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OEIUA.fl XAPAKTEPl1Cn1KA PAEOTbl 

1. AKTYaJJbHOCTb TeMbl llHCCepTau1111 

EypHOe pa38HTHe aTOMHOH 3HepreTHKH CTHMynHposano aKTHBHNH noHCK 3<!><peK

THBHNX MeTO}lOB peweHHH 3a/la4 .nepeHOCa HeHTpOHOB KaK OCHOBN MO}lenHpOBaHHH 

¢H3H4eCKHX npoueccos, npoTeKaIDIUHX s n}lepHNX peaKTopax. TeopHH nepeHoca 

H3nyYeHHH - O/lHa H3 OCHOBHNX npo6nett cospetteHHOH HayKH - 6NCTpo pa3BHBaeTCH 

Ha OCHOBe JlOCTHmeHHH TeopeTH4eCKOH ¢H3HKH H, KaK Kam}laH HOBaH samHaH o6nacTb 

npHKnaJlHOH ¢H3HKH, CTHMynHpyeT pa3BHTHe B~HCJJHTenbHOH MaTettaTHKH. BeCbtta· 

o6maH MaTettaTH4eCKaH ¢opttynHpOBKa 3a}la4 TeOpHH nepeHoca 3a}laeTCH C noMOIUbID 

JJHHeapH3OBaHHOro ypasHeHHH EonbUMaHa, OTHOCHIUerOCH K Knaccy HHTerpo-nH<!><pepeH

UHaJJbHNX ypasHeHHH ttaTettaTH4eCKOH ¢H3HKH, HBnHIDIUHXCH ttaTettaTH4eCKOH MOJleJJbID 

}lJIH onHCaHHH nepeHOCa HeHTJJOHOB. B OCHOBe TaKOro no}lXO}la nemHT ¢YHJlatteH

TaJJbHaH TeopHH MHKPOCKOnH4eCKHX npoueccos, O/lHaKO no}l06Ho TeOpHH ynpyrOCTH H 

KnaCCH4eCKOH rHJlpO/lHHaMHKe, 3Ta TeopHH ttomeT 6NTb /lOCTaTO4HO KoppeKTHO·C¢op

MynHposaHa H Ha ttaKpOCKOnH4eCKOM yposHe. 

Bo . MHOrHX ¢H3H4eCKHX 3a/la4ax HeHTpOHN ttory-r paccttaTpHBaTbCH KaK cpe}la 

HOBoro THna - HeHTpOHHNH ra:3. npH 3TON ypasHeHHe oOJJbUNaHa CTaHOBHTCH CHC

TettaTH4eCKHM "KaTanorott" scex so3ttOmHNX cnoco6os sxo}la, BNXO/la, o6pa3oBaHHH H 

nornomeHHH 4aCTHU 3Toro ra3a, npH4eM•B KamJlOH TO4Ke npOCTpaHCTBa HMeeT MeCTO 

pacnpeAeneHHe cKopocTeA HeATpoHOB no scett HanpasneHHHM. 

nporpecc aTOMHOH HayKH H TeXHHKH CTHMYJJHposan pa3BHTHe pa3JJH4HNX npH6-

nHmeHHNX MeTOJlOB peweHHH ypasHeHHH EonbUMaHa. B HaCTOHmee speMH HaH6onee 

npOJlBHHYTNM MeTO/lOM B TeopeTH4eCKOM H anropHTMH4eCKON acneKTaX HBJJHeTCH 

JlH¢¢Y3HOHHOe npH6nHmeHHe. KOTOpoe BNBO/lHTCH C noMOIUbID MeTona c¢epH4eCKHX 

rapMOHHK. JlH¢¢Y3HOHHOe npH6nHmeHHe HBJJHeTCH HaH6onee WHpOKO HCnonb3yettNM 

tteTO/lOM aHanH3a KpHTH4HOCTH HJlepHNX peaKTopos. PaCCMOTpeHHe KpHTH4HOCTH, 

soo6me rosopH, CBO/lHTCH K 3a}la4e O CO?CTBeHHNX 3Ha4eHHHX JlJJH NHOrorpynnOBNX 

ypaBHeHHH JlH¢¢Y3HH HeHTPOHOB, peweHHe KOTOpOH naeT co6CTBeHHOe 3Ha4eHHe 

peaKTHBHOCTH - 3¢¢eKTHBHNH KO3¢¢HUHeHT pa3NHOmeHHH, H seKTOp co6CTBeHHNX 

3Ha4eHHH :._ noTOK HeHTpOHOB nopomnaIDWHX pacnpeneneHHH MOIUHOCTH B peaKTOpax 

6onbWOH NOIUHOCTH; 3TH senH4HHN CBH3aHN H C HepaBHONepHOH 3arpY3KOH TOnJJHBa H 

c ero BNropaHHett. 

PeweHHe 3a/la4 JlH¢¢y3HH C yYeTOM 3HepreTH4eCKOH 3aBHCHNOCTH nonH HeHTpo

HOB NOmHO pa3JlenHTb Ha HeCKOJJbKO CTa/lHH. Ha nepsoH CTa/lHH ocymecTBnHeTCH 

nepexoJl K ttHororpynnosoA annpoKCHMauHH. Ha cnenyIDmeA CTa/lHH ttHororpynnosaH 
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3a,uaya MomeT 61ITb pemeHa MeTonoM HTepauHH HCTOYHHKa, npHYeM 3TOT MeTon npeo6-

pa3yeT 3a,uayy pemeHHH MHororpynnOB!JIX ypasHeHHH K pemeHHID cepHH onHorpynnOBblX 

3a,uaY. TpeTbH CTa!lHH COCTOHT B npeo6pa30BaHHH onHorpynnoBOH 3anaYH C nOMOll(bID 

KOHeYHOpa3HOCTHOH annpOKCHMat\HH. Ha nocnenHeA YeTBepTOH CTa,[lHH pemaIDTCH 

nonyYeHHble ypasHeHHH. 

PemeHHe ypaBHeHHH onHottepHOH nH(jxj>y3HH HBnHeTCH cpasHHTenbHO npOCTOH 3a

naYeH, CT03BOnHIDWeii Hcnonb30BaTb npHMOH YHCneHHblH MeTon nporoHKH. 3TOT MeTon 

HBHnCH BamHNM BKna!lOM B TeOpHID nH(jxj>epeHUHanbH!JIX ypaBHeHHH H npHBneK K ce6e 

6onblllOe BHHMaHHe, oco6eHHO nocne nHCKYCCHH B 1953-1954 rr. Ha H3BeGTHblX ceMH

Hapax renb¢aHna npH MocKOBCKOM YHHBepCHTeTe. 

qHcneHHoe pemeHHe npaKTHYecKHx 3a,uay reTeporeHHblX peaKTopoB Tpe6yeT non

po6HNX pacYeTOB nH(jxj>Y3HH HeHTpOHOB, KOTOpble Moryr 6NTb yYTeHbl TOnbKO B nByx

HnH TpexttepHOH reotteTpHHX. 

YpaBHeHHH nH(jxj>y3HH C yYeTOM 3HepreTHYeCKOH 3aBHCHMOCTH B nBYX- H Tpex

ttepHOH reotteTpHHX MOmHO pelliHTb, cnenyH YKa3aHHNM Bblllle YeTNpeM CTa!lHHM. nepBble 

nBe cTanHH nonHOCTbID coBna,uaIDT c pemeHHeM onHottepHillX 3a,uaY, onHaKO BO MHoro

ttepHoM cnyYae pemeHHe 3THX ypasHeHHA - 3a,uaya 3HaYHTenbHO 6onee cnomHaH. 

Bo-nepBillX, ypasHeHHH HeB03MOmHO pelllHTb npHMblM cnoco60M, CT03TOMY nonmeH 6b1Tb 

Hcnonb30BaH cneuHanbHblH nonxon, Ha3BaHHNH aBTOpOM HTepauHOHHOH CTpaTerHeii. 

OcHOBHblM tteTonott pemeHHH HBnHeTCH tteTon nocnenoBaTenbHOii BepxHeii penaKcauHH 

(Ha npaKTHKe cywecTByeT MHoro ttonH¢HKat\Hii 3Toro tteTona: TOYeYHblii tteTon, 

nHHeiiHblii H nByXnHHeiiHNH MeTonbl H T. n. ) , BO-BTOpillX, npHxonHTCH Hcnonb30BaTb 

MHOroy3nOBYID KOHeYHO-pa3HOCTHYID ceTKY. 

B nocnenHHe copoK neT B o6nacTH YHcneHHoro pemeHHH MHororpynnoB!JIX MHoro

ttepHillX ypaBHeHHii nH(jxj>y3HH HeiiTpOHOB MHOro YCHnHii 6blno HanpaBneHO Ha pa3BHTHe 

3¢¢eKTHBHblX HTepaUHOHHblX MeTonoB H BHenpeHHe pa3nHYH!JIX KOMCTbIDTepHillX nporpaMM. 

CTaHnapTHblii MeTon pellleHHH OCHOBaH Ha Hcnpnb30BaHHH BHelliHHX-BHyrpeHHHX HTepa

UHii, OCTaHaBnHBaeMblX, Korna HX YHCno nocTHraeT HeKOTOporo 3HaYeHHH, ycTa

HosneHHOro nnH Kamnoii rpynnN, nH6o Karna ynoBneTsopHeTcH KpHTepHii cxonHMOCTH. 

BblnonHeHHe !].HKna BHyrpeHHHX HTepauHii BO Bcex rpynnax COOTBeTCTByeT onHoii 

BHenIHeii HTepaUHH. B KOTOpOii YneH neneHHH HeiiTpOHOB nepecYHTblBaeTCH. JJ.nH 

yBenHY8HHH CKOpOCTH cxonHMOCTH BHelllHHX HTepauHii 061,r-mo Hcnonb3YIDTCH MeTonbl 

ycKopeHHH nonHHOMaMH qe6blllleBa. 

2. Uenb pa6oTbl 

UenbID HaCTOHWeii nHccepTauHH HBnHeTCH CHCTeMaTHYeCKOe HCCnenosaHHe HTe

Pat\HOHHblX nonxonoB K pellleHHID MHOroMepHillX ypaBHeHHii nH(jxj>y3HH HeiiTpOHOB npH 

noM011(11 Tpex yposHeii HTepauHii, Ha3b1BaeM!JIX rno6anbHblMH, BHelllHHMH H BHyTpeHHHMH 

HTepauHHMH, H HMeID11(11X cnenYIDll(ylO ¢H3HYeCKYID HHTepnpeTat(HID: 
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BO BHyTpeHHHX HTepauHHX --·onpenenHIDTCH 3HaYeHHH noTOKa HeiiTpOHOB 8 

npenenax rpynn C ¢HKCHpOBaHHblMH 3HaYeHHHMH YneHOB KaK pacceHHHH, 

TaK H neneHHH HeiiTpOHOB, 

- Ha ypoBHe BHelllHHX HTepauHii ~ nOTOK HeiiTpOHOB BblYHCnHeTCH C yYeTOM 

pacceHHHH HeiiTpOHOB BHH3;· YneHbl pacceHHHH HeiiTpOHOB BBepx onpene~

HIDTCH ttemny OYepenHblMH BHelllHHMH -HTepaUHHMH, 

- nocne OKOHYaHHH UHKna BHelllHHX HTepauHii. COOTBeTCTBYIDlllero onHoii 

rno6anbHOii HTepaUHH - nepeBNYHCnHeTCH YneH, onHCblBaIDlllHH neneHHe 

HeiiTpOHOB. 

3. HayYH3Sl HOBH3Ha pa60Tbl 

MaTpHYHblH ¢opttaflH3M, npennomeHHblii B HaCTOHWeH pa6oTe, n03BOnHeT TOYHO 
0

H 

HarnHnHO npencTaBHTb, KaK HMeHHO HCnOflb30BaHHOe pacwenneHHe MaTpHU BnHHeT Ha 

B3aHM03aBHCHMOCTb BHYTpeHHHX H BHelllHHX HTepauHH B npenene rno6anbHblX HTepa-

UHH. 

EcnH orpaHHYHTbCH scero flHlllb onHoi;i BHeml-ieH HTepauHeii. npHXOilHllleHCH Ha 

OilHY rno6anbHYID HTepaUHID, TO MeTOil rno6anbHbIX-BHelllHHX-BHYTPeHHHX HTepauHii 

CBOilHTCH K lllHpOKO npHMeHHeMOMY MeTOilY BHeWHHX-BHYTpeHHHX HTepauHH. 06cymna

ettaH tteTonHKa rno6anbHblX-BHeWHHX-BHYTpeHHHX HTepaUHii HBnHeTCH o6o6weHHeM 

MeTona BHelllHHX-BHyTpeHHHX HTepauHH. HcnOflb30BaHHaH nnH peweHHH peaKTOpHblX 

3anaY co 3HaYHTeflbHblM pacceHHHeM "ssepx", OHa CT03BOnHeT COKpaTHTb YHcno 

rno6anbHblX HTepaUHH Ha K03(jxj>HUHeHT, npH6nH3HTenbHO paBHblH Bb16paHHOMY YHCny 

BHeWHHX HTepauHii, npHXOilHlllHXCH-Ha OilHY rno6anbHYID HTepaUHID. 

C¢opnynHposaHHbie Bblllle nonomeHHH onpenenHIDT aKTyanbHOCTb H npaKTHYeCKYID 

ueHHOCTb naHHOii pa60Tbl H cnymaT JlOKa3aTeflbCTBOM Toro, YTO HanpasneHHe HC

cnenosaHHii HBflHeTCH HOBblM H samHblM nnH pacYeTOB 8 o6naCTH peaKTOpHOH ¢H3HKH. 

npennomeHHblH aBTOpOM MaTpHYHblii ¢opttanH3M, OCHOBaHHblii Ha sseneHHH npeno6paTHblX 

ttaTpHU t-cTeneHH, HBnHeTCH nepsoA 8 flHTepaType TOYHOH MaTpHYHOH ¢opnynH

pOBKOii HTepaUHOHHOro peweHHH MHOrottepHblX ypaBHeHHH 8 TeopHH IlH¢¢Y3HH HeiiTpo

HOB. CoBOKynHOCTb npencTasneHHblX 8 IlHCCepTaUHH pe3y nb TaTOB HBnHeTCH 3a8ep

weHHeM MHoroneTHHX HccnenosaHHii aBTOpa 8 o6naCTH pacYeTHblX 3anaY peaKTOpHOH 

¢H3HKH, CTHMynHpyIDweH ¢yHnatteHTanbHble HccnenosaHHH. 

4. :·npaKTHYecKaS! ueHHOCTb pa60Tbl 

Pe3ynbTaTbl, npencTasneHHble 8 HaCTOHllleH IlHCCepTaUHH, a TaKme 6onee paHHHe 

pe3YflbTaTbl asTopa ( 8 YaCTHOCTH, TeOpHH HeOTpHUaTenbHblX pacwenneHHH) HOCHT, 8 

OCHOBHOM, ¢yHnatteHTanbHblH xapaKTep H ttoryT paccttaTpHBaTbCH KaK 3HaYHT8/lbHblH 

BKnau B flHH8HHYID anre6py, HBflHIDlllYIDCH samHOH o6naCTbID npHKnanHoii MaTettaTHKH. 

MaTpHYHblH ¢optta/lH3M sseneHHblH asTopoM Jl/lH OrJHCaHHH MeTOJlOB EWA HAGA OKa3aflCH 
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TaKme none3HNM npH KnaccH¢HKaUHH npen¢aKTOpH3aUHOHHNX MeTOilOB, npyrHX aBTO

pos, npencTasneHHOH s Ta6nHue 1.1. 

PerneHHe MHoroMepHNX ypasHeHHH ilH¢¢Y3HH HeHTpOHOB, npencTaBnHIDWHX Knacc 

3flflHTTTHYeCKHX ilH¢¢epeHUHMbHNX ypasHeHHH B YaCTHNX npOH3B0ilHNX BTOporo nop

HilKa, CBOilHTCH K perneHHID 3KBHBaneHTHNX pa3HOCTHNX ypasHeHHH THna A¢= c, rne 

MaTpHUN A HMeIDT pa3pemeHHYID CTPYKTYPY H MOHOTOHHN T.e .• ynosneTBOpHIDT 

ycnOBHID, YTO o6paTHM MaTpHua cywecTsyeT H OHa HeoTpHUaTenbHa (A-1 ~ OJ. 

CHCTeMN nHHeHHNX ypasHeHHH C MaTpHUaMH A 3Toro THna TTOHBflHIDTCH BO MHOrHX 

3MaYax cospeMeHHOH HayKH H TeXHHKH. TaK, YTO TeopeTHYeCKHe H npaKTHYeCKHe 

pe3ynbTaTN, nonyYeHHNe aBTOpOM npH YHCneHHOM aHanH3e 3anaY peaKTOpHOH ¢H3HKH, 

HMeIDT o6wee 3HaYeHHe. 

TeopeMN TeOpHH HeOTpHUaTenbHOro pacwenneHHH, KaK pe3YflbTaT MHOroneTHHX 

HccnenosaHHH asTopa sonpocos MOHOTOHHOCTH, cywecTBeHHO samHN nnR aHanH3a cxo

ilHMOCTH HTepaUHOHHNX MeTOilOB perneHHH CHCTeM nHHeHHNX ypasHeHHH C MOHOTOHHNMH 

MaTpHUaMH. 

AnropHTMN MeTona AGA C ilBOHHOH aepxHeH penaKcauHeH 6NnH peanH30BaHN nnH 

ilBYXMepHoro H TpexMepHoro cnyYaes B KOMnbIDTepHNX nporpaMMax HEXAGA-II H 

HEXAGA-III, pernaIDWHX ypaBH8HHH ilH¢¢Y3HH HeHTPOHOB Ha TpeyronbHOH H reKcaro

HanbHOH pa3HOCTHNX ceTKax Ha OCHOBe CTaHnapTHOH CTpaTerHH BHeWHHX-BHyTpeHHHX 

HTepaUHH. nporpaMMN HEXAGA, HCnOnb3yeMble HHTeHCHBHO nnR pacYeTOB CBH3aHHNX C 

npoeKTHposaHHeM H 3KcnnyaTaUHeH HnepHNX peaKTOpOB B .nonbwe H npyrHX CTpaHaX 

(B EenbrHH, EonrapHH, repMaHHH), nenaIDT B03MOmHblM nonyYaTb pe3ynbTaTN BNYHC

neHHH B HeCKOflbKO pa3 6blCTpee YeM npyrHe KOMnbIDTepHNe nporpaMMN 3Toro THna, H 

HX npeHMywecTBO B03pacTaeT C pOCTOM YHCna TOYeK pa3HOCTHOH ceTKH. CpaaHeHHe. 

pe3ynbTaTOB pacYeTOB HEXAGA-II H aHrnHHCKOH nporpaMMN SNAP nnR peaKTOpHOH 3a

naYH BB3P-1000 naHHOe B cnenyIDW8H Ta6nHue (4 ceK CYBER 73; 10 ceK EC-1040). 

nporpaMMa 

HEXAGA-II 

SNAP 

'fHcno ceT. 
TOY8K Ha 
OilHOH reK-
caroHanbHOH 
KaCCeTe 

1 
12 
27 
48 

108 

1 

6 

24 
96 

'fHcno 
3Hepro-
-npocTp. 
TOYeK 

288 
1024 
2208 
3844 
8462 

92 
552 

2208 
8832 

kerr 

1.11715 
1.11375 
1.11279 
1.11240 
1.11211 

1.11387 
1.11068 
1.11124 
1.11175 
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CPU 
apeMH 
ceK. 

6 

14 
34 
60 

237 

26 
150 
894 

6435 

BpeMH Ha 
OilHY 3Hepro-

npocTp. 
TOYKY 

MHflHCeK. 

0.0208 
0.0136 
0.0154 
0.0156 
0.0280 

0.283 
0.272 
0.405 
0.729 

KoMnbIDTep 

CYBER 73 

EC-1040 

3TH pe3ynbTaTN 6NnH npencTasneHN Ha KOH¢epeHUHH no ¢H3HKe peaKTopos B 

Knoxville, CWA, B 1985r. 

