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OBIIJ;A.ff XAP AKTEPIICTIIKA P ABOThl 

AKTYa.JibHO CTb 

CoBpeMCHHbIC ;IJ;OCTIDKCHlIJI HayKn B o6rracTII q>IIOIIKII MIIKpOMIIpa B OHa'III

TCllbHOII CTCilCHll IlOlIY'ICHbl B peoyJibTaTe ycnenrnoro paoBIITIIJI ycxopIITCllbHOH 

TCXHIIKII. Ilpn npoeKTIIpOBaHIIII, C03p;aHIIII II axcnrryaTa[(HII paolIU'IHblX 3lICKTpo

q>Imil'ICCKIIX ycTaHOBOK Heo6xo;a;IIMO OHaHlIC OITTIIMaJlbHblX napaMeTpOB MarHHT

HbIX CIICTeM, KOTOpble o6ecne'IIIBaIOT 3lICKTpoMarHIITHble ITOJI5I C Tpe6yeMbIMII 

CBOHCTBaMII. ct>nnII'ICCKllll axcnepIIMCHT B 3TOM CJiy'lae JIBJI5ICTCJI ;a;oporoCTOJIII!CH 

npo[(e;a;ypo11, B HCKOTOpbIX ClIY'laJIX OH JIBJIJICTCJI COBCCM HCBblITOJIHIIMOH :Ja;a;a

'leii, HanpIIMep, Kor;a;a Tpe6yeTCJI onpe;a;errIITb MarHIITHOe norre BHYTPII cpeppo

MarHeTIIKa. IloaToMy O)l;HIIM IIO HaII6orree acpq>eKTIIBHblX COBpCMCHHblX MCTO)l;OB, 

a :Ja'laCTYIO, II ep;IIHCTBCHHbIM MeTO)l;OM pellICHIIJI no;a;o6HblX 3ap;a'l JIBJIJieTCJI Ma

TeMaTII'leCKIIH axcnepIIMCHT. IlepBOCTCITCHHOe 3Ha'leHne OH npno6peTaCT II npn 

pa.3pa6oTKC HOBbIX KOHCTPYK[(IIII, He IIMCIOII!IIX npoTOTIInoB, npoBepxe axcnepII

MCHTMbHhlX ;a;aHHblX II TeopeTII'ICCKIIX rIIITOTCO. 

8cpcpeKTIIBHOC IICITOllbOOBaHIIC MaTeMaTH'lCCKOro Mo;a;em1poBaHII5I, B 'laCTHO

CTII, )l;lIJI pellICHIIJI 3ap;a'l MarHIITOCTaTIIKII, OCHOBaHO Ha ycnexax B pa.3BIITIIII Bbl

'IIIClIIITCllbHOH MaTCMaTIIKII II Bbl'IIIClIIITCllbHOH TCXHIIKH. 

IlpoIICXO)l;lIBlliee B nocrre;a;Hee BpCMJI 6yptIOe paoBIITIIC Bbl'lIIClIIITCllbHOH TC· 

XHIIKII, IlOJIBlICHIIe BCKTOpHhlX, napanlICllbHO-BeKTOpHblX 8BM II KOMilbIOTepoB c 

;a;pyro11 HeTpap;II[(IIOHHOH apxnTeKTypoii onpe;a;errIIJIO COBepllICHHO HOBblll B3rll5Ip; 

Ha npo6rreMy Bbl'IIICJICHIIH, c;a;errarro Heo6xop;IIMblM nepeocMblCJICHIIC ;a;a,f(C OCHO

BHbIX arrropIITMOB, o6bI'IHO lICilOllbOYCMbIX B Bbl'IIICJICHIIJIX, II 3TOT npo[(ecc Cll!C 

npop;OJIJl(aCTCJI. IloaTOMY paopa60TKa MaTeMaTII'ICCKIIX Mo;a;erreii, MCTO)l;IIK pac'le

TOB, C03p;aHIIC Heo6xop;IIMOro nporpaMMHOro o6ec~C'ICHIIJI ;a;= acpq>eKTIIBHOro pe

llICHirn npo6rreM MaTCMaTII'ICCKoro MO)l;ClIIIpoBaHIIJI n MarHIITOCTaTIIKC JIBJIJICTC5I 

aKTYaJibHoii 3ap;a'Ieii. 

Pa60Tbl, IlOJIO,fCCHHbIC B OCHOBY ;a;nccepTa[(IIII, BbIITOlIHCHbl B COOTBCTCTBIIII 

C npo6JICMHO-TCMaTil'ICCKIIM IlllaHOM Hay'IHO-IICClIC)l;OBaTCllbCKIIX pa60T 06'bC)l;II

HCHHOro IIHCTIITyTa JI)l;CpHblX IICCJIC)l;OBaHIIH. 

IJ;eJiblO paOOTbl JIBJIJICTCJI COO)l;aHIIC KOMilbIOTepnoii MO)l;ClIII CITCKTpOMCTpil

'lCCKOro MarHnTa CII-40, pac'!eT npocTpaHCTBCHHoro M_arHIITHoro norrJI CII-40 B 

HanpaBJICHIIII )l;Bil,ICCHIIJI ny'!Ka 'laCTII[( HC TOllbKO BHYTPII MarHIITa, HO II B o6rra

CTH pacnoJIO,ICCHIIJI perncTpI1py101IIeii annapaTyphl n MilllICHeii; paopa6oTKa arr

ropIITMOB ;IJ;lIJI 'IIIClICHHOro MO)l;ClIIlpOBaHHJI MarHIITHOro ITOJIJI BO BCCM npocTpaH

CTBC C IICITOllb30BaHHCM KOHC'IHblX II 6ecKOHC'IHblX 3lICMCHTOBj paopa60TKa cne

[(HaJibHbIX arrropIITMOB pemeHmI HClIIIHCHHbIX CHCTeM ypaBHCHIIH, B03HHKaIOII!lIX 

Bcrre;a;cTBne p;IIcxpeTIIOa[(IIII nenpepbIBHOH 3ap;a'III, ;a;rrJI BCKTopnoii 8BM; coo;a;anne 

YHIIBepcarrbHOro KOMillICKCa nporpaMM ;IJ;lIJI paC'ICTOB TpexMepHbIX MarHIITOCTaTII-

'ICCKIIX ITOJICII. 

