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AMHpxaHoe I-I.B., BacHnee B.K., )I(Hnxoe E.n. 

ll ccnenoeaHHe peweuul! HenHHel!HbiX nH4J4>epeuuuanbHbiX 
ypaeHeHHl! C nepHO!lH~eCKHMH K03~4JHUHeHT8MH e6nH3H 

pe30H8HCHOl! o6naCTH. 

11 - 9922 

Hccnenyercst peweuue uenuuel!HbiX nucMJepeuuuanbHb!X ypaeueuul! c 
nepiiO!lH~ecxHMH xoacMJuuueuraMH e6nH3H pe3oHauca v x =2/3. MeronoM 
ycpenHeHHH Hal!neHhl yxopo~eHHbie y paeHeHHH, npoeeneuo uccnenoeauue 
3THX ypaeHeKHl!. 

Pa6ora BhlnOnHeHa B na6oparopHH Bhl~HcnurenhHOl! TeXHHKH H 
8BTOM8TH38UHH OHHH. 

Coo6meHMe 06benMHeHHoro MHCTKTyTa RnepHNX Kcc~enosaHK~ 

,ll,y6Ha 1976 

Ha AHarpauMe ycroa'!HBOCTH RD60rO KOHKpeTHOrO ~>lliRH'!eCKOrO 

yCKOpHTeRR TPYAHO BHdpaTb padoqyn TO'!Ky BAaRH OT pe30HaHCOB: 

BcerAa Ha:fAeTCR HeCKORbKO pesoHaHCHHX RI1HH~ 1 rrpOXOAIIIIIHX B6Rl13H 

3Tan TO'!KH. H3BeCTH0 1 '!TO pe30HaHCHHe SIBReHHSI COCTaBRSIDT OAHY 

H3 aazHenmKX npHqHH norepr, qacrH~ B nyqKe. 

B CBR3H C 9TRM CTSHOBHTCR SKTyanbHOA 3SQa~a HCC~eQOBSHHR 

BHHRHKR paannqHHX HenHHeiHHx pe30HSHCOB Ha .QB~eHHe ~SCTHU D 

UHKnnqeCKHX YCKOpHTenRX. 

B MaTeMaTH'!eCKOM OTHOmeHHH 3Ta 3aAaqa CBOAHTCSI K HCCReAO

BSHHil CHCTeMli HenHHeihrux .QHqxpepeHUHMhHHX ypaBHeHHA C rrepHO.nH~e

CKKMM KO~eHTSMH /I/. ~e B ~HHeAHOM rrpH6~~eHHH ITO~~aeTCR 
ypaBHeHHe BTOporo rrOpR:!{KS C rrepHO.QJ-i'<WCKKMM KOSrJxliHUHeHTaMH ( THrra 

ypaaHeHHa XHnJia), H Haxo~t.neHHe o6~acrn ycTornBHX peweHHn rrpen

coraMReTcn TPY.noeMKoA sa.natJeA. 

TaK KaK ~aCTHUH n UH~~ecKIDC ycKopHTennx o6utiHO rrpoxo.n;nT 

orpoMHHA fiYTh; COBepWaR 6QnblliOe '!H~O o6opOTOB (QO HeCKO~hKHX 

MltiiJIHOHOB), TO peweHHe HCXO.nHHX ypaBHeHHi! H3BeCTHHMH tiH~eHHHMH 

MeTOQaMH MMO~eKTHBHO (H3-38 HSKO~eHHR '!HC~eHHHX OWH60K). 

