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1. IlocmaHoeKa 3aOat~u 

)l;aua Ma Tpuu.a 

K==Dt-G 

nopH)J,Ka N , r)J,e D )J,Harouanbua, a G - ueKoTopaH MaTpuu.a, 
ua3hmaeMaH B03MymeuueM. Tpe6yeTcH uaiiTH co6cTBeHHhie 
3HalJeHHH u co6cTaeHHhie aeKTOPhi MaTpHU.hi K , T.e. uaiiTH 
MaTpuu.y I+ WI I - e)J,HHH'IHaH MaTpuu.a:l u D f H I H- )J,ua
rouanhHaH MaTpuu.al, TaKue, 'ITO 

( D +G) (I+ W ) = (I+ W ) (D + H) . 11.11 

Bae)J,eM MaTpH'IHbie onepau.uu S H T cne,nyiOIIJ.HM o6pa3oM. 
~A)- nuarouanhHaH MaTpnu.a, rnaauaH )J,Harouanh Koiopoil 
coananaeT c rnaauoil )J,HarouanhiOA, a T(A)=A-S(A). )l.nH 
TOrO, lJTOfihi O)J,H03HalJHO 3a)l,aTb COfiCTBeHHbie BeKTOpbl 
Ma TPHU.hi Dt- G , noTpe6yeM, 'ITOfihi It-W HMena e)J,HHHU.hi ua 
rnaauoil )J,Harouanu, T .e. )J,ononHHM I 1.11 ycnoaneM 

S(W) = 0, 11.21 

a Tpe6oaauue )J,HarouanbHOCTH H Bhipa3HM B BH.D.e 

T(H) = 0. 11.31 

1-ITaK, Ja)J,a'la )J,HarouanuJaU.HH MaTpHU.hiDt-G liJopMynupyeTcH 
B BH)J,e CHCTeMhl MaTpH'IHbiX ypaBHeHHH 11.11 - 11.31. 

3 



2. Hmepat~UOHHbtii npot~ecc OAR cAy<~aR HeKpamHbiX 
co6cmeeHHbtX 3Ha<~eHuii D 

MaTpHqHoe ypaBHeHHe /1.1/ JanHweM B BH.D.e 

S(H) = S(G +GW- WH +DW-WD), 

T ( D W- W D)= T (-G + H -GW + WH). 

TaK KaK H ,D.HaroHanLHa, TO 

S(H)= H. 

/2.1/ 

/2.2/ 

,D;anee, TaK KaK D .D.HaroHanLHa, TO, KaK nerKo npoBepHTh, 

S(DW -WD) = 0, T(DW -WD) = DW- WD. 

He yMeHLIIIaH o6IUHOCTH paccMoTpeHHH, 6y.n,eM cqHTaTL,qTo 

S( G) =0, 

H6o B D+G Bcer.n.a MO:>KHO onpe.n.enHTh G TaK, qTo ee rnaBHaH 
.D.HaroHanh 6y.n,eT HyneBou. Henocpe.n.cTBeHHO npoBepxeTcH, 
qTo HJ /1.2/ - /1.3/ cne.n.yeT 

S(WH) =0. 

C yqeTOM C,D.enaHHhiX BhiWC JaMeqaHHH HCXO,D.HaH CHCTe
Ma /1.1/ - /1.3/ OKa3b1BaeTCH 3KBHBaneHTHOH cne.n,yiOIUCH: 

H=S(GW), 

DW-WD = -T(G +GW-WH), 

S(W) =0, T(H)=,O. 

/2.3/ 

/2.4/ 

/2.5/ 

,D;nx ee peweHHX npe.n.naraeTcH cne.n,yiOIUHH HTepauHoHHhiH 
npouecc: 

H 0 = W0 =0, 

Hp+l=S(GWP)' 

DWp+l -Wp+l D=-T(G+GWP -WPHP ). 