. Hay1:1ao-Texuu11ecKas 
6u6nuqTeKa 

ouau 



Hay'IHWI HOBHOHa paoOTbl COCTOIIT B c11eµ;y10~eM. 

1. BnepBbie ocy~eCTBlleHo MOµ;em1poBaHIIe II aHamm npocTpaHCTBeHHOfO Ma

fHIITHOfO nom1 cneKTpOMeTpII'IeCKoro MarHIITa CII-40 ycTaHOBKII 8KC"9:APM BO 

BCeM npocTpaHCTBe. 

a) IlpoBeµ;eHO cpaBHeHIIe pe:JyllbTaTOB pac'!eTOB C µ;aHHbIMII U3MepeHUII BHy

TpII MarHUTa. 

6) Pac'leT MarHIITHoro nom1 B o6rracTII, rµ;e pacnorro)KeHa perIIcTpIIpy10~aJI 

annapaTypa II MIIWeHII, ocy~ecTBlleH no ABYM MeTO)l;IIKaMj npoBeµ;eHO cpaBHeHIIe 

0TIIX MeTO)l;IIK. 

2. Pa3pa6oTaHbl arrropIITMbI AITH 'IIIClleHHOfO Moµ;em1poBaHim MarHIITHOfO 

no= BO BCeM npocTpaHCTBe C IICnOllb:JOBaHIIeM KOHe'IHbIX II 6eCKOHe'IHbIX arre

MeHTOB. llccrreµ;oBaHbl annpoKCIIMIIpy10~ue CBOMCTBa 6ecKOHe'IHbIX arreMeHTOB. 

3. Pa:Jpa6oTaHbl BeKTOpHbie arrropIITMbl pewemrn CIICTeMbl HemrneMHbIX ypa

BHeHIIM C pa3pe)KeHHOM MaTpIIrreii:, KOTOpaJI B03HUKaeT KaK crreµ;cTBIIe KOHe'IHO

arreMeHTHOM gucKpeTII:JaIIIIII HenpepbIBHOM :Jaµ;a'III. 

'4. B pe:JyllbTaTe 'IIIClleHHbIX 0KCnepIIMeHTOB ycTaHOBlleHo, 'ITO BBeµ;em1e B 

IITepaQIIOHHYlO cxeMy peweHIIH CIICTeMbl HelIIIHeIIHbIX ypaBHeHIIM napaMeTpa 

TnE(0, 1] no:JBOlIHeT cy~ecTBeHHO coKpaTIITb 'IIIcrro HemIHeMHbIX IITeparrm'i:. Ilpeµ;

lIO)KeH arrropIITM aµ;anTIIBHoro Bbl6opa Tn-
5. Co:Jµ;aH yHIIBepcarrbHbIM KOMnrreKc nporpaMM, npeµ;Ha:JHa'IeHHbUI µ;rrH 'IU

crreHHoro Moµ;errIIpoBaHIIH npocTpaHCTBeHHbIX MarHIIToc:raTII'IeCKIIX norreii, BKlllO

'IaIO~IIM pa3pa6oTaHHbie arrropIITMbl, B TOM 'IIIClle, )l;llll BeKTOpHbIX 8BM. 

IlpaKTH'leCKWI QeHHOCTb paoOThl :JaKlllO'!aeTCH B TOM, 'ITO pe3YllbTaTbl 

'IIICJieHHOfO MOµ;em1poBaHIIH npocTpaHCTBeHHOfO MafHIITHOfO nonH CII-40 HawnII 

npaKTII'IeCKoe npIIMeHeHIIe npII o6pa6oTKe pe:JyJibTaTOB 0Kcnt,pIIMeHTOB Ha ycTa

HOBKe 8KC"9:APM. Ha ocHoBe npeµ;rro)KeHHbIX B µ;IIccepTaQ1rn arrropIITMOB co:Jµ;aH 

YHIIBepcarrbHbIM KOMnlleKC nporpaMM, KOTOpbIM no:JBOlIHeT npoBO)l;UTb pac'IeTbl 

MafHIITHbIX CHCTeM C npmmBOllbHOM "pa:JyMHOM" reoM_eTpIIe11 BO BCeM npocTpaH

CTBe. Pa:Jpa6oTaHHbie arrropnTMbl HMelOT caMOCTOHTeJibHbIM IIHTepec II MoryT 

6bITb IICnOJib30BaHbl npII 'IIIClleHHOM peweHIIII :Jaµ;a'I 0KCnepnMeHTallbHOM q>II:JIIKII 

II ycKopIITellbHOM TexHIIKII, aHalIOfH'IHbIX paccMaTpirnaeMbIM B µ;uccepTaIIHII. 

AnpooaQH.H paoOThl 

OcHOBHbre pe:JyrrbTaT@ µ;uccepTarrnoHHOM pa6oTbI µ;oKrraµ;hIBarrncb Ha Me)K

µ;yHapoµ;HoM COBe~aHIIH no nporpaMMIIpoBaHUlO II MaTeMaTII'IeCKIIM MeToµ;aM pe

weHIIH q>II:JII'IecKnx :Jaµ;a'I (,IJ;y6Ha, 1993 r.), Ha Me)Kµ;yHapoµ;Hoii: KoHcpepeHIIIIII no 

µ;ucpcpepeHIIIIallbHbIM yp~BHeHIIHM EQUADIFF-8 (BpaTIIcnaBa, 1993 r.), Ha Me)K

µ;yHapogHoM coBe~aHIIII International Workshop: Beam Dynamics and Optimiza

tion (1994 r., CaHKT-IleTep6ypr ), Ha XXIX u XXX KOHcpepeHIIIIHX YmrnepcIITeTa 

µ;py)K6bI Hapoµ;oB (1993 r.,1994 r.), Ha ceMIIHapax no Bbl'IIIClIUTellbHOM n npnKrra

)l;HOM MaTeMaTnKe JIBTA OMHL,---~----~-----
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IlyoJIHKaQHH 