8 nonbrne nporpaMMa HEXAGA-II 6Nna HCDOflb30BaHa B pacYeTax peaKTOpa Hnep

HOH 3neKTpOCTaHUHH ")l{apHOBeu", KOTOpNe nposonHnHCb B 1980 ronax, a TaKme npH 

¢H3HYeCKHX pacYeTax HccnenosaTenbCKHX peaKTOpOB EWA H MARIA, Heo6xonHMNX npH 

pa3pa6oTKe OTYeTa 6e3onacHOCTH H TeKyweH 3KCnnyaTaUHH peaKTopa. nposepKa 

pe3ynbTaTOB BNYHCneHHH, nonyYeHHNX npH DOMOWH nporpattMN HEXAGA-II Ha OCHOBa

HHH naHHNX no 3KcnnyaTaUHH peaKTopa EWA noKa3ana senHKonenHYID cornacosatt

HOCTb. Hano OTM8THTb, YTO nrni peaKTopa ·EWA H HnepHOH 3neKTpOCTaHUHH ")l{apHO

seu", HMeIDWHX reKcaroHanbHYID CTPYKTYPY ceTKH TonnHBHNX 3neMeHTOB, HMeno MeCTO 

nonHoe cosnaneHHe c reoMeTpHeH TpeyronbHOH ceTKH nporpattMN HEXAGA-II. B no

nepeYHOM ceYeHHH peaKTOpa MARIA KaHanN TB3fl0B pa3MerueHN B KBaupaTHOH ceTKe, a 

HMeHHO npHMeHeHHe MenKOH TpeyronbHOH ceTKH nporpaMMN HEXAGA- I I no3BOnHno 

BOCC03IlaTb KpyrnbIH BHil KaHanoa TB3fl0B H neTanH cnomHOH reoMeTpHY8CKO-MaTe

pHanbHOH KOH¢HrypaUHH peaKTOpa MARIA, 6onee TOYHNM o6pa30M, YeM 3TO 6Nno 6N 

B03MOmHO B nporpaMMe C npHMoyronbHOH OpHeHTauHeH ceTKH. nporpattMa HEXAGA-II B 

HaCTOHWee speMH HCnOflb3yeTCH B pacYeTHOH CHCTeMe pa3pa6oTaHHOH nnR Hymn 

peaKTOpa MARIA. 

AnH Toro, YT06N npenCTaBHTb nonroTOBKY BXOilHNX IlaHHNX nporpattMN HEXAGA

-II nnR peaKTOpHNX 3anaY npH ttenKoA ceTKe 6NnH pa3pa6oTaHN nse scnoMoraTenh

Hble nporpaMMN HEXI-22 H HEXI-23. 3TH acnoMoraTenhHNe nporpattMN npenHa3HaYeHN 

nnH npOH3B0IlCTBa nepBOH YaCTH BXOilHNX naHHNX nporpaMMN HEXAGA-II (CBH3aHHNX C 

onHcaHHeM MaTepHanbHO-reoMeTpHYeCKOH -KOH¢HrypaUHH TOYeYHOH ceTKH) nnR naHHOH 

peaKTOpHOH 3MaYH, B KOTOpOH war OilHOpOilHOH TpeyronbHOH ceTKH yMeHbrnaeTCH B 

nsa pa3a s cnyYae nporpaMMN HEXI-22 H s TPH pa3a s cnyYae nporpattMN HEXI-23. 

3TH nporpaMMN Hcnonb3YIDT TaKHe me BXOilHNe IlaHHNe, KaK nporpaMMa HEXAGA-II 6e3 

ssona no6aBOYHOH BXOilHOH HH¢opMauHH. Kamnble BNXOilHNe naHHNe nporpaMM HEX! MO

ryT 6NTb HCnOnb30BaHN KaK HOBNe BXOAHNe naHHNe nporpaMM HEX!. TaKHM o6pa30M, 

ecnH MN HMeeM BXOAHble AaHHble npcrpaMMN HEXAGA-II, ODHCNBaIDWHe naHHYID paKTOp

HYID 3anaYy C MHHHManbHblM YHCflOM TOY8K ceTKH. H Hcnonb3yeM nID6yID KOM6HHauHID 

BXOAHNX/BNXOAHNX naHHNX nporpaMMN HEXI-22 H/HnH HEXI-23 MN MomeM npOH3BOAHTb 

BXOAHNe naHHNe nporpaMMN HEXAGA- II nnH pacnonomeHHH TOYeK ceTKH nnH 3TOH 

3MaYH c rnaroM ceTKH YM8HbllieHHNM cornaCHO cnenyIDWHM MHOmHTenHM: 2
1
3k nnH nID-

6NX uenNX 4HCen- i,k ~ 0. 

B cnyYae TpeXMepHOH nporpaMMN HEXAGA- I I I 6NnH pa3pa6oTaHN aHMOrHYHNe 

scnoMoraTenbHNe nporpaMMN HEXI-32 H HEXI-33. 

Hauo 3aMeTHTb, YTO aBTOp npHHHMan aKTHBHOe yYaCTHe B pa6oTe H CHCTeMaTH

YeCKHX 3acenaHHHX nHTOH TeMaTHYeCKOH rpynnN BMK (BpeMeHHNH MemnyHapOAHNH Kon

neKTHB) pa6oTaIDweA non pyKosoncTBOM npo¢eccopa B.H.ne6eneaa no o63opy MaTeMa-
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THYeCKHX sonpocos ¢H3HKH peaKTOpOB 883P. KpoMe Toro, aBTOp TeCHO COTPYllHHYan 

c ttHCTHTyTOM HnepHNX HCCnenoBaHHtt H HnepHOtt 3HepreTHKH B Co¢HH, rne 6Nna pa3-

pa6oTaHa 6onrapcKaH sepCHH nporpaMMN HEXAGA, H3BeCTHaH non Ha3BaHHeM HEXAB, H 

npHMeHHeMaH npH pacYeTax CBH3aHHNX C 3KCnnyaTauHett 3HepreTHYeCKHX HnepHNX 

peaKTOpos 883P pa6oTa~WHX B EonrapHH. 

AKTyanbHbJe sepcHH nporpaMM HEXAGA pa6oT~T Ha OCHOBe, npenno)J{eHHOtt s 

llHCCepTaUHH, CTpaTerHH rno6anbHbIX-BHeWHHX-BHyTpeHHHX HTepauHtt. 

5. Anpo6au11.H pa6oTbl 

OCHOBHNe pe3YflbTaTN llHCCepTaUHH ony6nHKOBaHN B 23 HayYHNX pa6oTaX H llOK

nanNBaflHCb Ha cneny~WHX Me)J{nyHaponHNX KOH¢epeHUHHX: 

1. NPY Seminar on Numerical Solution of Multi-Dimensional Neutron Diffusion 
Equations, Warsaw, Poland, March 1969; 

2. Seminar on Reactor Physics Calculations, Budapest, Hungary, October 1969; 

3. The INEA Third International Advanced Summer School in Reactor Physics, 
Hercegnovi, Yugoslavia, September 1970; 

4. Reaktortagung, Dlisseldorf, West Germany, March 1976; 

5. Conference on Numerical Methods of Mathematical Physics, Novosibirsk, 
Soviet Union October 1980; 

6. ANS/ENS International Topical Meeting on Advances in Mathematical Methods 
for Nuclear Engineering Problems, Munich, Germany, April 1981; 

7. International Meeting on Advances in Nuclear Engineering Computational 
Methods, Knoxville, USA, April 1985; 

8. International Topical Meeting on Advances in Reactor Physics, Mathematics 
and Computations, Paris, France, April 1987; · 

9. International Conference on Linear Algebra and Applications, Valencia, 
Spain, September 1987; 

10. International Conference on the Physics of Reactors: Operation, Design 
and Computations, Marseille, France, ·April 1990; 

11. Copper Mountain Conference on Iterative Methods, Copper Mountain, 
Colorado, USA, April 1992; 

12. The Second Conference of the International Linear Algebra Society, Uni
versity of Lisbon, Lisbon, Portugal, August 1992; 

13. '92 Shanghai International Conference of Numerical Algebra and its Appli
cations, Fudan University, Shanghai, P.R.China, October 1992; 

14. Two Matrix Theory Meetings in Technion, Haifa, Israel, June 1993; 

15. Third SIAM Conference on Linear Algebra in Signals, Systems and Control, 
Seattle, USA, August 1993; 

16. The International Conference on Reactor Physics and Reactor Computations, 
Tel Aviv, Israel, January 1994; 

17. ICIAM' 95 - The Third International Congress on Industrial and Applied 
Mathematics, Hamburg, Germany, July 1995; 
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18. WCNA'96 - The Second Congress of Nonlinear Analysts, Athens, Greece July 
1996; 

19. PHYSOR' 96 - International Conference on the Physics of Reactors, Mito, 
Ibaraki, Japan, September 1996; 

20. Czech-U.S. Workshop on Iterative Methods and Parallel Computing, Milovy, 
Czech Republic, June 1997; 

21. 15th !MACS World Congress on Scientific Computation, Modelling and Ap
plied Mathematics, Berlin, Germany, August 1997; 

22. XII Conference on Applied Mathematics PRIM'97, Palit, Yugoslavia, Septem
ber 1997; 

23. Sixth SIAM Conference on Applied Linear Algebra, Snowbird, Utah, USA, 
October 1997; 

24. 7th Russian Conference on Grid Generation Problems and Numerical Methods 
in Mathematical Physics, Durso (Krasnodar region), Russia, September 
1998. 

6. CTpYKTypa H o6beM AHCcepTaUHH 

fuiccepTa!.\HH COCTOHT H3 sseneHHH H weCTH rnas, conep)J{HT 20 Ta6nHU, 60 

pHCyHKOB, cnHCOK UHTHPOBaHHOA flHTepaTypN H H3flO)J{eHa Ha 170 CTpaHHUaX MawHHO

nHCHOro TeKcTa. 

B nepsoA rnase H3flO)J{eHN pa3pa6oTaHHNe aBTOpOM npenljiaKTOpH3a!.\HOHHNe MeTo

llN AGA, KOTOpNe HBflH~TCH OCHOBHNMH anropHTMaMH npencTasneHHNX B llHCCepTaUHH 

HTepa!.\HOHHNX nonxonos, a TaK)J{e H npyrHe pe3ynbTaTN asTopa. 

Bo BTOpOA rnase c<popMynHpOBaHa llHCKpeTHaH <popMa MHOrorpynnoBNX ypasHeHHA 

llH¢q>Y3HH HeATpDHOB, onHcaHa CTPYKTypa MaTpHU H CBOACTB peweHHH ypasHeHHA. 

B TpeTbeA rnase HTepauHOHHNe nonxonN, OCHOBaHHNe Ha YpDBHHX rno6anbHNX, 

BHeWHHX, BHYTpeHHHX HTepaI.lHA, npencTaBneHN nnH ¢opttanH3Ma OllHOKpaTHoro 

pacwenneHHH, as YeTsepToA rnase nnH ¢opttanH3Ma nsyxpaTHoro pacwenneHHH. 

B 6onee o6meM BHne YHcneHHoe npencTasneHHe pa3nHYHNX HTepa!.\HOHHNX non

xonos naeTCH B nmoA rnase Ha npHMepe HeCKOflbKHX peaKTOpHNX 3allaY, B KOTOpNX 

3¢¢eKTHBHOCTb paccttaTpHsaettNX MeTOllOB xapaKTepH3yeTCH YHCflOM apH¢MeTHYeCKHX 

onePaJ.lHA, npHXOllHWHXCH Ha OllHY TOYKY CeTKH. 

B wecToA rnase c<j>opMynHpoBaHN OCHOBHNe BNBOllN llHCCepTaUHH. 

7. CoaeplKaHHe pa60Tbl 

Bo sseneHHH o6cy)J{naeTCH COCTOHHHe H aKTYaflbHOCTb npo6neM, KOTOPNM noc

BHWeHa llHCcepTa!.\HH, KpaTKHA o63op nHTepaTypN, c<popMynHpOBaHa uenb llHCCepTaUHH 

H nepeYHcneHN opHrHHanbHNe pe3yflbTaTN, nonyYeHHNe B llHCcepTaUHH. 

B nepsoA rnase onHCaHN npenljiaKTOpH3a!.\HOHHNe HTepa!.\HOHHNe tteTOllN AGA, KaK 

OCHOBHNe anropHTMN KOMnb~TepHNX nporpaMM HEXAGA, B CBH3H C COBOKYnHOCTb~ 

proynbTaTOB HayYHNX HCCnenoBaHHA aBTOpa no flHHeAHoA anre6pe. 
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PacCMOTpHM HTepaUHOHHOe peweHHe CHCTeMbl nHHeHHblX ypaBHeHHH 

Ax= b, 

rne A e Rnxn HBnHeTCH Heoco6eHHOH MaTpHUeH H x,b e R0
• 

(1) 

no TPaDHUHH WHpoKl1H KJJacc HTepaUHOHHblX MeTonos nnH peweHHH ypaBHeHHH (1) 

MOmeT 6NTb c(jlopMynHpOBaH c noMOIJlbID COOTBeTCTByrowero pacwenneHHH MaTpHUbl 

A= M - N (2) 

c Heoco6eHHOH MaTpHueA M, npH6nHmeHHOe peweHHe x(t) B 3TOM cn:yyae HMeeT BHn 

Hx<t+ll = Nx<t> + b, 

YTO 3KBHBaneHTHO 

x<t+ll = H-1Nx<t> + H-1b, 

rne HaYanbHNH BeKTOp x
101 

CYHTaeTCH 3anaHHblM. 

t ;,; 0, (3) 

t ;,; o, (4) 

AHanH3 cxonHMOCTH YKa3aHHoro MeTona OCHOBaH Ha cneKTpanbHOM panHyce 

HTepauHOHHOH MaTpHUbl g(H-
1Nl = max I il.1 I, rne il.1 HBnHIDTCH co6CTBeHHblMH 3Ha-

1:s1:sn 

YeHHHMH MaTpHUbl H-
1
N. MTepauHOHHblH MeTon cxonHTCH K enHHCTBeHHOMY peweHHID 

X = A- 1b (5) 

nnH K~noro x
101

, ecnH, H TOnbKO ecnH, g(H-1N) < 1. ll.nH 6onbWHX 3HaYeHHH t Ha 

K~noM HTepauHOHHOM ware BenHYHHa norpeWHOCTH peweHHH yMeHbwaeTCH npH6nH3H

TeflbHO Ha K031jxpHUHeHT g(H-
1
N). 'IeM MeHbWe g(H-

1
N)' TeM 6blCTpee cxonHMOCTb. 

CnenosaTeflbHO, oueHKa HTepauHOHHOro MeTona 3aBHCHT OT nsyx ycnOBHH: M Hano 

Bb16paTb TaK11M o6pa30M' YT06bl MOmHO 6blno nerKO HaHTH o6paTHYID MaTpHuy' a 
-I , 

g(H N) nonmHo 6NTb HaCTOflbKO ManblM, HaCKOnbKO 3TO 803MOmHO. 

OnpeneneHHe 1. 1 Pa3nomeHHe A = M - N Ha3NBaIDT cxonHWHMCH pacwen

neHHeM MaTpHUbl A, ecnH AH M - Heoco6eHHble MaTpHUbl H g(H-1N) < 1. 

06WHe CBOHCTBa pacwenneHHH (He o6H3aTenbHO cxonHweAcH) MaTPHUbl A, none3-

Hble npH noKa3aTenbCTBe MHOrHX TeopeM cpasHeHHH, naHbl B cnenyroweA neMMe. 

neMMa 1.1 nycTb A = M - N - pacwenneHHe MaTpHUbl A. EcnH A H M 

HBflHIDTCH Heoco6eHHNMH MaTpHUaMH, TO 

M-1NA-1 = A-INH-1 , 

MaTpHUbl H-1N H A-1N' a TaKme NH-I H NA-I. KOMMYTHPYIDT. 

(6) 

B onpeneneHHOM CMblCne MaTpHUY M MOmHO noHHMaTb KaK npH6nHmeHHe MaTpHUbl A. 

06NYHO M BNp~aIDT B BHne npo113seneHHH Heoco6eHHNX MaTpHU' BWpaHHNX TaKl1M 

o6pa30M, YT06bl HX 6blno MOmHO nerKO nonyYHTb H OTHOCHTenbHO nerKO o6paTHTb. 

no3TOMY MaTpHUY M MOmHO paccMaTpHBaTb KaK npencjlaKTOpH3auHID MaTpHUbl A 11 ee 
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Ha3blBaIDT npen(jlaKTOpH3auHoHepOM MaTpHUbl A HnH npenKoHnHUHOHepoM B cn:yyae 

MeTona conpHmeHHblX rpanHeHTOB. MaTpHua H-
1 

HBnHeTCH MaTpHUeH npeno6paweHHH 

MaTpHUbl A H Ha3blBaeTCH npeno6pa3HTeneM MaTpHUbl A np116nHmaIDWHM MaTpHUY A-
1

. 

CnenosaTenbHO, N = M - A - 3TO OCTaTOYHaH MaTPHUa, non:yyeHHaH npH nOMOWH 

npennonaraeMOH npencjlaKTOpH3aUH11 MaTpHUbl A. EcnH N HeHyneBaH MaTpHua, TO 

ocymecTBflH8TCH YaCTHYHaH ( HenonHaH) (jlaKTOpH3auHH MaTpHUbl A H peweHHe HMeeT 

HTepaUHOHHblH BHn. B cn:yyae, Karna MaTpHua N CTaHOBHTCH HyneBOH, ocymeCTBnH

eTCH TOYHaH (jlaKTOpH3aUHH MaTpHUbl A H peweHHe ypasHeHHH ( 1 ) non:yyaeTCH npH 

noMOWH npHMOro MeTona HCKJIIDYeHHH raycca.· 

MneH peweHHH CHCT8M nHH8HHblX ypasHeHHH C pa3pemeHHNMH MaTpHUaMH npH no

MOWH npen¢aKTOpH3aUHOHHblX MeTonos He HOBa. nepBble TaKl18 nonxonbl non Ha3BaHHeM 

"npHMHTHBHble HTepauHOHHbl8 MeTonbl" , orpaHHYeHHbl8 CHMMeTpHYeCKHMH MaTpHUaMH, 

6blnH paCCMOTpeHbl Varga'oA B 1960 ronY. BeCbMa cxonHaH MeTonHKa B TO me speMH 

6blna He3aBHCHMO sseneHa EyneesNM 11 Oliphant'ott. Ha cattoM nene tteTonbl Eyneesa 

6blnH nHOHepCKHMH H HBflHflHCb cymecTBeHHblM BKJJaDOM B 11TepaUHOHH08 peweHHe nH

THTOYeYHblX H C8MHTOY8YHNX ypasHeHHH KOHeYHblX pa3HOCTeH, KOTOpble np116nHmaIDT 

ABYX- H TpexttepHble Kpaesble 3anaYH MaTeMaTHY8CKOH ¢H3HKl1. 

Pa3BHTH8 MeTOAOB npen(jlaKTOpH3auHH AGA, H3BeCTHNX TaKme non Ha3BaHHeM 

"nsyxnpoxonHble HTepaUHOHHble MeTonbl AGA" , HaYanOCb B 1968 ronY B BHne nepBOH 

H HaH6onee npocTOH sepcHH, Ha3NBaeMOH MeTonoM EWA. C TeX nap 3TH M8TOnbl 

ycneWHO npHM8HHIDTCH nm1 peweHHH CHCT8M nHHeHHNX ypasHeHHH, 803HHKaIDWHX H3 

KOH8YHO-pa3HOCTHOro npH6nHmeHHH 3anaY nHljxpy3HH HeATpOHOB. OHH yno6Hbl Ha 

npaKTHKe, H B cn:yyae, Karna npHM8HHIDTCH nnH pacYeTa HnepHblX peaKTOPOB, naIDT 

secbtta HennoxHe pe3ynbTaTbl. 

nonycTHM, YTo ttaTpHua A onpeneneHa KaK 

A = K - L - U, (7) 

rne K, L, u COOTBeTCTBeHHO Heoco6eHHaH nHarOHanbHaH, CTporo HHmHHH Tpeyronb

HaH H CTporo sepXHHH TpeyronbHaH MaTpHUbl. npH HCnonb30BaHHH MaTpHYHNX o603Ha

Y8HHH BBeneHHblX aBTOpOM, non:yyaeTCH cnenyIDWaH ¢aKTOpH3auHH 

M = [I - (L+H)D-1 ]D[I - D-
1

(U+Q)], (8) 

rne H HQ COOTBeTCTBeHHO no6asoYHaH CTporo HHmHHH TpeyronbHaH H no6aBOYHaH 

cTporo sepxHHH TpeyronbHaH ttaTpHUbl. npennonaraeTCH, YTO D Heoco6eHHaH nHaro

HanbHaH MaTpHua HeHBHO onpeneneHHaH npH noMOWH COOTHOWeHHH 

D = K - diag{(L+H)D-1 (U+Q)}. (9) 

nerKo nposepHTb, YTO 

N = offdiag{(L+H)D-1(U+Q)} - H - Q, (10) 

rne BNp~8HHe diag{B} 03HaYa8T nHaroHanbHYID MaTpHUY C nHarOHanbHNMH 3fleMeH-
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TaMH, TomnecTBeHHO paBHNMH nHarottanbHNM 3netteHTaM MaTpHUN B, H 

offdiag{B} = B - diag{B}. 

