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I. o6mAR XAPAKTEPHCTHKA PA60T~ 

AKTYARbHOCTb llPQ5gEMY 

ITpH 4HCReHHOM MO.IleJIHpOBaHHH WHpOKOIO X 

B IJIH3HKe 3JieMeHTapHYX qaCTHU H TeO] 

C03.1laHHH eoBpeMeHHYX 

Bee 6onee BYeoxHe 

3JieKTpOIJIH3HqeeKHX 

Tpe6oBaHHR K 

3KCnepHMeHT8 H, Kalt eJie.llCTBHe, K HeOI 

Tpe6yeMOIO pe3yJibTaTa BYqHCJIHTeJibHYM pee 

BYqHCJIHTeJibHOA TeXHHitH (B qaCTHOeTH, rrep 

BYqHCJIHTeJibHYM eHCTeMaM He TOJlbltO 

3KOHOMHqHYX BY4HeJIHTeJibHYX 8JI10pHTMOB, 

peweHHe Bee 6onee enoiHYX IJIH3HqecxJ 

CTHMYJIHpyR pa3BHTHe ~HCJieHHYX MeTO.IlOB. 

3Ha4HTeJibHOe MHoroo6pa3He MaTeMaTHqeeKll 

xaqeCTBeHHOe ycnmrueuHe (uarrpHMep, rrepe: 

HeJIHHeAHYM, yBeJIH~eHHe pa3MepHOeTH 3a 

rrepeMeHHYM, BYeOKHe Tpe6oBaHHR K 

HeiTOJib30BaHHe HeTpa.llHUHOHHYX rroeTaHOBOK 

.11HaiTa30He IJIH3H4eCKHX rrapaMeTpOB e yqeT 

OC06eHHOCTeA) Tpe6y~T nocTaTO~HO yHHBep 

rrpH C03naHHH 3KOHOMHqHYX aJIIOpHTMOB HX 

B HaCTORmee BpeMR HMeeTCR OlpOMHYA 

MaTeMaTHqeeKOA IJIH3HKH, B pa3BHTHe KO 

BHeeJIH I . H.Mapqyx, A.A . CaMapeKHA, C. R.I 

yqeuHKH. ITpH peweHHH 6oJibWHX 3anaq B p 

06JiaeTH, JtaK npaBHJIO, B03HHKaeT MHOXeeTE 

qHeJIHTeJibHYX exeM (KOTOpYe MOIYT OTJIH43 

THKaM Ha rropRnOK H 6oJiee), B CHJIY MHOIOC 

JieHHR HeXO.IlHOIO ypaBHeHHH, Kalt MHOroypc 

ua xax.noM anropHTMH4eexoM ypoBHe peu 

cpaBHHTeJibHO rrpoeTYX rron3a.naq, .llJIH xo1 

MaKeHMaJibHO yqHTYBa~mHe oeo6eHHOCTH 

803HHJtaeT eJIOIHaR 38.1laqa OITTHMH38UHH 1 

ueeeoa, T . e. rroeTpoeHHH anropHTMOB, uaHC 

ITO TeM HJIH HHYM KpHTepHHM: cyMMapH 

Heo6xonHMaH rraMHTb 9BM, .llOCTHXeHHe 

Heene.nyeMOA eHeTeMY, B03MOXHOeTH .llJIH pa 

H T. rr . 3anaqa rroeTpoeHHH TaKHX anropHTI 

paeqeTax TpexMepHYX, xBa3HJIHHeAHYX Yl 
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I. 06mAR-XAPAKTEPHCTHKA PA60TY 

AKTYARbHOCTb llPOEREMU 

llpH qHcneHHOM MO,AeRHpOBaHHH lliHpOKOI'O Kpyra 3a,Aa'l, B03HHKaiOUlHX 
\ 

8 4JH3HKe . aneMeHTapHYX 'laCTHl{ H TeOpHH H,Apa, a TaKll:e npH 

C03,AaHHH COBpeMeHH~X 

oce 6onee B~COKHe 

3ReKTp04JH3H'leCKHX ycTaHOBOK, 

Tpe6ooaHHH K pe3yRLTaTaM 

npe,A'bHBRS;IIOTCH. 

'IHCReHHOI'O 

3KCnepHMeHTa H, KaK cne,ACTBHe, K He06XO,AHM~M ,ARH nonyqeHHH 

Tpe6yeMOI'O pe3yRLTaTa B~'IHCRHTenbH~M pecypcaM. llpH 3TOM nporpecc 

·o~'IHCRHTenLHoR TexHHKH (B qacTHOCTH, nepexo.A K MynLTHnpoiteccopHYM 

. B~'IHCRHTenbH~M. CHCTeMaM He TORbKO He CHHxaeT l{eHHOCJH 

HO .AenaeT ,AOCTynH~M. 3KOHOMH'IHYX 

pemeHHe oce 

B~'IHCRHTeRbH~X anropHTMOB, 

6onee cnmm~x 4JH3HqecKHX H· npHKRa,AHYX 3a,Aa'l, 

CTHMYRHpyH pa3BHTHe 'IHCReHH~X MeTO,AOB. 

3Ha'IHTeRbHOe MHOroo6pa3He MaTeMaTHqeCKHX 

B CBOIO 

nocTaHOBOK 

oqepe.Ab, 

3a,Aaq H HX 

Ka'lecToeHHoe ycnoli:HeHHe (HanpHMep, nepexo.A oT nHHeRH~x npo6neM K 

HeRHHeRH~M, yoenH'leHHe pa3MepHOCTH 3a,Aa'IH no npOCTpaHCTBeHH~M 

nepeMeHH~M. B~COKHe Tpe6ooaHHH K TO'IHOCTH B~'IHCReHHR, 

Hcnonb30BaHHe HeTpa.AHllHOHH~X nocTaHOBOK 3a.Aa'l, pac'leT~ 8 mHpoKoM 

,AHalla30He . 4JH3H'leCKHX napaMeTpOB C ytieTOM CROli:H~X reoMeTpH'leCKHX 

oco6eHHOCTeR) Tpe6yJOT ,AOCTaTO'IHO YHHBepcanbH~X H rH6KHX. llO,AXO,AOB 

npH co3,AaHHH' 3KOHOMH'IH~X anropHTMOB HX 'IHcneHHoro Mo,AenHpooaHHH: 

B HaCTOHUlee opeMH HMeeTCH orpoMHUR 6aHK' MeTO.AOB. B~'IHCReHHR H 

MaTeMaTH'leCKOR 4JH3HKH, B pa3BHTHe KOTOp~X 3Ha'IHTeRbH~R BKRa,A 

BHeCnH r.H.Map'lyK, A.A.CaMapCKHR, C.R.Co6oneo, A.H.THX.OHOB H HX 

yqeHHKH. llpH.pemeHHH 60RblliHX 3a,Aaq 8 paCCMaTpHBaeMoR npe,AMeTHOR 

o6nacTH, KaK npaBHRO, B03HHKaeT MHOll:eCTBO B03MOll:li~X oapHal!TOB 8~

'IHCRHTeRbH~X CXeM ( KOToim,e MOI'YT OTRH'laTbCH no CBOHM XapaKTepHC

THKaM Ha nopH.AOK H 6onee), o cHny Mnoroo6pa3HH cnoco6oo • npe,AcTao

neHHH HCXO,Al!OI'O ypaBHeH~H, KaK MHoroypooHeBOR npo6neM~. llpH 3TOM 

Ha Kali:,AOM anropHTMHqecKOM ypoBHe pemaeTCH cornacooaHH~R Ha6op 

cpaBHHTenbHO npOCT~X nO,A3a,Aa'l, .ARH KOTOp~X HCnORb3YIOTCH MeTO,A~, 

MaKCHManbHO y'IHT~BaJOUlHe oco6eHHOCTH H cneitHctJHKY nocne.AHHX. 

803HHKaeT CROli:HaH 3a,Aaqa OllTHMH3al{HH TaKHX B~'IHCRHTeRbH~X npo

l{eCCOB, T.e. flOCTpOeHHH anropHTMOB, HaHCionee 6nH3KHXK OflTHMaRbH~M 
flO TeM .HRH HH~M KpHTepHHM: cyMMapHaH B~'IHCRHTenbHaH pa6oTa, 

HeOCiXO~HMaH naMHTb 9BM, ,AOCTHll:eHHe npe,AeRbH~X xapaKTepHCTHK 

Hccne,AyeMoR cHcTeM~. B03MOli:HOCTH .ARH pacnapannenHBaHHH o~qHcneHHR 

H T: n. 3a,Aaqa flOCTpOeHHH' TaKHX anropHTMOB OCOCieHHO aKTyanbHa npH 

·pac'leTaX TpexMepH~X, KBa3HRHHeRII~X ypaBHeiiHR B neorpaHH'leHII~X 
'..,._....,.~·-"''""'""·{~~ ... ~ ~ 
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o6JiaCTSIX, ltOTOpi>ie, Kalt npaBHJIO, .. Tpe6yiOT MHOrHe. qaci>l cqeTHOrO 

upeMeHH na coupeMennux 3BM. 