Ilo TeMe µ;nccepTaIIUII ony6mIKOBaHO 6 pa6oT, B TOM 'IlICJie B )KypHarre "Ma

TeMaTII'IeCKOe Moµ;em1p0Bam1e", B Tpyµ;ax coBe~amu'i: II KoHcpepeHrrnii:, B coo6~e-

HJIHX Oll5Ill. ' 

CTpyKTypa H O O'heM paoOThl 

,Il;nccepTaIIIIH COCTOIIT Im BBeµ;emrn, Tpex fJiaB II :JaKJIIO'IeHirn, coµ;ep)KIIT 4 

Ta6mIIIbI, 8 pncyHKOB, cnIICOK lllITepaTypbI II::3 111 HaIIMeHOBaHIIM II II3JIO)KeHa Ha 

111 CTpaHIIIIaX MaIIIHHOilIICHOfO TeKCTa. • 

CO,IJ;EP)KAHME ,IJ;MCCEPT AIJ;llll 

Bo BBeµ;eHirn µ;aHO o60CHOBaHIIe aKTYallbHOCTII TeMbl AM;CCepTaIIIIII, cpopMy

nnpyeTCH 3aµ;a'Ia MarHIITOCTaTIIKil BO BCeM npocTpaHCTBe II KpaTKO U:JJiaraIOTCH 

OCHOBHble noµ;xoµ;bI K ee peweHIIIO. AHalIII3IIpy10TCH ux )J;OCTOIIHCTBa II Heµ;o

CTaTKU C TO'IKII 3pemrn acpcpeKTilBHOCTU IIX IICnOJib:JOBaHIIH npII 'IIICJICHHOM MO

µ;enIIpOBaHIIII. B CBH3II C 0TUM OTMe'!aeTCH, 'ITO Heo6xoµ;IIMOCTb HaXO)K)l;eHirn pac

npeµ;eneHIIH MarHIITHOfO nonH BO BCCM npocTpaHCTBC o6ycnoBJIIIBaeT Bhl6op AIIq>

cpepeHIIIIallbHOfO noµ;xoµ;a )l;JIH peweHIIH nocTaBJieHHOM :Jaµ;a'III: BO-nepBbIX, OH no-

3BOJIHeT npII He:JHa'IIITeJibHbIX :JaTpaTax naMHTII 8BM BblnOJIHHTb pac'!eTbl nonH 

c Heo6xoµ;IIMOII TO'IHOCTbIO BHYTPII cpeppoMarHeTIIKaj BO-BTOpbIX, )l;JIH 6onee TO'I

HOfO y'IeTa ycnomrn Ha 6eCKOHe'IHOCTII ucnoJib:JyeTCH TexHIIKa 6ecKOHe'IHbIX ane

MeHTOB. B OTlllI'IIIC OT KOM6IIHIIpOBaHHOf0 noµ;xoµ;a, IICnOJib:JYIO~ero rpaHII'IHOe 

IIHTerparrbHOe ypaBHeHIIe, B 0TOM cny'Iae coxpaHHeTCH CBOMCTBO CIIMMCTpIIII Ma

TPIIIIbI, KOTOpaJI nony'IaeTCH B pe:JyJibTaTe )l;IICKpeTII:JaQIIII HenpepbIBHbIX ypa

BHCHIIM MCTO)l;OM rarrepKIIHa. 

,Il;arree BO BBeµ;eHIIII npIIBO)l;HTCH 11enb, Hay'IHaJI HOBII:JHa, OTMC'IaeTCH npaKTII

'ICCKaJI QeHHOCTb pa60Tbl. KpaTKO pacCMOTpeHO coµ;ep)KaHIIe rnaB guccepTaQIUI 

II ccpopMynIIpoBaHbl OCHOBHble nOJIO)KCHIIH, BbIHOCIIMble Ha na~IITy. 

B nepBoM rnaBe ccpopMynIIpoBaHa gucpcpepeHIIIIallbHaJI nocTaHOBKa :Jaga'III oT

HOCIITeJibHO ABYX CKalIHpHbIX noTeHQIIalIOB, o6~ero - VJ II peµ;yQIIpOBaHHOfO -

</>. IlycTb nF - o6naCTb, naHHMaeMaJI cpeppoMarHCTIIKOM. BbI6epeM HeKOTopyro 

o6naCTb fl, BHyTpII KOTOpOH HaxOgIITCH fiF, rpaHIIQY fl 060:JHa'IIIM 'Iepe::3 ro, a 

fiA = fi/0,F, r - rpaHIIQa Me)Kµ;y fiF II f!A, Torga IIMeeM cneµ;yro~yro naµ;a'Iy: 

div(µ'vVJ) = 0, xEfiF; (1) 

div('v</>) = 0, xEfiA; 

C ycnOBIIHMII Ha rpaHHQax: 

µ(8VJ/8n) = 8</>/8n + fi.fis, xEr; 

VJ=</>+ </>8
, xEr; (2) 
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,f>~0, xEro, 
<l>yHKD;IUI µ = µ(IViJ,I) II3BeCTHa, npII'IeM 1 :5 µ. :5 µ ·:5 µ* rge µ. II µ* -
onpegeJieHHble KOHCTaHTbI. BexTop fis BbI'IIIcmreTc.11 no aaKOHY BIIo - CaBapa: 

-s 1 J - l H (x) = - JxV-I -
1

dy, 
41r X - y 

fls 

(3) 

rge ns - o6JiaCTb, 3aHIIMaeMaJI o6MOTKOII, j - aagaHHbIII BeKTOp nJIOTHOCTII TOKa, 

Ix - YI - paccTO.!IHIIe Me:lKAY TO'IKaMII x II y. ,Il;n.11 Haxo:lKgemrn noTeHu;IIana ,f>s 
pewaeTCJI ypaBHeHIIe Jlannaca BHYTPII o6nacTn nF : 

fl.,pS(x) = 0, XE QF, 

C KpaeBbIMII ycJIOBII.!IMII: 

a,f>s = -n•fis, XE r, an j ii,.jjs ds == 0. 
r 

(4) 

(5) 

- - - - --- 2 BeKTopa B1 = µVip, H1 = Vip, B2 = H2 = Vef>+H•, B;,H;E(L (0.))3, i = 1,2, 
Y/J;OBlleTBOp.!IIOT HepaBeHCTBaM [7]: 

lfl.B;J::;2µ• I fl.ii; I, 

fl.B--fl.ii-> lfl.ii-12 

' ,_ ' ' 

(6) 

- -c1J -c2J - -c1i -c2J 
rge fl.B; = B; - B; , fl.H; = H; - H; , i = l, 2,. Bepxmre nHgeKcbI 1 II 2 
03Ha'laIOT, 'ITO ncnOllb3yeTC.!I /];Ba Pa:JlIII'IHbIX 3Ha'JeHII.!I BeKTOpOB. 