HTepaUHOHHNH MeTon Tenepb MOmHO 3anHCaTb cnenYIDWHM o6pa30M 

x(t+l) = :fx(t) + H-1b, t ae: 0 
H 

:1 = [I - D-
1

(U+Q)]D-
1

[I - (L+HJD- 1 ]N. 

( 11 J 

( 12) 

nocKOflbKY (L+H)D-
1 

H D-
1

(U+Q) COOTBeTCTBeHHO CTporo HHmHHH TpeyronbHaH H 

CTporo sepxHHH TpeyronbHaH MaTpHUN, 3TOT MeTon MomeT 6bITb nerKO peanH30BaH 

npH nottoWH xoporuo H3BecTHOH, TaK Ha3b!BaettoA nsyxnpoxonttoA (npHttoe HanpasneHHe 

- o6paTHoe HanpasneHHe) npouenypN, TO ecTb 

(t+l) 
y 

(t+l) 
X 

(L+H)D- 1y<t+ll + Nx(tl + c 

0 -1[(U+Q)x(t+ll + y(t+l)), tae:O }· 
(13) 

TaKHM o6pa30M, KOMnoHeHTN BeKTopa y(t+l) MoryT 6bITb Bbl'-lHCneHN peKypCHBHO nnH 

B03pacTaIDWHX HHlleKCOB B npoxone npHttoro HCKflID'-!eHHH, a KOMnoHeHTN BeKTOpa 
(t+l) --- . 

X nnH yMeHblliaIDWHXCH HHll8KCOB B npoxone o6paTHOH noncTaHOBKH. YpasHeHHH 

(13) npencTaBnHIDT co6oA o6WHA BHn IDHpoKoro Knacca TaK Ha3NBaettNx: npen¢aKTO

PH3aUHOHHNX HnH nsyxnpoxonHNX HTepaUHOHHNX MeTonos. KamnNH H3 HHX OllH03Ha'-!HO 

onpeneneH c noMOllibID BN6opa MaTpHu H HQ. MaTpHUY :1 Ha3NBaIDT npen¢aKTOpH3a

UHOHHOH HnH nsyxnpoxonHOH HTepauHOHHOH MaTpHueA. 

KnaccH¢HKaUHH npen¢aKTOpH3aUHOHHNX HTepaUHOHHNX tteTOllOB no OTHOllieHHID K 

BN6opy ttaTpHU H HQ npencTasneHa s Ta6nHue 1.1. 

MeTon AGA onpenenHeT lliHPOKHH Knacc anropHTMOB, KamnNH H3 KOTOpNX 

3anaeTCH nyTeM BN6opa MaTpHU HA H QA TaKHM o6pa30M, '-IT06N HA + QA "' 0 

(HCKflID'-laH cnyYaH, B KOTOpNx HA= -L H QA= -U) npH npennonomeHHH, '-!TO pa3Me

rueHHe HeHyneBNX 3netteHTOB MaTpHUN NA He cosnanaeT C pa3tterueHHeM HeHyneBNX 

3netteHTOB MaTpHUbl L + HA + U + QA. npennonomeHHe O TOM, '-ITO MaTpHUN HA H QA 

COOTBeTCTBeHHO CTporo HHmHHH TpeyronbHHH MaTpHua H CTporo sepXHHH TpeyronbHHH 

MaTpHua, Bcerna no3BOnHeT onpenenHTb B HBHOM BHne 3HaLJeHHH HeHyneBNX 3ne

MeHTOB ttaTpHU HA H QA• nnH npOH3BOflbHO npHHHTOH ttonenH pa3tterueHHH HeHyneBNX 

3fleMeHTOB B 3THX MaTpHuax, HenocpencTBeHHO cnenyeT H3 HeHBHOro BHna MaTpHUN 

(L+HAJ0;
1

cu+QAJ. ~pyrHMH cnosattH, npH nocTynHposaHHOH ttonenH pacnpeneneHHH 

HeHynesNx 3netteHTOB B MaTpHuax HA H QA, see HeHyneBNe 3netteHTN MaTpHU HA, QA 

a cnenosaTenbHO, H DA H NA, ·MoryT 6bITb Bbl'-lHCneHN HenocpencTBeHHO npH noMOlllH 

npHpaBHHBaHHH HX COOTBeTCTBYIDWHM 3netteHTaM HeHBHOH ¢opMN npOH3BeneHHH ttaTpHU 
(L+HA )D~·i (U+QA). 
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TTpHHeHeHHe nocnenosaTenbHOH BepXHeH penaiccauHH B o6oHX ypastteHHHX (13) 

nooBOflHeT YCKOpHTb cxonHHOCTb HTepauHOHH!iX anropITTHOB AGA, KOTOpNe 0Ka:3aJIHCb 

HCKfllOYHTeflbHO 3<jxpeKTHBHNMH nnH pemeHHH nHCKpeTH!iX HHOrottepH!iX 3flflHnn1YecKHx 

3allaY, nOHBflHIDU111XCH B ~H3HKe HnepH!iX peaKTOpoB. 

B cnyYae anropHTHOB AGA, ypasHeHHH (13) HOryT 6ITTb 3anHcam,1 cnen~U111H 
00pa30H. 

y(t+l) = W1 [ (LA +HAlD/y(t+l) 

x(t+l) = W2D~1 [ (UA+QA)x(t+l) 

+ NAx<t> + cl - (w1 -lly<t > } 

+ y<t+lJJ - Cw
2
-1 lx<t> t;,:O ' 

rne W1 H W2 HBflHIDTCH napatteTpaHH penaiccauHH. 

(14) 

HcKnIDYeHHe BeKTopa Y no3BOnHeT CBeCTH BblllleYKa3aHHNe ypaBHeHHH K cneny

rowen ITTepauHOHHOH cxette OXBaTblB~llJeA TPH OYepenHNe HTepauHH, T.e., 

PAx<t+ll = RAx<t> + SAx<t-1> + b, > 0, 

COOTBeTCTB~U111e llByxKpaTHOHY pacmenneHHID HaTpHUN 

A = PA + RA + SA• 

rne 

RA 

1 -1 
PA= -- [I-w1CL+HA)DA JDA[I-w2 (U+QAll, 

W1W2 

1 { -1 -1 ww w1w~A :- Cw2-l)[I-w1 CL+HA)DA ]DA - (w1-ll!I-w2D CU+QA)]}, 
1 2 

(w1 -1 l Cw2-1 l 
PA = ----- DA• H W1 * 0, W2 * 0. 

W1W2 

(15) 

( 16) 

(17) 

(18) 

(19) 

TaK KaK nnH W1 * 0 H W2 * 0, PA HBflHeTCH Heoco6eHHOA HaTpHuen, ypaBHeHHe (14) 

HOMeT 6ITTb 3anHCaHO 3KBHBaneHTHO, KaK 

x(t+l) = p~lRAx(t) + p~lSAx(t-1) + p~lb, t > o. (20) 

3ToT HeTon Ha3NBaeTCH HeTonoH nsoAHOA sepXHeA penaKCa.LlHH AGA HflH. nnH 

KpaTKOCTH, HeTonoH AGA nsoAHOA SOR (AGA double SOR method). Csoncrsa cxonH

HOCTH 3Toro HeTona, OCHOBaHHNe Ha TaKoH me nonxone KaK B cnyYae onHoKpaTHoro 

pacmenneHHH HaTpHUN A= M - N, nonpo6HO npoattanH3HpOBaHN B [12] H paCCHOTpeHN 

s rnase 4. 

DYesHnHo, YTO 3TOT HeTon csonHTCH K onHoKpaTHOHY HeTony sepXHeA 

penaKcauHH SOR - HnH K HeTony npHHOBO ~ (the forward type), Korna W1 = 1 H 

w2 * 1 HnH K MeTony o6paTHOBo pona (the backward type), Korna w1 * 1 H w2 = 1 

nnH KOTOp!iX SA= 0. 

3<jxpeKTHBHOCTb nsoAHOA sepXHeA penaiccauHH AGA 3aBHCHT OT Bli6opa napa

HeTpoB penaiccauHH W1 H W2. CKopocTb cxonHMOCTH HMeeT HaKCHHaflbHOe 3HaYeHHe 

Torna, Korna W1 = W2 = Wopt• 
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PemeHHe 3anaYH oueHKH onTHHanbttoro napatteTpa penaiccauHH B 3THX tteTonax 

HBnHeTCH - C TeopeTHYeCKOH TOYKH 3peHHH - CYllJeCTBeHHOH TpYnHOCTbID, noTOHY YTO 

HTepauHOHHNe HaTpHUN B HeTonax EWA HAGA HHeIDT TaKMe OTpHUaTeflbHNe H KOHn

neKCHNe co6crseHHNe 3HaYeHHH. npennaraettNA B pa6oTe [121 nonxon K npensapH

TenbHOH (a priori) oueHKe onTHHaflbHOro 3HaYeHHH Wopt OCHOBaH Ha YHCneHHOH 

aHanH3e 3anaYH /lHpHxne nnH 3flflHnTHYeCKHX ypaBHeHHH. trncneHHNe 3KCnepHHeHTN 

nonTsepmn~T BNco~ 3<jxpeKTHBHOCTb npennaraettoA npouenypN nnH oueHKH 

onTHHaflbHOro napatteTpa penaiccauHH B HeTonax AGA nnH npaKTHYeCKHX npHHeHeHHA. 

TeopeTHYecKHe pe3YflbTaTN aBTopa, nonyYeHHNe nnH perynHpH!iX pacwenneHHA, 

npHseneHHNe s nonrnase 1.2, as nonrnase 1.3 onHCaHN 6onee BaMHNe pe3ynhTaTN 

TeopHH tteoTpHUaTenbHoro pacmenneHHH. 

OnpeneneHHe Varga'on perynHpttoro pacmenneHHH cTano CTattnapTHOA TepHHHo

nornen B nITTepaType, B To speHH KaK npyrHe pacmenneHHH onpenenHIDTCH o6NYHO no 

ycttoTpeHHID asTopos. CneuH~HKa pacmenneHHA BKnIDYeHa B cne~mee onpeneneHHe. 

OnpeneneHHe 1.2 llnH MaTpHUN A pa3nomeHHe A= M - N Ha3blB~T: 
. -1 

(a) peryn.RpHNM pacmennettHeM ttaTpHUN A, ecnH M "'o H N"' o, 

(b) HeoTpHUaTenbHNM pacmenneHHeM HaTpHUN A, ecnH M-
1

;,: 0, M-
1
N;,: 0 

H NM-1 
l!: 0, 

(c) cna6NM HeOTPHUaTenbHNM pacwenneHHeM HaTpHUN A, ecnH M-
1 

"' 0 H: 

HnH M-
1
N "' o (nepsoro penal HnH NM-

1 
"' o (srnporo ponal, 

(d) cna6NM pacwenneHHeM HaTpHUN A, ecnH M HBnHeTCH Heoco6eHHOH Ma

TpHuen H: HnH M-
1
N "' 0 (nepsoro ~) HflH NM-

1 
"' 0 (BTOporo 

pona). 8 YaCTHOCTH nattHOe cna6oe pacmenneHHe MOMeT 6ITTb H nep

BOrO, H BToporo pona onHospetteHHO, 

(e) cxonHU111MCH pacmenneHHeM MaTpHUN A, ecnH M HBnHeTCH Heoco6eHHOA 

MaTpHUeA H g(M-1N) < 1. 

OnpeneneHHe, npHHHToe s nyHKTe ( b) , 3KBHBaneHTHo onpeneneHHID · cna6oro 

perynHpHoro pacmenneHHH ttaTpHUN A, npennomeHHoro Ortega'on H Rheinboldt'ott. 

OnHaKO, M-
1 

"'0 H TOflbKO M-
1
N"' 0 (6e3 ycnOBHH NM-

1 
"'0) onpenenHeTCH npyrnHH 

asTopattH KaK cna6oe perynHpHoe pacmenneHHe ttaTpHUN A, HO, B 3TOM cnyYae Heo6-

xonHtto ssecTH no6asoYHNe npennonomeHHH a Teopettax cpastteHHH, Korna cooTHome

HHe M~1 
;,: M;1 

i!: 0 HCnOflb3yeTCH B KaYeCTBe rnnoTe3N. CnenyeT OTHeTITTb, YTO 

npHtteHeHHEf TepHHHonorHH Ortega' H H Rheinholdt' a "cna6oe perynHpHoe" B nyHKTe 

( b) HBnHeTCH npHYHHOA nYTaHHUN npH HCDOflb30BaHHH Ha3BaHHH pacmenneHHH B 

nyHKTe ( c). YnoTpe6neHHe TepMHHa "HeoTpHUaTeflbHOO" n03BOnHeT pa3nHYHTb 3TH 

nsa cnyYaH H H36emaTb HeonH03HaYHOCTH. OnpeneneHHe cna6oro pacmenneHHH ttaTpH

UN A nnH cnyYaH nepsoro pona 6Nno sseneHo Marek'ott H Szyld'ott. 

Csoncrsa cna61iX HeoTpHUaTenhH!iX pacwennettHA Hcnonb3oBaHN B cne~wen 

Teopette. 
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Teopetta 1.1 nycrb A= M - N 6yneT cna61i111 HeoTpHuaTenbHllll1 pacmen
-1 neHHeM MaTpHLU,I A. EcnH A "'o, Torna 

1. A-1 "' M-1 

2. ecnH M-
1
N ie: 0, Toma A-1N ie: M-1N H ecnH NM-1 

ie: 

3. ,g(M-1N) 
,g(A-1N) 

1 + ,g(A-1N) 

,g(NA-1) 
< 1. 

1 + ,g(A-1N) 

06p~THO, ecnH ,g(M-
1
N) < 1, Torna A-1 "'0. 

O, Torna NA-1 "' NM-1 

3asHCHMOCTb B nymcre 3, nono6HaH proynhTaTy nonyYeHHOfl Varga' of! nn.H 

perymlpH!iX pacmenneHHfl MaTpHLU,1 A, 6bllla ll0Ka:3a.Ha npH nOMOlliH KOMMYTaTHBH!iX 

CBOflCTB A-
1
N H M-

1
N ( HnH NA-

1 H NM-
1

) npencrasneHH!iX npH noMOlliH neMMli 1. 1. 

KaK cnencTBHe 3TOfl TeopeMN MOmHO c¢opMynHpoBaTb cnenYIDlliHfl BliBOll. 

BblBOll 1. 1 Kamnoe cna6oe HeoTpHuarnnhHoe pacmenneHHe MaTpHUN A npH 

A-
1 

"' O .HBn.HeTc.H cxon.HlliHMC.H pacmenneHHeM H Hao6opoT, nn.H Kamnoro 

cxon.Hmeroc.H cna6oro HeOTpHUaTenbHoro pacmenneHH.H MaTpHUli A, A-1 "'o. 

MHoro TeopeM cpaBHeHH.H nn.H pa3nHYHliX pacmenneHHfl MOHOTOHHOfl MaTpHUli A, 

(T.e. A-
1 

"'OJ aBTop llOKa3an npH npocrliX, a TaKme npH 6onee cnomHliX, npen

nonomeHH.HX. HeKOTOplie H3 3THX proynhTaTOB npHBeneHli HHme. 

HHme. 

TeopeMa 1.2 nycrb A= M1 - N1 = M2 - N2 CYTb,llBa cna6Ne HeOTpHua

TenbHlie pacmenneHH.H MaTpHUli A Pa3HliX ponoB, TO ecrb, HnH M~1N1 'ie: 0 H 

N2";
1 

ie: 0, HnH N1M;
1 

ie: 0 H" M;
1
N2 ie: 0, rne A-1 

ie: 0. EcnH M;1 
ie: M;1, 

Torna 

,g(M;
1
N1) s ,g(M;

1
N2). 

B YaCTHOCTH, ecnH A-1 > 0 H M;1 > M;1, Torna 

(21) 

,g(M;
1
N1) < ,g(M;

1
N2l. (22) 

TeopeMa 1.3 nycrb A= M1 - N1 = M2 - N2 CYTb llBa cna6Ne HeOTpHUa

TenbHlie pacmenneHHH CHMMeTpHYeCKOfl MaTpHUli A, rne A-1 
ie: 0. EcnH no 

KpaflHefl Mepe onHa H3 MaTpHU M1 H M2 HBnHeTCH CHMMeTpHYeCKOfl MaTpH-
. -1 -1 

uefl, H ecnH M1 "'M2 , Torna 

,g(M;
1
N1) s ,g(M;

1
N2). 

B YaCTHOCTH, ecnH A-1 > 0 H M;1 > M;1, Torna 

,g(M;
1
N1) s ,g(M;1N2). 

OTnenhHlifl Knacc ecTecTBeHH!iX ycnoBHfl, BamHl:lX B npHnomeHHHX npencTasneH 
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TeopeMa 1.4 nycTb A= M1 - N1 = M2 - N2 CYTb naa cna6Ne HeOTpHua

TeflbHlie pacmenneHH.H MaTpHUli A, OllHOro H Toro me pona, TO eCTh, HnH 

M;
1
N1 ie: 0 H M;

1
N2 ie: 0, HnH N1M;

1 
"'0 H N2";

1 
"'o, rne A-

1 
ie: 0. 

EcnH N~"' N1, Torna 

,g(M;
1
N1) s ,g(M;

1
N2). • (23) 

TeopeMa 1.5 nycTb A= M1 - N1 = M2 - N2 CYTb naa cna6Ne HeOTpHua

TeflbHlie pacmenneHHH MaTpHUli A, OllHOro H Toro me pona, TO eCTb, HnH 

M;
1
N1 ie: 0 H M;

1
N2 ie: 0, HnH N1M;

1 
ie: 0 H N2";

1 
"' 0, me A-

1 
"' 0. 

EcnH M;1 
"' CM;11T, rnrna 

,g(M;
1
N1) s ,g(M;

1
N2). 

B YaCTHOCTH, ecnH A-1 > 0 H M; 1 > (M;1JT, Torna 

,g(M;
1
N1) s ,g(M;

1
N2). 

8 3aKnIDYeHHe, OTMeTHM,_ YTO pe3ynhTaTli TeopHH HeOTPHUaTenbH!iX pacmenneHHfl 

no3B0flHIDT paClliHpHTb aHanH3 CXOllHMOCTH KnaccOB HTepauHOHHliX MeTOllOB, nnH KOTO

pHX He TOnbKO MaTpHua N MOmeT HMeTb OTpHUaTenhHlie 3neMeHTli, HO B cnyYae 

cna61:lX HeoTpHUaTenbHliX pacmenneHHfl, HTepaUHOHHlie MaTpHUli, HnH M-
1
N HnH NM-1, 

MOrYT HMeTb TaKme OTpHUaTenbHlie 3fleMe~Tli. 

AHanH3 KPHTepHeB CXOllHMOCTH, HCnonb3YIDmHXCH nnH OCTaHOBKH HTepauHOHHOro 

npouecca MeTona conpHmeHHliX rpanHeHTOB C TOYKH 3peHHH KoppeKTHOCTH nonyYeHH!iX 

proynbTaTOB, onHCaH B nonrnaae 1. 5. Ha OCHOBe aHMH3a nonyYeHHliX YHCneHHliX 

proynbTaTOB MOmHO cnenaTb BliBOll O TOM, YTO MeTOll conpHmeHH!iX rpanHeHTOB He BO 

acex 3MaYax HMeeT npeHMymecTBO no OTHOllieHHID K llPYrHM MeTonaM nnH KnaccH

YeCKHX pemeHHfl, a Bli6op COOTBeTCTBYIDlliHX KpHTepHeB CXOllHMOCTH HenooueHHBaeTCH 

MHOrHMH aBTOpaMH. 8 3TOfl pa6oTe noKa3aHO, YTO KpHTepHH, HCnOnb30BaHHlie 

HeKOTOpliMH aBTopaMH, He rapaHTHPYIDT nonyYeHHH pe3ynhTaTOB C omHnaeMofl nonb3o

BaTeneM TOYHOCTbID. HccnenosaHHH 3clxl>eKTHBHOCTH MeTona conpHmeHHliX rpanHeHTOB 

npHsenH K OTKPITTHID KOMneHCaUHOHHoro 3clxl>eKTa nnH HeKOToporo Knacca CTapTOB!iX 

BeKTOpOB, ynoTpe6neHHe KOTOp!iX naeT OYeHb CHnbHOe ysenHYeHHe CKOpOCTH cxonH

MOCTH HTepauHOHHoro npouecca. npencTasneHHlifl B pa6oTe aHMH3 seKTopa OlliH6oK 

n03BOnHn BliHCHHTb npHYHHli KOMneHcauHOHHOro 3clxl>eKTa.' 

