHHe, qTo, cor.nacHo /5/, E,.=Co=o 11 11'1'0 

~·""A" Sir' A IH •.. s<r A," ~·'r' (A. A ...... A~ si £" l, = $ i gn An A;:; .. A. ' 
xa ocJto:saJIHH JieM.Ml:l II1 /T. e. Ha OCHODaHHM /14// m;r no.nyqaeM - npH N ~3 -

A AM-t AM-t AM-J!t! J =C.onst.si~nA"A"_,· · · ~ . .., M,..., ... 1-\, • t 
Xo=t A1 A:-lf AM-f ... f\M-J ( Ao 

N-t !1, A,.A.H···A1 

r~e 



~00 ao, 4o2. ... ao .. 
a1o ai, ~u ... a,w 

/21/ .6o =I a10 al, a2.'l. ... a1N 

... . . . . . . . . . . . . . . ... . . 
6_wo aN1 Clwl. ... Cttol!f 
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ai1 a11 ···a, .. 
.11 =1~1 a~2 ··· a2."' 

aN4 aN1 ... all .. 

all··· a.2N 
J\ -, •••••• '"".2- ..... 

aNl··· aNN 

3TOT pe3yJII>TaT Mhl IIOJIY"l!liJI11 rrp!.i rr p e.!(ITOJIO X,e!!~li , '!TO N ~3, o.n;Haxo , Kax He

rpy.n;Ho rrp o:aepliT:b, OH ocraerca: cnpaBe.IJ;Ji liBHM 1'! rrpH N =2 /:a rroc;!Ie.n;HeM cJiy"l!ae 

no.n; A.t, ecTecrneRHo, cJie.ll;yer rro.n;pa3yMeBaTI> C.3.2 I. Hrax, rrpH N ~2 HMeeu: 

/22/ J - \f 
Xo=1- (~: + it)M-f ' 

r,~;e 

/23/ lD _l_ • A2. -t "{ = C.Ol\~vS\~n 
61 

• 411 • 

Kpoue roro, HeTpy.n;Ho rroxa3aTI> c noMo~&D /14/, qro nepaBencTna A ~0, S=~~N 
G 

.HIIOJIHHDTCH TOr,ll;a H TOJibKO TOr.n;a, KOr.IJ;a lihliTOJIHHIDTCH Iii Hepa:aeHCTBa 

/24/ 
a, ... "l 

'\ =I= 0 I N- I N-f ~ ... -1,NI-I- 0 
~.... ) 'l _,_ ' ... ) 

aM,W-1 ... ~ .. w 

a11 ··• att4 
······ .... , =fo. 
a~" ... a .. ,. 

TaKHM o6pasoM MH .n;oxasaJIH cJie;n;yro!l1y'D JieMMy. 

JIEMMA II2 : Ilycn X - KBa.n;parHqHarr cpopMa /1/ /rrp!.i N ~2 I, a J 
- HHTerpaJI /20/, r.n;e £:f0 H M >~ H rrycTI> As, ~=o,. .. ,N orrp e.n;eJinrorca: co

OTHomeHHHMH /2/ H /4/ t r.n;e 'R(x.) - onepa TOp t :n; ei1CTBYD~lif1 ITO 3aKOHy /3/ • 

Tor.J~;a rrpH npe;n;rroJio~eHHH, '!TO BHIIOJIHnrorca: nepaBeHCTBa /24/, crrpaBe.n;JIHBO co-

OTHOWeHHe /22/. 

Terrep:b Mhi yxe :a COCTOHHHH .li;OKa3aT:b CJie.ll:yiD~YID TeOpeMy. 