8TII CBOMCTBa o6ecne'IIIBaIOT Ha OCHOBe TeopnII CllllbHO-~OHOTOHHbIX onepa

TOpOB cyI11eCTBOBaHIIe II egIIHCTBeHHOCTb 0606I11eHHOro pemeHII.11 aaga'III (1 )-(2) 
[5]. IlpII IICnOllb30BaHIIII MeToga KOHe'!HbIX aJieMeHTOB /];JI.II /];IICKpeTiman;IIII He

npepbIBHOM aaga'III (1)-(2) CBOMCTBa (6) o6ecne'IIIBaIOT TaK:lKe cyI11eCTBOBaHIIe II 

CXO/];IIMOCTb KOHe'IHO-aJieMeHTHbIX npII6JIII:lKeHIIM x TO'IHOMY pemeHIIIO [8]. 
B §1.1 onIICbIBaeTC.11 MeTOA KOHe'IHbIX aJieMeHTOB /];JI.II /];IICKpeTm:mu;1m Henpe

pbIBHOM aaga'III (1 )-(2),( 4)-(5). 
BygeM npegnonaraTb, 'ITO o6nacTb n IIMeeT HenpepbIBHbie no JlIInmuu;y rpa

HIID;bl r II ro. B Ka'leCTBe KOHe'!HbIX aJieMeHTOB flj BbI6epeM BbIIlYKllble llieCTII

rpaHHIIKII. Pa:J06beM Q Ha KOHe'!Hble aJieMeHTbI TaK, 'IT06bl fl = Uflj , 0.;nQj = 0, 
Korga i=f=j, npegnorrara.11 TaK:lKe, 'ITO Ka:lK/];a.11 rpaHb aJieMeHTa flj .!IBJI.!leTC.11 JIII6o 

nO/];MHO:lKeCTBOM ro, JIII60 .!IBJI.!leTC.11 rpaHbIO gpyroro aJieMeHTa, a rpaHIID;a r CO

CTaBJieHa U3 rpaHeii: BbI6paHHbIX aJieMeHTOB. 

BBegeM B npocTpaHCTBe c np.11MoyroJibHOI1 gexapToB011 cncTeMoii: xoopgnHaT 

OTHOCIITellbHO nepeMeHHOM ( = ( e, e, (3) mIHeMHble q>yHKD;Ull q>opMbI N:,.. /];JI.II 

xy6a [-1, 1]3 B mrge: 

N:;,(() = (1/8)(1 + am1(1)(l + am2(2)(l + am3(3), m = 1, ... ,8, 

4 

., 

" 

rge KOaq>qi11u;11eHTbl O"mk BhI611paIOTC.!I paBHb!MII 1 IIJIII -1 'IT06bl N:,.. 6bIJia paBHa 

1 B Bepwrrne C H01IepoM m II pa.BHa O B JII060:i'1 i:1pyroii Bepw1rne. Y'IIITbIBaJI, 'ITO 

Ky6 [-1, 1]3 nepexOAIIT B aJieMeHT flj npn IICnOllb30BaHim npeo6pa:::i0Ba1UI.11: 

8 

xk = L xJ,mN:,.((), k = 1,2,3, 
m=l 

rAe xJ,m, k = 1,2,3 - KOOp/];I!HaTbI BepllIIIHbI_ aJieMeHTa flj C HOMepoM m, MO,KHO 

nony'lnTb 6a:::i11cHbie q>yHKu;mr Ha aneMeHTe ni - Nm(((x )), m = 1, ... 8. Pewemre 

3aAa'I (1)-(2), a TaK:lKe (4)-(5) 6ygeM IICKaTb B BI!Ae: 

ip(x) = L1PiNi(x), xEflF; 
j 

,f>(x) = L ,PjNj(x), xEflA; (7) 
j 

s I: s <p (:r) = ,/>1 Nj(,r), .rEflF, 
J 

rAC 'Iepea lpj, ,Pj, 'PJ - o6oaHa'ICHhI HCil3BCCTHhie 3Ha'ICHil.!I noTeHD;llaJIOB B yarrax 

npocTpaHCTBCHHOll CCTKII, nolly<ICHHOJ°! B peayllbTaTe AIICKpeTiman;!III o6naCTII fl. 
IloACTaBll.11.!1 Bbipa:lKeHU.11 All.II 1P II ,p 'Iepea 6a:J!ICHble q>yHKD;IIII ( 7) B 0606I11CHHYIO 

qiopMym1pOBKY aaga•m ( 1 )-(2) II J'llITbIBaJI Kpa~Bh!e ycJIOBll.!I, nolly'IIIM ypaBHCH!le: 

~ 1Pi J µVNi•VNjdn+ I: 1Pi J VN;•VNjdn+ I: t/>j j VN;•VNjdn = (8) 
x,EflF flF x,Er flA x,EflA n .• 

- j N;ii. . fis dS + I: efJJ J v N; . v Njdn. 
r XjEr f!A 

IloTeHD;IIaJI ,PS HaXOAIITC.11 113 ypaBHemrn: 

SJ J -s I: ef>j "V_N;. VNjdn = - NJi. H dS 
x,Eflp flF r 

(9) 

ilHTerpMbI IIO o6naCT.!IM 0.p, QA , BXOA.!lll\IIC B (8) - (9), Bbl'IIICJI.!IIOTC.11 np11 

nOMOll\H cyMMIIpOBaHII.11 BKJia/];OB OT OT/];CllbHbIX aJieMeHTOB Qj, B npe):leJiaX Ka-

2K/];OrO TaKoro aJieMeHTa /l C'UITaeTC.11 noCTO.!IHHOI°I, ee apryMeHT Bbl'llICll.!ICTC.11 B 

u;eHTpe. IloA u;eHTpoM arreMeHTa nOHI!Ma.eTC.11 TO'!Ka, Ka)KAaJI KOOPAI!HaTa KOTOpo{1 

.!IBJI.!ICTC.11 cpeAHIIM ap11q>MCTll'ICCKIIM KOOPAIIHaT Bepllil!H llICCTI!rpaHHl!Ka. 