B l;IHCCepTaUHH H3nomeHN MHOrHe TeopeTHYeCKHe pe3yflbTaTli, KOTOplie 6NnH 

nonyYeHli HeOJKHllaHHO, KaK no6oYHlifl nponyKT HCCnenoBaHHfl nocsHmeHH!iX npyrofl 

TeMaTHKe. npHMepoM 3TOMY MomeT cnymHTb anropHTM Sigma-SOR, llaIDlliHfl 3apattee 

TOYHYID oueHKY onTHMMbHOro napatteTpa penaKcauHH H onHCaHHlifl B nonr nase 1. 6. 

HaH6onee BamHNM TeopeTHYeCKHM pe3ynbTaTOM 3TOfl pa60Tli HBnHeTCH OOKa:3a.HHe 

Toro, YTO MHHHMMbHlie 3HaYeHHH cneKTpanbHOro panHyca H nonnOMHHaHTHOro OTHO

meHHH B MeTonax SOR BNpamaIDTCH TOfl caMofl ¢opMynofl, nonyYeHHOfl nepsoHaYanbHO 
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Young'ott. B cny4ae ttenneHHO CXOllHllll1XCH 3ana4 anropHTM Sigma-SOR HtteeT 04eHb 

CHnbHNe npeHMywecTsa no cpasHeHHID c o6weHcnonb3yeMNM ananTaUHOHHNM tteTOllOM, a 

KOTOpOM onTHManbHNH napatteTp penaKcauHH wopt onpenenHeTCH "llHHaMH4eCKH" BO 

BpeMH BNnonHeHHH HTepaUHOHHOro npouecca. 

HeKOTOpNe HccnenoBaHHH pa3HOCTHNX cxeM B TpeyronbHOH reotteTpHH, BNnon

HeHHNe aBTOpOM, np~senH K MOllH¢HKauHH 7-T04e4HOl1 pa3HOCTH011 cxeMN, no3BOnH

IDWeA COKpaTHTb B TpH pa3a 4HCno T04eK pa3HOCTHOl1 ceTKH, a OWH6Ka annpOKKCH

ttauHH nonY4aeMNX peweHHH 6nH3Ka KO BTOpOMY nopHllKY. MonH¢HKauHH pa3HOCTH011 

cxeMN H nonY4eHHNe pe3ynbTaTN 6NnH npencTaBneHN Ha KOHcjlepeHUHH peaKTOpHOH 

¢H3HKH B MIDHXeH B 1981,. 

6onee paHHHe pe3ynbTaTN aBTOpa, npencTaBneHHNe BO rnase 1, CTanH OCHOBOH 

rnaBHO,O npentteTa HccnenosaHHH HaCTOHWeA llHCCepTaUHH H npencTaBneHN B OCTanb

HNX rnasax. 

BTopaH ~nasa nOCBHWeHa ¢opttynHpOBKe 3alla4H. MHororpynnOBNe CTaUHOHapHNe 

(He3aBHCHWHe OT BpetteHHH) ypaBHeHHH llH<Jxl>Y3HH HeATpOHOB onHCNBaIDTCH CHCTeMOH 

3nnHnTH4eCKHX ypasHeHHH B 4aCTHNX npOH3B0llHNX B o6nacTH O C rpaHHUeA r H 

HMeIDT cnenYIDWHH BHll 
G 

-'JD
9
(r)'J¢

9
(r) + L~(r)¢

9
(r) - [ L

9
,-ffl(r)¢

9
, (r) 

g'=l . 
g'-:1-g 

G 
1 1 r · · 
;,;-X9 l VL9 ,(rJ¢9 ,(rJ, g=l,2, . . G, (24) 

g'=l 

rne npHMeHHIDTCH CTaHnapTHNe o603Ha4eHHH, H3BeCTHNe KaK rpynnoBNe KOHCTaHTN. 

OpHMeHeHN cnenyIDWHe 3aBHCHll(l1e OT rpynn rpaHH4HNe ycnOBHH 

8¢
9
(r) _ 

D
9
(rl ~ + a

9
(r)¢

9
(rl - 0, re r, (25) 

rne n BHeWHHH HOpttanb K rpaHHue r. 
B o6naCTH O CTpOHTCH ceTKa Oh, annpoKCHMHPYIDWaH o6nacTb n. 3aTeM Ha 3TOl1 

ceTKe nh npOHCXOllHT annpOKCHMaUHH npOH3B0llHNX, BX0llf!ll(l1X B ypaBHeHHe ( 24) H 

KpaeBNX ycnOBHH ( 25) . HaH6onee 4aCTO HCnonb3YIDTCH CTaHnapTHNe KOHe4HO-pa3-

HOCTHNe cxeMN HH3KO,O nopHnKa, KOTOpNe CBOllHT 3ana4y (24) H (25) K CHCTeMe 

nHHeflHNX anre6paH4eCKHX ypaBHeHHH. 3Ta CHCTetta MOmeT 6ITTb npeo6pa30BaHa B 

cnenyIDmyID ttaTpH4HYID 3ana4y Ha co6CTBeHHNe 3Ha4eHHH 

nopHllOK KBanpaTHOH MaTpHUN 

1 T 
E~ = ;,;-XF ~-

E = A - sd - Su 

(26) 

(27) 

paBeH 4Hcny T04eK ceTKH npocTpaHCTBa-3HeprHH, GxN (G 4HCno rpynn 3HeprHH H N 

4Hcno T04eK npocTpaHCTBeHHOH ceTKHl, rne MaTpHUN A, sd H Su npencTaBnHIDT 
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COOTBeTCBeHHO 4neHN llH<jxpy3HH-3aXBaTa, pacceHHHH BHH3 H pacceHHHH BBepx. 

KottnoHeHTN BeKTOpa ~ npencTaBnHIDT npH6nHmeHHNe 3Ha4eHHH noTOKa Hef!TpOHOB <I> B 

y3nOBNX T04Kax ceTKH npocTpaHCTBa-3Hep,HH. CneKTP neneHHH H 4neH npOllYKUHH 

npencTasneHN COOTBeTCBeHHO C noMOWbID ttaTpHU X H F. rne sepXHHH HHneKC T 

o603Ha4aeT TpaHcno3HUHID MaTpHUN. 

CBOHCTBa ypasHeHHH (26) 6NnH HC4epnNB=we HCCnenosaHN B nHTepaType H_OHO 

HMeeT enHHCTBeHHNH nonomHTenbHNH co6CTBeHHNl1 BeKTOp ~1 H COOTBeTCTBYIDWee 

OllHH04HOe nonomHTenbHOe co6CTBeHHOe 3Ha4eHHe A1 (HHTepnpeTHpoBaHHOe KaK 

3<jxpeKTHBHNl1 K03<jxpHUHeHT pa3MHOmeHHH Kerrl, 6onbwee a6conIDTHO,O 3Ha4eHHH 

nID6oro npyroro co6CTBeHHO,O 3Ha4eHHH. MaTpHUa E Heoco6eHHaH H MOHOTOHHaH, 

T . e. ee o6paTHaH MaTpHua HeOTpHUaTenbHa, H 3ana4a Ha co6CTBeHHNe 3Ha4eHHH 

(26) ttomeT 6NTb 3anHcaHa B cnenyIDwett BHlle 

A~ = B~. (28) 

rne 
B = E-1XFT 2: 0. (29) 

WHpOKHH Knacc MeTOllOB nnH onpeneneHHH co6cTBeHHO,O 3Ha4eHHH C HaH6onb

WHM ttonyneM A1 H COOTBeTCTByIDwero co6CTBeHHO,O BeKTopa ~1 OCHOBaH Ha CTeneH

HOM tteTone, B KOTOpOM nocnenosaTenbHNe npH6nHmeHHH nnH A1 H ~1 onpenenHIDTCH C 

noMOWbID BNYHCnHTenbHO,O npouecca 

~(1+1) 

H 

AC l+l) 

1 
XITTB~( 1) 

. 11~(1+1)11 
A( 1) P, 

11~c1JII p 

(30) 

(31) 

rne 1 HBnHeTcH Hottepott HTepauHH H nae HopttN KaK ttaKcHttanbHaH II • t. TaK H 

3BKnHllOBaH II· 112 npHMeHHIDTCH HaH6onee 4aCTO. TaK KaK HaH60nbwee (no ttonynID) 

co6cTBeHHOe 3Ha4eHHe A1 HeOTPHUaTenbHOH MaTpHUN B HBnHeTCH nonomHTenhHNM H 

npoCTNM, TO CTeneHHOH MeTOll HBnHeTCH CXOllflllll1MCH npoueccott nnH no4TH cnY4al1HO 

BN6paHH0,0 HeOTpHUaTenbHO,O Ha4anhHO,O BeKTOpa ~(O), T.e . 

A(l) - A1, ~(l) - ~1 npH 1 - oo. 

CKOpOCTb CXOllHMOCTH B CTeneHHOM tteTone 3aBHCHT OT TIOllllOMHHaHTHO,O OTHOWeHHH 

o(BJ = JA2 I1Ai, (32) 

npennonaraH, 4TO co6CTBeHHNe 3Ha4eHHH A1 MaTPHUN B ynopHll04eHN TaKHM o6pa30M, 

4TO 

A1 > IA2 I 2: IA3 l 2: •••• (33) 

qeM MeHbWe nonnottHHaHTHOe OTHOWeHHe, TeM CXOllHMOCTb 6onee 6NCTpaH. npennona-
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rafl, '-ITO .llJlll llOCTaTO'-fHO 6onbWl1X 3HaYeH1-1A 1, A(l) npH6lll-!3HTenbHO pa.IlHO Ai, 

MOmHo paBH03HaYHO paCCMOTpeTb 3anayy 

rne 
~(1+1) = B(A1 )~(1J, 

B ( A
1

) = .!_ E-lXFT 
A1 

(34) 

(35) 

HMeeT Co6CTBeHHble 3HaYeHHll Va,1 = A1/A1 H cornaCHO BblllleYKa3aHHOMY nopll.llKY 

V8,1 = g[B(A1)) = 1 > lv8, 2 1 .e lv8, 31 .e 

H 

6(BJ = 6!B(A1ll = lv8 , 2 1. (36) 

B pacc~neHHHX np1-1seneHHNX Bblllle, 61:,1110 npHHHTo npennonomettHe, YTo ttaTpHua 

E-
1 

natta B HBHOM BHJle. OnHaKo B cnyYae onttottepHNX 3anaY, Korna HeT npouecca 

pacceHHHll HeATpOHOB BBepx, T.e. Su= 0, YaCTO B03MOmHo Bbl'-IHCflHTb Henocpencr

BeHHO ttaTp1-1uy E-
1

. B nay- H TpeXMepHNX 3anaYax npsittoe 06pamett1-1e E OKa3anocb 

CHflhHO 3aTPYllH8HO H, cnenosaTenbHO, nonmtta 6b1Th npHMeHeHa cneuHanbHaH HTepa

UHOHHaH CTpaTerHH. 

YpaaHeHHe (26) BMecTe c ypaatteHHeM (27) MOmHO 3anHcaTb KaK 

A~ = Sd~ + Su~ + ¼xFT~ 

H BBOllll HTepauHOHHhlfl HH)l8KC 1, nonyYaJOT 

A~( 1+1) = Sd~( 1+1) + Su~( 1) + A/lJXFT~( 1) 

HnH 3KBHBaneHTHO 

-1 d u 1 T 
~(l+l) = A [S ~(1+1) + S ~(1) + A(l)XF ~(1)). 

(37) 

(38) 

(39) 

C!>aKT, YTO sd llBflll8TCll TOYHO HHmHeA TpeyronbHOH 6nOYHOH MaTpHuei:i 003BOnHeT 

HCOOnb30BaTb B Bbl'-IHCnHTenbHOM npouecce 'KOMOOH8HTN ~. nonyYeHHNe B 1+1 HTe

pauHH. nocne BblTIOflH8HHll paCYeTOB .llJlll HTepauHH 1 + 1 , HOBOe 3HaY8HHe A ( 1 + 1) 

OU8HHBaeTCll c noMOmblO ¢opMyn1,1 (31). Bbllll8YKa3aHHoe ypaaHeHHe MomeT 6b1Tb 

npencraaneHO s cnenYJOmett BH.Ue 

~(l+l) = T(A(l))~(l), (40) 
rne 

T(A(l)) = [I - A-1Sd)-1A-1[Su + A/JJXFT]. (41) 

KaK MOmHo 3atteTHTb, 3HaYeHHll 3neM8HTOB ttaTPHUN T(A(l)) M8HlllOTCll npH nepexone 

OT llaHHOH HTepauHH K OYepenHOH HTepauHH B 3aBHCHMOCTH OT Toro, KaK M8Hll8TCH 

3HaYeHHe A(l) H nnsi llOCTaTOYHO 6onbWl1X 3HaYeHHH HH)leKca 1, A(l) CTaHOBHTCll 

6nH3KHM K Ai H 

T(A(l)) ➔ T(A1 l [I - A-1Sd)-1A-1 [Su + ¼ XFT) .e 0. 
1 
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(42) 

npennonomHM, YTO co6CTB8HHNe 3HaYeHHll MaTpHUN T(A1) ynopllllOYeHN cnellYJOlUHM 

o6pa30M 

vT,i = g[T(A1ll = 1 > lvT, 2 1 .e lvT, 3 1 .e •.. , 

Torna nnll llOCTaTOYHO 6onblliHX 3HaYeHHH HHJleKca 1, CKOpocTb CXOJlHMOCTH HTepa

UHOHHoro npouecca (2.20) 3aBHCHT OT OOllllOMHHaHTHOro OTHOlli8HHll 

6!T(A1ll = lvT, 2 1. (43) 

O'-ieBHllHO, YTO npH OTCYTCTBHH sepxHero.pacceHHHll, T.e .• Karna Su o. 
T(A1) = B(A1). 

llTepaUHOHHNH npouecc npencTaBneHHhlfl npH OOMOll(H ypaaHeHHll (2.20) H3B8CT8H 

KaK "HTepauHH HCTOYHHKa neneHHll" HnH KaK "BH8lliHllll HTepauHH". OnHaKO, npH 

npoaeneHHH HTepaUHH Heo6XOJlHMO 3HaTh BHll o6paTHNX nonMaTpHU Ag, o6pa3YJ0111HX 

6nOYHO-JlHarOHanbHYIO CTpYKTYPY MaTpHUN A. B OllHOMepHNX 3a)laYax Ag, llBflHIOTCll 

Tpexn1-1aroHanbHNMH MaTpHUaMH, KOTOpNe nerKO o6paTHMN C OOMOmblO xoporno H388CT

HOH npouenyp1,1 nporoHKH, npsittoro HCKnJOYeHHH - o6paTHoro noncTasneHHH . .!J.nH nsy

H TpeXMepHNX 3anaY y MaTpHU Ag 6onee Tpex n1-1aroHaneA, 6onee Toro HX nopsinoK 

Ha MHoro. 6onblli8, Y8M B OllHOMepHOM cnyYae; TaK YTO o6pameHHe MaTpHU Ag 

CTaHOBHTCH OYeHb TPYllHNM HnH npoCTO OHO H8803MOmHO H3-3a OWl160K OKpyrneHHH. B 

3TOM cnyYae np1-16n1-1meHHOe o6paIU8HHe MaTpHU Ag 06bl'-IHO npOBOllHTCH HTepauHOHHNM 

M8TOJlOM Hcnonb3Yll Pllll BHYTP8HHHX HTepaUHH. CTpaTerHH, OCHOBaHHNe Ha pa3nHYHNX 

ypoBHHX HTepaUHH, npencTasneHN B cnenYJOlliHX rnaaax. 

B TpeTbeH rnase npOH3BOJlllTCH HTepaUHOHHNe nonxon1,1, OCHOBaHHNe Ha ypoBHHX 

rno6anbHNX, BH8lliHHX, BHYTP8HHHX HTepauHH, npencTaaneHHNe nnsi ¢opManH3Ma OllHO

KPaTHoro pacmenneHHH. 

Heo)lHOPOllHNe perneHHH MHOrorpynnOBNX 3a)la'-i llH<l>¢Y3HH Hef!TpoHOB CBH3aHN C 

HTepaUHOHHNM perneHH8M CHCT8MN nHHeHHlilX ypaBH8HHH 

A¢= c, 

KOTOpNe MOrYT 6b1Tb npencrasneHN B cnenYJOlli8M BHll8 

M¢ <t+ll = N¢ Ct> + c, 

rne ¢ct> o3HaYaeT oYepenHYJO HTepauHJO 1-1 

A = M - N 

t .e 0, 

(44) 

(45) 

(46) 

npencTaBnHeT OllHOKJ)aTHOe pacmenneHHe Heoco6eHHOH MaTpHUN A pa3MepoM NxN KaK 

KnaCCHY8CKOe pacmenneHHe MaTpHUN AB TeopHH HTepauHOHHlilX M8TdllOB. BblllleyKa3a

HHNH HTepaUHOHHNH npouecc CXO)lHTCH K 8JlHHCTB8HHOMY perneHHIO 
-1 

¢ = A c (47) 

nnsi Kamnoro ¢co> Torna H TonbKO Torna, Korna M sisnHeTcH Heoco6eHHOA MaTpHuei:i 
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H COOTBeTCTBYJOIIJafl HTepauHOHHafl MaTJ)HUa 

~-~~ 
HMeeT e(~) < 1. YpaBHeHHe (45) ttomeT 6b1Tb 3allHcaHO B 3KBHBaneHTHOM BHne 

</>lt+ll = ~</>Ill + H-tc, 

HflH C HCflOflb30BaHHeM </>IOI 

'(>ll+ll t+l,,_ IOI + jr1 c, 
~ 'I' Ill 

r-ne 

t ;,: 0 

t ;,: 0, 

t 

.r1 
Ill 

CI + ~ + ~2• ... + ~t)H-1 l ~•H-1. 

l=O 

113 ypasHeHHR (3.3) cneUYeT, YTO 

A-1 = (I - H-1N)-1H-1 = (I - ~)-1H-1, 

OTCIOlla 

H-1 = (I - ~)A-1 . 

nonCTasnRR ypasHeHHe (53) s (51), nonyYa10T 

.rt = (I - ~t+l)A-1. 
Ill 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

TaK KaK npH npennonomeHHH el~)< 1, ~t llOCTHraeT HynesoA MaTpHUN npH 
--1 -I 

t - °'· H nocnenosaTeflbHO H(t) - A , H peweHHe ypasHeHHR (50) CTpeMHTCR K 

e.llHHCTBeHHOMY peweHHIO onpeneneHHOMY c noMOIIJblO ypasHHeHHR (47) nnR n106or-o 

</> (O) • B attanH3e CXOllHMOCTH HTepauHOHHNX MeTOllOB ( aCHMflTOTHYeCKafl) CKOpoCTb 

CXOllHMOCTH 

R(~) = - lne(~) (55) 

RBnReTCR HaH6onee npoCTOA npaKTHYecKoA ttepoA CKOpoCTH CXOllHMOCTH MR MaTpHUN 

~ H oco6eHHO none3HOA nnR cpasHeHHR 31jxpeKTHBHOCTH pa3flHYHNX HTepauHOHHNX 

tteTOllOB. 
--1 

MaTpHUY Hill MOmHO paccttaTpHBaTb s HeKOTOpoM CMNCne KaK HenonHYJO o6paTHYJO 
-I --1 

cjloptty ttaTPHUN A, npH6nHmalOIIJYIO A nocne t HTepauHA. MaTpHua H(t) 6Nna Ha3BaHa 

asTopott npeno6paTHOA ttaTJ)HUeA t-CTeneHH (preinvertioner oft-degree) ttaTpHUN 
--1 -1 --1 -1 

A, r-ne H(o,) = A , a H(O) = H RBnReTCR npeno6paTHOA MaTpHueA 0-cTeneHH 

MaTpHUN A. CsoACTBa CXOllHMOCTH 06NYHO H3yYalOTCR c noMOIIJblO nposepKH seKTOpa 

01IJH60K onpenenRettor-o npH nottolIJH 

ell+ll = </> _ </>Ct+ll. 

