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B uacToJimeii pa6oTe paccMaTpHBaeTcJI Bonpoc onpe,D.e

JieHHJI KOHe'IHO-pa3HOCTHLIM MeTO,D.OM C06CTBeHHLIX 3Ha'le

uuii 3Hepruu u co6cTBeHHbiX ciJYHK:U.Hii ypaBHeHHJI llipe,D.uure

pa CO cciJepH'IeCKHM llOTeH:U.HaJIOM 

d 2 u 2m P(f+l) 
-- + -- ( E - V ( r)) u - - 2 -- u = 0 . I 1 I 

d x2 h 2 r 

Co6cTBeHHbie ciJYHK:U.HH u ( r) Y.D.OBJJeTBOpJIIOT ycnoBHIO uop

MupoBKH 

<'C 2 
Jju(r)j dr~l 121 

() 

H rpaHH'IHOMY ycJIOBHIO 

u ( 0) ~ 0 . 131 

KaK H3BeCTHO Ill, uauny'lliJHM o6pa3oM cpe,D.Hee none 

JI,D.pa onucbJBaeTcJI noTeu:u.uanoM CaKcoua- By,D.ca, co,D.ep

)l(amHM ,D.Ba 'IJieHa: :U.eHTpaJibHbiH 
V N,Z 

() 
V 'I l( r) ~ - --------------------

' - l + exp I u ( r - R 
0 

) I l4al 

H CllHH- op6HTaJibHbiH 

_ 1 d V 11, ( r ) 
V, ( r ) - - 'I - ---'-"--L--- ( f s ) • 

I ,__ r d r 1461 

llpH Bbi'IHCJieHHH ypOBHeH npOTOHHOH CHCTeMbl llOTeHI.J.H-

aJI cpe,D.Hero llOJIJI ,D.OJDKeH 6bJTb ,D.OllOJIHeH 'IJieHOM KyJio-

HOBCKOrO B3aHMO,D.eHC!BHJI, KOTOpbiH HMeeT BH,D. 

~ 3r l r 3 

v, I<JoL,~.!le~ ~ 2R 0 -TI-.<;;1 
r < R - 0 

r > R0 . 

lSI 
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PeweHHIO 3a,11;aq, aHanoraqHbJX Ja,D;aqe /1/-/3/, nocax
I.UeHo HeMano pa6oT. IIpBMeHHeMble B 3THX pa6oTax MeTO,l1;bl 
peWeHHJI MO)KHO pa3,D;ellHTL Ha ,D;Be rpyUIH>I: KOHeqHo -paJ
HOCTHble MeTO,D;bl /2-4/ H aHallHTHqeCKHe, D03BOllJIIOI.UHe no
nyqHTL npu6nH)KeHuoe peweHae /5/. B pa6oTe /2/ Ja,D;aqa 
/1/-/3/ pewanacL MeTo,D;oM cTpenL6LI, KOTOPLIH, KaK HJ
aecTHo /cM./6/ /, JIBllHeTCJI HeyCTOiiqHBbiM, H npH ero 
npHMeHeHHH B03HHKaJOT HeKoTOPLie TPY,D;HOCTH. MeTO,D;bl, 
onucaHHble B pa6oTe/3/ , 6LmH pa3pa6oTaHbl ,D;nH pacqeTa 
HeiiTpOHHLIX ceqeuBii. Ilpu peweHHH Ja,D;aq H,D;epuoii $H3HKH 
B HaCTOJII.Uee BpeMJI WHpOKO HCUOllL3yeTCJI HenpepLIBHLIH 
aHanor MeTO,D;a HLIOTOHa /4/. 0,D;HaKO Henocpe,D;CTBeHHO K BLI
qacneHBIO BOllHOBLIX $yHKUHH c$epaqecKHX JI,D;ep OH He npH
MeHHllCJI. 

B JJ.aHuoii pa6oTe Ja,D;aqa /1/-/3/ pewanacL MeTO,D;OM 
nporoHKa/6/. IIpaMeHeuue 3Toro MeTo,D;a npu peweHHH Ja
,D;aqu Ha co6cTBeHHble Juaqenux ,D;nH ypaaHeHHJI Oppa-
3oMMep$enL,D;a onucauo a /7 I. 

2. Memoo peweHu.R 

~ngqucneuuoropeweHHH3a,D;aqu/1/-/3/nony6ecKoueq-
HbiH HHTepaan 0 -:;;_ r < oo 3aMeHJieTCJI 0Tpe3KOM [ 0, R J 

Ilpu 3TOM rpaHaquoe ycnoaue ua npaaoM KOHUe oTpeJKa 
MO)KHO nonyqHTL H3 ycnOBHJI HenpepbiBHOCTH norapH$MH
qecKOH npOH3BO,D;HOH C06CTBeHHOH $yHKUHH 

~I =~I 
u r=R ii r=R 

/6/ 

r,11;e u ( r) -acHMDTOTHqecKoe peweHae ypaaHeHHJI /1/ a o6-
naCTH r 2: .R • Benuqaua R BLI6HpaeTCH TaKHM o6pa3oM, 
qTo6LI npu r ;: R MO)KHO 6Lmo npeHe6peqL 3KcnoueuuuanL
HO y6LIBaiOI.UHM noTeHuuanoM cpe,11;uero nonH JI,D;pa H qneuoM 

_m_-t___!_) 
r2 

B 3TOM cnyqae MO)KHO nonyqHTL acHMDTOTHqec-

KOe peweHHe ';i ( r ),y,D;OBlleTBOpJIIOI.Uee ycnOBHIO HOpMHpOBKH 
/2/ 

4 

.. 