MoltHO BOCITQnb30BSTbCR MeTOQOM ycpeQHeHHA / 2/ H ilQnY'!HTb YKOpo'leH

Hiie ypaBHeHHR, KOTOpHe ~H60 ITpoCTO HHTerpHpyiOTCR, ~H60 IT03BQnfl!OT 

I:IC~e.QOBSTb !{BHllteHHe HS clJa30BOA ~OCKOCTH. 
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B pa6oTax /6-9
/ 6wro rrponen;eHo HCCJien;onamre CI.JCTeMU He.mmefurux 

ypanHeHH~ n6.mr3H pe3oHaHca TpeTI>ero nopRn;Ka (T.e, paccTpoiKa 

.d Ma.Jia) 2vi! - Vx= :1 H v~ = j- np:a n. = const ( no -

CM. HID!te). B 0:8HHOR paOoTe ,B OT.llif'rne OT /6-91, pe30H8HC Vx ~ j 
Hcc;rerzyeTcR rrpH 6oJree o6meM .D;OTIYli!8Hrm, 

8 HM8HHO no ( ()) -
rrepMOli;H'leCKaR tPYH~ e . AHa.JIH3 TIPOBOll;l!TCR K8K B0JIH3H peso

HaHcn, T8R H rrp11 IIO.li;Xon;ax K p830HaHCHO:l!: 06JI3CTH lf3 Hepe30H3HCHOR 

30HH (T,e, ~1R llpoHSBOJII>HbiX 3H8"18HHR p8CCTpOIK:a ~ ). 

I. llpH aHa.JIH3e pesoHaHca Vx = j O:BHJKeHMe 'IBCTMI.i pac-

CMaTpHBaeM n Me.n:RaHHo:l!: IJJIOCKOCTH ( :t = o ) • Tor..n:a ypanHeHHe 

6eTaTpOHHUX KOJie6aHHil: MOJKHO 381IHC8Tl> B BH.O:e /8-9/ 

X" + ( 1 -fl. ((})}X = E { V, {()}.z2 + t (X').'I.} 
(I) 

rn:e 

~ ( e J = ( -1 - j n. -J. n; + 1 R o fl1 ) , 

(2) 

Ro - PBQHYC H.n:eaJII>HO:ti opOMThl, 
I 

C"' Ro - MaJibl:l!: rrapaMerp, 

illTpHX 03H8"186T n;H~epeH~poBSHHe 110 8 no If n1 - CBR38-

Hbl C TIOK338TeJieM M8THHTHOTO IIOJIR ~(e,~) COOTHOm8HH6M 

n (fJ,~)=flo(O} +rz.(&Jx +lnz(BJ:X.t+ ... (3) 

B oomeM CJIY'lae ni reJ ( i =: 0 i 2 ... ) 
I ' I - rrepirOQH'leCKHe 

tPYHIQUrn H Yp8BHeHHe (I) RBJ!R6TCR HeJIHHeAlruM .D;U~epem:.tH8.7IbHUM 
YJl8BHeHll8M C rrepMQn;H'leCKHMH K03tfxPmmeHT8Ml!, 

O.n:Hopon;Hoe ypaBHeRHe, KoTopoe rroJiyqaeTcR M3 (I) rrpH c =O, 

a I!M8HHO 
II ( 

X + 1- tl 0 (8)) X = 0, 

6CT:b ypaBH8HH8 XHRJI8, 06~ee pemeHHe (4) MO~HO rrpeA

CT8BHTb a BH.D;e Ill 

4 

(4) 

X = 0-.x ·fx (BJ·fU.ze +a.: ·f: (B)e-iV"'e (5) 

rn;e / x ( ()) - nep:aon;Ht~ecKaR KOMTIJieKCHBR !l>YHKrum oT () (!l>YHK-

rum ~OKe), ax , a: - TipOH3BOJII>HHe KOMTIJI6KCHH8 TIOCTORHHble, 

Vx - qacToTa 6eTaTpomrux KOJie6aHHA. 