B YaCTHOCTH, nnR l 01 o, nonyYalOT 

lt+!l -1 --1 
e = A c - Hille, 

OTCIOlla c noMOIIJblO YpaBHeHHR (54) 
(t+l) 

e ~t•tA-tc. 
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(56) 

(57) 

I 
:,1 
I 

{ 

' J 

TaKHM o6pa30M, peweHHe ypasHeHHR ( 50) MOmHO cpaBHHTb c peweHHeM, nonyYeHHNM 
--1 -1 ' 

MR npeno6paTHOA ttaTPHUN HI 
1

, npH6nHma10weA A nocne t HTepauHA. Kor-na 
IOI t 

</> = 0, ero BeKTop OIIJH6oK no OTHOIIJeHHIO K enHHCTBeHHOMY peweHHIO ( 4 7) 

o,npenenReTCR ypasHeHHett (57 l . 

IlpHHHttaeTCR pacwenneHHe MaTpHUN A, KaK llaHO s (46), YpasHeHHe (37) ttomeT 

6b1Tb 3allHcaHO s cnenYJOIIJeM BHne 

H~ = N~ + Sd~ +Su~+ ¼XFT~ 

H BBOllR HTepauHOHHNA HHneKc 1, nonyYa101 

H~(l+l) = N~(l) + Sd~(l+l) + Su~(l) + Atl)XF1~(1). 

(58) 

(59) 

EcnH pacwenneHHe MaTPHUN A sN6paHO TaKHM o6pa30M, YTO H RBnReTCR Heoco6eHHOA 

ttaTPHUeA H OTHOCHTeflbHO ner-Ko BNYHCflHTb o6paTHYIQ eA ttaTPHUY, Tor-na BNIIJeyKa-

3aHHOe ypasHeHHe ttomeT 6b1Tb BNPameHO KaK 

-1 d u 1 T ( ) ) ~( 1+1) = H [S ~( l+l) + N~( 1) + S ~( 1) + TITTXF ~ 1 

HflH 3KBHBaneHTHO 

r-ne 
~(1+1) = V(A(l))~(l), 

V(A(l)) = [I - H-1Sd)-1 [V + H-1 (Su + ~XF1 )) 
A\11 

H HTepauHOHHafl ttaTpHua V = H-1N CBR3aHa C pacwenneHHett MaTPHUN A. 

JIJJR llOCTaTOYHO OOflblIJHX 3HaYeHHA HHneKca l, A(l) ~ At H 

V(A(l)) - V(A1 ) = [I - H-t~d)-1 [V + H-1 (Su + ½ XF1
)), 

1 

(60) 

(61) 

(62) 

(63) 

H npennonaraR, YTO co6CTBeHHNe 3HaYeHHR ttaTpHUN V(A1l ynopRllOYeHN cnenYJOIIJHM 

o6pa30M 
Vv,t = elV(A1 )1 = 1 > lvv, 2 1 ;,: lvv, 3 1 ;,: •••• 

CKOpoCTb CXOllHMOCTH s HTepauHOHHOM npouecce (61), npencrasnRIOIIJeM co6oA tteTOll 

Ha3NBaettNA aBTOpoM crpaTer-HeA r-no6anbHNX HTepauHA {l2. llflR OllHOKJ)aTHNX 

pacwenneHHA, 3aBHCHT OT nonnottHHaHTHOl"O OTHOIIJeHHR 

6IVC\ll = lvv,
2

1. (64) 

r-ne HttneKc 1 OTHOCHTCR K r-no6anbHNM HTepauHRM, KOTOpNe RBflRIOTCR npoCTO 
-1 

HTepauHRMH CTeneHHor-o tteTona, H H npenCTasnReT co6oA npeno6paTHYIQ ttaTpHUY 

0-CTeneHH ttaTpHUN A. 

no attanornH C aHanH30M CXOllHMOCTH HTepauHOHHNX MeTOllOB peweHHR CHCTeM 

nHHeAHNX ypasHeHHA, onpenenRIOT (aCHMnTOTHYecKYJO) ~b CXOllHMOCTH, B 

cnenYJOwett BHne 

'R(V) - ln6[V), (65) 
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KOTOphlfl HBnHeTCH none:3HOH ttepoH CKOpOCTH CXOllHNOCTH K llONHHaHTHONY co6CTBeH

HONY 3Ha4eHHID naHHOH ttaTpHUN VB CTeneHHON NeTone. 

CneKTP co6CTBeHH~ 3Ha4eHHH NaTpHUN V ( Ai J 3aBHCHT OT npennonoll{eHHOro 

pacmenneHHH ttaTpHUN A. EcnH A = M - N npenCTasnneT HeoTpHUaTenbHoe pacmen

neHHe NaTpHUN A (T.e., M-1 
le: 0, M-

1
N le: 0 H NM-

1 
le: OJ HnH B YaCTHOCTH peryn

HPHOO pacmenneHHe ttaTpHUN A (T.e., M-1 
le: 0 H N le: OJ, TO VCA1J HBnHeTCH Heo

TpHUaTenbHOH NaTpHUeH, KOTOpaH o6ecne4HBaeT CXOllHNOCTb HTepaUHOHHoro npouecca 

(61J nnn.scex ~(O). 

06NYHO 6noYHO nHaroHanbHaH ttaTpHua A onpenenHeTCH npH nottomH cnenyromero 

pa3noll{eHHH 

A= K - L - U, (66) 

rne K, L, u, COOTBeTCTBeHHO, llHaI'OHanhHNe, CTporo HHJl{HHe TpeyronbHNe H CTporo 

sepXHHe TpeyronbHNe NaTpHUN, Kpotte Toro, 3TH TpH NaTpHUN HeOTpHUaTenhHN. B 

6onbWl1HCTBe 4HCneHH~ 3alla4 HTepauHOHHNe cxeNN OCHOBaHN Ha pacmenneHHHX, 

npencTaBnHIDIIIHX tteToll raycca-3eHnenn, H onpenenHIDT HX npH nottomH 

M = K - L H N = U. (67J 

BblllleyKa3aHHNe ypasHeHHH npellCTaBnHIDT perynHpHoe pacmenneHHe ttaTpHUN A H 

COOTBeTCTBYIDlllaH HTepaUHOHHaH NaTpHUa f1 HtteeT BHll 

f
1 

= M-1N = [I - K-1L)-1K-1U;,: 0. (68J 

MeTOll nocnenosaTenbHOH eepXHeH penaKCaUHH SOR, TeCHO CBH3aHHhlfl C NeTOllOM 

raycca-3eHnenH, npencTasneH c nottOlllbID cnenyromHX ttaTpHU pacmenneHHH 

1 -1 
Mw = wKII - wK L] 

1 
H Nw = WlwU - (w-lJK] 

H CBH3aHHaH HTepauHOHHaH ttaTpHUa fw NOJl{eT 6ITTb 3anHcaHa cnenYIDIIIHN o6pa30N 

-1 
fw=MwNw [I - wK-1L)-1K-11wU - (w-llII, 

(69J 

(70J 

rne W napatteTp penaKcauHH. OYeBHllHO, 4TO nnn W = 1, BblllleyKa3aHHNe ypaBHeHHH 

CBOllHTCH K ypasHeHHHN (67) H (68J, npellCTaBnHIDIIIHN NeTOll raycca-3eHnenH. KaK 

xopowo H3BeCTHO, eCfwJ < 1 nnH scex 1 < W < 2 H, Korna A HBnHeTCH UHKnHYeCKOH 

nocnenosaTenbHO ynopnnoYeHHOH ttaTpHUeH c HHlleKCON 2 ( 2-cyclic consistently 

ordered matrix), cymecTsyeT 

Wopt 
2 

1 + / 1-eCf1 l
0 

(71J 

llOBOllHllle.e no NHHHNYNa 3Ha4eHHH !? Cfwl. 3q><peKTHBHhlfl NeTOll oueHKH Wopt npe

llCTasneH s [15). 

Co6CTBeHHNe 3Ha4eHHH NaTpHUN V ( Ai J , onpeneneHHOH npH noNOIIIH ypasHeHHH 

(63J, ynosneTBOpHIDT ypasHeHHID 
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-1 d -1 -1 u 1 T (72J II - M S I M IN + S + X XF Jx = vx 
1 

HnH 3KBHBaneHTHO 

IN+ vSd +Su+ X XFT)x = vMx (73J 
1 

H nonCTasnHH ypasHeHHe (67J s (73), nonyYaett 

K-1 1v(L + SdJ + U +Su+ X XFT)x = vx. (74J 
1 

B cnyYae npHNeHeHHH ypasHeHHH C 69 J , COOTBeTCTBYIDmHe ypaBHeHHH NOrYT 6ITTb 

3anHcaHN cnenyIDIIIHN o6pa30N 

-1 d -1 -1 u 1 T 
VwCA 1Jy = II - Mw SI .Mw (Nw + S + X/F l]y 71Y 

HnH 3KBHBaneHTHO 
d u 1 T 

INw + 71S + S + - XF ]y = 71MwY . A1 

H nocne noncTaHosrn·ypasHeHHH (69J B ypasHeHHe (76J, nonyYaett 

-1 d u 1 T 
K l71(L +.s J + U + S + X XF )y = y. 

1 

(75J 

(76) 

(77J 

B ypasHeHHH ( 77) NOJl{HO 3aNeTHTb HeHBHYID 3aBHCHNOCTb 71 OT penaKcauHOHHOro 

napatteTpa W, rne 04eBHllHO, 71 = V npH W = 1. B cnyYae ttaTpHUN fw, NN 3aHH

TepecoBaH!i B HaXOJl{lleHHH w, naromero NHHHNYN 3Ha4eHHH llONHHaHTHoro co6cTBeH

HOro 3Ha4eHHH, rne nnH CnyYaH UHKnHYecKOH NaTpHUN C HHlleKCON 2, ero 3Ha4eHHe 

onpeneneHO c noNOlllbID ypaBHeHHH (71J. B paccttaTpHBaeNNX 3ana4ax Ha C06CTBeH

HNe 3HaYeHHH CBH3aHHNe NaTpHUN onpeneneHN_ TaKHN 06pa30N, 4TO HX llONHHaHTHNe 

co6CTBeHHNe 3Ha4eHHH paBHN ellHHHUe, TaK, 4TO B cnyYae NaTpHUN VwCA1J, 711 = 1 

H nnH COOTBeTCTBYIDlllero co6cTBeHHOro BeKTopa Y1 COOTHOWeHHe 

-1 I d u 1 T 
K (L + S J + U + S + X XF Jy1= Y1 

1 
(78J 

BNnonHeHo nnn scex w ~ o. TaKHN o6pa3oN, B 3TON cnyYae rnasHaH 3MaYa CBH3aHa 

C HaxOJl{lleHHeN 3Ha4eHHH w, KOTOpoe N~HHNH3YeT BTOpoe co6CTBeHHOe 3Ha4eHHe 712, 

3KBHBaneHTHOe nonnottHHaHTHONY OTHOWeHHID olVwCA1ll. KaK 3atte4eHO B 4HcneHHNX 

3KcnepHNeHTax, cymecTByeT ~est• NHHHNH3Yfillllee olVwCA1Jl Hero 3Ha4eHHe o6NYHO 

6onhwe, Yett Wopt• NHHHNH3YIDI11ee cneKTpanbHhlfl panHYC HTepauHOHHOH NaTpHUN fw B 

NeTone sepxHeH penaKCaUHH SOR. JlnH 1 :S W :S ~est olVwCA1Jl yNeHbwaeTCH NOHO

TOHHO, nnH Wbest < W :S Wcrlt Ha6nIDllaIDT CHnbHoe 803paCTaHHe olVwCA1Jl H npH 

wcrlt nonenneTCH pacXOJl{lleHHe HTepauHOHHoro npouecca, rne o6NYHO wcrlt < 2. 

3TOT 3q><peKT o6cymnaeTCH H neNOHCTpHpyeTCH B peaKTDpH~ pacYeTax, npHseneHHNX 

B rnase 5. 

HHTepecHO ynottHHYTb, 4TO B peaKTOPHOH 3ana4e 2, paCCNOTpeHHOH B rnase 5, 

TOnbKO 3Ta CTpaTerHH HBnHeTCH HaH6onee 3q><peKTHBHNN tteTOllON peweHHH no cpaB

HeHHID co BCeNH OCTanbHNNH NeTOllaNH. 
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OnpenenHH yneH HCTOYHHKa neneHHH npH noH011(11 

1 T 
f(l) = X"ffiXF ip(l), 

(79) 

HOJl{HO nepenHcaTb ypasHeHHe (59) KaK 

(M - Sd)ip(1+1) = (N + Su)ip(l) + f(l). (80) 

.llnH CTauHOHapHblX 3HaYeHHH f(l) UHKn BHeWHHX HTepauHH p=l,2, .•• ,P HOJl{eT 61:1Tb 

BlillOnHeH cornacHo cnellYIOmeH cxette 

(M - Sd)ip( l+!'..) = (N + Su)ip( l+p-l) + f( 1) 
p p 

HnH 3KBHBaneHTHO 

ip( 1+'1!) = Gip( l+p-l) + [I - M-1Sd)-
1
M-

1
f( 1), 

p p 

rne 
G = [I - M-1Sd)-1M-1 (N + Sul 

nerKO 3aHeTHTb, YTO 

I 1 - M-1sd1-1 IV + M-1suJ. 

llflH p=l, ip( 1+!.) = Gip( 1) + [I - M-
1
Sd)-

1
M-

1
f( 1), 

p 

nnH p=2, ip(l+~) = Gip( 1+!.) + [I - M-lsd)-lM-
1
£( 1) 

p p 

= G2ip(l) + [I + GIii - M-1
Sd)-

1M-
1
f(1) 

llflH p=P, ip( 1+1) = GP ip( 1) + [I + G + G2+ .... + GP-
1

).[1 - M-lSd)-lM-
1
£( 1) 

H 3TH B1i1pameHHH ttorYT 61:ITb 3aTTHCaHN B cnenYIDmett o6meH BHne 

rne 

H 

ip(1+1) = V(A(l))ip(l), 

P --1 ·1 XFT 
V(A( 1)) = G + M(P-1) x-ffi 

--1 
M(P-1) 

p 

[Gp-1(1 - M-lsd)-1M-1. 

p=l 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

TipennonaraH, YTO nnH nocraToYHO 6onb11(11X 3HaYeHHH 1, V(A(l)l ~ V(A1l, 

aeHHNe 3HaYeHHH ttaTpHUN V(A1l ynopMoYeHN cnel1Yl011(11H o6pa30H 

H co6cr-

i>v, 1 = .QIV(A1ll = 1 > lt>v,21 l!:: li>v,31 l!:: •• ·, 

nonyYaeH, YTO CKOpoCTb cxonHHOCTH B HTepauHOHHOH npouecce (84), npencTas

nHIDmeH co6oH tteTon Ha3NBaeHNH aBTOpoH CTpaTerHeH rno6anbHblX-BHeWHHX HTepauHH 

(1,p) llflH OnHOKpaTHblX pacmenneHHH, 3aBHCHT OT nonnoHHHaHTHOro OTHOWeHHH 

6IV(A
1
ll = li\,2 1, C87l 

rne HHneKC p OTHOCIITCH K BHeWHHH HTepauHHH. 
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KaK HOJl{HO 3aHeTHTb nnH cxonHmeHCH HaTpHUN G, 

Gp -) 0 M-1 -) E-1 
H (P-ll (88) 

- - 1 
npH p -) co, OTCIDna, V(A1l -) B(A1l. TaKliH o6pa30H HaTpHUY M~P-1) HOJl{HO 

paccttaTpHBaTb KaK npeno6paTHYJ(l HaTpHUY (P-1 )-creneHH HaTpHUN E B rno_6anbHblX

-BHeWHHX HTepauHHX. TIOCKOnbKy, npH P = 1, 3Ta crpaTerHH CBOnHTCH K crpaTernH 
--1 

rno6anbHblX HTepauHH, OTCIDna, HaTpHUY M(O) HOJl{HO paccttaTpHBaTb KaK npeno6paT-

HYID HaTpHUY HyneBOH-CTeneHH HaTpHUN EB CTpaTernH rno6anbHblX HTepamiH. 

3Ta crpaTerHH Hcnonb3yeTCH a HeTone EQUIPOISE, nnH KOToporo He 6NnO natto 

ll0Ka3aTenbCTBO, OnHaKO, KaK HOJl{HO 3atteTHTb H3 ypasHeHHH (85), Tpe6oBaHHe YTO 

ttaTpHua G nonll{Ha 6t:rrb cxonHmeHcH ttaTpHUeH, T.e. ,g(Gl < 1, HBnHeTCH Heo6xonH

HNH H nocraTOYHNH ycnOBHeH CXOUHHOCTH rno6anbHblX-BHeWHHX HTepauHH. npennona

raH, YTO HeOTPHUaTenbHaH HaTpHUa G, onpeneneHHaH B ypasHeHHH (83), HHeeT 

co6CTBeHHNe 3HaYeHHH L, ynosneTBOpHID11(11e cneL1Y10metty ypasHeHHID 

Gx = LX 
HnH 

(N + LSd + Su)x = LMx 

H, Hcnonb3YH pacmenneHHNe HaTpHUN ypasHeHHH (67), nonyYaIDT 

K-1[L(L + Sd) + U + Su)x = LX, 

(89) 

(90) 

(91) 

TaK KaK nHarOHanbHNe UOHHHaHTHNe CBOHCTBa HaTpHUN E =A+ sd + Su 3aKnIDYaIDT B 

ce6e TO, YTO HeoTpHUaTenbHaH HaTpHUa 

'.BE= K-1 [L + s_d + u + Sul (92) 

npencrasnHIDmaH HTepauHOHHYJO HaTpHUY B HeTone HKo6H HenpHBOUHHaH H ee cneK

TpanbHNH panHyc HeHbWe enHHHUN, TO cneKTpanbHNH panHyC HaTpHUN G, npencTaB

nHID11(11H B HeKOTOpOH CHNCne HTepauHOHHYJ(l HaTpHUY B HeTone faycca-3eHUenH, TaKJl{e 

HeHbWe enHHHUN H, KpOHe Toro, ,Q(G) < ,g('.BE). 

B cnyYae pacmenneHHblX ttaTpHU ypasHeHHH (69), onpenenHID11(11e tteTon aepXHeH 

penaKcauHH SOR, npHHHHaIDT BHU 

YTO naeT 

HnH 3KBHBaneHTHO 

GwY = [I - MZ,1sd]-11(,1CNw + Su)y = l;y, 

(Nw + l;Sd + Su)y = l;MwY 

-1 d u i;+W-1 K ll;(L + S l + U + S Jy = --y. w 

(93) 

(94) 

BNmeyKa3aHHOe ypaBHeHHe TTOKa3NBaeT HeHBHYJ(l 3aBHCHHOCTb l; OT napatteTpa 

penaKcauHH w. KaK xopowo H3BeCTHo, nnH scex 1 < w < 2, I l; I < 1 , T. e. Gw 

HBnHeTCH cxonHmeHCH HaTpHUeH; KpoHe Toro, cymecrayeT W HHHHHH3YJ(lmee UOHHHaHT

HOO co6CTaeHHOe 3HaYeHHe i;1, H B cnyYae, Korna HaTpHUa E HBnHeTCH UHKnHYeCKOH 

HaTpHUeH c HttneKCOH 2 
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w = 2 

l+~• 

(95) 

rne ~1 = eCGl = e 2 C~E). B o6mett cnl('-lae o6e ttaTpHUN sd and Su HeoTpHuarenbHN 

H MaTpHUa ~E He HMeeT HHKaKHX CBOACTB UHKJIW!HOCTH c HHlleKCOM 2, a TaKJKe HeT 

HHKaKOA TOYHOA lj>opttynN MR w. DllHaKO oueHKa w npH noMOlliH BlilllleyKa3aHHOA lj>optty

nN RBnReTCR llOCTaTOYHNM npH6nHmeHHeM nnR npHnomeHHH. B peaKTOpHNX 3a.11ayax 6e3 

pacceRHHR HeATpOHOB ssepx, nnR KOTOpNX Su= 0, ~E RBnReTCR 6noYHOA Tpeyronb

HOA MaTpHueA Hee co6CTBeHHNe 3HaYeHHR CBR3aHN TOnbKO C 3netteHTaMH llHarOHanb-
-1 HNX nonttaTpHU ~g = Kg (Lg + Ugl. KOTOpNe RBnRIOTCR UHKJIW!eCKHMH MaTpHUaMH C 

HHlleKCOM 2. 