B §1.2 gaIOTC.11 TeopeTIPieCKUe OCHOBbl MCTOAa KOHC'IHbIX aneMeHTOB. 

IlpoBOAIITC.11 npoBepKa BblnOlIHCHil.11 ycJIOBlli°I TeopeMbI O cyI11eCTBOBa.Hm1 II 

CAIIHCTBCHHOCTII 0606I11eHHOro pewemrn 3UAa'III (1)-(2). 
IlpIIBO/];IITClI TCOpeMa O CXOAIIMOCTII KOHe'IHO-aneMeHTHbIX pewem1{1 K Henpe

phIBHOMY 0606I11eHHOMY pellICHIIIO. 
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B §1.3 AaeTc.!I KpaTKm':i: o6nop MeTOAOB pewemrn AIICKpeT1moBaHHhlx ypaBHe

HHM. ,[(11cKpeTunau1rn HerrpephlBHOII □aAa•m (1)-(2) rrpuBOAIIT K cncTeMe Hemrneii:

HhlX ypaBHemu':i: C panpe,KeHHOM MaTpnueii:: 

F(µ)y = f, µ = µ(y). (10) 

06hl'IHO All.II peweHH.!I TaKIIX CIICTeM IICIIOllb:JyeTC.!I HeKOTOpalI llHHeapunauulI, 

u □aTeM rrpouecc HaxO)KAeHH.!I peweHH.!I CIICTeMbl (10) CBOAHTC.!I K IIOClleAOBaTellb

HOMY peweHHIO lllIHeMHhlX □aAa'I. 06wy10 HTepaQIIOHHYIO CXeMy peweHII.!I HelllI

HeiiHoro ypaBHeHII.!I (10) MO,KHO □aIIIICaTb B BIIAe: 

Bn Yn+I - Yn = -(FnYn - f), 
Tn 

n = 0,1, ... , (11) 

rAe Yo, Fo, To - □aAaHhl. B MarHIITOcTaTnKe o6bl'IHO ucrrollh□yeTc.!I ABa BHAa aToro 

rrpouecca: 

1. Bn = Fn, Tn=l; 

2. Bn = F~, rAe Fn
1 

- MaTp1Iua JlKo6II. 

B aTOM naparpaqie nplIBOAIITC.!I oueHKa CKOpOCTII CXOAIIMOCTII HTepaQIIOHHoro 

npouecca (11) npH Bn = Fn, BbITeKaIOWM II□ o6weii TeoplIH [9]. lfo aToii oueHKII 

He ClleAyeT, 'ITO :JHa'IeHIIC Tn = 1, KOTOpOe 06bl'IHO HCnOllh□yeTC.!I Ha npaKTIIKe, 

.!IBll.!IeTC.!I onTHMallbHhlM. B AIICCepTaQHOHHOM pa6oTe rrpoBeAeHbl 'IIIClleHHbie aKC

nep1IMeHThl no BlllI.!IHIIIO Tn Ha CKOpOCTb CXOAHMOCTII IITepauuoHHoro npouecca. 

(11) [1]. IlpeAllO)KeH anroplITM aAanTIIBHoro Bbl6opa napaMeTpa Tn, KOTOphlii Me

H.!IeTC.!I B naBII_CIIMOCTII OT noBeAeHH.!I HOpMbI HeB.!I:JKII. tho no□BOlllillO B 1.5 - 2 

pana COKpaTIITb 'IIICllO UTepaQIIM. 

B aTOM )Ke naparpaqie KpaTKO onlICaHbl OCHOBHble MeTOAhl peweHII.!I CIICTeM 

Hell1IHeMHhIX ypaBHeHHM. 

He□aBIICIIMo OT cnoco6a ll1IHeapunau1I1I IICXOAHOii: Hemrneii:Hoi"r CIICTeMhl Ha 

Ka)KAOM IITepaQIIH npouecca (11) nplIXOAIITC.!I pewaTh cncTeMy lllIHeMHhlX ypa

BHeHIIM. 

IlplIBeAeHhl HeKOTOphle Ha1I60llee aqiq>eKTIIBHbie MeTOAhl peweHII.!I CIICTeM lllI

HellHbIX ypaBHeHIIM II YKa:JaHa IIX CTerreHb BeKTOplI□aQIIII. 

B §1.4 AaHa KpaTKalI IIHq>OpMaQII.!I O Ha1I60llee II□BeCTHhlX naKeTax rrporpaMM, 

rrpeAHa:JHa'IeHHhlX All.II MOAelllipOBaHII.!I rrpocTpaHCTBeHHhlX MarHIITOCTaTII'IeCKHX 

IIOlleii II lICIIOllb:JYIOWIIX MeTOA KOHe'IHhlX rllleMeHTOB. 0TMe'IeH OIIhlT He O'IeHb 

YAa'IHoii BeKTOplI□aQIIH multigrid-anropnTMa All.II rraKeTa rrporpaMM MAFIA [10]. 
BTOpalI rllaBa IIOCB.!IWeHa 'IlIClleHHhlM MeTOAaM peweHII.!I paccMaTpHBaeMOM 

AIIq>q>epeHQIIallbHOII □aAa'III MarHIITOCTaTHKII. 

B §2.1 OIIHCbIBaIOTC.!I panpa60TaHHbie BeKTOpHble anropIITMhI All.II peweHII.!I 

AIICKpeTII□OBaHHOI':i: □aAa'III [1],[2]. 