... 

" 

,. 

u ( r ) l 
-kr C·e 

_Q n; 
C. e -k r. r 2R ,D;llJI npOTOHHOH CHCTeMLI , 

,D;llJI HeiiTpOHHOH CHCTeMLI , 

r,11;e 

k =(2m I Y. -~- E I) ' Q 2m 2 
= -T( z -1) e • 

n.-

C yqeTOM /6/-/7/ ypaBHeHHe /1/ BMeCTe C rpaHHqHLIMH 
YCllOBHJIMH npH06peTaeT BH,D; 

u q(r)u +Au= 0 /8a/ 

u( O) = 0 /86/ 

u'(R)+K(A)u(R)=O, /8a/ 

K(A)=lk Q 1 
k+2R R 

,D;llJI HeHTpOHHOH CHCTeMLI, 

,D;llJI npOTOHHOH CHCTeMLI. 

Ja,11;aqa /8a/- /Ba/ pewanacL qacneHHO MeTo,D;OM acTpeq
Hoii nporOHKH OT o6eHX rpaHHqHLJX ToqeK CO CWHBKOH BO 
BHyTpeHHeii ToqKe x 0 , ~oTopaH onpe,D;enHeTcH H3 ypaaHe-

HHJI 

q ( xo ) = ,\ • 

JaMeHJIJI UpOH3BO,D;HLie B /8a/ H /8B/ pa3HOCTHLIMH 
cl>opMynaMH BTOporo nopH,D;Ka annpoKCHMaUHH, nonyquM ,D;Be 
CHCTeMLI pa3HOCTHLIX ypaBHeHHH na OTpe 3KaX [ 0, X OJ H 
[ x 0 , R J 

uo = 0 

/9/ 

ui+l C. (A)u. +u. 1=0 
I I 1-

i=1,2, ... M-1, 

r,D;e 
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c. 
I 

2 X 
2+hi (q(ri) -,\),hi =if.ri hI • i 

u 0 (3 + 2h 
2 
K)- 4u 1 + u 2 0 

u. 1 - C. (f..)u. + U· 1=0 
J + J J J-

R-Xo 
h2 =-~N- ' r j = R - h 2 j . 

l,2, ... N-l, 

/10/ 

llporOHO'lHble Ko3lWJBU.HeHTbl CHCTeM /9/ H /10/ Ai ( A ) 
H B j (,\) CB.R3biBaiDT Me:lK,IJ;Y co6ou 3Ha'leHHJI 4JYHKU.HH u ( r) 
B ,IJ;BYX COCe,IJ;HHX TO'lKaX 

u . ,= A. (f.. ) u. , u. 1 = B . ( ,\ ) u. 
I- I I j- j j 

H Bbl'lHCJIJIIDTCJI no peKyppeHTHbiM 4JopMyJiaM /6/: 

A i -1 1 - e:-.--=-A~ . 
I 

fipH 3TOM 

A 1 ~ 0, B1 ~ 

Bj-1 1 

2 - _f_ 
---~-

+ h 2 K 

C. -B· 
J J 

/11/. 

/12/ 

Ypaaueuue .nnJI onpe.neneHH.R co6cTBeHHbiX 3Haqeuuii 

llOJiyqaeTCJI H3 Tpe6oBaHHJI rJia,IJ;KOCTH C06CTBeHHOH 4JyHKli,HH 

B TO'lKe x 0 

u 
-~ lr=xo-0 

u 

u lr=xo+O /13/ 

3aMeHJIJI B /13/ npOH3BO,IJ;Hble pa3HOCTHbiMH 4JopMyJiaMH 

H BOCUOJib30BaBWHCb COOTHOWeHH.RMH /11/, nony'lHM 

3-4AM(f..)+A~~,\) AM-I(A) 

f(A)= --------------------------- + 
hl 

3-4BN(,\) +BN(,\)BN-1(,\) 

+ ---------------- = 0 . 
h2 

6 

~ 

~ 

' 

J'aKHM o.6pa30M, 3a,IJ;aqa HaXO:lK,IJ;eHHJI C06CTBeHHbiX 3Ha'leHHH 

ypaBHeHHJI /8a/ C rpaHH'lHbiMH YCllOBHJIMH /86/, /8B/ CBO

,IUITCJI K uaxo)K,II;eumo uyneii ti>YHKU.HH f ( A ) • 
«<»yHKU.HJI £(f..) Bbi'lHCnJieTcJI B TO'lKax A i = h A i . llocne 

Bbi,IJ;eneHHJI OTpe 3KOB [A i , A i +I ] , Ha KOTOpbiX 4JyHKli,HJI 

MeHJieT 3HaK, C06CTBeHHble 3Ha'leHHJI HaXO,IJ;JITCJI MeTO,IJ;OM 

.neneHHJI oTpe3Ka nononaM. 