· Pa60TI>I, ·llOJIOll:eHHI>Ie · B OCHOBY ·. pelflepHpyeMOil ).lHCCepTaUHH,- > 

Bi>illOJIHeHI>IB COOTBeTCTBHHC llp06JieMHO-TeMaTH'leCKHM nJiaHOM uay'lHO

HCCJie).lOBaTeJibCKHX pa60T OHHH. 

UE/Ib H-. 3AJ!A'lH HCCJIEJl.OBAHHR. 
OCHOBHaSl 'laCTb pa6oTI>I llOCBSimena C03).laHHD 6JIH3KHX K OllTHMaJibHI>IM 

'lHCJieHHI>IX MeTO).lOB pemeHHSl HeJIHHeilnoro qTaUHOHapnoro ypaBHeHHH 

Maxcaenna B nocTanouxe cxanHpuoro noTeHUHana. Tpe6yeTcH pemHTb 

TpexMepnyD xpaeuyD 3a.naqy ).lJIH xBa3HJIHneanoro 3JIJIHllTH'lecxoro 

ypaBHeHHSl BO BCeM llpOCTpaHCTBe ~ 3 
C 3a).laHHOil aCHMllTOTHKOil 

HeH3BeCTHOil lflyHKUHH Ha 6eCKOHe'lHOCTH. llpaKTH'leCKHe Tpe6oBaHHSl K 

OTHOCHTeJibHOil TO'lHOCTH pac'leTOB COCTaBJISIDT .. •10-
3
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, 'lTO 

llpHBO).lHT, B o6meM CJiyqae, K pemeHHD ).lHCKpeTHI>IX KBa3HJIHHeitHI>IX 

3JIJIHllTH'leCKHX ypaBHeHHil C HeJIOKaJibHI>IMH KpaeBI>IMH YCJIOBHHMH H 'lHCJIOM 
3 -

ueH3BeCTHI>IX nopH.nxa O(m ), r.ne m H3MeHHeTCH B npe.nenax so~m~lOO. 

.Ha .nepaoM 3Tane cTaBHTCH 3a.naqa npeo6pa3oBaHHH 

ClflOpMyJIHpOBaHHOil npo6JieMI>I K llOCJie).loBaTeJibHOMY pemeHHD Tpex 

He3aBHCHMI>IX (H 6oJiee npOCTI>IX) ypaBHeHHil (B paMitaX HeKOTOporo 

HTepauHouuoro npouecca): auyTpeHHHH KpaeBaH 3a.naqa . )lHpHxne ).lJIH 

xaa3HJIHueauoro. 3JIJIHllTH'lecxoro onepaTopa, rpaHH'lnoe HHTerpanLnoe 

ypaBHeHHe (rHY) TeOpHH llOTeHUHaJia, HeJIHHeilnoe rpaHH'lHOe ypaBHeHHe 

MeTO).la ).leKOMll03HUHH o6JiaCTH (M)lO). Pa3pa60TKa 31fllfleKTHBHI>IX anro

pHTMOB MeTO).la ).leKOMll03HUHH o6JiaCTH H MeTO).la rpaHH'lHI>IX 3JieMeHTOB 

(B·CJiyqae cneuHaJibHI>IX llOBepXHOCTeil) ).lJISl pemeHHSl nepe'lHCJieHHI>IX 

3a.naq 6una o.nuoa H3 ocuoanux uenea .nHccepTaUHH. 

OTMeTHM, 'lTO MeTOJ.l ).leKOMll03HUHH· 06JiaCTH , BOCXOJ.lHmHil K 

anropHTMY aJILTepuHpoaaHHH r.A.maapua, a nocne.nnHe 

3Ha'lHTeJibHOe pa3BHTHe ()lli:.EpeM6JI, O.BHJ.lJIYHJ.l, M.)lpi>ISI, 

A.M.MaUOKHH, C.B.HellOMHSlmHX H J.lp.) B CBSI3H C 

ro.nu nony'lHJI 

10. A. ,KY3HeUOB, 

HHTepecoM K 

napaJIJieJibHI>IM Bi>l'lHCJieHHSIM. CymeCTByeT TaKxe MHOll:eCTBO llO).lXO).lOB It 

npo6neMe pemeHHSl JIHneanux ceToquux 3JIJIHllTH'leCKHX xpaeaux 3a.naq c 

c~JILHO MensrDmHMHCSI K031fllflHUHenTaMH (A.A.CaMapcxHa, O.Axcenbcou, 
\·. 

H.C.BaxBaJIOB, B.ll.HJibHH, H.E.KanopHH, B.KeJIJIOr, r.M.Ko6eJibKOB, 

E.C.HHKOJiaeB, H J.lp.). B ).lHCCepTaUHH npe).lJIOll:eHI>I 3KOHOMH'lHI>Ie MeTO).ll>l 

).leKOMll03HUHH 06JiaCTH ).lJISl KJiacca HeJIHHeilHI>IX ypaBHeHHil C pa3p1>1BHI>IMH 

lt03lfllflHUHeHTaMH. MeTO).l rHY B KOM6HHaUHH C ).lH~~epeHUHaJibHI>IMH 

ypaBHeHHHMH npHBO).lHT K 3~~eKTHBHI>IM 'lHCJieHHI>IM anropHTMaM 

2 

I 

l' 

(K.Bpe66HSI, B.JI.BeH).lJiaH).l, E.ll.llHJ.lKOB, ll.He).leJieK, )l.-!{.lliO 

H .np.), llOCKOJibKY TaKHM o6pa30M y.naeTCH CO'leTaTb. ).lOCTOHHCTBa 

).lH~~epeHUHaJibHOil H HHTerpaJibHOil llOCTaiiOBOK ;· llpeHMymeCTBa KOM6HHH

poBaHHOrO llO).lXO).la llpOSIBJISIIOTCH llpH HCllOJlb30BaHHH pa3pa6oTaHHI>IX B 

).lHccepTaUHH 6ucTp1>1X MeTO.I.lOB pemeHI;ISl rHY ua cneuHaJibHI>IX noaepx-. 

IiocTSIX. HTepauHoHHI>Ie npoueccu pemeHHSI ypaauenHa MJlO B 3Ha'lHTeJib

noa cTenenH onHpaDTCSl ua annapaT onepaTopoB nyauKape-CTeKJIOBa. 

H).leSl HCll0Jlb30BaHHSl ItaHOIIH'leCKHX rpaHH'llli>IX onepaTOpOB BOCXO).lHT 

eme x pa6oTaM ll.A.naMapa, )l.rHnL6epTa, A.nyanxape H B.A.CTeKnoaa 

H B HaCTOSimee BpeMSl 3).leCb ).lOCTHrH_YTO 3Ha'JHTeJibHOe npOJ.lBHll:eHHe 

(B.H.AroWKOB, B.JI.BeH).lJiaH).l, M.KOCTa6eJib , B.H.Jie6e.neB, K.~eHr 

H .np.). B ).lHCCepTaUHH H3yqaeTCH KJiaCC onepaTopOB llyanKape-

CTeKJIOBa B HeJIHHeilHOM cnyqae, a Taxxe B cnyqae rpaHHU 

c caMonepeceqeuHSIMH. 

JlpyrHM KpyroM npo6neM, nocTaBJieHHI>IX B pe~epHpyeMoil pa6oTe, 

61>1JIH 3a.na'lH ua co6cTaeuuue 3naqeuHSI .nnsr xaa3HnoTenuHaJibHI>Ix ypaaue

HHR Ha llOJIYOCH, B03HHKaDmHX B TeOpHH 3JieMeHTapHi>iX 'laCTHU. HCll0Jlb-

30BaJIHCb ypaaueHHSI, nony'leHul>le· B pa6oTax A.A.Jiorynoaa, A.H.Taaxe-

JIH).l3e, B.r.Ka).li>IWeBCKOrO, H.B.CKa'lKOBa H .np. llpaKTH'leCKHMH Tpe-

' 6oBaHHSIMH, onpe.neJISIDmHMH ll:eCTKHe KpHTepHH K Bl>l'lHCJIHTeJiblii>IM 

XapaKTepHCTHKaM aJirOpHTMOB, 61>1JIH BI>ICOKaSl TO'lHOCTb pacqeTOB H· 

ueo6xo).lHMOCTb MnoroxpaTHoro o6pameHHSl K HcnoJIL3yeMoMy nporpaM

MHOMY MOJ.lYJID (J.lO 100 H 6onee pa3) B paMKaX O).lHOil cepHH no 

~HTHpOBaHHD 3a).laHHI>IX 3KCnepHMeHTaJibHI>IX ).laHHI>IX. 