/2.6/ 

/2.7/ 

/2.8/ 

IlpH 3TOM W p+l H3 /2.8/ HaXO,D.HTC11 cne,D.yiOIUHM o6pa30M: 

4 

(Wp+l )ij =-(T(G+GWp-WpHp))ij /((D)ii-(D)ii ), i,bj, 

( w p+l ) ii = 0· 

YcnoBHH /2.5/, KaK MO:>KHO npoBepHTh, BLmonHXIOTcx Ha 

BCCX HTepaUHHX. 

3. 02paHu<~eHHocmb u cxoouMocm& umepat~uii OAR 
cAy<~aR HeKpamHbtX co6cmeeHHbtX 3Ha<~eHuii D 

T e ope M a 1. EcnH ~ - MHHHManhHOe paccTOXHHe 
MC:>K.D.Y .D.BYMH co6cTBeHHhiMH JHaqeHHXMH D , a H f3- He
KOTOpbie llOnO:>KHTenhHbie KOHCTaHThi, CB11.3aHHbie COOTHOIIIe

HHeM 

f3 
(N -l)a 

1+(N-0(a+a2 )' 

/3.1/ 

H 

{3!\ 
g = max \ (G) . . \ s --, 

i,j IJ N-1 
/3.2/ 

TO HTepaUHH /2.7/ - /2.8/ C HaqanhHbiMH ycnOBHHMH /2.6/ 

orpaHHqeHLI: 

\ (W ) .. \<a, 
p I] -

\( H ) .. \<(N-1)ag. 
p IJ -

/3.3/ 

EcnH npH 3TOM 

~ 
g < ' 

( N -1 )(2 +a) 

/3.4/ 

TO HTepaUHH CXO,D.HTCH HC Me,D.nCHHCC, qeM reoMeTpHqecKaH 

nporpeccHH co JHaMeHaTeneM 

e=vN-l(2+a) <1. 
~ 

/3.5/ 

,lJ;oKaJaTenhC"TBO. 113/2.7/-/2.8/, yqHTbiBa11., qTO 
G HMeeT B Ka:>K.n,ou cTpoKe He 6onee N-1 HeHyneBLIX 3neMeH
TOB, a H - He 6onee o.n.Horo 3neMeHTa, HeTPY.D.HO ycTaHo
BHTh, qTo nocne.n,oBaTenLHOCTH hp, wp, p = 0,1 , ... , y.n,oB
neTBOpHIOIUHe peKyppeHTHhiM COOTHOWeHH11.M 
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hp+l =(N-1)gwp , 

w = ..l ( g + w h + ( N -1) gw ), 
p+l ~ p p p 

13.61 

13.71 

Ma)l(opupyroT cooTBeTCTBeHHo J(H ~iiI H J(W P )ij J. 
.LJ;anee, nycTb ,D;nH k=0,1, ... ,p y)l(e ycTaHoaneHo, 'ITO 

wk :Sa, hk:;; (N-1)ag . 

Tor,D;a H3 13.11 - 13.51 cne,D;yeT, 'ITO 

h P + 1 ::; {N-1 ) ag , w 
1 

<a , 
p+ -

H TeM caM hiM orpaHH'IeHHOCTb HTepau;uii 12.7 I - 12.81 He
paBeHCTBaMH 13.31 ,D;OKa3aHa. 

.lJ;nH ,D;OKa3aTenhCTBa CXO,D;HMOCTH HTepai.J;HH 3aMeTHM, 
'ITO o , < , p =0 1 , ... , y,D;oaneTaopHIOUUie peKyppeHTHbiM p p ' 
COOTHOIIleHHHM 

op+ 1 = (N -1)g<P , 13.81 

<p+l = i (wPoP+ ((N-1)g + h p-I) < P ), 13.91 

Ma)I(OPHPYIOT COOTBeTCTBeHHO J(Hp-Hp-l)ijJuJ(Wp-~-1 )ij J. 
llycTh ,D;nH k = 0, 1 , ... , p y)l(e ycTauoaneuo, 'ITO 

k 
f k ::; ce . 

Tor,D;a, HCITOnb3YH TO, 'ITO £ p < f p-I , H3 13.11 - 13.7/ ua
XO,D;HM, 'ITO 

2 
c < e f 1 , 
p+l- p-

OTKy,D;a BBH,D;y TOrO, '!ToO< 1 , cne,D;yeT CXO,D;HMOCTb HTepa
UHH 12.7 I - 12.81. 