A.M.JIRTIYHOB / 3/ YCTaHOBHJI, tiTO JIJ068R CHCTeMa ~me~ 
.D;~~ep8HU~8JibHbiX ypanHeHHI C nepHOll;H'l8CKHMH K03~~eHTaMH Oli;HOTO 

Il6pHOll;8 MOJK6T 6b1Tl> IlpHB8li;8H8 C IIOMOllll>il JIHHeiiiOil: IIOli;CT8HOBKH K 

CHCT8M8 ypanHeHHft C IIOCTORHHbiMl'l KOa<IxllH~eHTBMH. Ci!!CT8Mll ypanne

HHI, 06JI8.0:81D!J!H8 TI0.0:06HbiM CBOICTBOM, OH H83B8JI rrpMBOIJ;HMHMH. Teo

pMR rrpMBO.ll;HMb!X ypaBHeHHft TIOJIY'IMJI8 ll;a.JII>HeauJee p83B~TH8 B Tpyn;ax 

H.IT.EpyrMHa / 4/. 

B COOTB8TCTBH~ C 3T~M .D;JIJ! yp6.BH8H~J! ( 4) OCYli!8CTBJIJ!6M CJie

.D;yD~ee rrpeodpasoaaH~e: 

rn:e 

X = !1.x. ((}}~ + *x l2x ((}} :!', 
X 

1 
= F1:x (0} ~ + 1-,., F2x (B) lj' 

}
1
x (8) = Re fx (BJ, 

/2x {(}) =Im/x (()}, 

fi'
1
:x (8} ==/1~ (B}- Yx/2.xJ8), 

F;x. (()J=f2~ {f)) -t Y.xfo~. (BJ • 

llocJie IIO~CT8HOBKlf (6) B (!) HMeeM 

I/ .\ 2 E 
~ + V;x: 'f = c 'f , 

rn:e 
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(6) 

(7) 

(8) 



Ey = W1 ((J)y-t + Wz(BJijij'+ ~(BJ'{Jj', 

w1 = w [ v, !t! + -1 r,~ J 

Wz = ~x [2~ I,~ fz:x + P,;x PzxJ, 

w3 = ff-x [ 2 Vt 1~: + F ::x J, 

w ( eJ = 1 I ( .f1:x + tx I ;X) . 

(9) 

lipM'leM, W.: (e) ( i. = 1,2,3) - rrep:f!OIJ;M'leCKHe lilYHKil;>!M OT e 
MX RDHblll BMIJ; 38BMCMT He TOJI:OI\0 OT qJyH~H no {8) H n, (eJ, 

FvTOpUC CBH38HU C M8rHHTHOll CHCT8MOft YCKOpHT8JIR , HO H OT 

v X II I :X: {e) • .14JrR H8XOlKIJ;8HHR V:x: n f X. (e) pa3pa6oTaHbl 

pa3jiJP.JHhlc rrpMdJIIDKeHHUe l'v'eToqu /I • 5/. Mbl rrpe.n:rroJiaraeM, 'ITO if>y~ 
~.;rorre ..f x ( e J .11 ttacToTa v x. H3BeCTHbl ,M rrepexon;uM R >~:ccJie.n:o-
nannJO ypanHeffiiR (8). 

0l.(HOpOn;Hoe ypaBH8H.IfO, KOTopoe ITOJIY'l88TCR .113 (8) rrpM E=O , 

8CT:O ypaBHCHII!C C llOCTORHHbiM KOS<t$1WfCHTOM, Ilo3TOMY HeJIHHeftnoe 

ypalJHCHlle (8) YIJ:OdHO l!CCJICD;OB8Th M8TOIJ;OM ycpCIJ;H8HMR / 2/ B6JIM3M 

pe3onaHcnoft ttacToTu \) x , a TaRJKe Ill rrpH rron;xon;ax R pe3oHanc-

no:n 06J!8CTI1 .113 Hepe30H8HCHOH 30HU, 

2. l1ccJie.IJ;YeM peruenne ypaBHeHHR (8) B OKpecTHOCTH pesoHanca 

Vx= f +S rrpM J <.<i, MY 

2- (2,).2. ~:x=3 +£·4 
(IO) 

rn:e Ll - rrpen;cTaB.'lReT co <loa paccTpo:l!Ky. 