0).lHHM H3 HaH60Jiee 3~~eKTHBHbiX npHHUHllOB npH 011THMH3aUHH 

npouecca pemeHHSl CJIOli:HbiX Bl>l'lHCJIHTeJibHI>IX npo6JieM SlBJISieTCSl 

MHOroceTO'lHaSl opraHH3aUHSl pacqeTOB. HCCJie).lOBaHHSI B 3TOil 06JiaCTH, 

ua'lHHaSI c pa6oT JI.~.PH'lap.ncona, npHBeJIH K co3.nanHD Knacca 31fi~eK-

THBHI>IX MHOroceTO'lHbiX aJirOpHTMOB ( r.H.MapqyK, H.C.EaxBaJIOB, 

)lx.BpeM6JI, B.nepeapa, Y.TpoTTen6epr, P.n.~e.nopeHKO, B.XaK6ym, 

B.B.maa.nypoa H .np.). B' .nHccepTaUHH npe.nnoxenu neKoTopble 

cneuHaJibHI>Ie MnoroceTO'lHble anropHTMbl .nnsr ynoMSIHyToro Kpyra 3a).la'l. 

HAY~HAR HOBH3HA H 3HA~HMOCTb PA60TH 

B npe.ncTaBJieHHOil ).lHccepTaUHH pa3pa6oTa~I 3~~eKTHBHI>Iil HO).lXOJl 

K 'lHCJieHHOMY auaJIH3Y TpexMepllbiX KpaeBI>IX 3a}la'l . MarHHTOCTaTHKH 

H HeKOTOpi>iX cneKTpaJibHI>IX 3a).la'l Ha OCIIOBe. HCllOJlb30BaHHSl KOIIUellltHH 

MHoroypouHeaoa .neKOMH03HUHH o6nacTH onpe}leJieHHSl .onepaTopa H 

MIIOroceTO'liiOil opraHH3aUHH paC'leTOB. 3TOT IIO}lXOJl OIIH paeTCSI !Ia 

3 
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ueJII>IA pSIJl HOBLIX pe3yn&TaTOB B TeOpHH 'IHcneHHLIX MeTOJ(OB,. cpeJtH 

KOTOpLIX BLIJ(eHHM cneJ(y~~e: 

Pa3pa6oTKa TeOpHH HHHeAHLIX H HenHHeAHLIX onepaTopoo 

llyaHKape-CTeKHOBa J(HSI cneUHaHbHLIX nOCTaHO~OK 3HHHnTH'IeCKHX KpaeBLIX 

3aJ(a'l, Hcnonb3YSI KOTopy~ yJtanoc&: 

/ a) CBeCTH HeHHHeAHy~ Kpaeoy~ 3aJ(aqy B KOM6HHHpOBaHHOA nocTaHOBKe 

K 3KBHBan,eHTHOMY rpaHH'IHOMY ypaBHeHH~ MeTOJ(a J(eKOMn03HUHH 

o6nacTH (MJIO); 

6) noCTOHTb 31JliJleKTHBHLie HTepaUHOHHLie MeTOJ(LI perueHHSI ypaBHeHHSI 

MJIO C 'IHCHOM HTepauHA, He 3aBHCSimHM OT pa3MepHOCTH 

J(HCKpeTH30BaHHOA 3aJ(a'IH. 

- Pa3pa60TKa 3KOHOMH'IHOrO anropHTMa perueHHSI fHY TeopHH noTeHUHana 

(JlHSI BHeDIHHX KpaeBLIX 3aJ(a'i,) Ha cneuHaHbHLIX nooepXHOCTSIX, 

Tpe6y~mero aCHMnTOTH'IeCKH TaKOrO xe 'IHCHa onepaUHA, KaK H3BeCTHLie 

onTHMaHbHLie MeTOJ(LI perueHHSI DHyTpeHHeA CeTO'IHOA 3aJ(a'IH B o6naCTH, 

orpaHH'IeHHOA ToR xe caMoA nooepXHOCTbiO (AnropHTM nerKo pacnapan

JieJIHBaeTcSI H _II03BOJIS!eT 31JliJleKTHBHO peruaTb TpexMepHNe fHY, HCIIOJ!b3YSI 

aiiiipOKCHMaUHH C IIJIOTHOA MaTpHUeA IIOpS!J(Ka 10
3
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. HaiipHMep, 

perueHHe fHY C MaTpHUeA xeCTKOCTH IIOpS!J(Ka 4608 Tpe6yeT OKOJIO 20 MHH. 

C'leTHOro BpeMeHH 3BM EC-1061). 

- MeTOJ( annpoKCHMaUHH HeJIHHeAHOCTH J(JISI KBa3HJIHHeAHLIX 3HJIHnTH'IeCKHX 

Kpaeowx 3aJ(a'l, · .BKliiO'Ia~mHA pa3pa6oTxy nerKo oeKTopH3yeMoro anro

pHTMa KJieTO'IHOA · J(eKOMn03HUHH oi5JiaCTH J(JISI perueHHSI B03HHKaiOmHX 

HHTerpO-JlHIJliJlepeHUHaJibHLIX ypaBHeHHA. (llpH 3TOM CKOpOCTb CXOJ(HMOCTH 

HTepaUHOHHOro MeTOJ(a C .,nepeo6ycJiaBJIHBaHHeM He 3aBHCHT OT CKa'IKOB 

K031JliJlHUHeHTOB ypaBHeHHSI, 'IHCHa nOJ(06JiaCTeA H CJia6o 3aBHCHT OT 

pa3MepHOCTH J(HCKpeTHOA . 3aJ(a'IH B nOJ(06JiaCTS!X. B 'laCTHOCTll, .l{JIS! 

perueHHS! TpexMepHOA . HeJIHHeAHOA 3a.l{a'IH · Ha CeTKe pa3MepHOCTH 

112X112X96 B paCCMOTpeHHOA IIOCTaHOBKe IIOTpe6yeTCSI nopS!JlKa 

32-40 MHH. C'leTHOro opeMeHH 3BM EC-1066), 

- Pa3pa60TKa TeOpHH . 6JIH3KHX H 3KBHBaneHTHLIX no cneKTpy 

nepeo6ycnaBnHBaiOmHx onepaTopoo JlJISJ xnacca 2-D H 3-D JIHHeAHLIX 

3JIJIHnTH'IeCKHX KpaeBLIX 3a.l{a'l C CHJibHO MeHSJIOmHMHCSI K031JliJlHUHeHTaMH; 

-{\MeTOJ( noBLIDieHHSI TO'IHOCTH npH6JIHXeHHLIX perueHHA 3aJ(a'IH 

Ha C06CTBeHHLie 3Ha'leHHS! J(JIS! KBa3HnOTeHUHaHbHLIX HHTerpaHbHLIX 
-1 

ypaBHeHHA Ha noJiyOCH (0 1 m) nyTeM 3KCTpanOJIS!UHH no napaMeTpy r , 

r>O r.ne [ o 1 r)- oTpe3oK JlHCKpeTH3aUHH 3a.na'IH; . MeTOJl 3KCTpa-

noJISI_UHH no PH'Iap.ncoHy JlJISJ yTo'IHeHHSI ceTO'IHNX perueHHA ypao

~eHHSJ llyacCOHa C nOMOmbiO noBOpOTa CHCTeMLI KOOpJlHHaT. 
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llPAKTRVECKAH llORE3HOCTb PA60TU 

Pa3pa6oTaHHLie B JlHCCepTaUHH 'IHCJieHHLie aJirOpHTMLI 6NJIH 

peaJIH30BaHLI B BH.l{e MOJlYJibHLIX KOMnJieKCOB nporpaMM BIEGMZ H BIESMZ 

(perueHHe TpexMepHLIX fHY Ha cneuHaJibHLIX nooepXHOCTS!X), CDD3 .(MeTOJl 

KJieTO'IHOA .l{eKOMn03HUHH 06JiaCTH ~JIS! 3-D 3JIJIHnTH'IeCKHX ypaBHeHHA C 

CHHbHO MeHSJ~~MHCS! K031JliJlHUHeHTaMH B HenOJIHO-HenHHeAHOA nocTaHOB

Ke), GRIDS H MOK 31 (JlByMepHLie H TpeXMepHLie 3a.l{a'IH MarHHTOCTaTHKH 

B JlHIJliJlepeHUHaJibHOA H KOM6HHHpOBaHHOA nocTaHOBKaX), MSBIE (perueHHe 

rHY o (r 1 z) - reoMeTpHH JtJISI MIIOroceKUHOHHoA cTpyKTYPLI). 

QPE (KBa3HnOTeHUHaJibHLie HHTerpan:HLie 

3TH nporpaMMLI 6LIJIH HCIIOJib30BaHLI 

IIOneA IIpOeKTHpyeMLIX HJIH .neACTBy~mHX 

OHHH (TpexMepHLie H JlByMepHNe IIOJISI 

CHCTeMLI ycTaHOBKH CllHH (~B3), 

ypaBHeHHSI). 

JlJIS! 'IHCJieHHOrO. MOJ(eJIHpOBaHHS! 