TEO PEllA II: ilyCT:b ~aH HHTerpaJI 

/25/ J+ = r J4t, ... ot4-t§ , 
j (Q+i£)1 

r.n;e Q orrpe;n;eJIHeTCH COOTROll!eHHeM /2.6/ H r~e [=/=0 H t > 2S; IIOJIO'JK.HM: 
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/26/ 

rl •• ..• Q.•L 
\,.\,L L L OJ o. = ······-· .... ' ~=1, ... ,£, 

1 ctti ··· Q.H 

r,11;e Q.~l, b~, i.,j=t, .. . ,£ Jt C onpe;~~;eJHiJOTCH cooTHomeJIIIIHMIII /2.7/. Tor;.;a npiii 

npe;u;noJio:>Keium, ttTO Di.=FO, l.z:t, ... ,f, HMeeM 

/27/ 

r;u;e 

/28/ (D:l:. t np• ~ = ') . 
~ • •H;u;e /1/o fiOJIOZIIIMI 

/29/ 

0603Hattlil.Ji ttepe3 ~OI~, « 1 ~:0,1,2. 1~ KOMIIOKeHT:b! ¥eTpiiittXCrO TeX30pa MIIIIIKO.CKOro 

~=Ill>«~~~ III ttepe3 ~X a.. - npHMoe npoH3Be,ll;eKI/Ie ~ • a._, Ha ocxo:aan• 

/2.6/ M:b! noJiyttaeM 

r;t;e 
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/31/ t« = . o<= 0 1 2 ·- -~i) L' ,, ,S , l - ~, .. . ,£, Xo -1. 

~TaK, M~ Ham~H, tiTO 

4f 

o = L a{«iXf))J{«l)3:(~n • 
(oci) ,(~j)::() · 

0TMeTH~ llpH 3TOM, ti TO :a CH~y nep:aotl: r pynnh! COOTHOweHMH / 2 • 7/ Ma Tplili;Ol. ~aij ll 