B 1989 rOAY All.II Hau6ollee u□BecTHoii rrporpaMMhl TOSCA [11], npeAHa:JHa'IeH

Hoii: All.II pac'IeTOB TpexMepHbIX alleKTpoMarHIITHhlX IIOlleii, 6billlI arrpo6upoBaHhl 
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BeKTOpHble anropIITMhl, KOTOpble IICIIOllb:JOBalIIICb B MeTOAe HeIIOllHOro panllo

)KeHII.!I XolleCcKoro C corrp.!I)KeHHhlMII rpaAIIeHTaMII. ABTOpaMII pa60Thl [12] 6blll 

rrpeAllO)KeH anroplITM yMHO)KeHJI.!I KOHe'IHO-alleMeHTHOM MaTplIQhl Ha BeKTop, oc

HOBaHHhlM Ha BhlAelleHIIII B MaTplIUe "nceBAOAIIaroHaneii". ThKIIM o6panoM, npo

ueAypa YMHO)KeHII.!I panpe)KeHHOM MaTplIUhl Ha BeKTOp CBOAIIllaCb K orrepaQHHM C 

BeKTopaMn AllHHoii :5 N, rAe N - panMepHOCTh pewaeMoii cncTeMhl, OAHaKo rrpII 

aTOM cywecTBeHHO ncnollb30BalIIICb oco6eHHOCTII rrapanllellbHO-BeKTOpHOH 0BM 

CRAY X-MP. 

B AlICCepTaQIIH rrpeAllaraeTC.!I Apyroii: nOAXOA K IIOCTpOeHUIO BeKTOpHbIX an

ropIITMOB, CB.!I□.!IHHhlM c BBeAeHueM ABYX BIIAOB HyMepaQIIH HeutJBeCTHhlx: ec

TeCTBeHHoro H MHorouBeTHOro yrrop.!IAO'IeHirn All.II peryll.!IpHbIX ceTOK. PaccMa

TpHBaeTC.!I CTerreHb BeKTOpH□aQUH He TOllbKO npoueAYPhl YMHO)KeHH.!I KOHe'IHO

alleMeHTHOM MaTpIIUhl Ha BeKTOp, HO II peweHH.!I CIICTeMbl C q>aKTOpII□OBaHHhlM 

rrpeA06ycllOBlIHBaTelleM. Panpa6oTaHHhlM IIOAXOA All.II peweHH.!I TpexMepHhlX He

llHHeMHhlX □aAa'I MarHIITOCTaTIIKII aqiq>eKTHBeH, B 'IaCTHOCTII, All.II BeKTOpHbIX II 

rrapanllellhHO-BeKTOpHbIX 0BM, BbIIIOllH.!IIOWIIX 6bICTphle orrepaQHH c BeKTOpaMII 

cpeAHeii AlllIHbI. 

B pe□yllhTaTe npeAllaraeMoro MHorouBeTHoro ynopHAO'IeHII.!I MaTpHua llHHea

p1I□oBaHHOH cIIcTeMhl cTaHOBIITC.!I 6llo'IHOH, rrpII aioM Ka)KAhlH 6lloK HMeeT TOllhKO 

OAHY OTllII'IHYIO OT HYll.!I AHaroHanb. EcTeCTBeHHM HyMepaQH.!I ncnollb3JeTCH All.II 

CTaHAapTHOro MeTOAa HeIIOllHOro panllO)Ke~rn XolleCCKOro, a MHOrOQBeTHOe yrro

PHAO'IeHne - All.II anropIITMOB YMHO)KeHII.!I MaTpIIUhl Ha BeKTOp II peweHH.!I CII

CTeMbl C rrpeA06yCllOBllIIBaTelleM. IlpII TaKOM KOM6IIHIIpOBaHHOM IIOAXOAe JAaeTC.!I, 

BO-rrepBbIX, COXpaHIITb CBOllCTBa rrpeAo6ycllOBllIIBaTell.!I, a, BO-BTOphlx, B :JHa'III

TellbHOM Mepe IICIIOllb:JOBaTb BO:JMO)KHOCTII BeKTOpHoro KOMIIbIOTepa, nocKOllbKY 

YKa:JaHHble anropIITMbl npII MHOrOQBeTHOM ynop.!IAO'IeHIIII CBOA.!ITC.!I K onepaQII.!IM 

c BeKTopaMII AllIIHoii :5 N / c, rAe N - panMepHoCTh cIIcTeMhl, a c - MaKCIIManb

Hoe 'IIICllO OTllII'IHhlX OT HYll.!I KOaq>qinuneHTOB MaTpIIUhl B OAHOH CTpOKe. IIpoue

AYPhl YMHO)KeHII.!I MaTpIIUhl Ha BeKTOp II peweHII.!I TpeyrollbHhlX CIICTeM na C'IeT 

IICIIOllb:JOBaHII.!I BeKTOpOB TaKOH AllIIHhl BhlIIOllH.!IIOTC.!I, HarrpIIMep, Ha BeKTOpHOH 

0BM CONVEX C120 B 2-3 pana 6blcTpee, 'IeM no CTaHAapTHhlM nporpaMMaM, 

OTTpaHCllIIpOBaHHhlM C BeKTOpHOM OIITIIMII:JaQIIeii. 

,[(anee paccMaTpIIBaIOTCH oco6eHHOCTII BeKTOpII□au1rn npeAo6ycnoBlleHHoro 

MeTOAa conp.!I)KeHHbIX rpaAIIeHTOB. Ilp1IBOA.!ITC.!I TPII panlllI'IHhlX cnoco6a HyMe

paQIIII HelI□BeCTHhlX: 

- ecTeCTBeHHOe ynopHAO'IeH1Ie; 

- yrropHAO'IeHHe no o6paTHOMY anroplITMY KaTXIIlllla-MaKKII; 

- MHorouBeTHOe ynopHAO'Iemre. 