3JieKTpOIJlH3H'IeCKHX ycTaHOBOK 

coepxrrpooo.nSJmea MarHHTHOA 

aKCHaJibHO-CHMMeTpH'IHLie IIOJISI 

ycTaHOBKH KPHOH (~B3), JlByMepHNe pac'leTLI J(HIIOJibHLIX H KBa.npy

IIOJibHLIX MarHHTOB HYK~OTPOHa ( ~B3) , TpeXMepHLie IIOJISJ, MarHHTa 

CIIeKTpOMeTpa HH3KOA 3HeprHH ( COBMeCTHLIA npoeKT 3KCIIepHMeHTa 

OHHH, HollB3 (Cepnyxoo), HHH AH CCCP ( TpOHUK ) ) , a TaKxe JlJIS! 

OIIHCaHHS! 3KCIIepHMeHTaJibHLIX .l{aHJILIX 

JieiiTOHHLIX pacnaJ(OB B036y~J(eHHLIX 
J(JIS! cneKTpa ;Mace · H DIHpHH 

COCTOSIHHA CHCTeM. THJJa 

JjiJ!- H Y- Me30HOB ( COBMeCTHO C '~Toll OHHH). 

YIIOMSIHYTNe pac'leTLI npOBOJ(HHHCb B 

nporpaMM C yqacTHeM ~BTA OHHH H 

HHCTHTyTa. 

paMKaX COBMeCTHLIX Hay'IHLIX 

nepe'IHCJieHHLIX Jia6opaTopHA 

K 'IHCJIY npaKTH'IeCKH IIOJie3HLIX MOXHO TaKXe OTHeCTH pe3yn&TaTLI 

'IHCJieHHLIX 3KCIIepHMeHTOB ,HJIJI~CTpHpy~mHX peaJibHLie BLI'IHCJIHTeJibHLie 

xapaKTepHCTHKH o6cyXJtaeMLIX B JlHCCepTaUHH aJirOpHTMOB H II03BOJIS!IO~X 

npoBeCTH cpaBHeHHe 3THX aJirOpHTMOB C .JtpyrHMH H3BeCTHLIMH IIOJ(XO

J(aMH. KpoMe TOrO, 60JibDiaSJ 'laCTb nporpaMMHLIX MOJ(yJieA MOXeT 6LITb 

HCJJOJib30BaHa npH perueHHH 6onee mHpoKoro xnacca ypaoHeHHA. 

AllPOEAUHH PAEOTU 
0CHOBHLie pe3yJI&TaTLI J(HCCepTaUHH ony6JIHKOBaHLI B 52 Hay'IHLIX 

pa6oTaX, BKHIO'Ia~mHX 2 063opa B SJNAMM H 2 o~opa B 3~AH, IIO TeMe 

J(aHHOA pa60TLI 3a~meHLI 4 KaH.l{HJ(aTCKHX J(HCCepTaUHH (nOJ( Hay'IHLIM py

KOBOJ(CTBOM COHCKaTeJISJ). 

Pe3yJI&TaTLI J(OKJiaJ(LIBaHHCb Ha Hay'IHLIX ceMHHapax ~BTA H ~B3 OHHH, 



Ep~H(EpeBaH), OBM AH CCCP(MOCKBa), KrY(KHeB), HHCTHTyTa CynepKOM

nLIOTepoB H llpHKJia,AnoA MaTeMaTHKH Hay•moro uenTpa IBM( xaA.~teJib6epr) •. 

MaTeMaTHqecxoro HHCTHTyTa A (YHHBepcHTeT IDTyTrapTa) H .AP·· a Taxxe 

. Ha MHOrHX MeX,AyHapO.AH~X HayqH~X. K~H~epeHUHHX, B TOM qHcJie: 

MeX.AyHapO.AHOM KOHrpecce MaTeMaTHKOB (BapmaBa, 1 83) 

MeX,AyHapo,AH~X COBemaHHHX no MaTeMaTHqeCKOMY MO,AeJIHpOBaHHD H 

yexopHTeJIHM (Jly6na '84,'86,'88) 

MeX,AyHapo,AH~X KOH~epeHUHHX no qHCJieHH~M MeTO,AaM H npHJIOXeHHHM 

(CO~HH '84, 1 88) 

MeX,AyHapO,AHOA KOH~epeHUHH "COBpeMeHH~e npo6JieM~ qHCJieHHoro 

aHaJIH3a" (MOCKBa '86) 

BcecoD3Horo CHMn03HyMa "ConpeMeHn~e npo6neM~ MaTeMaTHqecxoa 

~H3HKH (T6HJIHCH .'87) 

- BceCOD3HOA KOH~epeHUHH "AKTyaJibH~e npo6JieM~· B~qHCJIHTeJibHOA H 

npHKJia,AHOA MaTeMaTHKH" (HOBOCH6HpCK '87) 

- CoBeTcxo-qexocnonauxoe conemanHe no qHcJieHH~M MeTo.AaM H npHJio

. XeHHHM ( lipaTHCJiaBa '88) 

- MeX,AyHapO,AHOA KOH~epeHUHH no .AH~~epeHUHaJibH~M ypaBHeHHHM H HX 

npHJIOXeHHHM EQUADIFF-7 (llpara '89) 

MeX,AyHapO,AH~X KOH~epeHQHHX no MeTO.AY rpanHqH~X 3JieMeHTOB 

BEM-IX, BEM-X, BEM-XI, BEM-XII, (IDTyTrapT(~Pr) '87, 

CayTreMnTOH (AHrJIHH) '88, K3M6pH,AX (CIDA) 1 89, Cann~po 

(HnOHHH) '90 (poster pr.), COOTBeTCTBeHHO) 

- IV Mex,AyHapo,AHOM CHMn03HyMe no MeTO.AY ,AeKOMn03HUHH 06JiaCTH 

(MOCKBa 1 90) 

- MeX,AyHapO,AHOM KOJIJIOKBHyMe no MeTO.AY rpaHHqH~X 3JieMeHTOB 

(IDTyTrapT(~Pr) 1 90). 

CTPYKTYPA ~HCCEPTAUHH 

JlHCCepTaUHH COCTOHT H3 BBe,AeHHH, mecTH rJiaB, 3aKJIDqeHHH H 

npHJIOXeHHH, CO,AepXHT 300 CTpaHHU MaWHHOnHCHOrO T~KCTa, 35 

pHCYHKOB,' 38 Ta6JIHU , CnHCOK JIHTepaTyp~ H3 334 HaHMeHOBaHHA. 

rJiaB~ I-III noCBHmeH~ pa3pa60TKe MeTO,AOB pemeHHH 

KFa3HJIHHeAn~x 3JIJIHnTHqecKHX xpaen~x 3a,Aaq B neorpanHqennoA 

_o6nacTH. B rnane IV paccMOTpena npo6JieMa co6cTnenn~x 3HaqenHA .AJIH 

,KBa3HnOTeHUHaJibH~X ypaBHeHHA, B rJiaBe V H3yqaDTCH qHCJI~HH~e 

aJiropHTM~ Ha nocJie,AOBaTeJibHOCTH CeTOK. rnaoa VI noCBHmena OnHCaHHD 

KOMnJieKCOB nporpaMM H pe3yJibTaTOB npaKTHqecKHX pacqeTOB. 
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II.KPATKOE COJlEPXAHHE JlHCCEPTAUHH 

BBE~EHHE K pe~epHpyeMoA .AHCCepTaUHH CO.AepXHT o630p JIHTepaTyp~ no 

MeTO,AaM pemeHHH MaTeMaTHqeCKHX 3a,Aaq, paCCMOTpeHH~X B pa6oTe . 

06CyX,AaeTCH CTaTyC OCHOBHbiX pe3yJILTaTOB, noJiyqeHHbiX B ,AHCCepTaUHH, 

060CHOBb1BaeTCH B03MOXHOCTb 3~~eKTHBHOA peaJIH3aUHH KOM6HHHpOBaHHYX 

MeTO,AOB B 3a,Aaqax MarHHTOCTaTHKH. llpHBO,AHTCH OCHOBHble B~qHCJIH

TeJibH~e xapaKTepHCTHKH nporpaMM ,AJIH 3BM, peaJIH3yDmHX npe,AJIOXeHH~e 

B ,AHCCepTaUHH anropHTMbl. 

B rRABE I "KoM6HHHpoBaHHble MeTO,Abl ,AJIH KBa3HJIHHeAH~X 3JIJIHnTH

qecKHX ypaonenHA B neorpaHHqennoA o6JiacTH" co.~tepxHTCH nocTaHOBKa 

KpaeB~X 3a,Aaq MarHHTOCTaTHKH, B03HHKaDmHX npH .pemeHHH 

CTaUHOHapnoro ypaBHeHHH MaKCBeJIJia. llpHBO,AHTCH pe3yJibTaT~ no 

KOM6HHHpOBaHHbiM MeTO,AaM pemeHHH B0311HKaDmHX KBa3HJIHHeAH~X 3JIJIHnTH

qeCKHX ypaBHeHHA B HeorpaHHqeiJHOA o6JiaCTH. 