CHMMeT pH tiHa H, C~e~o:aaTe~bHO, KaR HeTpy~HO TIORa3aTb C DOMOmbiD /30/, MaTpH:u;a 

~~~·X~j)" TOJF.e CMMMeTpMttHa. Cpa:aHe E'ie noc~e,Il;Hero cooTHO llleHlHI c /1/ y6e lF.,Il;aeT 

Hac B ToM, trTo :a paccMaTpHliae MOM Tenepb c~yttae N =45 > 2, B TO :speMJI xax 

cpaBHeHHe / 25/ c /20/ y 6ex,l!:aeT Hac :a TO M, '!ITO n paccMaTpMBae rw :.I c~ytJ:ae M -l, 
TOl.K tiTO M-~ = l-2.f > 0; ,~;pyrHMii! c~o:aa !A H, Bce yc~oBHli ~e MMhi rr

2 
Bh!TIO~He-

liLI. nyc n 5 ') 2 ; no.nomuc: 

T T T T 
C -bo b1 b1 1,3 

~ -'b0 -Q. 0 0 0 

~: =111 0 0., 0 
01 • 

/32/ 0 , 1:) = : 11., o<=o,1,l,J , 
tO( 

b' () 0 ct. 0 ~ 

b~ 0 0 0 Q.. 

"'' -a.. 0 0 0 -a, 0 0 0 

.A~=I o 
a.. 0 0 A-4- 0 a., 0 0 > a.=~··:QL_~, . 

/33/ ) .z-
0 0 a. 0 0 0 a.. o Jl "· a.H 
0 0 0 Q. 0 0 0 Q.. 

Pacc MoTpHM cnepBa cnytra~, xor~a la..I=F O; TaR xa x :a 3TOM c~yttae a_-1 cy-

me c T:ayeT, TO CymeCTBy eT H 

-a. 0 0 0 -1 -a:1 0 0 0 
0 ct 0 0 0 a:1 0 0 

- 11 • 

0 0 ct 0 0 0 a;io 
0 0 0 Q. 0 0 0 at 

ITo H3BeCTHhi.M npaBHna~/?/ H3 /32/ t llpMHHMOl.li BO BHV. l.iaHHe /26/ H /29/, noJiy-

traeM 



37 

-CC1 0 (' f'l II ·; 0 11 -Q 0 0 0 -to -
0:1 

:· t 

0 0 0 
. , ' 1 1! 

(t 

c-ll-1° ~ T 

13
11 

i; b l () 0 () 

a4= 11. 
0 a.~ d 1,1 1 -

0 0 0 0 0 Q 0 

0 0 0 a:' II VII 0 0 0 a. 

= ~ - (-~a_, b' + '1• a;'~ + 1" a-'1,'- + 1,• o:-'1, ~J-a.Ha.i s = 

= fc -± <?oc~~0(0:11b~(-1)5 1~14 = (c-t_ cr~,tQ-i1' b: l~')(-\J5 1ct.l 4 = 
\: ..c,~~ 1 \ «,~cO lJ::.-1 l l J, 

= rc- fa::Jt ~d~1o:1~\-1ifa-1 4 = ~-±_ ciiJ~ 1,1:\ -1)51a.1 D5 
= 

\ L,~=1 '"\p•o V \. i.,}=1 ,J/ 1 

=Kc- ta-•1)1a.llHlD/ =I~ ~C:-1JfD; = D,(-osD,'. 
H3 "coo6paxeMHH xenpephl~HOCTH"/?/ c~e~yeT, ~To 3TOT pe3y~bTaT ocTaeTCH cnpa

:ae~~HBUM H llpH lcti=O. llTaK, Mhl Ham~H, ~TO 

/34/ A! = (-05 .DoD/ • 
KpoMe TOro, TIO H3BeCTHhlM npaBH~aM/?/ H3 /33/, TipHHHMaH ~0 BHHMaHHe /26/ , Ka-

XO;li;HM: 

/35/ 

MOXJIO llOKa3aTb t ~TO 3TOT pe3y~bTaT COXpaJIHeT CliOTO CTipaBe)!;~HliQCTII H npH '•1 
/:a aToM c~y~ae nox D2 c~e;ll;yeT no,11;pa3yMe:aaT:& ~Hc~o 1/. HaxoHe"Q, nocpe~cT:aOM 

paccyx;ll;eHH~ Taro xe THna xeTpy)(KO noKa3aT:&, ~To Hepa:aeHcT:aa THna /24/ ;li;~H 

MaTpH"Ql>I 1\a(«i){.f>l)ll BUTIO~HHDTCH TOr;ll;a H TO~bKO TOr~a, KOr~a BhlTIO~KH IDTCH H 

B.epa:!ieHCTlia Dt * 0 t i:r.t, ... ,~. c~exo:aa Te~bltO' corJiaCHO ~eMMe !!2 /KaK Mhl BH