06cy)KAaIOTCH CTPYKTYPhl MaTplIU, BO□HIIKaIOWIIe npu Bbl6ope onpeAelleHHoro 

cnoco6a HyMepaQIIII. Ilp1IB0AHTCH qiopMYllhl anrop1ITMOB HenollHoii: q>aKTop1ma

U1III XolleCCKoro, peweHII.!I CIICTeMbl c npeA06ycnoBll1IBaTeneM; paccMaTplIBaIOTC.!I 

MeTOAhl YMHO)KeHII.!I panpe,KeHHoii: MaTplIUhl Ha BeKTop. YKa:JhlBaeTc.!I cTerreHh 

BeKTOpIIaaQIIII Bcex anroplITMOB. 
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B aTOM iKe rraparpaqie rrpoµ;eMOHCTpupoBaHbI rrpeHMYil\eCTBa rrpeµ;naraeMoro 

KOM6HHHpoBaHHoro rroµ;xoµ;a Ha rrpnMepe pac'!eTa rrpocTpaHCTBeHHoro MarHnT

Horo IIOIT.II crreKTpOMeTpII'IeCKOro MarHIITa Ha HeCKOITbKIIX ceTKax. IlpIIBOl];.IITC.II 

penynbTaTbI cpaBHeHII.II anropIITMOB HeIIOITHOII q>aKTop1man;nn, pewemrn CJICTeMbI . 

ypaBHeHHH c rrpeµ;o6ycnoBmIBaTeneM n YMHOiKeHIUI MaTpIIIJ;bI Ha BeKTOp µ;n.11 pan

ITU'IHbIX crroco6oB yrrop.!Il];O'IeHH.II HeH::JBeCTHbIX. B penynbTaTe rrpnMeHeHirn pan

pa6oTaHHbIX BeKTOpHbIX anropnTMOB, 0611\ee BpeM.11 pewemrn Hemrne:i'rno:i'1 cn

CTeMbI ypaBHeHHH Ha ceTKe ll3 42120 ynnoB COKpaTJIITOCb B 2,3 pana IIO cpaBHe

HHIO C BapnaHTOM rrporpaMMhI, lICIIOITb::JYIOil\eII OTTpaHcnnpoBaHHbie C BeKTOpHOH 

OIITJIMJI3ar(Heii CTaHµ;apTHbie anropIITMbI. Bonee rroµ;po6HO penynbTaTbI pac'!eTOB 

nnnaraIOTC.II B rnaBe 3. 
Oco6eHHOCTbIO naµ;a'ln, paccMaTp1rnaeMo:i'1 B µ;uccepTan;m1, .IIBIT.IIeTC.II Heo6xo

µ;nMOCTb TO'!Horo y'leTa ycnOBH.II Ha 6eCKOHe'IHOCTH. B CB.II3JI C aTnM, B §2.2 rrpn

BOl];HTC.II TexHJIKa IICIIOITb::JOBaHirn 6eCKOHe'IHbIX aneMeHTOB [3]. ,UaIOTC.II TeopeTII

'!eCKHe on;eHKH arrrrpOKCHMIIPYIOil\IIX CBOIICTB 6ecKOHe'!HbIX aneMeHTOB II rrorpe

IllHOCTJI µ;ncKpeTH3ar(HH B aTOM cny'!ae. 

B §2.3 IIplIBOl];HTC.II OIITHMH3ar(II.II anropIITMOB BbI'llICITeHirn IIOTeHIJ;IIaJia <j>8 Ha 

rpam1n:e o6nacTn, ::JaHJIMaeMOH qieppoMarHeTUKOM [4]. Ha OCHOBe Ol];HO::JHa'IHOro 

rrpeµ;cTaBneHn.11 Hs = 'v</> 8 , rµ;e Hs -rrone OT ofo,10ToK, BbI'lncn.11eMoe rro naKoHy 

Bno-CaBapa (3), rrp"eµ;naraeTC.II ymrnepcanbHhIII aKoHoMJI'IHhIH anropuTM BbI'III

cneHII.II IIOTeHn;uana </>8 Ha rpaHun;e qieppoMarHeTHKOB. 

TpeTb.lI rnaBa IIOCB.II~eHa pac'!eTy [5] rrpocTpaHCTBeHHOro MarHIITHOro IIOIT.II 

crreKTpoMeTpn'IecKoro MarHIITa CII-40 ycTaHOBKII 8KC"9:APM n orrucam110 KOM

rrneKca rrporpaMM MSFE3D [6]. 
B §3.1 qiopMynupyeTC.II q>II3II'leCKa.lI IIOCTaHOBKa naµ;a'IU. 

CrreKTpoMeTpn'IeCKIIH MarHIIT CII-40 aKTIIBHO IIcrronhnyeTc.11 B aKcrrepm.wH~ 

TaJibHbIX ycTaH0BKaX µ;n.11 nccneµ;oBaHIUI pacrrap;HbIX rrpon;eCC0B nap.!IiKeHHbIX 'Ia

CTHIJ; BhICOKHX aHeprn:ii:, B '!aCTHOCTH, B ycTaHOBKe 8KC"9:APM, BaiKHeHillHM ane
MeHTOM KOTOpoii OH .IIBIT.IIeTC.II. 

MarHHT CII-40 rrpeµ;cTaBn.11eT co60:i'1 µ;urronb III-06panHo:i'1 qiopMbI c BHCillHIIMH 

panMepaMn 450x323x305 cM3
, arrepTypo:ii: 100x48 cM2, µ;mrno:i'1 .!IpMa MarHIITa 

190 cM n c pa6o'leii BenII'IIrno:ii: MarHIITHoro rron.11 B n;eHTpe - 0.75 Th. 
Orrpeµ;eneHne IIMIIYITbCOB nap.!IiKeHHbIX '!aCTHIJ; B aKcrrepuMeHTe .IIBIT.IIeTC.II BaiK

HCllllleH naµ;a'leH II ee peweHne ocHoBaHo Ha xopomeM nHaHnu MarHHTHoro rromr 

He TOITbKO BHYTPII MarHJITa, HO u B o6nac_TII pacrronmI<eHII.!I MlllllCHCII II µ;pyro:ii: 

perncTpIIpyIOil\eH arrrrapaTypbI. 

B §3.2 IIplIBOl];.IITCJI penynbTaTbI 'IIICITeHHOro MOp;ennpoBaHJUi. IloKa::JaHo, 'ITO 

B rrpeµ;enax l];ITHHbI MarHHTa BbI'IIICITeHHbie 3Ha'ICHU.!I IIOIT.!I II penynbTaTbI H::JMe

peHIIH OTITII'laIOTCJI He 6onee, '!eM Ha-2-10-3 _ Pac'leTbI TaKiKe IIOKa::JbIBaIOT, 'ITO 

Moµ;ynII OTHocnTeITbHbIX KOMIIOHeHT rronH B,,/ Bo II Bz/ B 0 Ha Topn;ax MarHJITa 

HC rrpeBOCXOl];.IIT 2,7 % II 4 % COOTBCTCTBeHHO. B yµ;aneHHOH o6naCTII paC'ICTbI 

cµ;enaHbI IIO µ;ByM MeTop;nKaM, rrpIIBOl];IITC.II cpaBHCHJUI aTIIX MeTOl];IIK. 