PaccMaTpHBaeTCH C~CTeMa CTaUHOHapHbiX ypaBHe!IHA ~aKCBeJIJia 
rot H = ~(x), div ~ = o, 

~ = ll( I JHI JIH. limi1H(x) I=O, 
lxlqoo 

xeiR
3

, 

r ,Ae -IB(X) H IH(X) - TpeXKOMnoneHTHble BeKTOp-~yHKUHH HH.AYKUHH H 

HanpHXeHHOCTH MarHHTHOrO nOJIH, ~(X )-3a,AaHH~A BeKTOp 06'beMHOA 

nJIOTHOCTH TOKa, ll( f&ll )- 3a,AaHHaH neJIHHeAHaH ~YHKUHH MafoHHTHOA 

npoHHUaeMOCTH 

06JiaCTH n c IR3, 
ll 

~eppoMarneTHKa, pacnonoxeHHoro B orpanHqeiJHOA 

c rpaHHUeA rll= anll. 
HcnOJib3yeM ,ADa CKaJIHpllbiX noTeHUHaJia ( ) 3 1 • u 1 X : IR ,. IR , ~=1, 2 , 

3a,AaHHbiX no ~opMyne 

l 'iluJx), 

'ilu (X) + IH 
2 • 0 

X E Qll 

X E Q = 0\Q , 
. 0 ll 

H(x) 

r .~te n - orpanHqeHnaH o6nacTb, co.~tepxamaH nile 1 n, a iH0- coo6o.~tHoe 

none OT HCTOqHHKa j" . )lJIH OT~CKa!IHH ~YHKUHA u 1, i=l, 2 npHXO,AHM 'x 

xpaenoA 3a,Aaqe. 
. 2 2 

3anaqa N. HaRTH ~YHKUHD U(X) E ~(nil) V C (00), TaKyD, RTO 

-div (llN(x,l'ilul)·'ilu) = o, 

[U]r = 0; [au] = '1' e IL (r ), 
ll an r 2 ll 

ll 

(1) 

au 
(IE + IK) u(x) IL an (x)' X E r an. 
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Cita'IOit «lJYHitUHH na COOTBeCTBYJOUleA 3necb qepe3 (·] 
rpaHHUe, au/an
onepaTOpY TeopHH 

ol5o3naqaeM 
ltOHOpManbHaH 

noTenuHana 
npOH3BOnHaH, IK H 0.. - HHTerpanbHYe 

1 

IKU = 2rr I a:s r-1 (s,x) u(s) ds, 

r 
1 

I -1 

2
rr r (s,x) v(s) ds, D..v 

r 
«lJYHitUHH Jl HMeeT BHn 

N Jl.N(x, l11ul) = { 
Jl ( lllu I ) • 

1 

xer 

xer 

x e QJJ. 

X e Q 
0 

~YHKUHH W H JJ.(t), t E {O,oo) - 3anaHY, npH'IeM 

IJJ.(t)·t - JJ.(r)·rl ~ m(t-r), t~r. m>O 

IJJ.(t)·t - JJ.(r)·rl s Hlt-rl. 

( 1,) 

(JJ.1) 

• ( JJ.2) 

~nH ol5oi5Ulennoa (cnal5oAJ cpopMynHpoBKH 3ana'IH N Hcnonh3yeM cnenyJOUlHe_ 
npocTpaHCTBa: 

v 1 -u e IH (Q): (u,g
0

)L (n= o }. u=•ru 
2 

1/2 
)'.{ = 1 u e IH (r): (u,g0)L(rJ= 0}. 

2 

rne g
0

- rrnoTHOCTb rroTenuHana Po15ena na r .. a •r- orrepaTop cnena . -1/2 ' na r. nycTb 3ananY lf!YHKUHH 'f/ e IH (r ) , HeKOTOpYA CHMMeTpH'IeCKHA 
Jl If 

rronoxHTenbHO orrpenenennua orrepaTop «>
1 

e !e(X=>X ) • H 
HeOTpHUaTenbHOe 'IHCno ~~0. PaCCMaTpHBaeTCH 

3anaqa C. HaATH lf!YHKUHJO U e V, TaKyJO, 'ITO BYITOnHeHO 
3 -

J au a~ 
+ ~(«>1 u.~>r =I 'fl·~ ds , I Jl.N(x.lllul >ax ax dx (2) 

I =1 I I 
r n Jl 

-
u = •ru· 

MH scex ~ e v. 
~ npH pemeHHH ypasneHHH (1) nonaraeM «>

1
= D.. (~+IK), ~=1. Anano~ 

rH'IHO !popMynHpyJOTCH 3ana'IH ~HpHxne (V) H HeAMaHa (He) B ol5naCTH Q. 
r ot 1 

~nH 3ana'IH (V) HMeeM V=IH (0), a nnH 3ana'IH (He) nonaraeM V=IH (QJ. 

~anee, nnH ynol5cTBa H3noxenHH, opHseneM 3necb TaKxe pe3ynbTaTY 
_rJiauu III, KaCaJOUlHeCH HenonHO-HenHHeAnoA (IN) ITOCTaHOBKH (nnH 

3ana'IH Cl, npennoxennoa B nHccepTaUHH. nycTb o15nacTb nenHneanocTH _ 

_nJl eCTb ol5nenHHeHHe Koneqnoro 'IHcna 

C nHITWHUeBYMH rpaHHUaMH. PaCCMOTpHM 

8 

nono15nacTeA n = u n 
Jl I =1 I 

cnenyJOillYJO 3anaqy B nerronno-

1 
I 

I 
I 
'i' 
I! 
lj 
j, 
II 

} 
\ 
j, 

11 

l 
i 

\I 
I 

ll 
l.j 
\ 

I 
I 

II 

'l 

nenHHeAnoa cpopMynHposxe. 

3anaqa IN. HaATH lf!YHKUHJO uiNe V, TaxyJO, 'ITO BYrronneno 
p 

LJJ.1 (uiN>IcvuiN'v1i)dx- Iw·~ ds + ~(G1 uiN'~>r = o, (3) 

l=o n rJJ. 

nnH scex ~ e v. rne UIN 7rUIN a lflYHKUHOHany 1 . 
JJ.

1
: IH (Q) => R 

onpenenHJOTCH cpopMynaMH 

JJ./U) = { Jl-~111 ). X E 0
1

, 

x e n6 • 

( 
1 )1/2 

111 (u) = mes nl ! l11ul2dx , i=1, ••• ,p. 

I 

ccpopMynHpyeM pe3ynhTaTY rnas I • III ol5 onno3naqnoa pa3pemHMOCTH 
3anaq c H IN H npHsen~M ouenxy pa3HOCTH HX pemenHA. 

TeopeMa 1. nycTb lf!YHKUHH Jl(t), t E (O,oo) ynosneTBOpHeT ycnOBHHM -1/2 . (JJ.1), (JJ.2). Torna nnH v ~ e IH (r ), (~,1)r = o 3ana'IH cHIN, 
Jl Jl 

a Taitxe COOTBeTCTBYKllllHe HM 3ana'IH (V) H (He), HMeJOT enHHCTBeHHOe 
ol5oi5UleHnoe pemenHe B npocTpanc;se v. nycTb nnH pemeHHH -D 

UIN 

3ana'IH ~HpHxne HMeeM - D 2(Q) "< UINE C I ' ~-p, Torna sunonnena ouenxa 

D - D - D 
11 u - u 11 s const (u ) ·d , 

IN IH1 (Q ) IN 
Jl 

d=max(diam nl). 
lSI 

• 

OTMeTHM, 'ITO B nHccepTaUHH npHBOnHTCH TaKXe OUeHKH nnH 
pa3HOCTH pemeHHA 3anaq C H IN 

OTHOCHTenbHO HX rnanitOCTH. 
rrpH 15onee cna15ux rrpennonoxeHHHX 

~OCTOHHCTBa IN-!popMynHpOBKH 3aitnJO'IaJOTCH B cnenyJOUleM: 

1. AnnpOKCHMaUHH HenHHeAHOCTH rrpOH3BOnHTCH Ha "rpy15oA" CeTKe, 
p 

onpenenHJOUleA pa315HeHHe HCXonnoA ol5naCTH Q = UQ
1

, He3aBHCHMO OT 
I =0 

annpOitCHMaUHH pemeHHH ITO rrpOCTpaHCTBeHHYM rrepeMeHHYM (C maroM h). 