4. HmepalJUOHHbiU npo14ecc OA.R cAyt~a.R KpamHbiX 
u 6AU3KUX co6cmeeHHbiX 3Hat~eHuii D 

Ecnu MaTpuu;a D HMeeT KpaTHhle co6cTBeHHhle 3Ha'leHHH, 
npe,D;no)l(eHHhiH Bhiiiie HTepau;HOHHbiH npou;ecc 12.61 - 12.81 
,D;On)l(eH 6b1Tb HeCKOJibKO BH,D;OH3MeHeH. 
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7 ,, 

1 
\ 

S(A) onpe,D;eJIHeTcH KaK onepau;HH BbipeJaHHH H3 MaTpH
Uhi A KaanpaTHbiX 6noKoB aoKpyr rnaBHOH ,D;HaroHanH; paJ
Mephl 3THX 6nOKOB paBHbl KpaTHOCTHM C06CTBeHHbiX 3Ha'le
HHH D . TaK, HanpHMep, ecnH ecTb TOJibKO O,D;Ha napa KpaT
HbiX co6cTBeHHbiX 3Ha'leHHH (D )ll =( D )22 , TO MaTpHI.J;a S(A) 
HMeeT 

{S(A)) ij =(A\i , i =1 ,2, j =1 ,2; 

(S(A)) .. =(A) .. , i=3,4, ... ,N. 
II II 

OcTanbHble 3neMeHThi S(A) - HYJIH. T(A) onpe,D;enHeTcH KaK 
A-S (A). TaKHM o6pa3oM, xoTH cucTeMa MaTpH'IHbiX ypaa
HeHHH 11.11 - 11.31 clJopManbHO COXpaHHeTCH, HCXO,D;HaH 
nocTaHOBKa Ja,D;a'IH BH,D;OHJMeHHeTcH: MaTpHu;a D+G npuao
,D;HTCH K 6nO'IHO- ,D;HarouanbHOMY BH,D;y B COOTBeTCTBHH C Ha
JIH'IHeM B D KpaTHbiX co6cTBeHHbiX 3Ha'leHHH. 

CucTeMa ypaaueHHii I 1.11 - I 1.31 npuao,D;HTCH K BMY 

H=S(G +GW-WH), 14.11 

DW-WD =-T(G+ GW -WH) , 14.21 

S(W) =0, T(H)=O, 14.31 

H ,D;nH ee peiiieHHH npe,D;naraeTCH HTepau;HoHHhiH npou;ecc 

H 0 =W o= o, 14.41 

H p+ 1 = S ( G + GW P - W P HP), 14.51 

DW +I -W +I D = -T(G+GW -W H ). p p p p p 14.61 

fipH 3TOM W p+l H3 14.61 HaXO,D;HTCH CJie,D;yiOUUIM o6pa30M: 

(W 1) .. = -(T(G +GW -W H)) .. /((D) .. -(D) .. ), p + IJ p p p I J II JJ 
eCJIH 

(D) .. f-(D) .. 
It JJ 

HHa'le 
(Wp+l )ij =0. 

Cny'laii 6JIH3KHX co6cTBeHHbiX 3Ha'leHHH MaTpHI.J;bl D cao
,D;HTCH K CJiy'laiO KpaTHblX C06CTBeHHbiX 3Ha'leHHH ITyTeM 
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nepepacnpe.n:eneHH.H Me)l(.n:y D H G 3neMeHTOB rnaauoii .n;Ha

rouanH Ma TPHUbi D + G . 