Kor.na co6cTaeuuoe 3uaqeuae H3BecTHO, co6cTaeuuyro 

4JyHKli,HID MO:lKHO nony'lHTb, OCylll,eCTBHB o6paTHYID nporOHKY 

no 4JopMynaM /11/. 
Bonpocbl TO'lHOCTH pa3HOCTHoro MeTo.na peweHHJI 3a,IJ;a'lH 

ua co6cTBeHHLie 3Ha'leHHJI paccMaTpuaanucb A.H. TaxoHOBhiM 

H A.A.CaMapcKHM /9/. KaK H3BecTHO, pa3HOCTHa.R cxeMa 

/9/ HMeeT BTOpoii nop.R,II;OK TO'lHOCTH, T .e. a6COniOTHaJI OWH6-

Ka y6LIBaeT KaK h 2 , 

3. PeaAu3atiUJI aAzopumMa Ha 3BM 

llpe.nnaraeMLIH anropHTM 6Lin peanH3oBaH B au.ne npo

rpaMMbl, uanucauuoii ua Jl3biKe FORTRAN. BpeM.R Bbi'lHc

neHH.R BCeX npOTOHHbiX HllH HeHTpOHHbiX ypOBHeH 3HeprHH 

H COOTBeTCTBYID~HX HM BOllHOBbiX 4JyHKli,HH ,II;llJI O,IJ;HOrO .R,IJ;pa 

npu ware h · -oD( R 3R0 ) ue npeablwaeT 2 MUH ua 3BM 

CDC -6400. A~conroTHaJI norpewuocTb npu 3TOM cocTaa

nJieT ,IJ;ll.R C06CTBeHHbiX 3Ha'leHHH 3HeprHH BenH'lHHY MeHbWe 

0,01 M:JB. 
)l.n.R nponepKH TO'lHOCTH MeTo.na 3a.naqa /8a/- /8a/ 6blna 

TaK:lKe peweua ua oTpe3Ke ,IJ;JI.R 

noTeHli,Hana npH f -- 0 
cnyqa.R npJIMoyronLuoro 

V ( r) = 
-Vo r '5_ R0 , 

0 r > R0 , 

,IJ;JI.R KOTOpOrO C06CTBeHHble 3Ha'leHH.R 3HeprHH onpe,IJ;eJI.RIOT

C.R H3 ypaBHeHH.R 

a Cos a R 0 + k Sin 'a R 0 = 0 , 

r.ne 

2 rn 11 

a= (--(V -lEI)/' 
h2 0 ' 

k - ( 2 rn 11 - hZIEI)/' 

Pe3ynLTaTLI npaae.neubl B ma6A. 1. 
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Ta6mma 1 
YpoBHif aHeprlflf ( MaB) nnH npHMoyronbHOro noreHulfana 

ls 

2s 

3s 

R0 =7, V0 = 50 MaB, f =0. 

To•moe 
perneH!fe 

-46,5059 

-36,1202 

-19,2679 

Pa3HOCTHOe perneHife 

M=N =100 M =N = filO M=N=lOOO 

-46,5146 -46,5063 -46,5060 

-36,1484 -36,1214 -36,1205 

-19,3109 -19,2669 -19,2689 

B ma6JJ. 2 npHBe,IJ,eHbl .D.nH cpaBHeHHH co6cTBeHHbie 3Ha
'leHHH 3HeprHH ,IJ,nH noTeuuuana CaKcoua- By,IJ,ca, u ua puc 1 -

u ('l) 

O.f> 

o.s 

0.4 

0.3 

o.'l. 

0.1 

,, I I I I I I I ·--i"tz 1 'l.. 
z 4 6 10 

PaouaJJbHaJI eoJJHoeaJI ¢YHKI.#UJI cocmoJIHUJI l s /cnAowHaJI 
JJUHUJI - <tucJJeHHbiU Memoo, onucaHHbiU e oaHHou pa6ome, 
nyHK111UPHQJI JJ.UHUJI - IC6Q3UI(JJQCCU'IeCKUU Me1IIOO/. 
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BOnHOBa.R cPYHKJ.J;HJI COCTO.RHH.R l s , nony'leHHble ,D,aHHbiM 

H KBa3HKnaCCH'IeCKHM MeTO,D,aMH /S,B/. KaK BH,II,HO H3 Ta6nu

ll.bl, norpelliHOCTb KBa3HKnaCCH'IeCKOrO MeTO,D,a npH Bbi'IHCne

HHH ypoaueif ::mepruu ,D,OCTHraeT a ,D,aHHOM cnyqae 0,5 M3B. 
AaTop 6naro,D,apHT A.A.Kopueif'lyKa 3a none3Hble o6cy)I{

,D,eHIIJI H llOCTO.RHHOe BHHMaHHe K pa6oTe. 
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