2. IN-ctJOpMynHpOBKa ynoi5Ha nnH HCITOnb30BaHHH MeTona neitOMIT03HUHH 
o15nacTH. 

3. B cnyqae d ~ h HMeeM aBTOMaTH'IeCKH noitanbHYJO anrrpOKCHMaUHJO He
- nHHeAHOCTH B paMitaX HeltOTOpoA CKB03HOA CXeMY. 

~nH Itaxnoa H3 3ana'l c H IN orrpenenHM nenHneanuA onepaTop 

nyaHitape-CTeitnOBa * s 0e(X =>X) cornacno ~opMyne 

9 



(S0 v,_'ll) = (7rU, 'II), 

r.zte u-pemeHHe 3a.ztaqH HeAMana 

au 
rrpoH3BO.ztHOA V = aulr· 

(C H 

TeopeMa 2. llpH . YCJIOBH.IIX (~1) 1 

* 

IN) 

(~2) 

* II 11 e X , 

C 3~.ztaHHOA 

cymecTByeT 

HOpMaJILHOA 

orrepaTop 

llyaHKape-CTeKJIOBa S0 :X ~ X .ltJI.II KaX,ltoA H3 3a.ztaq C H IN , KOTopuA 

.IIBJI.IIeTC.II CHJILHO MOHOTOHHUM, HerrpepUBHUM H 06Jia.ztaeT o6paTHUM 

-1 * SQ : X ~ X , KOTopaA .IIBJI.IIeTC.II JIHITWHJ:l-HerrpepbiBHUM H CHJILHO MOHOTOH-
HNM. llpH .ztorroJIHHTeJILHOM ycnoBHH 

a 
lat ~(t)·tj s ~, t e [O,co) 

orrepaTOp S01 
.IIBJI.IIeTC.II ITOTeHJ:lHaJILHUM H HMeeT llOJIOXHTeJILHO Orrpe.zte

-1 I 
JieHHy~ H CHMMeTpHquy~ HpOH3BO.ztHy~ faTO (SQ] (v), VeX • 

OTMeTHM. qTo panee HeJIHHeAnue onepaTopu nyanKape-CTeKJIOBa 
paccMaTpHBaJIHCL C.B.Ky3Hel:lOBUM. 

-1 -1 ~JIH RHHeAnoro onepaTopa nyanKape-CTeKJIOBa sE = L (E+OC), onpe-

.zteJI.ReMoro Buemuea KpaeBoA 3a.ztaqeA .ztJIH nannacHana npH ycnoBHH 

lu(x) I=O( lxra ), a;,2, cnpaBe.ztJIHBa 

* TeopeMa 3. OnepaTop SE:X ~ X CHMMeTpHqen, HOJIOXHTeJILHO onpe.zte-

Jieu, nenpepuBeH H o6na.ztaeT nenpepaBHHM o6paTHNM onepaTopoM 

-1 * 
SE :X~ X., KOTOpUA .IIBJI.IIeTC.II CHMMeTpHqHUM H llOJIOXHTeJILHO onpe.zte-
JieHHUM. HOpMU 

II v 11 2 ~ (Sv,v) H 11 u 11 2 = (S-1u,u), vex*, u eX 
S E -1 E 

E S 
E 

3KBHBaJieHTHU HOpMaM"II•II? H II·~ , COOTBeTCTBeHHO • 

-1 -1 HcnoJIL3YH nocTpoenuue onepaTopu sE H s
0 

, 3a.ztaqH c H IN 

.npeo6pa3y~TC.II K rpaHHqliUM ypaBHeHH.IIM MeTO.zta .zteKOMH03HllHH 06JiaCTH, 
onpe.ztenennuM JIHmL na rpaHHJ:le r=an: 

JleMMa 1. Kax.zta.R H3 3a.ztaq C HJIH IN 
rpanHqHoMy ypaBuenH~ 

-1 -1 
41ru "' s 0 u + sE u = o 

3KBHBaJieHTHa HeJIHHeAHOMY 

u e X - (4) 

"OTHOCHTeJILHO CJie.zta U HeH3BeCTHOA ~YHKJ:lHH Ha rpaHHJ:le r, r.zte 

s = L-
1 

(E+OC), a onepaTop E 

COOTBeTCTBeHHO • 

-1 
sn nocTpoeu .ztJIH 3a.ztaqH c HJIH IN, 

/ 

10 

.i 

., 
v 

~~ 

t! 

I 

' 

1 
Jr 
~ 

I 

't 
--!~ ,, 

1 

-~ \. 

0CHOBHUe XapaKTepHCTHKH HOCTpOeHHUX HTepal:lHOHHHX MeTO.ztOB pe
meHH.II ypaBHeHH.II (4) ycTaHaBJIHBaeT CJie.zty~llla.ll 

TeopeMa 4. llyCTL KOHCTaHTU H
0

, m
0
>0 onpe.zteJieHU H3 HepaBeHCTB 

(41ru - 41rv, u-v) .;,: m0 (s~1 (u-v) ,u-v) 

2 . 2 ( -1 ) 1141ru - 41rvll • s H
0 

sE (u-v) ,u-v 
X 

.ltJI.II BCeX U,V E X. Tor.zta CTaJ:lHOHapuuA MeTO.zt PHqap.ztCOHa 

u = ((1--r)E - -r·s s- 1
) ·u, 

n+l E q n 

CXO.ztHTC.II CO CKOpOCTL~ 

't:qn 
II un- u llx s 1=q II 41ru

0
11 • , npH 

X 

n = 0,1, ••. 

1: e (0,2H~1 ) 

OT noooro u
0
e X, r.zte q = max{l-'t:m

0
,1-<H

0
}. ECJIH ~YHKJ:lH.II 

a 
t ~ ~ (~(t)•t) - HenpepUBHO .ztH~~epeHJ:lHpyeMa, TO MeTO.zt HL~TOHa 

du 

d't: [41f(u(-r)) r1 

·41(u(-r)) I. u(O) 

cxo.zt~TC.II K pewenH~ u e X .ztJIH II u
0
e )J{ • 

uo, os-r<co 

(5) 

OTMeTHM, qTQ aHaJiorHqnue YTBepx.zteHH.II 0 CXO.ztHMOCTH paCCMOTpeH~ 

HHX HTepal:lHOHIIUX npol:leCCOB cnpaBe.ztJIHBU TaKxe .ltJI.II ypaBHeHHA, 

B03HHKa~lllHX npH .ztHCKpeTH3aJ:lHH 3a.ztaqH (4) 110 MeTO.zty faJiepKHHa 

41 u = o, 41 = r·41ri e ex ~ x•) hh h h h h h• 
r.zte Xhc X - HeKOTOpoe KOHequo-MepHOe HO.ztllpOCTpaHCTBO B X, 

lhe (Xh~ X)- onepaTop BJIOXeHH.II. CyllleCTBeHHO TO, qTQ CKOpOCTL 

CXO.ztHMOCTH HTepal:lHA He 3aBHCHT OT pa3MepHOCTH dim (Xh) 

.ztHCKpeTuoa 3a.ztaqH. ~JIH pemeHHH uh ypaBHeHHH 

OJ:leHKa HorpemuocTH 
( 6) cnpaBe.ztJIHBa 

II u- U II 
h X 

3H s __ o 
inf 11 v-u 11 

mo veX 
h 

X 

(6) 

(7) 

B rJiaBe I TaKxe ycTaHOBJieHU cne.ztcTBHH o6mea OJ:leHKH (7) CnpH 
.ztonoJIHHTeJILHNX npe.ztnonoxeHHHX 11a rna.ztKOCTL pemeHHH u e X 

liOBepXHOCTH r) .ltJI.II npocTpaHCTBa Xh KycoqHO-JIHHeAHHX 3JieMeHTOB. 

PeanH3al:lH.II npol:lecca (5) BKJI~qaeT .ztBa TPY.ztOeMKHX 3Tana: 

H 

-1 . 
I. BuqHcJieHHe 3JieMeHTa v = sn un. -qTo 3KBHBaJieHTIIO pemeHH~ 3a.ztaqH 
~HpHXJie (2) HJIH (3) B 06JiaCTH Q. 