DllHaKO, MHHHMH3auHR e(G) He BKJIIOYaeT MHHHMH3auHH o[VCA1ll H o6NYHO BHllHO 

Ha npaKTHKe, YTO 3HaYeHHe W MHHHMH3Y!Qlliee e<Gwl MeHbllie 3HaYeHHR Wi.est MHHHMH-

3Y!Qlliero o[V(A1)J. 

MaTpW!Ho-6noYHaR crpyKTypa ypasHeHHR (58) no3BOnReT, npH ~HKCHpOBaHHOM 

HHlleKce 1 , BBeCTH cnellYIQlliHA UHKJI BHyrpeHHHX HTepauHA, t = 1, 2, ... , T q, nnR 

KamllOH rpynnN g 

t t-1 Mg~g(l+-) = Ng~g(l+-) + cg(l), 
Tg Tg 

(96) 

rne 
g-1 G G 

cgCll = l s=.g~k(l+ll + l s~,g~k(ll + A{llxg l F~~k(ll (97) 

k;l k=g+l k=l 

BKJIIOYaeT YneHN cyMMapHoro pacceRHHR H neneHHR MR llaHHOA rpynnN g. YpasHeHHe 

(97) 3anHCNBaeTCR B 3KBHBaneHTHOM BHlle 

~q(l+..:...) = M;1Ng~g(l+t-l) + M;1cg(l) 
Tg Tg 

Vg~g(l+t-l) + M;1cg(l) 
¾ 

H MN Htteett 

nnR t=l, 

nnR t=2, 

~g(l+~) 
Tg 

~g(l+~) 
Tg 

nnR t=Tq, ~g(l+l) 

HnH 3KBHBaneHTHO 

rne 

Vg~g(l) + M;
1
cg(l) 

vg~g(l+~) + M;
1
cg(l) 

¾ 
= v:~q(l) + (I+ VglM;

1
cg(l) 

T 2 T~ ~ 
Vi~gcll + CI + vg + vg + .... + vgg lMg cgCll, 

- --1 
~g(l+l) = Vg~g(l) + Mg cg(l), 

V = VTg = (M-1N ) Tg 
g g g g 
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(98) 

(99) 

(100) 

H 

--1 --1 . 
Mg "' Mg, (Tg-1) 

Tg 
r vt-1 -1 l g Mg 

t=l 

RBnReTCR npeno6paTHOA MaTpHueA (Tg-1)-creneHH ttarpHUN Ag. 

OnpenenRR 

li1 .--1 
M1 

ii 2 0 
--1 
M2 0 

ii = ft1 
H c(l) 

0 0 

VG ~1 

C1 ( 1) 

C2( 1) 

CG( 1) 

(101) 

(102) 

rpynnosNe ypasHeHHR ( 99) MOmHO BNpa3HTb B cmaTOM BHlle npH nOMOlliH OllHOro 

ypasHeHHR 

~( 1+1) = V~( 1) + H-1
c( 1) (103) 

HnH 
~ ~-1 d u 1 T 

~(1+1) = V~(l) + M [S ~(1+1) + S ~(1) + A(l)XF ~(1)], (104) 

H.OTCIOlla 

~(1+1) = V(A(l))~(l), (105) 

rne 

V(Ml)) - [I - if1sd]-1 [V + M-1(Su - 1-XFT)) (106) - + M 1) . 

npennonaraR, YTo nnR nocraroYHo 6onblliHX 3HaYeHHA 1, V(A(l)) ~ V(A1l, H co6-

crseHHNe 3HaYeHHR ttaTpHUN V(A1l ynopRllOYeHN B cneny10mett BHlle 

vv,1 = e[VCA1ll = 1 > lvv, 2 1 ;,; lvv, 31 ;,; 

CKOpOCTb CXOllHMOCTH B HTepaUHOHHOM npouecce (105), npencrasnRIOllieM co6oA MeTOll 

Ha3NBaettNA aBTOpoM crparerHeA rno6anbHNX-BHyrpeHHHX HTepauHA (1,t) llnR 

OllHOKparttoro pacmenneHHR, 3aBHCHT OT nOllllOMHHaHTHOro OTHOllieHHR 

o[VCA1ll = lvv, 2 1. C107l 

rne HHlleKC t OTHOCHTCR K BHyrpeHHHM HTepauHRM. H T g ttomeT HMeTb pa3HNe 

3HaYeHHR nnR Kamlloro g. 

KaK MOmHo 3atteTHTb, nnR KamnoA CXOllRllieACR ttaTpHUN vg 

V - 0 H M-1 
- A-

1 

npH Tg - 00 nnR Kamnoro g=l,2, •.. ,G. DTCIOlla 

V(A1l - T(A1l, 

(108) 

(109) 

rne TCA1l onpeneneHO npH noMOlliH ypasHeHHA (42). TaKHM o6pa30M, ecnH 3HaYeHHR 

Tg 803pacTalOT llnR scex g=l,2, ..• ,G, TO,cneKTp co6crseHHNX 3HaYeHHA MaTpHUN 

V(A(l)) CTpeMHTCR K cneKTpy COOCTBeHHNX 3HaYeHHA MaTpHUN T(A(l)). 
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npH Tg = 1 .!lflH KaJK.!lOrO g = 1,2, ... ,G, 3Ta CTpaTerHH CBO.!IHTCH K CTpaTerHH 

rno6anbHhlX HTepaimfl. it1 = M-1 
H MOlKeT paccttaTpHBaTbCH KaK npe.no6paTHM 

ttarpHUa HyneBOf! CTeneHH MaTpHUhl AB CTpaTerHH rno6anbHhlX HTepauHfl. 

3Ta crpaTerHH rno6anbHblX-BHYTPeHHHX HTepauHfl 3KBHBaneHTHa CTpaTerHH, 

H3BeCTHOfl no.n Ha3BaHHeM CTpaTerHH BHelliHHX-BHyrpeHHHX HTepauHfl (r.ne HH.!leKC 1 

OTHOCHTCH K BHelliHHM ITTepauHHM, a HH.!leKC t K BHYTpeHHHM HTepauHHM), HCflOflb3y

IDllief!CH B 6onblliHHCTBe" KOMflbIDTepHhlX nporpattM. 

06lil'iHO tteTo.n SOR, onpe.neneHHlifl npH nottolliH pacmenneHHhlX ttaTpHu (69), 

Hcnonb3~T .!lflH ycKopeHHH CXO.!IHMOCTH BHyrpeHHHX HTepauHfl H nocKOflbKY Ag HBnH

IDTCH UHKnli'-leCKHMH ttaTpHUattH c HH.!leKCOM 2, onTHMaflbHlifl napatteTp penaKCaUHH 

Wopt• MHHHMH3~lliHfl cneKTpanbHlifl paDHYC HTepauHOHHOf! MaTpHUhl V = lw MOlKeT 6ITTb 

onpe.neneH npH noMOlliH ¢opttyn1,1 (71). 0.!lHaKO, KaK MOlKHO 3atteTHTb Ha npaKTHKe 

HCflOflb30BaHHe W = Wopt B ITTepauHOHHOM npouecce He npHBO.!lHT K MHHHMH3aUHH 

6 IV ( :>. 1 ) I , KOTOpaR npoHCXO.!lHT npH Hcnonb30BaHHH w = Wi>est > W0 pt BO Bcex 

rpynnax. 

MaTpHua V ( ii. ( 1 )) ypaaHeHHfl (106) CBH3atta C UHKnOM BHyrpeHHHX ITTepauHf! 

BHnonHeHHhlX BO Bcex rpynnax, g = 1,2, ••. ,G, H MOlKeT 6ITTb npe.ncTaaneHa cne.ny

IDlliHM o6pa30M 
- --1 d -1 --1 1 T 

V(il.( 1)) = G + II - M S ) M XTITXF , (110) 

r.ne 
G = II - it1sd1-11v + it1su). (111) 

npH BlillieyKa3aHHOM BH.!le MaTpHUhl V(il.(l)) cxetta rno6anbHhlX HTepauHfl MOlKeT 6ITTb 

3anHcatta KaK 

- --1 d -1--1 1 T 
rp( 1+1) = Grp(l) + II - M S I M ii.( 1/F rp(l). 

Tenepb BBO.!IH B 3TY cxetty BHelliHHe HTepaUHH p 

non~aett 

l, •• ,P, H HCflOflb3YH CBH3b (79), 

rp( 1+£.J = Grp( 1+p-l J + II - i:t1sct1-
1it1u 1J = 

p p 

= i;PrpUJ + II + G + G2 + .•• + i;P-
1 )[I - i:t1sd1-

1it1rc1J 

H npH p = P 

rp(l+l) = V(il.(l))rp(l), (112) 

r.ne 

~ -p "'-1 1 XFT 
V(il.(l)) = G + MCP-11 X1TT (113) 

H 
p 

R~~-11 
L Gp-1 l I - tt1sctJ-1M-1. (114) 

p=1 
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npe.nnonarai:i, YTO .nnH .nocraTo~o 6onblliHX 3HaYeHHfl 1, V(il.(l)) ~ V(il.1 ), H co6-

CTBeHH1,1e 3HaYeHHH ttarpHUhl V(il. 1 ) ynopH.noYeHhl cne~lliHM o6pa30tt 

Vv,1 = g[V(il.1ll = 1 > lvv,21 "" lvv,31 "" ..•• 

CKOpoCTb CXO.!IHMOCTH B HTepauHOHHOM npouecce (112), npe.ncraanHIDllieM OOlliHf! BH.!l 

MeTo.na, Ha3liBaettoro aBTOpOM crpaTerHef! rno6anbHhlX-BHelliHHX-BHYTJ)eHHHX ITTep<ll!Hfl 

(l,p,t) .!lflH 0.!lHOKJ)aTHOro pacmenneHHH 3aBHCITT OT flO.!l.!lOMHHattTHOro OTHOllieHHH 

6[VCil.1 ll = l~v, 21 Cllsl 
"'-1 

H MaTpHua M(P-1) HBnHeTCH npe.no6paTHOf! MarpHuef! (P-1)-creneHH MaTpHUli E, c 
--1 

npouecCOM BHYTPeHHHX HTepauHfl, BKnIDYeHHliM B MarpHuy M . 

TaKHM o6pa30M, BO BHyrpeHHHX HTepa!lHHX 3HaYeHHH rp aKTyanH3HP~TCH B 

npe.nenax rpynn C ¢HKCHpoBaHHliMH YneHattH pacceHHHH H .neneHHH. Ha ypoBHe BHelli

HHX HTepauHfl 3HaYeHHH rp pacCYHTliB~TCH C aKTyaflH3auHeA YneHa pacceHHHH 

Hef!TpDHOB BHH3 B .!laHHOf! BHelliHeA ITTepauHH, a YneH pacceRHHH Hef!TPOHOB BBepx 

aKTyaflH3HpyeTCH MelK.ny oyepe.[lHliMH BHelliHHMH HTepauHRMH. nocne OKOHYaHHH UHKna 

BHelliHHX HTepauHA, COOTBeTCTB~lliHX O.!IHOA rno6anbHOA HTepauHH (3KBHBaneHTHOf! 

ITTepauHH CTeneHHoro MeTo.na). YfleH 1/J = FTrp (Ha3HBaettlifl TaKlKe HCTOYHHKOM 

.neneHHH) nepeCYHTliBaeTCH. 

OYeBH.!lHO, YTO onHCaHHble CTpaTerHH, HBflHIDTCH YaCTHliMH Cfl~MMH crpaTerHH 

rno6anbHblX-BHelliHHX-BHYTPeHHHX HTepauHfl, non~eHHOf! npH npe.nnonolKeHHH P = 1 

HIHnH Tg = 1 .!lflH Bcex g = 1,2, ... ,G. KoHeYHO, ecnH P - m, TO 

-p "'-1 -1 "' 
G - 0, MCP-ll - E H V(il.1 ) - B(il.1). (116) 

KaK MOlKHO 3atteTHTb CTpyKTypa_MaTpHUhl V(il.1), BblpalKeHHOf! HBHO npH nOMOlliH 

ypaBHeHHH (113), CTporo CBH:iaHa KaK c Bbl60poM MaTPHU pacmenneHHH M H N, TaK H 

3HaYeHHfl P H Tg, onpe.nenHIDlliHX CTeneHb TaK Ha3liBaettblX :"YMeCTHhlX" npe.no6paTHhlX 

ttaTpHu; KaJK.noe H3 HHX BnHHeT Ha no.!l.!lOMHHattTHoe OTHomeHHe 6[V(il.1 Jl. 0.!lHaKO HX 

HBHOe B3aHMO.!lef!CTBHe C03.naeT cepe3Hble TPY.!IHOCTH B TeopeTw-iecKHx Hccne.!lOBaHHHX 

noBe.neHHH flO.!l.!lOMHHattTHOro OTHOllieHHH B 3aBHCHMOCTH OT npe.nnonaraettoro pacmen

neHHH MaTpHUhl A= M - NH 3HaYeHHA napatteTpOB PH Tg. 0TCID.[la CTaHOBHTCH HCHliM 

noYeMy Ha npaKTHKe Hcnonb3~T 3MflHPHYecKHf! no.nxo.n MH oueHKH ITTepauHOHHblX 

napatteTpOB B pa3HhlX CTpaTerHHX. 06!il'iHO npe.nnon=T, YTO napatterphl ITTepa

UHOHHhlX crpaTerHA 3aBHCHT OT THna peaKTopa. 

B YeTBepToA rnaee paccttaTpH=TCH ITTepauHoHHhle no.nxo.n1,1, attanorHYHhle 

TeM, KOTOpble .!laHhl B rnaae 3, .!lflH q>opManH3Ma .!lByxKpaTHoro pacmenneHHH. 

B CHCTette flHHef!HblX ypaBHeHHA 

Ar/>= C (117) 
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HaTpHUa A HomeT 6bITb BNpameHa s lj>optte 

A=P-R+S (118) 

Ha:JblBaeHOH llBYXKpaTHJ:,111 pacmenneHHeH HaTpHUbl AH ecnH P HBnHeTCH Heoco6eHHOH 

ttaTpHueA, TO 3TO pacmenneHHe seneT K cnellYJ()meA TpexcnoAHoA cxette 

Pq,(l+l) = Rq,(t) - Sq,(t-1) + C, t > 0 (119) 

HnH 3KBHBaneHTHO 
q, (t+l) = p-lR,t, (l) _ p-lsif,'l-1) + p-lc, t > 0. (120) 

B aHanH3e CXOllHHOCTH 3TOH cxeHbl, HOmHO HCOOflb30BaTb TaKOH me HeTOll, KaK 

H B cnY'-(ae aHanH3a HTepauHOHHNX HeTOllOB, OCHOBaHHNX Ha OllHOKPaTHOH pacmenne

HHH HaTpHUbl A= M - N nnH KOTOpoA npennonaraeTCH, '-!TOM HBnHeTCH Heoco6eHHOH 

HaTpHueA. YpasHeHHe (120) ttomeT 6bITh 3anHCaHO B cnellYJ()meA 3KBHBaneHTHOH lj>optte 

BTOporo nopHllKa 

[

,t,Ct+l)] = [P-1R, 

,t, <t> I, 
-P-lS] [""t~ ] + [P-lc]. 

0 q,(l 1) 0 
(121) 

06o3Ha'-!aH 

q,Cl+l) = r(t•l)] 
q, Ct) ' 

[""l) ] q,Cl) _ 
- ,t,(t-1) ' V = [p~

1

c] (122) 

H 

r-1R, 
-p~

1

S] • W= 
I, 

(123) 

nonY'-(alOT 
q,<t+l) = W<l>(l) + v, t > 0. (124) 

TaKHH o6pa30H, Heo6xonHttoe H nocTaTo'-!Hoe ycnostte, KOTopoe o6ecne'-!HBaeT 

CXOilHHOCTb HTepaUHOHHOro HeTona ( 124 l K enHHCTBeHHOHY seKTopy perneHHH ,t, = 

A- 1c nnH scex seKTopos ,t, 10> H ,t, 0 >, 3TO ycnosHe Toro, '-!TO cneKTpanbHNH panHyc 

mepauHOHHOH HaTpHUbl W, e ( W l , nonmeH 6bITb HeHbllle enHHHUbl. 

OnpenenHeH 

Torna 

[P, 0] 
1M = 0, p H IN = 

/A = 1M - IN = [P-R, 
-P, 

[
R, -S ] 
P, 0 ' 

(125) 

: ] (126) 

npencTasnHeT OilHOKPaTHOe pacmenneHHe HaTpHUbl /A, BblBeneHHOH H3 nsyxKpaTHoro 

pacmenneHHH HaTpHUbl A, IlaHHOro c noHOlllblO ypasHeHHH (118), rne 

W = IM-11N. (127) 
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no aHanornH c pe3ynbTaTaHH rnasbl 3 O'-!eBHilHO, '-!TO 
l 

u:i-1 = co + w + w2+ ... + wtJIM-1 = \ w1 IM-1 
(l) l 

0 

HnH 3KBHBaneHTHO 

IM~:, (O _ Wl+l )/A-I 

(128) 

(129) 

HBnHeTCH npeno6paTHOA HaTpHueA t-creneHH HaTpHUbl /A, H npH g(W) < 1 Ht - ~ 

IM-1 - IA.-1. c 130l 
(l) 

O'-!eBHnHO, npH S = 0, nsyxKpaTHOe pacmenneHHe HaTpHUbl A CBOilHTCH K OilHOKPaT

HOHY pacmenneHHIO HaTpHUbl A. 

KOHCTPYKUHH HTepauHOHHNX CTpaTerHA, OCHOBaHHNX Ha nsyxKPaTHOH pacmenne

HHH ttaTpHUbl A, nonpo6Ho o6cymnaeTCH s nonrnasax 4.1, 4.2, 4.3 H 4.4. 

O'-!eBHilHO, '-!TO see HTepauHOHHble perneHHH OCHOBaHHble Ha HCnOnb30BaHHH nsyx

KPaTHoro pacmenneHHH ttaTp~Ubl A He csmaHbl c 3ana1.JeA (26) a co cneny10meA 

3KBHBaneHTHOH 3ana1.JeA IlBYXKPaTHOro nopHnKa Ha COOCTBeHHble 3Ha'-!eHHH 

D = ¼JKFT<l>, (131) 

rne 

IE = /A - Sd - Su. (132) 

B nHTOA rnase CBOACTBO CXOilHHOCTH HTepaUHOHHNX CTpaTerHA, o6cymneHHOe 

B nsyx npenblilymHX rnasax, noHCHHeTCH Ha 6onblllOH HHOrO'-!HcneHHNX 3KCnepHHeHTax 

nnH pa3nH'-IHNX THOOB peaKTOpHNX 3ana'-l. 

KaK 6blnO yme ynOHHHYTO, oco6ble ypoBHH HTepauHA s CTpaTerHH rno6anbHblX

-BHelllHHX-BHYTPeHHHX HTepauHA HrpalOT cneuHanbHYIO ponb B HTepauHOHHOH perneHHH 

naHHOH 3ana'-!H. Bo BHYTpeHHHX HTepauHHX 3Ha'-!eHHH noTOKa HeATpoHOB ~ aKTYMH3H

PYIOTCH B rpynnax 3HeprHH npH 3anaHHNX '-!neHax pacceHHHH H neneHHH. Ha ypOBHe 

BHelllHHX HTepauHA 3Ha'-!eHHH ~ Bbl'-IHCflHIOTCH C aKTyanH3aueA '-lneHa pacceHHHH-BHH3 B 

IlaHHOH BHelllHeA HTepauHH, a '-!neH pacceHHHH-BBepx BHilOH3HeHHeTCH Hemny O'-!epen

HW1H BHelllHHHH HTepauHHHH. nocne BhlnOnHeHHH UHKna BHelllHHX HTepauHA, COOTBeTCT

B:{IOlllero OilHOH rno6anbHOH HTepauHH H 3KBHBaneHTHOH HTepauHH CTeneHHoro HeTona, 

'-!neH neneHHH ~(l+l) = FT~(l) nepeC'-IHTblBaeTCH nnH cnellYJ()meA rno6anbHOH HTe

pauHH. 

CKOpOCTb CXOilHHOCTH K IlOHHHHpYIQllleHy COOCTBeHHOHY 3Ha'-!eHHIO IlaHHOH HaTpHUbl 

VB CTeneHHOH HeTone 3aBHCHT OT oTneneHHOCTH HaHOOflblllero co6crseHHOro 3Ha'-!e

HHH OT OCTanbHNX 3Ha'-!eHHA cneKTpa H HOmeT 6bITb HccnenoBaHa B ycnoBHHX aCHHn

TOTH'-!eCKOH CKOpOCTH CXOilHHOCTH, onpeneneHHblX B ypasHeHHH (65), T.e. 