B §3.3 µ;aeTCH KpaTKoe ormcam1e panpa6oTaHHoro KOMrrneKca rrporpaMM 
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MSFE3D, rrpeµ;Ha::JHa'!eHHoro µ;nH Moµ;ennpoBamrn rrpocTpaHCTBeHHhIX MarHIITO

CTaTH'lecKIIX rrone:i'1. IlpuBOl];JITC.II oco6eHHOCTU UCIIOITb::JyeMOII µ;nqiqiepeHIJ;UaJib

HOIUI IIOCTaHOBKII, OCHOBHbIX anropHTMOB, peanunoBaHHbIX B KOMIIITeKce, CTpyK

Typa KOMIIITeKca JI ero B03MOiKHOCTll. IlpnBOl];llTC.II rrpIIMep pac'leTa Toponp;anb

HOIUI MarHIITHOII ClICTeMbI, µ;n.11 KOTOpo:ii: Tpe60BaJIOCb orrpeµ;emITb pacrrpeµ;eneHIIe 

MarHIITHOro IIOITJI BHYTPII qieppoMarHeTHKa. 

B naKITIO'leHim rrpIIBOl];.IITCJI OCHOBHbie penynhTaTbI µ;nccepTan;1m: 

1. IlpII l];IICKpeTiman;un HerrpepbIBHOll naµ;a'IJI MarHIITOCTaTJIKII MeTOl];OM KO

He'!HbIX aneMeHTOB (MK8) rrony'laeTcJI cJicTeMa HemrneHHhIX ypaBHem1ii. 

BBeµ;eHHhIII B UTepan;noHHhIII rrpon;ecc pewemrn aTOH cucTeMbI rrapaMeTp 

TnE(0, 1] rronBonnn cyll\eCTBeHHO coKpaTIITb 'IIIcno HemrneHHbIX nTepan;nii. 
. 7 

2. Ha OCHOBe oµ;HonHa'!Horo rrpeµ;cTaBnemrn jj s = - 'v <j>8 , rµ;e jj s- rrone OT 06-

MOTOK, BhI'IIICIT.!IeMoe rro naKoHy Buo-CaBapa, rrpeµ;noiKeH ymrnepcanbHhIH 

aKoHOMH'IHbIII anropIITM orrpeµ;enemrn rroTeHn;uana <j>8 Ha rpam1n;e qieppo
MarHeTuKa. 

3. Panpa6oTaHHbie BCKTOpHb!C anropnTMbl pellleHirn CIICTeMbI'mrne11HbIX ypa

BHCHIUI C panpeiKCHHOll MaTpIIIJ;Cll II03BOm1m1 B HCCKOITbKO pan ycKOpIITb 

rrpon;ecc pewemrn HenuHe:i'rno:i'1 cncTeMbI. 

4. Panpa6oTaHa HOBa.lI cxeMa rrpeµ;cTaBITCHIIJI KOHe'IHO-aneMeHTHOll panpe)KeH

HOII MaTpnn;hr. 

5. Panpa6oTaHbI anropUTMbI l];IICKpeTiman;un HerrpepbIBHOfr naµ;a'IJI c IICIIOITb-

30BaHneM 6ecKOHC'IHhIX aneMeHTOB µ;nH 6onee TO'!Horo Y.'leTa ycnoBirn Ha 

6ecKOHC'IHOCTlI. l1ccneµ;oBaHbI arrnpoKCIIMIIPYIOil\lIC CBOIICTBa 6ecKOHC'IHbIX 

aneMCHTOB. 

6. BbIIIOITHCHbl paC'-ICTbl TpexMepHoro MarHIITOCTaTn'leCKoro IIOIT.!I CIIeKTpo

MeTpH'leCKoro MarmITa CII-40 ycTaHoBKn 8KC"9:APM MeToµ;oM KoHe'!HhIX 

aneMeHTOB II npoBeµ;eHO cpaBHeHne C µ;aHHbIMII ll3Mepemu'i:. IloKa::JaHO, 'ITO B 

cpeµ;Her'i: 'laCTII MarHIITa OCHOBHa.lI OTHOCUTeITbHa.lI KOMIIOHCHTa IIOIT.II By/ Bo 
IIO penynbTaTaM pac'!eTOB JI µ;aHHbIM II3Mepem1r"1 OTITII'laeTC.II He 6onee, '!eM 
Ha 2-lQ-3 • 

7. C IIOMOil\bIO µ;Byx MeToµ;nK: MK8 n MK8 c 6ecKOHC'IHhIMII aneMeHTaMn

BhIIIOITHeHbI pac'ICTbI TpexMepHoro MarHl!THOro IIOIT.II CII-40 B o6naCTII, rµ;e 

pacnono)KeHbI perncTpnpyIOil\a.lI arrnapaTypa JI MlIIlleHn. Pac'ICThI non.11, Bbl

rronHeHHbie no aTJIM MeTOl];UKaM, OTITH'laIOTC.!I He 6onee, 'IeM Ha~ 10-3 • 

8. Conµ;aH ymrnepcanbHhIII KOMimeKc rrporpaMM MSFE3D, rrpeµ;HanHa'leHHhiii 

µ;nH pac'!eTOB npocTpaHCTBCHHbIX MarHIITOCTaTI!'ICCKI!X IIOITCII, BKITIO'laI0-

11\IIll panpa6oTaHHhie BeKTOpHbIC anropnTMbI, 6naroµ;ap.11 'ICMY OH MOiKeT 

oco6eHHO aqiq>eKTIIBHO IICIIOITb::JOBaTbCJI Ha BCKTOpHbIX u rrapannenbHO-BeK

TOpHbIX KOMIIbIOTepax. 
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