II. BHqHcJieHHe 3JieMeHTa Un+
1

/ 2= SEV. Ha 3TOM 3Tane pewaeTC.II fRY 

BH.zta (E+OC)un+l/2= LV !Ia rpaHHI:le r. 

ll 



B CB.113H C 3THM 06CTO.IITeJihCTBOM JtBe CJie,nyiOutHe r JiaBI>I IIOC~ . .IIuteHI>I 

pa3pa60TKe 61>1CTpi>IX MeTOJtOB pemeHH.II 3a,naq Ha 3Tarrax I, II. 

rAABA II IIOCB.IIuteHa pa3pa60TKe 3KOHOMH'IHI>IX MeTOJtOB pemeHH.II rHY 

Ha crreuHaJihHI>IX IIOBepXHOCT.IIX H BI>I'IHCJieHH.II CeTO'IHOro onepaTOpa

UyaHKape-CTeKJIOBa (B HaCTO.IIuteM TeKCTe II.1-4). 

n. 1. · .l{HCKpeTH3aUH.II HHTerpanhHI>IX onepaTopoB IK H D.. , onpe.nenemmx 

cornacao (1') aa rpaHHUe r napannenenHne.na c KBa.npaToM B 

OCHOBaHHH, ocymecTBJI.IIeTc.ll Ha OCHOBe 

HHTepnOJI.IIUHH H KOJIJIOKaUHH Ha paBHOMepHOR 

pxpxq) • .l{JI.II B03HHKaiOuteR anre6paH'IeCKOR CHCTeMI>I 

KYCO'IHO-nOCTO.IIHHOR 

CeTKe (pa3MepHOCTH 

(IE + 1K ) u = IL v " f : h h h 
U E ~N 1 N=2p2+4pq 

h 
(8) 

H3yqaeTc.ll CTPYKTypa MaTpHU ll:eCTKOCTH IKh H llh. noKa3aHo, 'ITO 

cyll(eCTByeT TaKoe pa36H~HHe IKh ( HJIH llh) Ha 6JIOKH, .. 'ITO KaXJti>IR 6JIOK 

.IIBJI.IIeTC.II ,nByxypOBHeBoR 6JIO'IHO-TenJIHUeBOR MaTpHUeR C TO'IHOCThiO .ItO 

npOCTeRmero onepaTopa nepecTaHOBKH. Ha 3TOM CBORCTBe OCHOBaHO 

31fllfleKTHBHOe YMHOll:eHHe MaTpHUI>I IKh ( HJIH llh) Ha BeKTOp. .l{OIIOJIIIHTeJih

HI>Ie onTHMH3aUHH B03MOXHI>I, KOr,na BeKTOp Uh HMeeT CHMMeTpHH. 

CBORCTBa MaTpHUI>I IKh n03BOJIHJIH nocTpOHTh 3KOHOMH'IHI>IR 

rrorrepeMeHHO-TpeironhHI>IR MeTo.n'pemeHH.II ypaBHeHH.II (8): 

TeopeMa 5. MaTpHUa IKh HeOTpHUaTeJibHa, 

U =(1, ... 1)T, H Hepa3JIOXHMa. llpH JII060M 
1 

IK 2:0, IK u = u , r .ne 

;"6 , r.n~ 
1 

N=~p2+4pq 
, TaKOe, 'ITO pa3MepHOCTh 3a,na'IH (8), cymecTByeT ~>0 

Re U(IE + IKh) 2: ~

llpH 3TOM ~TepaUHOHIII>IR npouecc 

~ (u - u ) = -2'C ((IE + IK ) - f ) , 
"t' n+l n h 

IB'C= (IE + 'CIK
1

) • (IE + 'C IK2), IK=IK+IK 
h 1 2 

(9) 

ocyll(eCTBHM no KpaRHeR Mepe JtJI.II O<'C<1 H cyJiteCTByeT 'C
0
>0, TaKoe, 'ITO 

sup p(IE- 2'CIB~1 (1E + IKh)) < 1, 
'CE( 0, 'C l 

0· 

r~e IK
1 

H IK
2 

BepXH.II.II H HHli:II.II.II 6JIO'IHO-TpeyroJihHI>Ie MaTpHUI>I, HMeiOJI(He 

nerKo o6paTHMI>Ie 6no'IHI>Ie .nHaroHaJIH • 

,': OTMeTHM, 'ITO npouecc (9) peanH3yeTC.II 3a O(p
3
1np + p

2
qlnq) 

" 2 apH!flMeTH'IeCKHX ,neRCTBHR C HCnOJih30BaHHeM MaCCHBa IIOp.IIJtKa O(pq). 

B rJiaBe II npHBe,neHI>I TaKll:e OCHOBHI>Ie BI>I'IHCJIHTeJihHI>Ie xapaKTepHCTHKH 

COOTBeTCTBYIOU1HX KOMnJieKCOB nporpaMM JtJI.II 3BM, COCTaBJieHHI>IX KaK JtJI.II 

o6mero, cnyqag 1 TaK H .nn.11 cnyqag npocTpaHCTBeHHI>IX CHMMeTpHR 

pemeHHH 

12 

-~ 

? 

H 

r I 
·~ 

\ 
I! 
:~ 
I 

.I 

n.2. ,llanee B 3TOR rJiaBe paCCMOTpeHI>I rHY JtJI.II MHOroceKUHOHHOR 

CTPYKTYP"' B (r,z)- reoMeTpHH, T.e. B cnyqae,' xor.na MHorocBH3HaH 

rpaHHUa r COCTOHT H3 60JihWOrO 'IHCJia OJtHHaKOBI>IX KOMIIOHeHTOB CBH3-

L 

HOCTH r = Ur
1

, IIOJiy'laiOU1HXC.II OJtHa H3 ,npyroR CJtBHrOM BJtOJih OCHOZ. 
I =1 

llpH 3TOM MoryT CJtBHraThC.II TaKll:e • HeKOTOpl>le lflHKCHpOBaHHI>Ie rpyiiiii>I 

(CeKUHH) TaKHX 3JieMeHTOB. PaCCMOTpeHa OJtHOpO,nHaH BHeWHHH KpaeBaH 

3a,naqa HeRMaHa B HeorpaHH'IeHHOR o6JiaCTH C rpaHHUeR r JtJIH 
I 

KOMIIOHeHTI>I U=~e BeKTOpHOrO noTeHUHaJia 

T 
~ = <~r~~z~~e> 1 iH =rot.~: ~e"" o, 2 2 

z +r"" co 1 

a 2 a 1 a 

az2 u + ar ( r - (r·u)) =I ar o 

COOTBeTCTBYIOJitee rHY npHHHMaeT BH.It 

1 
u(x) + -- J IK(x ,x) ·u(x) di" = ~(I), x =(r,z) (10) 

0 ( 0 0 
ex xo r 

r.ne 
2 

a [ r H 2 2 2 ] -
1

/
2 

] IK = - anx 2 · (z-z
0

) + T + r
0 

- 2rr
0
cose ·cosB·dB • 

0 

HCIIOJih3yeTC.II arrrrpOKCHMaqHH, 

(IE + IBh) uh= Fh 

IIpHBOJtHII(aH ypaBHeHHe (10) K CRAY BHJta 

(11) 

C MHOroypOBHeBOR 6JIO'IHO-TeiiJIHUeBOR MaTpHUeR IBh. 

llpH TaKOM IIOJtXOJte JtOCTHraeTCH 3KOHOMHH B p pa3 KaK no 

He06XOJtHMOR IIaMHTH 3BM, TaK H IIO 61>iCTpo,neRCTBHIO, r,ne p - 'IHCJIO 

3JieMeHTOB ( HJIH CeKUHR). .l{JIH • pemeHH.II yp·aBHeHHH ( 11) C03JtaH 

CIIeUHaJIH3HpOBaHHI>IR KOMnJieB:C IIporpaMM. 

II.3. PaCCMOTpHM 61>iCTp1>1R MeTOJt BI>I'IHCJieHH.II CeTO'IHOrO aHaJiora OIIepa

TOpa llyaHB:ape-CTeKJIOBa. .l{JIH pemeHHH pa3HOCTHOro ypaBHeHHH Rarrnaca 

fJ. u = 0 , u = g (12) 
h h hlr 

aa ceTO'IHOM rrp.IIMoyronhHHB:e ( HJIH IIilpannenenHrre.ne) rrh , c 

paBHOMepHoR N
1

x N
2 

- CeTKOR, 'Tpe6yeTCH HaRTH CeTO'IHI>IR aHaJior 

HOpMaJihHOR IIpOH3BOJtHOR IIJYHB:UHH Uh Ha rpaHHUe r=aiih. .l{JIH 3TOro 

JtOCTaTO'IHO IIOCTpOHTh MeTO.It BI>I'IHCJieHH.II lflYHKUHH Uh Ha CeTO'IHOM 

CJIOe, 6JIHll:aRmeM K rpaHHUe r, KOr,na !flYHKUHH g OTJIH'IHa OT HYJIH 

JIHWh Ha JtBYX IIpOTHBOIIOJIOli:HI>IX CTOpOHaX (HJIH rpaHHX) r
1 

H r 3 IIpHMO-

13 



YrOJibHHICa II • IlyCTb N =N =N=2"'. AJirOpHTM COCTOHT H3 JlBYX maroB; 
h 1 2 

I. BuqHCJieHHe ~YHICUHH Uh Ha 2n, n~1 ceToquux cno.11x, 

napanneJILHUX 

II. IIepecqeT 

r
1 

H r
3

, 

pemeHH.II 

C UOMOJilbiD FFT. 

no .IIBHOR cxeMe cornacuo (12) 

OCTaBWHXC.II UpHrpaHHqHUX CJIOeB 3a 
N 

P = 2n -1 maron. 

AnropHTM peaJIH3yeTc.ll 3a 

Q = 2W· (p+1)-1 ·m + 6Np + O(mN) 
2 • 

onepauHR B JlByMepuoM cnyqae, H 3a 

Q = 4tr • (p+1) -
1 ·m + 10N2 p + O(N2 m) 

3 

B TOqiCH 

onepaUHR B TpexMepHOM cnyqae. llOCICOJibiCY aJirOpHTM OTHOCHTC.II lC qHcJiy 

ueycToRqHBUX, TO nonyqeuu orpauHqeHH.II cnepxy ua BeJIHqHHY p B 3a

BHCHMOCTH OT He06XOJlHMOR TQqHQCTH pacqeTOB H Mam~HHOR TOqHQCTH. 