R(V) = - 1n6[Vl. 
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Tai< KaJC YHcno HTepauHi'I Heo6XOllHMblX llflH Bl,l'lHCneHHH llOMHHHpYJOWero co6CTBeHHoro 

3HaYeHHH, npH llaHHOH creneHH TOYHOCTH, npH6nH3HTenbHO o6paTHO nponopUHOHanbHO 

CKOpoCTH CXOllHMOCTH, TO 3<fxl>eKTHBHOCTb pa3nHYHblX ITTepauHOHHblX CTpaTerni'I MOmeT 

6i.rb onpelleneHa nyreM cpasHeHHH YHCna HTepauHi'I, npH npellnonomeHHH OllHHaJCOBoro 

YHCna apH¢MeTHYeCKHX onepauHi'I Ha OllHY HTepauHID. 

OllHaJCO, CTpyKTypa MaTpHU, noHBflHIDWHXCH B CTpaTerHHX rno6anbHblX-BHeWHHX

-BHyrpeHHHX HTepauHA, crporo CBSl3aHa C Blii60poM ttaTpHU pacwenneHHH, a TaK*e C 

npeunonomeHHbll1H YHCflaMH BHeWHHX H BHyrpeHHHX HTepauHi'I (PH Tgl, onpellenHIDWHMH 

creneHb COOTBeTCTBYJOWHX npell06paTHblX MaTpHU. K~llOe H3 HHX BflHHeT He TOflbKO 

Ha noMOMHHaHTHOe OTHOllieHHe, HO TaK*e BHOCHT BKnall, pa3Hbll1H nyrHMH, B YHCflO 

apH¢MeTHYecKHx onepauHi'I Ha OllHY rno6anbHYJO HTepauHID. 

TaKHM 06pa30M, 3<fxl>eKTHBHOCTb pa3nHYHblX CTpaTerHi'I llOflmHa 6b1Tb CKOpee BCe

ro oueHeHa npH nOMOWH cpasHeHHH Bl,l'lHCflHTenbHOi'I pa6oTli (Blip~eHHOH npH nOMOWH 

YHCna ¢nonoB) Heo6XOllHMOi'I llflH nonyYeHHH pemeHHH npH OllHHaKOBblX KpHTepHHX 

CXOllHMOCTH. CnellOBaTeflbHO YHCno rno6anbHblX HTepauHi'I, nonyYeHHblX llflH OTlleflbHliX 

HTepauHOHHblX CTpaTerHi'I, 6ylleT npeo6pa30BaHO B o6mee YHcno ¢nonoB Ha OllHY 

TOYKY ceTKH. $non onpellenHeTCH Kai< KOnHYeCTBO KOMnbIDTepHOi'I pa6oTli CBH3aHHOi'I c 

YHCflOM apH¢MeTHYeCKHX onepauHi'I, He06XOllHMblX llflH BlinOnHeHHH cnellYJOIUei'I apH¢Me

THYecKOi'I onepauHH 

alj = alJ + blJ X CIJ• (133) 

KOTOPYJO MOmHO CYHTaTb Yll06HOi'I ellHHHUei'I oueHKH pa60Tli B KOMnbIDTepHblX Bl,l'lHC

neHHHX. 

Bee Bl,l'lHCneHHH 6NnH BlinOnHeHli npH noMOWH cnellyioWHX nporpaMM 

HEXAGA, HEXSOR H HEXSLOR 

pemaIDWHX llByxMepHoe MHOrorpynnoBoe ypasHeHHe llH<!xl>Y3HH Hei'ITpOHOB ( 24) nyreM 

pa3HOCTHoro npH6nH*eHHH OCHOBaHHoro Ha 7-TOYeYHOi'I ceTOYHO-rpaHHYHOi'I (mesh

edged) pa3HOCTHOH ¢opttyne B OllHOpollHOi'I TpeyronbHOi'I ceTKe, HanomeHHOi'I Ha 120-

-rpauyCHYJO napannenorpattMHYID o6nacTb. B cnyYae HaTypanbHoro ynopHllOYeHHH 

TOYeK ceTKH, nOllMaTpHUli Ag B MaTpHue K03<!xl>HUHeHTOB A, HMeIDT TOflbKO ceMb 

HeHyneBblX llHarOHanei'I, npHHHMaIDWHX TpexuHarOHanbHYJO 6noYHYJO CTPYKTYPY, nOllXOll

H!UYJO llflR OCYIUeCTBneHHR 1-nHHei'IHblX anropHTMOB . .llnH pemeHHH HeOllHOPOllHliX 3MaY 

C ceMbID llHarOHanbHb111H MaTpHUaMH B npellenax BHyrpeHHHX HTepauHi'I, npell¢ai<TopH-

3auHOHHlii'I MeTOll AGA, TOYeYHlii'I MeTOll faycca-3ei'lllenH H 1-nHHei'IHlii'I MeTOll faycca

-3ei'lllenH HCnOflb3YJOTCH KaK anropHTMli MaTpHYHOro pacmenneHHH COOTBeTCTBeHHO B 

nporpattMax HEXAGA, HEXSOR H HEXSLOR. CXOllHMOCTb rno6anbHblX HTepauHi'I BO Bcex 

nporpattMax YCKOpHeTCH TOflbKO npH noMOWH npoueccoB nocnellOBaTenbHblX BepXHHX 

penaiccauHi'I BO BHyrpeHHHX HTepauHHX. B cnyYae nporpaMMli HEXAGA npouecc llByx

KpaTHOi'I nocnellOBaTenbHOi'I BepXHei'I penaiccauHH, npellCTaBflHIDWHi'I ITTepauHOHHlie 

CTpaTerHH llByxKpaTHblX pacmenneHHi'I o6CY*llaettNe BO rnase 4, ocYIUecTB/leH Kai< 
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HaH6onee 3<fxl>eKTHBHaH npoueuypa YCKOpeHHH CXOllHMOCTH, B KOTopoi'I npHMeHeHO OllH

HaJCOBOe 3HaYeHHe K03<!xl>HuHeHTa penai<cauHH B o6oHX npoxollax, npHMOM H o6paTHOM. 

B o6eHx nporpattMax HEXSOR H HEXSLOR Hcnonb3yeTCH xopowo H3BeCTHlii'I npouecc SOR 

(3KBHBaneHTHlii'I npoueccy OllHOKpaTHOi'I BepXHei'I penaiccauHH), npellCTaBflHIDWHi'I 

HTepauHOHHlie CTpaTerHH OllHOKpaTHblX pacmenneHHi'I, paccMoTpeHHlie B rnase 3. 

Bl,l'lHCneHHH llflH K~llOH 3allaYH npollonmanHCb llO Tex nap, noKa MaJCCHManb~oe, 

no scex TOYKax ceTKH H Bcex rpynnax, OTHOCITTenbHOe H3tteHeHHe nOTOKOB Hei'!Tpo

HOB Memlly rno6anbHbll1H HTepauHHMH, c~, a.TaK*e OTHOCITTenbHlie H3MeHeHHH 3HaYe

HHH k 0 rr, ck, 6NnH MeHbme Yett npellnHCaHHlie YHcna, rlle k 0 rr onpelleneH cnellY

IDWHM o6pa30M 

k 0 u(l+l) = :>,.(1+1) = r~(l+l)dv 

V 

H HHTerpHpOBaHHe HCTOYHHKOB lleneHHH ~(J+l) = FT~(l+l) npH6nHmaeTCR npH noMOWH 

TpaneuOHllaflbHOro MeTOlla. B. cnyYae CTpaTerHH rno6anbHblX-BHeWHHX-BHYTPeHHHX 

HTepauHi'I, npellCTasneHHOi'I npH nOMOWH ypaBHeHHi'I (112) 

c~ 

H 

max 1~n(l+l,p=P,t=l) - ~n(l,p=P,t=T)I 

~n(l+l,p=P, t=l) 
llflH Bcex n 

ck = max I kerrCl+l) - kerrCl) I 
k.rrCl+l) ' 

1, 2, ... NxG (134) 

(135) 

rlle 1, p, t HTepauHOHHlie HHlleKCli COOTBeTCTBeHHO B rno6anbHblX, BHeWHHX H 

BHyrpeHHHX ITTepauHHX. npellnonaraeTCH, YTO 3HaYeHHH PH T (rlle Tg = T llflH Bcex 

1 s gs G) noCTOHHHli BO BCeM HTepauHOHHOM npouecce llflR llaHHOi'I 3allaYH. 11HlleKC 

HrpaeT ponb HTepauHOHHOro HHlleKca B CTeneHHOM MeTOlle. HCnonb3YJOWHMCH llflH 

Bl,l'lHCneHHH llOMHHaHTHoro co6CTBeHHOro 3HaYeHHH llaHHOH MaTpHUli, CTPYKTypa 

KOTopoi'I 3aBHCHT OT npellnonaraettblX 3HaYeHHH P, TH npHMeHHeMoro (OllHOKpaTHoro 

HflH llBYXKpaTHoro) pacmenneHHH MaTpHUN A. 

B HaCTORJUeM HccnellOBaHHH. 6onbWHHCTBO pe3ynbTaTOB 6Nno nonyYeHO npH 

cnellyioWHX KpHTepHHX OCTaHOBKH HTepauHOHHOro npouecca 
-5 -6 

c~ s 10 H ck = 10 , (136) 

H HTepauHOHHlie CTpaTerHH attanH3HpOBanHCb npH cnellyioWHX YHCnax BHYTpeHHHX HTe

pauHi'I, npHXOllRWHXCH Ha OllHY BHeWHIDID ITTepauHID 

T = 1, 2, 3, 5, 8, 12 H 20. 

CpasHeHHe 3<fxl>eKTHBHOCTH pa3HblX HTepauHOHHblX CTpaTerHi'I, HCnonb3yeMblX llflH 

pemeHHH peaKTOPHblX 3Ma'!, OYeHb YaCTO npoBOllITTCR npH nOMO!UH o6mero YHCna 

BHyrpeHHHX HTepauHi'I, Heo6XOllHMblX llflH nonyYeHHH pemeHHH npH llaHHblX KpHTepHHX 

CXOllHMOCTH. B 3MaYax C npocroi'I MOllenbID pacceHHHH, o6mee YHcno BHyrpeHHHX 
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HTepauHA, s rpy6oM npH6nHmeHHH, nponopuHoHanbHO YHcny apH¢MeTHYecK11x onepa

UHH. OnHaico, nnR 3aDaY, s KOTOplilX HeHTpOHN pacceHSaJOTCR Yepe3 6onbruoe YHCno 

rpynn 3HeprnH, 3Ta nponopUHOHanbHOCTb He ynosneTsopeHa, H o6mee YHCno SHyT

peHHHX HTepa!lHH ttomeT He 6ITTb ynosneTsopHTenbHOH MepoA 06beMa apH¢MeTHYeCKOH 

pa6oTN. CnenosaTenbHO, 31jxj>eKTHSHOCTb YaCTHYHlilX HTepauHOHHlilX crpaTerHH oueHH

saeTCSI npH nOMOlliH cpasHeHHR SNYHCnHTenbH;H pa60TN' supameHHOH Yepe3 o6mee 

YHcno ¢nonos, Heo6xonHMlilX nnR nonyYeHHR pemeHHR npH TaKJ1X me CattlilX_ KpHTepHRX 

ocrattosK11 HTepauHoHHoro npouecca. 

ENnH SNnOnHeHN KOMnblOTepHNe SNYHcneHHR nnR pRna MoneneA CSR3aHHNX C 

meCTblO peaKTOpHNMH 3ana<iaMH (nsa 6NCTpNe H YeTupe TepMHYeCK11e peaKTOpHNe npH

Mepu) S3ITTNMH, rnaBHNM o6pa30M, H3 nHTepaTypN. nepsue YeTupe 3aDaYH 6NnH 

SNYHCneHN C apH¢MeTHKo'H ODHOKpaTHOH TOYHOCTH (single precision arithmetic) Ha 

nepcoHanbHOM KOMnblOTepe, a nse nocnenHHe 3ana<iH Ha KottnblOTepe Convex C3210 c 

apH¢MeTHKOH ODHOKpaTHOH TOYHOCTH nnR nporpaMMN HEXAGA H C apH¢MeTHKOH nsyx

KpaTHOH TOYHOCTH (double precision arithmetic) nnR nporpaMMN HEXSLOR. 

Bo scex attam13HPOSaHHNX cTpaTernRx npennonaraeTcR onHo H TO me cattoe 

YHCno SHYTpeHHHX HTepauHH H ODHHaJCOSOe 3HaYeHHe napatteTpa penaiccauHH w, S 

KamnoA rpynne 3HeprHH nnR uenoro HTepauHOHHoro npouecca. TaKHM o6pa30M, 

KamnNA YHcneHHNA 3KcnepHMeHT paccttaTpHsaeTCR Kaic oTnenbHM 3ana<ia onpene

neHHM npH noMOlliH npennonomeHHOro YHCna SHYTpeHHHX HTepauHH, npHXODRlliHXCR Ha 

ODHY SHelliHIOIO HTepauHIO H npennonomeHHoro 3HaYeHHR napatteTpa penaiccauHH w. B 

KOMnblOTepHlilX SNYHcneHHRX nnR KamnoA 3aDaYH Hcnonb3yeTCR HynesoA HaYanbHNH 

seKTop rp <o> H s cnyYae nsyxKpaTHOro pacmenneHHR MaTpHUN A, sunonHeHHoro no 
(1) . 

anropITTMY HEXAGA, npennonaraeTCR rp = 0. OnHaJCO, nnR SNYHCneHHR CTapTosoro 

seKTopa HCTOYHHKa neneHHR v/1> = FTrp(O} see KOMnOHeHTN seKTOpa rp(O} 6NnH 

nonomeHN paSHNMH enHHHUe. TaKHM o6pa30M, CTapTOSOe pacnpeneneHHe HCTOYHHKOS 

neneHHR 6uno npennonomeHo KYCOYHo nnocKHM- s pacmennReMlilX nono6nacTRX. 

Ha6n10naeMNe YHCna rno6anbHlilX HTepaUHH H COOTSeTCTSYIOlliaR KOMnblOTepHM 

pa6oTa (supameHHM npH noMOlliH YHcna ¢nonos, npHXOllRlliHXCR Ha Ol!HY TOYKY ceTKH) 

S 3aSHCHMOCTH OT YHCna SHYTpeHHHX HTepauHA, npHXODRlliHXCR Ha OllHY SHelliHIOIO HTe

PaJlHIO, npennonomeHHM KaK napatteTp, npencTasneHN rpa¢HYeCKl1 S 3aBHCHMOCTH OT 

K03¢¢HUHeHTa penaiccaQHH W nnR KamnoA HTepauHOHHOH crpaTerHH, HCnOnb3yeMOH nnR 

pemeHHR naHHOH peaKTOpHOH 3aDaYH. 3HaYeHHR onTHManbHlilX napatteTpos penaiccauHH 

Wopt' MHHHManH3Hpy10ll(HX cneKTpanbHNH PMHYC 6noYHO-DHarOHanbHlilX HTepaUHOHHlilX 

MaTpHU 1/ (HnH w s cnyYae nporpaMMN HEXAGA) H ynosneTSOpRIOlliHX cnenylOll(eMY Hepa

seHCTSY 

1 < HEXAGA HEXSLOR < HEXLOR < z 
Wopt < Wopt Wopt , 

o603HaYeHN Ha pHCYHKax npH nOMOlliJ,! sepTHKanbHlilX npepNBHlilX nHHHH Ha OCH a6CUHCC 
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nocnenosaTenbHO nnR nporpattM 

HEXAGA, HEXSOR H HEXSLOR. 

3HaYeHHe Wopt onpeneneHO npH noMOlliH ¢opMynu, DaHHOH c noMOlliblO ypasHeHHR 

(71) nnR nporpaMM HEXSOR H HEXSLOR. OnHaJCO, HMO OTMeTHTb, YTO HTepauHOHHNe 

MaTpHUN 1/ s HEXSOR He RSnRIOTCR UHKnHYecKHMH nocnenosaTenbHO ynopRllOYBHHNMH 

MaTpHUaMH HHlleKCa 2, SNYHcneHHe Wopt npH noMOlliH ypaBHeHHR ( 95) naeT nocTa

TOYHO xopomylO oueHKY 3HaYeHHR Wopt• Heo6xonHMYIO nnR npaKTHYeCKHX npHMeHeHHH. 

B cnyYae Hcnonb30SaHHR HEXSLOR HTep~UHOHHNe MaTpHUN 1/ CYTb UHKnHYeCKHe 

nocnenosaTenbHo ynopRno<ieHHNe MaTpHUN HHneKca 2 H oueHKa wopt MomeT 6ITTb 

cnenaHa npH noMOlliH anropHTMa sigma-SOR, onHCaHHoro s pa6oTe 115). 3HaYeHHe 

Wopt, MHHHManH3HPYIOlliee cneKTpanbHNH panHyc HTepauHOHHOH MaTpHUN W, noRsnR

IOllieHCR s npouecce nsyxKpaTHOH sepxHeA penaiccauHH, Hcnonb30SaHHoe s nporpatttte 

HEXAGA, 6uno onpeneneHo npH noMOlliH npouenypu onHcaHHOH s pa6oTe [13). 

H3 YHCneHHNX pe3ynbTaTOS nonyYeHHNX nnR paCCMOTpeHHNX 3aDaY, MOmHO 3a

KnlOYHTb, YTO cymecTsyeT HeKOTOPNH nHana30H YHCna SHyTpeHHHX HTepaUHH, npHXO

DRlliHXCR Ha onHy sHemHroro HTepaUHIO Is rs T, npH I~ 1, nnR KoToporo pemeHHe 

MOmeT 6ITTb nonyYeHo npH cpasHHMOM HTepauHOHHOM YCHnHH C npencTasneHHOM npH 

noMOlliH o6mero YHcna SHYTpeHHHX HTepaUHH) H npH6nHmeHHO nponopUHOHanbHOM 

senHYHHe apH¢MeTHYeCKOH pa60TN ( supameHHOH npH noMOlliH YHCna ¢nonos Ha OllHY 

TOYKY CeTKH) S 3ana<iax npH npocTNX MonenRX pacceRHHR. KaK MOmHO 3aMeTHTb. nnH 

pe3ynbTaTOS nonyYeHHlilX nnR 3anaYH 3an.6, 3TOT nHana30H paseH 3 s Ts 20 nnR 

HEXAGA H 2 s Ts 30 nnR HEXSLOR, HO MHHHManbHOe YHcno ¢nones nonyYeHO npH T = 

1 nnR o6eHx nporpattM, rne HEXAGA naeT pemeHHe npH YHcne ¢nones Ha onHy TOYKY 

ceTKl1 s nsa pa3a MeHbllie. 

TaKHM o6pa30M, sonpoc O TOM KaK HMeHHO sN6paTb YHCno SHYTpeHHHX HTepauHA 

Ha OllHY sHelliHIOIO HTepauHIO, Hcnonb3YH nnH 3Toro nHana30H 3HaYeHHH T HnH Hcnonb-

3YR KpHTepHH nnR OCTaHOSKH npouecca SHYTpeHHHX HTepaUHH, naromHx pemeHHR npH 

cpaSHHTenbHOM YHCne ¢nonos KOMnblOTepHNX SNYHcneHHH, KameTCR OTKPNTNM sonpocOM 

s cny<iae o6eHX nporpaMM HEXAGA H HEXSLOR. 

H3 pe3ynbTaTOS, nonyYeHHNX npH noMOlliH HEXSLOR nnR 3aDaY, paCCMOTpeHHNX S 

3TOH pa6oTe, cKopee scero TpynHo HaATH ¢opttyny, npH6nHmaromy10 nocTaTOYHO xopo

mo 3HaYeHHe wbest. B 3ana<ie 3an. 6, a TaJCme s npyrHx 3ana<iax, ~est H3MeHHeT 

csoe 3HaY~HHe S 3aBHCHMOCTH OT r, cnenosaTenbHO, MomeT 0Ka3aTCR TPYDHNM OTnH

YHTb ~est OT Wopt KaK, HanpHMep 3TO SHDHO S Tpex sapHaHTaX 3aDaYH 3an. 1 HITH 

s 3an.s, npH 2 SHYTpeHHHX HTepaUHRX Ha ODHY SHelliHIOIO HTepauHIO. 