5. OzpaHu<~eHHocmb u cxoouMocmb umepat~uil 
0/I.R c/ly'la.R KpamHbiX co6cmeeHHbiX 3Ha<~eHui1 D 

TeopeMa 2. EcnH L'l - MHHHManbuoe paccTO.HHHe 

Me)l(.n:y pa3nH'IHbiMH co6cTBeHHbiMH JHa'leHH.HMH Ma TPHUbi 
D, a H f3 - ueKOTOpbie nono)I(HTenbHbie KOHcTaHTbi, CB.H

JaHHbie COOTHOWeHHeM 

H 

1 -a 
f3 = a -y-:;:--;- ' 

f3L'l 
g < --, - N 

/5.1/ 

/5.2/ 

TO HTepaUHH /4.4/ - /4.6/ orpaHH'IeHbl CBepxy BenH'IHHaMH 

a 
ICWP)ii::;;"N, I(H) .. I<afl 

p lj -¥" /5.3/ 

EcnH npH 3TOM 

2a+f3<1, /5.4/ 

TO HTepaUHH CXO.lJ:.HTC.H He Me.n;neHHee, 'leM reoMeTpH'IeCKaJI 

nporpeccHJI co JHaMeua TeneM 2 a+ f3. 
)l.oKaJaTenbCTBO. Ilo.n:o6uo TOMy, KaK 3TO c.n:ena

uo npH JJ:OKa3aTenbCTBe TeopeMbl 1, y6e)l(.n;aeMCJI, 'ITO 
h , W , y.n;oaneTBOpJIIOIUHe peKyppeHTHbiM COOTHOWeHHJIM 

p p 

h P + I = g + N gw P +N w P h P , /5.5/ 

w I= l..(g +Ngw + Nw h ), 
p+ L'l p p p 

/5.6/ 

Ma)I(OPHPYIOT cooTBeTCTBeuuo I (H ).. I H p IJ I (W p) ij I • a 
Op H f p , Y.D:OBneTBOp.HIOIUHe COOTHOWeHHJIM 
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op +·I= N g£ + Nw o + Nh 1 f , p p p p- p 
/5.7/ 

1 
f 1 =--(Ng£ +Nw o +Nh 

1
£ ), 

p+ L'l p pp p-p 
/5.8/ 

Ma)I(OPHPYIOT COOTBeTCTBeHHO I (H p - Hp-l)ijl H I (Wp- wp-I ) ij J. 
Ha OCHOBaHHH /5.5/ - /5.6/ H /5.1/ - /5.2/ y6e)l(.n;aeM

CJI B TOM, 'ITO HMeeT MeCTO ycnOBHe orpaHH'IeHHOCTH 
/5.3/, a H3 /5.7 I - /5.8/ uaxo.n;HM, 'ITO 

k ok ::;c(2a +{i)' 

f k :S ~ (2 a +{3) ,k 

OTKy.n:a cne.n:yeT CXOJJ:HMOCTb HTepaUHH /4.4/ - /4.6/ ITpH 
BbiiTOnHeHHH ycnOBHJI /5.4/. 

6. CpaeHeHue c u3eecmHbiMU MemooaMu 
OUQZOHQJIU3QijUU 

Ilpe.n:no)l(eHHbie B uacTOJIIUeii pa6oTe aapHaHTbi HTepa
unouuoro MeTo.n:a peweuH.H Ja.n:a'IH ua co6cTBeHHbie Juaqe
HHJI npe.n:cTaBnJIIOT co6oii pa3HOBH.D:HOCTH MeTo.n;a B03MYIUe
HHH, WHpOKO HCITOnb3yeMoro B KBaHTOBOH MeXaHHKe /eM., 
uanpuMep, /I/ cTp. 161/. 

)l.n11 cnyqag HeKpaTHbiX C06CTBeHHbiX 3Ha'!eHHH MaTpHUbl 
D uJnO)I(eHHbiH J.n:ech MeTo.n: uecKonhKO oTnuqaeTCJI oT npe.n:
no)l(euuoro pauee HTepauuouuoro MeTo.n:a 2 H ero aapHaHTa 
.n:n11 B03MYIUeHHH Manoro paura/ 3/. 

ll3aecTHhiH MeTo.n: yToqueuuJI nonuoii npo6neMhi co6cT
aeHHhiX 3Ha'leHHH jcM/ 4! , CTp. 200 H ;;. , CTp. 344/ 
$aKTH'IeCKH JIBnJieTcJI nepaoii HTepauueii MeTo.n;a, npe.n:no
)l(euuoro a 121 u B uacTOJIIUeii pa6oTe. 
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