Y~nTUB8R (IO), ypanHeHRe (8) rreperrUIUeM B BHD;e 

f' + ( ~ /' ~ == E F , (II) 

6 

I 
d 

1 

rn:e 

F = E E~ - Ll·IJ· 

Cn;eJiaeM B (II) 3aMeHy rrepeMeHH!iX 121 , a mAeHHO 

~ = a...x Sin (j e + lf'x), 

{ = j Q_ :r COS ( j e + 'f X) 

(12) 

(13) 

Tor.n;a ypaaHeHue (II) rrpllMeT BH,ll; 

I 3 (,Z ) ax = 'X l F cos 3 B + 'fx , 

lf' ~ = - i · c · zfx F · Sin ( J G + !{/ x) , (14) 

~~ep8HWfaJI:OHbiC ypaBH8HHR, ITpHB8IJ;8HHble K BHIJ:Y (!4) 1 H83UB8K~ 
ypaBH8HllRMM B CTaH.n:apTHOft (!Jop:Me. Ycpen:HUM CMCTeMy (14) no MeTo

n:Y KpUJIOBa-BoroJIJ060Ba 121. Ycpen;HeHHe B8D;8TCR no e 

rn:e 

liOCJie ycpen;HC!lliR B rrepBOM ITP:M<lJIIDK8HMM ITOJIY'lHrt. 

(l~ -=oC. a.~[J/sin(3'f'::c)+Bcos(3'f.x))=J110 , 
(!5) 

lf'~=d -roc a,"'{.!?cos(3tp,)-8Sitt(3'f'x)]=a+B
10 

(' 3 ·Ll o = e·-;r 3 
ot. :. e· 16 

_// - wr•J ::!: (J.} - (~):l w (f) 
- f'.Z, + 3 ~.z 3 3-t 

8 = - w (~) + !I w (f) + ( ~ ).t w (.l) 
1:1.. a u. 3 J.t. 

( 16) 

Tlf T•l ~ [ (1/ f'-1 J 
Wi (()) = VVLo + L !-t{-11 ·Sill (11/.n.BJ 'f-/V,;11 Caf{l'l·n·e} , 

n~t 

i=L,2,3. 
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~ ypaBHeHIDI (15) MOlltHO HBHTH CJietzyiOlliRI Ir!HTerpa.ii !l;BIDiteiDUI: 

J1. COS (3 'fx)- B Sin (31fx) ;-i .§ i-x -rc k ' (I7) 

r'{e C , ITOCTOHHHBR Ir!HTerpllpOBaHHR,orrpen;a~ReTCR Ir!3 Ha~a.nbHHX 

YCJIOBMH. 

llOJib3YRCh Ir!HTCrpa.ilOM J:U3U.lK8Hir!R (17) TO~HO TBK lte, K8K B 

rrpe[(hl.lU'liiRX pa6oTa/
9

(MolltHO rrpoBeCTH HCCJien;oBaHHe CHCTeM!.I yKopo~eH
HhlX ypaBHeHHA. 

3. !Tepefln;eM K HCCJie.ZJ;OB8Hir!IO ypaBHCHIDI (8) B CJI~ae 

Vx. = :t + t , Korn;a o - npoHSBO.JihHaR nocTORHHaR. IIocJre 

ycpen;HeHHR B rrepBOM Tipir!6.JIIDiteHHH ITO.JIY~ 

I 
Q..z ~ /1_, ( Q.z; ' lflx) ' (I8) 

1/) I .2_ 
-rx = (vx-g) + 81 (axJ lf'x), 

rn;e .f/1 Iri B 1 Haxo.n;IriM H3 cHcTeMH ypaBHeHHI 

~HM 

rn;e • 

( 'V X- f)~~: - z Q:<l; Vx 131 =-.2-. j ax. 810 (ax, ll'x)' 
U T.l: (19) 

( Vx- f)~~: + t vx.ll1-= +2 · j · .1/10 (a..,, lf'xJ • 

!TO!l;CTamm pCWCHir!e ypaBHSHIDI (!9) B (18), OK0~8TeJihHO TIO.JIY-

(1~ =j (l: [JI Sin. (Jif.'x) + Bcos(.3'P.r:J}, 

y;; = (Yx.- t) +- J3 a X [ Jlcos (31/lx)-B St.it (Jif.r)] J 

!!. 
J 

}' =-DL .[ 3Nx-f)-J.vx] • 

(20) 

B6JIH3Ir! pe30HaHca, KOr.n;a BhlTIO.JIHRSTCR YCJIOBHS (IO), .J3 = ~ 

C TOli:HOCTDIO "8." M ypaBHSHir!e (20) rrepeXOZJ;Ir!T B ypaBHeHJrie (!5). 