OnHaKO, S cnyYae anropHTMa HEXAGA MOmHo 3aMeTHTb HeCKOnbKO perynHpHNX 

OTKITOHeHHH ~est OT Wopt S paccMOTpeHHlilX 3aDaYax H, KpOMe Toro, wopt CKOpee 

scero HeYySCTSHTeITbHO K HCnOITb30SaHHOMY YHcny SHYTpeHHHX HTepauHA Ha ODHY 

SHelliHIOIO HTepaUHIO. CnenYIOlliaR ¢opttyna 
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l,L - W 1.2 - W -oest - opt + g(W1 ) opt 
2 

(137) 

AaeT O'leHb xopomee npH6m1JKeHHe K eepHoMy 3Ha'!eHHIO Wt,est Aml 6onbmoro Knacca 

peaKTopHNX 3alla'I, rAe I? ( W 1 ) ecTb cneKTpanbHl:ifl Pa.!IHYC MaTpHUbl W npH W = 1 , 

o6o3Ha'!eHHWI KaK W 1; Wopt onTHMaflbHblfl napatteTp penaKcauHH, MHHHMMH3HPYIUHH 

cneKTpanbHlllfl paAHYC MaTpHUbl Ww B npouecce .!IBOHHOH BepXHeH penaKcauHH, Hcnonb-

30BaHHOH B HEXAGA. OueHKa Wopt B HEXAGA MOJKeT 6b1Tb nonyYeHa npH noMOl1lH 3<j>q>eK

THBHOH TeXHHKH onHCaHHOH B [13). 

B 3aKfllO'leHHe .!IOflJKHO 6b1Tb nOA'IEipKHYTO, '!TO rnaeHOH uenblO 3TOH rnae1,1 HBflH

eTCH '!HcneHHaH HflnlOCTpauHH CTpaTernfl, OCHOBaHHNX Ha pa3HNX MeTOAax MaTpH'IHOro 

pacwenneHHH, O'!eBHAHO BO3MOJKHO He ecex H3 cymeCTBYIOl1lHX. B peweHHH peaKTOpHblX 

3aAa'1 npH HaflH'IHH pacceHHHH-BBepx npH nOMOl1lH CTpaTerHH rno6anbHNX-BHel1lHHX

BHYTpeHHHX HTepauHH, 'IHCno rno6anbHNX HTepauHH yMeHbmaeTCH npH yeenH'!eHHH 

'IHCna BHel1lHHX HTepauHH P Ha OAHY rno6anbHylO. llml 3aAa'I co 3Ha'111TeflbHblM 

pacceHHl1eM-BBepx 3TO COKPaweHl1e '111Cna rno6anbHNX l1Tepau11fl CTaHOBl1TCH 3aBl1Cl1-

MblM OT P. 0AHaKO, B cnyYae 3aAa'I np11 OTCYTCTBl111 pacceHHl1H-BBepx, MOJKHO 

3aMeTl1Tb B '111CfleHHNX 3Kcnep11MeHTax, '!TO CTpaTer11H rno6anbHNX-BHel1lH11X-BHYT

peHH11X 11Tepau11fl 11 ee aap11attTlll (cTpaTer1111 rno6anbHNX-BHel1lH11x 11 rno6anbHNX

-BHy-rpeHHl1X HTepau11fl) llalOT paBHble '111cna rno6anbHNX l1Tepau11fl. 

AHanl13 6onbl1lOro '111Cna '111CneHHNX pe3ynbTaTOB nonyYeHHNX llflH paccMOTpeHHblX 

3aAa'!, npeACTaBflHIOl1lHX pa3Hble Tl1nbl 6blCTpb1X 11 TepM11'1eCKHX peaKTOpOB, no3BOflHeT 

CAenaTb BblBO.!l, '!TO pemeHl1H npl1,HaHMeHbl1lHX 3aTpaTax Ha Bbl'IHCneHl1H, MOPYT 6b1Tb 

nonyYeHbl np11 nOMOl1lH l1Tepau11OHHOH CTpaTer1111, rne 11CnOflb3YeTCH TOflbKO 1 

BHy-rpeHHHH 11Tepau11H Ha OAHY rno6anbHYIO l1Tepau1110 B nporpattMe HEXAGA, anrop11TM' 

KOTOpoH OCHOBaH Ha OAHOH H3 npocTeHl1lHX Monenefl npenq>aKTop113au11OHHblX MeTO.!1OB 

AGA (on11cattHNX B rnaee 1) np11 11cnonb3OBatt1111 npouecca neof!HOH eepxHefl 

penaKcau1111 KaK 3qxj,eKTl1BHOH TeXHl1KH ycKopeHl1H CXO.!111MOCTl1. 3To O3Ha'laeT, '!TO. 

Blll6op MaTp11U pacwenneHl1H 11MeeT llOMl1Hl1PYIOWee Bfll1HHl1e Ha 3qxj,eKTl1BHOCTb MeTona, 

11cnonb3OBattHoro nnH pemeH11H 3aAa'I Teop1111 n11<W>y31111 Hef!TpOHOB 11 Ha6n10naettoe 

noeeneH11e CXO.!111MOCTl1 pemeHl1H np11 noMOl1lH anropl1TMa HEXAGA YKa3blBaeT Ha 

O'!eBl1.!lHWI 3Ha'-!11TenbHblH noTeHU11an nayXKpaTHNX pacwenneHl1H, npo11cxonHl1lHX OT 

npenljiaKTop113au11OHHNX MeTO.!1OB AGA. 

llnH ecex paccttaTpl1BaHHNX 3a.!la'I, HEXAGA naeT pemeH11H np11 OT 2 no 5 pa3 

MeHbl1leM '111Cfle <j)nonoB no cpaeHeHl1IO C Pe3YflbTaTaMl1 HEXSLOR. 

B cnyYae nporpaMM VALE 11 DXY, OCHOBaHHNX Ha MHOPO'lneHHOM ycKopeHl111 

qe6bll1leBa, pe3yflbTaTbl nocrynHbl TOflbKO nnH 3aAa'I 3aA.1, 3aA.3 11 3an.6, HO 11X 

cpaeHeH11e C Pe3YflbTaTaMl1, nonyYeHHblMl1 np11 noMOl1lH HEXAGA, nOKa3blBaeT, '!TO 

nporpaMMa HEXAGA Tpe6yeT e nea pa3a MeHbl1le Bbl'll1CneHl1H. Pe3YflbTaTbl DXY llflH 

36 

3aAa'-!11 3aA.6 AOCTynHbl TOflbKO np11 KP11Tep1111 OCTaHOBKH l1Tepau11OHHoro npouecca 
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Crp :s 5x10 11 6blflO 61,1 O'leHb 11HTepecHO cpaBHl1Tb Pe3YflbTaTbl, nonyYeHHble nnH 

3TOH 3aAa'll1 np11 Crp :S 10 
-5 

KaJKeTCH, '!TO cpaeHeH11e pemeHl1fl nnH 3alla'-!11 3aA.2, nonyYeHHNX np11 noMOl1lH 

HEXAGA, DXY, VALE, a TaKJKe KOMnblOTepHble nporpattMbl, OCHOBaHHble Ha CTpaTer11HX 

pa3B11TNX B nocnenHee BpeMH, MOPY'f 6b1Tb xopomefl oueHKOH .!1OKa3blBalOWeH 31j>q>eK

Tl1BHOCTb 3Tl1X nporpattM. 

B 3aKnlO'leHl1e CTO11T ynoMHHYTb, '!TO HEXAGA AaeT pemeHl1H np11 11CnOflb3OBaHl111 

ap11<1>MeTl1KH C OAHOKPaTHOH TO'IHOCTblO nnsi 6onbl1ll1X peaKTOpHNX 3aAa'I, pemeH11e 

KOTOpblX np11 nOMOWH HEXSLOR MOJKeT 6b1Tb nonyYeHO TOflbKO np11 11CnOflb3OBaHl111 

ap11<j)MeTl1Kl1 c ABYXKPaTHOH TO'IHOCTblO, KaK 6blflo noKa3aHO B 3alla'!e 3aA.6. 3a.!la'!a 

nnH anpHopHofl oueHKH Wt,est B HEXAGA nocTaTO'IHO xopomo pemeHa nna np11noJKeH11fl. 

KpoMe Toro, npoeepKa C11MMeTp1111 pemeHl1H B 3alla'!ax 3aA.1 11 3aA.2, MH KOTOpNX 

HEXAGA naeT pemeHl1H np11 MaKCl1MaflbHOH OTHOCl1TenbHOH Ol1ll16Ke 6O-rpanyCHOH Cl1M

MeTp1111 Csym• MeHbl1le Ha nec~b nopHAKOB no cpaeHeHl1IO C pemeH11HMl1 nporpaMMbl 

HEXLOR, '!TO nOKa3yeaeT 6onbmyl0 norpel1lHOCTb pemeHl111 nporpaMMbl HEXAGA. Ho 3TO 

no3eonHeT npennonoJKl1Tb, '!TO B cnyYae pemeH11fl Hec11MMeTp11'-!eCKHX 3aAa'I np11 

nOMOWH HEXAGA, C onHOH CTOpoHbl xapaKTep113YIQl1lHXCH noBbll1leHHOH CKOpOCTblO cxon11-

MOCTl1, c npyrofl CTOpOHbl OHl1 MOPY'f 6b1Tb Ha . MHOro 6onee llOCTOBepHblMl1, '!eM 

pemeH11H, nonyYeHHble np11 noMOl1lH pacwenneH11H SLOR Hcnonb3oBattHoro B HEXSLOR. 

3TO CBOHCTBO pemeHl1H, nonyYeHHblX np11 noMOl1lH HEXAGA HBnHeTCH oco6eHHO BaJKHblM B 

conpHlKEiHHNX Bbl'll1CneHl1HX noTOKa HeITTpOHOB, 11cnonb3OBaHHNX nnH nonyYeHl1H OTBeTa 

Ha Manble BO3MymeH11H. 

8. OCH0BHbJe pe3ynbTaTbl, BblH0CHMble Ha ,3a1J1HTY 

Ha 3aWHTY Bb1HOCl1TCH npennoJKeHHWI aBTOpOM MeTO.!l pemeH11H MHOPOMepHNX 3alla'I 

Teop1111 n11<W>Y31111 HeITTpOHOB Ha OCHOBe MeTOAa TpexypOBHeBNX (rno6anbHNX~BHel1lHl1X

-BHYTpeHHl1X) 11Tepau11H, KOTOplifl HBnHeTCH O6O6weH11eM xopomo 113BeCTHOro MeTona 

BHel1lHl1X-BHYTpeHHl1X 11Tepau11fl. BeeneHHaH aBTOpoM MaTpl1'1HaH <!>oPMYfl!1pOBKa, n03BO

nHeT TO'IHO 11 HarnHnHo npenCTaBl1Tb B3aHM03aB11Cl1MOCTb MeJKny BHy-rpeHHl1Ml1 11 

BHel1lHl1M11 11Tepau11HMl1 Ha ypOBHe rno6anbHNX l1Tepau11H. 3Ta MaTpl1'!HaH ljJopMYflHpoBKa 

no3eon11na TaKJKe AOKa3aTb CXO.!111MOCTb MeTona EQUIPOISE, OCHOBaHHOro Ha CTpa

Ter1111 rno6aJJbHNX-BHel1lHl1X 11Tepau11fl. PacwenneH11e MaTp11U np11 noMOWH .!IBOHHOH 

BepXHeH penaKcau1111, 11cnonb3OBaHHOH B npeAq>aKTOpl13aul1OHHOM MeTone AGA, nO3B0-

nHeT cymeCTBeHHO yeen11'111Tb CKOPOCTb CXO.!111MOCTl1 pemaeMblX 3aAa'I no cpaeHeHl1IO C 

npyrnMl1 cywecTBYIQWHMl1 MeTO.!laMl1. Bbl'l11cn11TenbHble 3KCnep11MeHTbl .!1OKa3anl1 BblCOKYIQ 

AOCTOBepHOCTb pe3yflbTaTOB nporpaMMbl HEXAGA. 

Ha OCHOBaHl111 npoBeAeHHblX 11ccnenoBaHHH Ha 3awHTY BblHOCHTCH cne.!lYl()UJHe 

pe3YflbTaTl>I: 
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1. Pa.3Bl1T 31jxjleKTh!BHb!H anrop11TM 411CneHH0F0 perneHl1H nsyttepHb!X 11 Tpex

ttepHblX 3ana4 Teop1111 n11¢q>Y31111 HeHTpOH0B. 

2. Anrop11TM peanl130BaH B s11ne K0MnneKca nporpattM HEXAGA, . C . nOMOl!lblO 

_KoTopbIX ynanocb pernHTb ttHoro peaKTopHblX 3ana4 no cnomHoA reotte,-; 

TpH4eCKO-MaTep11anbH0H KOH¢11rypau1111·peaKT0pa np11 ttenK0H ceTKe. 

3. B 0CH0BY anrop11Ttta nonomeH.pa.3Bl1Tb!H_aBT0p0M·T0HKHH MH0rDCTyneH-

4aTblH 11Tepau110HHhlH npouecc, Y4l1Tb1Ba10llll1H cneu11¢11Ky npouecca ne

neH11H ijeATp0H0B. 

4. noKa:iaHa Teopetta cxon11ttocT11 3Toro-npouecca. 

5. YcTaH0BneHbl anp11opHble oueHKH ,3Ha4eHl1H napatteTp0B, n03BOflHIOllll1e 

onTl1Ml1311p0BaTb CK0pDCTb CX0Ill1M0CTl1 l1Tepau110HHoro npouecca. 

6. nocT0BepH0CTb TeopeTl14eCKHX pe3YflbTaT0B nonTsepmnaeTCH npaKTl1KOH 

pa6oTbl K0ttnneKC0B-nporpattM HEXAGA. 

7. Pa:iBHThlH aBT0P0M MaTp114HblH ¢opttanl13M on11caHl1H l1Tepau110HH0rD npo

uecca no3sonHeT naTb Knacc11¢11Kau1110,npen¢aKTop113au110HHhlX tteTonos, 

K0T0pble illl1p0K0 11cnonb3YIOTCH B np11KnanHblX pac4eTax. 

Pe3YflbTaTbl, CBH3aHbl c TeMaTl1K0H n11ccepTau1111, 6blnl1 ony6n11K0BaHbl B cneny
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1. Z. I.Woznicki, EWA-II Two-Dimensional, Two-Group D,iffusion 'Fast Code, 
Kernenergie•14, 325-329, 1971. 

2. Z. I. Woznicki, Two-Sweep Iterative Methods for Solving Large Linear Sys
tems and their Application. to the Numerical Solution of Multi-Group, 
Multi-Dimensional Neutron 'Diffusion Equation, Doctoral Dissertation, 
Institute of Nuclear Research, Swierk-0twock, Report No.1447/CYFR0NET 
/PM/A, 1973. . 

3. T.AnocT0fl0B 11 3.B03H11UK11, ~¢¢Y3110HHaH nsyttepHM nporpatttta HEXAGA-II nnH 
MHororpynn0BblX pac4eT0B reKcaroHanbHblX peweT0K, AT0MHaH 3Hepr11H, T. 38, 
Bbln. 6, 372-374, 1975. 

4. Zbigniew Woznicki, Dwuprzebiegowe metody iteracyjne AGA rozwiqzywania 
duzych uklad6w r6wnan liniowych, Rocznik Polskiego Towarzystwa Matema
tycznego, Seria_ III: Matematyka Stosowana VI, 5-16, 1976. 

5. Z.I.Woznicki, The AGA Two-Sweep Iterative Methods and their Application 
to the·HEXAGA-II Programme for Solving the Two- Dimensional, Multi-Group 
Neutron Diffusion Equation for an Uniform Triangular Mesh, Proc. Reaktor
tagung, Dlisseldorf, Germany, March-April, 1976, 83-84. 

6. r.r.AnoCT0fl0B, n.r.neTK0B 11 3.B03H11UKl1, nByXMepHaH MHororpynnOBM n11cM>y-
3110HHM nporpaMMa EBA-II-30, HnepHa 3Hepr11H 3, 8-15, Co¢11H, 1976. 

7. Z.I.Woznicki, AGA Two-Sweep Iterative Methods and their Applications in 
Critical Reactor Calculations, Nukleonika 23, 941-968, 1978. 

8. Z.I.Woznicki, HEXAGA-II-12O,-6O,-3O two-dimensional multigroup neutron 
diffusion programmes for a uniform triangular mesh with arbitrary group 
scattering, Rep. KfK 2789, Kernforschungscentrum Karlsruhe, Germany, 
1979. 

9. Z.I.Woznicki, Efficient methods of accelerating reactor diffusion codes, 
Proc. International Topical Meeting on Advances in Mathematical Methods 
for the Solution of Nuclear Enginnering Problems, Hilton International 

38 

Munchen, April 27-29, 1981, Vol.1, 385-399. 

10. Z.I.Woznicki, HEXAGA-Ill-12O,-3O three-dimensional multigroup neutron 
diffusion programmes for a uniform triangular mesh with arbitrary group 
scattering, Rep. KfK 3572, Kernforschungscentrum Karlsruhe, Germany, 
1983. 

11. Z.I.Woznicki, Two- and three-dimensional benchmark calculations for tri
angular geometry by means of HEXAGA programmes, Proc. Internal. Meeting 
on Advances in Nuclear Engineering Computational Methods, Knoxville, 
Tennessee, April 27-28, 1985, American Nuclear Society, 147-156. 

12. Z.I.Woznicki, AGA Two-Sweep Iterative Methods and their Applications for 
the Solution of Linear Equation Sy!ftems, Proc. International Conference 
on Linear Algebra and Applications, Valencia, Spain, September 28-30, 
1987 (published in Linear Algebra and its Applications 121, 702-710, 
1989). 

13. 2. I. Woznicki, Estimation of the optimum relaxation factors in partial 
factorization iterative methods, SIAM J. Matrix Anal. Appl., 14, 59-73, 
1993. 

14, Z.I.Woznicki, On numerical analysis of conjugate gradient method, Japan 
, J. Indust. Appl. Math., 12, 487-519, 1993. 

15. Z. I. Woznicki, The sigma-,SOR algorithm and the optimal strategy for the 
utilization of the SOR iterative method, Mathematics of Computations, 
206, 619-644, 1994. 

16. Z.I.Woznicki, Nonnegative splitting theory, Japan J. Indust. Appl. Math., 
11, 289-342, 1994. 

17. Z.I.Woznicki, The Numerical Analysis of Eigenvalue Problem Solutions in 
the Multigroup Neutron Diffusion Theory, Institute of Atomic Energy, 
0twock-Swierk, Report IEA-6/A (125p. ), June 1995. 

18. Z.I.Woznicki, The Numerical Analysis of Eigenvalue Problem Solutions in 
the Multigroup Neutron Diffusion Theory (the abbreviated version of the 
work [37]), Proc. International Conference on Reactor Physics and Reactor 
Computations, Tel Aviv, Israel, January 23-26, 1994, 641-653. 

19. Z. I. Woznicki, On reliability of solution symmetry in neutron diffusion 
theory problems, Proc. International Conference on the Physics of 
Reactors PHYS0R'96, Mita, Ibaraki, Japan, September 16-20, 1996, A21-A30. 

20. Z.I.Woznicki, Comparison Theorems for Regular Splittings on Block Parti
tions, Linear Algebra and its Applications 253, 199-207, 1997. 

21. Z.I.Woznicki, Comparison Theorems for Splittings of Monotone Matrices, 
The invited talk in WCNA'96 - The Second Congress of Nonlinear Analysts, 
Athens, Greece, July 10-17, 1996. Published in Nonlinear Analysis, Theo
ry, Methods & Applications, 30(2), 1251-1262, 1997 Elsevier Science LTD. 

22. Z. I. Woznicki, Conditions for Convergence and Comparison, Proc. 15th 
IMACS World Congress on Scientific Computation, Modelling and Applied 
Mathematics, Berlin, August 1997, Vol.2, Numerical Mathematics, 291-296, 
Edited ~y A.Sydow, Wissenschaft & Technik Verlag. 

23. Z.I. Woznicki, Matrix Splitting Principles, The invited talk in XII 
Conference on Applied Mathematics, Palic, Yugoslavia, September 8-12, 
1997. To be published in Proceedings in 1998. The final version of the 
paper submitted to Lin. Alg. Appl. 

24. Z.I.Woznicki, H.J~drzejec, How Can We Accelerate the Convergence in the 
SLOR Method, The invited talk in 7th Russian Conference on Grid 
Generation Problems and Numerical Methods in Mathematical Physics, Durso 
(Krasnodar region), Russia, September 3-15, 1998. To be published. 

PyKonHCL IIOCTynmrn B H3Jl3TenLCKHH OTJleJ] 

16 OKTH6p~ 1998 ro11a. 

39 