~e~H ~hlme, :ace yc~OliHH 3TOt! ~eMMDI :ahlilo~HeliH/, npH Di =/: 0, \=~, ... ,f MDI 6y,~;eM 

JIMeTbZ 

J4 "' 
={_A! . )l-H' 

\ll1 + 1.E 
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/Rai< tru :uJ;s;eJIH nillle, M-~ = l-.2.f; RpoMe To;o, cpaBHeHHe / 20/ c / 25/ H 

/21/ C /32/ H /33/ y6eJK,:B;ae T aac Jil TO M, 'tlTO J S!BJHieTCH 11 'tleTbrpeXMepKb1M11 aKa

JIOrOY J t a .fl: t ~~ H ~1 - 11 '1leTblpeXMepllb!MH11 axaJioraMH COOT:aeTCT:aeKHO l10, 

~t H ~lt TaR 'llTO KanHCaHHble BMme COOTHOWeHHS! Cpaay BhlTeRaiDT H3 /22/ - cor

JiaCHO /31/, ~::1f- H K3 /23//. llep:aoe H3 3TMX COOTHOWellHH C TIOMOmhD /34/ 

K /35/ npe:~~pamaeTcst :a /27/. BTopoe c noMomhD /35/ ;s;aeT 

If = ~o»s-1: · s t ~·+ g!} ~)f D,,-l = (-1)1-f co»s-1:. ''£" g: · ~-l, 
T. e. ;u;aeT /28/. 9THM TeopeMa ;u;oRaaaKa. 

Cpa:axeHHe /2.1/ c /25/, /2.4/ :aMecTe c /2.8/- c /27/ H /2.9/- c 

/26/ y6ex;s;aeT KaC 11 TOM, 'tlTO TaRHM 06pa30M Mhl 060CHOBQJIH pe~enTypy ;D;JIS! TIOJiy-
1 Q . 

'tleHHH Q(or,q) H3 (oc,q,t), HCTIOJib3011a!IHYD llaMH 11 2.)[. llpH 3TOM MM TIOJiy'tlHJIH 

eme O~Hll peayJihTaT- COOTHOmeHHe /28/, To e. Mhl HaiDJIH H11RhlY. BH;D; ~; COrJiaCKO 

/2.7/, /26/ H /28/, \f H11JisteTCSI <I>YXR~Hei't OT 0{1 , ... ,0(\: ~::.'('(0(). ilORa::'KeM, "tfTO 

npH o<,) 0, )l:,, ... ,l 
/36/ 

:auecTo /28/ 1m uo:aceM :~~anHcaTh 

D-2 
\f(ot) = C.011St 1 • 

RJIH 3Tolt ueJIH MH paccMoTpHM R:aa;s;paTH'Ilxyn ¢opMy 

r;u;e ~ ••..• ,fs 

/37/ 

~ 5 
- = ) a.lJ. E:lEJ· , 

.L..-& f.;:;, ,)-

- :aemecTBellKMe /'llHCJIOB&e/ nepeMeliXMe. CorJiacKo /2.7/, HMeeM: 

::: = ~ 2:0(llf,t~jtif.j=2o<)l ~F,ifi • 
5 t 1. G! ~~ 

l,jzt Jl•f Y•1 •t 

SOpe;u;Jio~eKKOe a;u;ech o6ocllo:aaxHe aTolt peuenTypH K»JIHeTcst Roc:aexxHM. 
Ero MOZKO 3aMeKHTh 6oJiee Kenocpe;u;cT:aellKEK /TO'tlKee, MOZKO <I>OPMYJIHpO:RaTb aeM
My II2 TaR, 'llT06~·:a:aecTH ;B;H<I><I>epell~Hpo:aaKHe THna ~H<I><I>epell~Hpo:aaHHS! 11 /2.5/; 
'llTO ze xacaeTCH JieMMH II1 , TO oxa ocTaeTOH 6ea H3Mexel1Hst; o6paTHM :aHHMaKHe 
Ka TO, 'llTO :a 3TOM CJiyqae ~ORa3aTeJibCT:aO yTIOMS!llYTOi't pe~enTypH lle OC!IO:aH:aaeT
CH Ka JieYMe II1 , •o oKa 6eaycJio:aHo Meo6xo~HMa ~JIH noJiy'lleliHH stBMoro :aH~a \P/. 

OTMeTHM eme, qTo aKaJioruqxHM o6paaoM /o nouo~hD paccy~ellHi't o~•o
ro R3 ~:ayx yxaaa•KHX THno:a/ MOZIO o6ocxo:aaTh K aKaJior~HYD pe~enTypy, uc-