!TOSTOMY ypaBHeHJrie (20) n;aeT BOSMOlltHOCTD Jri3y~aTD TIOBS.ZJ;eHJrie Cir!CTe-

8 

:J 
,] 
I 

M1! KaK BdJI:I3f1 pe30HaHca, TaR ii rrp:r ITO,liXO,liEtX K IJ830!!aHCHO:i OCl!Iacr:r 

ll3 Hepe30H8HCHOH 30Hhl. 

llifTerpa,n ll;BllllteHHR i(.I1R ypanHeHHR (20) HMeeT Bl1'{ (I7) C TO! 

JIIDilb pasmmef, ~TO BMCCTO <X. H8ZJ;O IIO.ll;CT8Bli!Tb .fo 

3aRJIIl~eHHe 

MCC.JI6ll;OBaHHe HCXOL(HOrO HCJIMIIeiffioro ypaiJHCHir!H C TICpl!O'(U'ICCKM

MM K03tl$1rzyreHT8Mll ]CJIOBHO MOlltHO pa3611Th Ha H8CROJI.bKO 3T8TIOR: 

I. PeweHMe JI.lmeAHoro ypaBHeHliR (4) c rrepHon;wrecRm,ilJ: Koatppn-

UHeHTaM!Il (rHna ypaBHeHHSI XHJIJia) n HaXolltn;emfe Vx H l.::r:. {()) • 
2, llepexon; OT HCXQL(HhlX ypaBH8HUH (!) K ,lipynu.r, 6oJiee ITpOCTUM 

(8) c vrcnoJII.SOBaHaeM mmeilHoro rrpeodpasoBaHuSI Tlma rrpeodpasoBa

HlfSI JistnyHOBa ( 6). 

3. !Tpli!MeHeH:He MeTo.n;a ycpen;HCHHH K ypaBHCIDUIM (8 ), l10JIJ'I8HHUM 

rroc.Jie rrpeo6pasonaHHR. 

4. MccJien;onaHHe YKopotreHHoro ypaBHeHHR (15) UJIM(20) B ~so
Boi1 IIJIOCROCTM:. 

EcJIH rrepKO.D;H'leCxYJl rflYHKUHD rt, (G) paaJIO:J:Hn B p.H,ll; <J>yphe 

.,. [ M f.ZJ j 
17 1 (&}:17 10 + L: fleSin{IYte)+ft

1
ecos(JYt.tJJ , 

e.:f f 
(21) 

To npH flo== const B yxopo'leHHHe ypaBHeHH.fl B rrepBOM npHdJII!KeHHH 
/4} BXO,D;SIT TOJihKO KO:$JJHUHeHTH n
12 

H na; 
12 

XapaKrepHoA xe oco6eHHOCTLil YKopot~eHH1!X ypanHeirnA (I5) H 

(20) np.rr rz" lconst HBJIReTCH 3aBI!CID.!OCTb rrapaMeTpOB A I! 13 

OT BCeX KO;>qxpHI:(UeHTOB pa3JIOJI:CHlfSI ( 21). ffO,lid!1pa.fl C08{jlfaJibH1!H 

06p830M STU KOStPPHUHCHThl,MOlltHO 6oJiee TO'IHO Y'l'CCTb BJIHHHir!e peso-

HaHca V.x. = ~ np.rr Bh!Bon;e traer~ l/!3 ycKop>rTeJIR. 
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