noJihao:aaKiyD •anpHMep ~oryxo:aHM, To~opo:aNK K ~ep!IHRo:a&M/I/1 xecMoTpH xa To, 
'llTO OKH !le HCXO,!;S!T H3 HHTerpaJia /2.1/ /:a HX pa6oTe nopH,!;OR HHTerpHpO:aaKHH 
no liHyTpeHllHM HMnyJihCQM H no napaMeTpaM ~ei'tHMQ)[Q OTJIH'tlaeTCH OT Kamero H no-
3TOMy oxaa~aeTCK, 'llTO :aMecTo HKTerpaJio:a THna /15/ Teneph cJie;u;yeT paccMaT-
pK:aaTh HliTerpaJIH TaR xaa~aeMoro raycco:aa THna/11/, ocKo:aa pacc~eKHft co
xpaKHTCK lleH3Me)[KOft. 



IIycTb rene p :o ) -· 1 l . - , ... , . Tor~a, c orn~cn:o /37/, H IT03TOMJ/?/ :ace 

r:ra:sHHe M,!Hi op:oT :.mTp:.rr~bi f(O.; jj' TO)Ite Heorp :::IaTe .::;,m~ . Eocxo.':hKy , cor.1<:1.cHo /26/, 

t '
1 

H l;~ JI:iiiJIJ1YJTCl1 r.1aBHbar.H ~HIHopa:.m 3TO ~ r .. Ja r p:c:,r , TO L ~ , l :) · .. K po :.1e TO

re, no npe~TIOJIO>l:em1D TeopeMH II, r J1' r ... t-r·, TaR '!TO I. ·' J >"" /3TV! Hepa-

Be HC T:aa BbffiOJ!HfflOTC ll 11: B CJiyqae 1 :;::: 1 t 

pa3yMeBaeTCl1 q~cno 1/. Cne~o~aTenhHO , 

/36/. TaK x aK, corn acHo /2.4/, ¢YKKUK~ 

noro:.ty r.r ro 3 aro~ cnyqae no~ l rro.r:: -

· Dz 1 ~l~Y" D = 
"' 1 

H /28/ npeBpa~aercsr :a 

+ ...• 
. \ I npe~cra:anrrer ~HTepec ~n~ xac 

JII-l:illb np11 0()' )Q, 'i/:1 , •.• ,v t TO 6 e3 orp&HWtre H::!fi OO !lU10CT~ Mhl Mo:r:eM C\.JH TaTb, 'tlTO 

OHO< onpe~e.<Jie T crr c oo r n:ome:n1e:.! /36/; c .rre ;:,onare:rc-Ho , c o r Jmc u o /26/, ~(("() 

KaK Mbi OTMBT;.rJil1 ll 2. - .iiB .J:ileTCff pa !..i;1l OHan:on:oi1. ¢ YHKIJ,>Ie* OT ~. , .•. , ()(\ • 

Heo6xo~>~:Mo eme ycraKo:aHTb cnpa:ae,J;JIH:aocTb Hepa:aeMCT11 Dt =f:o, · ~· ; · ·· ,·~ 

/Teope Ma II ~oKasorBaerc ff r:p11 npe~noJio:>Ken.HI1 , 'tlTO Di. :f,O, i =1, .. . ,~ , . . e. npex-

~e :acero HeffBHO rrpe~nonaraeTcll, 'tlTO 
.....-, 

KO/ • .IJ.JIE: 3TOll u;eJil!l Mb! CHOB:i< paCCMOTpliiM K:aa;n:paTH'tlHYD ¢opuy ;:::,. • CorJiaCHO 

/1.15/ K /37/, np V! rro~xo~E:lUeM :~~or6ope ~, ... ,rx1 /HarrpHMep npH o<y >O, 1::. 1, ... ,5, 
O(y ~0, }/ = ~+t, ... ,l,j 3Ta ¢opMa OKa3hmae TC.ff TIOJIO)ItUTeJibHO orrpe ;n:eJieHHOH H t CJie~o

:aaTeJILXO/Pf/, :ace rJIBilHHe MHHOphi MaTpHIJ.bi lla.i.J!I TIOJIO >K>-ITeJibKH. IIOCKOJibKY, co

rJiac:a:o /26/, DP ... , D~ .ff:JJIRDTC.ff rJia:BH'!l!MK MHHopar.rn 3Toii MaTpH1~:or, TO f\>0, 
i=1, ... ,~ /npH TaKoM :ace nr6ope o<1, ... ,()(1./. ITo3TOMY Dc.;tO, i.=1, ..• ,f. 
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