9TOT nonxon oco6eHHo 3~~eiCTHBeH JlJI.II ceToquux o6nacTeR ue6oJILmoR 

pa3MepHOCTH ( Ns32 B JlByMep~ux 3a;taqax, H Ns16 - B TpexMepuux), 

qTo xapaiCTepuo JlJI.II anropHTMOB MnO. 

.n.4. PaCCMOTpHM HHTerpo-pa3HOCTHUR MeTOJl pemeHHH rRY nepnoro po;ta 

I -1 
llv = ln r (x,s)v(s)ds = f, r = aQ (13) 

r 
* c onepaTopoM IL= IL >0 (HeiCoppeiCTHa.ll 3a;taqa), ICOTopoe B03HHICaeT 

npH pemeHHH ICpaenoR 3a;taqH HeRMaHa JlJI.II nannacHaua n o6nacTH QeR2• 

OCHOBHaH H)le.ll npe;tJiaraeMOrO aJirOpHTMa COCTOHT B OJlHOBpeMeHHOM 

HCUOJib30BaHHH rRY nepnoro po;ta (13) H JlH~~epeHUHaJibHOR UOCTaHOBICH 

3a;taqH B HeiCOTOpoR Y3ICOR npHrpaHHqHoR UOJIOCe Q
1
c Q, aQ

1
= rvr

1
,. 

H60 B JlH~~epeHUHaJibHOM UOJlXO)le He B03HHICaeT Up06JieM C 

UO;taBJieHHeM 6ucTpOOCUHJIJIHPYIDJileR ICOMUOHeHTU norpemHOCTH, a npoc

TUe HTepaUHH JlJI.II ypaBHeHHH (13) 6UCTpO CXOJlHTC.II Ha rJia)liCOR 

ICOMnOHeHTe pemeHHH v(s). O;tHH mar HTepaUHOHHoro npouecca CBOJlHTCH 

lC pemeHHID CJie;tyiOJilHX JlBYX 3a;taq; 

a) BUnOJIHHTb k HTepaUHR no ~OpMyJiaM 

V - V• 
n+1 

ILV + f 
n -.:: , O<llsA

0
1E, "t>O , (14) 

n=O, 1, ••• ,k. 
6') HaRTH rapMOHHqeciCyiD B nonoce Q1 ~YHICUHIO ~. 3a;taHHYID Ha 801: 

ll~(x) 0, 

14 

x e Q 
1 

to 

• 

r I, 

' 

•ex>= l g(x), X e r 
(15) 

2: I 
a ( ~ ~) xer1, ser. g(s) an 1nr - vk1s11nr ds, 

r 

llOJIOXHM CT = inf lx-yl. 1 - JlJIH~a ICOHTypa r. 
xer,yer1 

TeooeMa 6. nycTb qHcJio k ynonneTBOp.lleT uepaneHCTBY 

1 11/2 

l 1 - k:1 r = q < 1. 2rr c(Q,u) "t(k+1) 

r;te ICOHCTaHTa C 3aBHCHT JIHWb OT "tT H ~opMw o6nacTH Q. Torna k 

HTepaUHR no ~opMynaM (14) nn10c pemeHHe 3a;taqH (15) naeT npH6JIH-

xeuHe a~ I v~ = -an- r , JlJI.II ICOToporo cnpaBe;tJIHna· oueuKa 

1 
11 v(s) - vk_(s) \ tr> s q·llv(s) - v 011L , q<1 

2 2 

J).aJiee UOICa3aHO, . qTo UpH JlHCICpeTH3aUHH ypaBHeHHH ( 13) 

KOJIJIOICaUHH JlJI.II ICycoquo-JIHHeRHYX Ha r 6a3HCHYX 

• 
no MeTOJlY 

~YHKUHR C 

paBHOMepHYM marOM h=l/n, HCnOJib30BaHHe nOCJie)lOBaTeJibHOCTH CeTOK 

npHBOJlHT 

HeBH31CH B 

lC HTepaUHOHIIOMY aJirOpHTMy, Tpe6yiOllleMy JlJIH yMeHbWeHHll 
i ~ 3a;taqe ( 13) B O(h ) pa3 nop.ll;tiCa O(h ) apH~MeTHqeciCHX 

;teRCTBHR, T.e. K onTHMaJibiiOMY aJirOpHTMy. 

HanpHMep, 

mHpHHOR 2h H 

26,56 H 116 

)lJIH npHMoyroJibHHKa Q np_JJrpaHHqlloR . noJIOCU Q
1 

nOCJie)lOBaTeJibHOCTH H3 TpeX CeTOIC Ha r pa3MepHOCTbiO 

JlJill pemeHHH 3a;taqH (13) C TOqiiQCTbiO C = 0.75h2 Tpe-

6yeTC.II kr= 5 rno6aJibHWX HTepauHA ua ncex ceTKax npH ks5. qHcno 

kr cna6o 3aBHCHT OT nw6opa napaMeTpa -.:: e [A~1 ,3/2A~1]. Pe3yJIL

TaTw cnpaBe;tJIHBW H ;tJIH nuemu~A ICpaenoA ~a;taqH. 

rllABA III noCBHllleHa MeTO;taM pa3;teJieHH.II o6JiaCTH B cnyqae 

nepeceKaiDlllHXC.II pa3 pe30B JlJI.II JIHHeAHYX H HenOJIIIO-HeJIHHeAHYX 3JIJIHn

THqeciCHX ypanneHHA. CnoACTBa onepaTopoB nyauKape-CTeKJIOBa, nopox

naeMwx 3a;taqeA IN, C~OpMyJIHpOBaHY npH H3JIOXeHHH pe3yJILTaTOB 

rJiaBW I. ll03TOMY ;taJiee paCCMOTpHM JIHWb pe3yJILTaTW , OTIIOC.IIlllHeCll 

6 -1 
K npo JieMe 3~~eKTHBHoro BYqHCJieHHH 3JieMeHTa V = SQ Un , qTQ CBO-

JlHTCH K pemeHHIO 3a;taqH IN C O)lHOpOJlHYMH YCJIOBH.IIMH Jl.HpHXJie ua r. 

p 

Jl.JIH ;teKOMn03HUHH 06JiaCTH Q = UQ1 KJieTQqJioro THna, B npe;tn0-
1 =1 

15 



p 

HOXCHHH, 'ITO nJL u 0
1

, 

1 =P 

l:Sp1<p, paCCMOTpHM BCUOMOraTCHbHY~ 

1 

nHHeRHy~ xpaeny~ 3anaqy c xycoqHo-nocTORHHYMH K03~~H~HeHTaMH: 

•1 3ana'la PWC. HaRTH ~YHK~H~ Ug e H (0) , TaKy~. 'ITO 
p 

~ JL
1 
J (Vu0 , I71J)dx = J 1/J·lJ ds, 

1=1 n1 rj.l 
r!=(j.L , ••• ,j.l )T, j.l >0, 

1 p I 

V lJ e u"t1 (0). 

3necb i=1, p- 3anaHHYlt BCKTOp. 

- •1 o6o3Ha'IHM qepe3 0\(JL) onepaTop B npocTpaHcTBe H COl, nopoxnae-

MuR.3anaqeR PWC. ~n.ll pemeHHR 3anaqH IN HCUOHb3YCM HTepa~HOHHYlt 

npo~ecc c nepeofiycnaammaTeJieM Dl(ii), nnn KOToporo cnpaaennHBa 

TeopeMa 7. 

~r Ha a\ IN 

ECHH B ycJIOBHRX TeopeMY 4 ~OpMaHbHO 3aMCHHTb onepaTOpU 

H sE Ha JA(ii) , To nn.11 HTepa~Hmmoro. npo~ecca 

u - u 
n+t n 

/A (ill . 
't: 

=-/Au, 
IN n 

cnpaaennHBU pe3ynbTaTu TeopeMu 4 • 

ot 
une H COl, n=O,.l, ... 

corJiacH:o TeopeMe 7 nn.11 3ip<jleKTHBHoro pemeHHR 3ana'IH IN 

nocTaTO'IHO nocTpoHTb fiucTpue anropHTMU ofipameHHR onepaTopa JA(ii) 

0CTaBWaRCR 'laCTb rnaBU III UOCBRJllCHa perueHH~ 3TOlt npofiJieMU. 
nycTb napanneJienHnen II (=OJ pa36HT Ha nonofi JI acT» ni TpeMR 

rpynnaMH H3 

.UHOCKOCTRM. 

n , k=1, 3 
k 

nnocKocTelt, napaJIJICJibHUX KOopnHHaTHUM 

HCOOJib3YCM 

k=1;3. lil=i +i +i. 
1 2 3 

H 

o6o3naqeHHR i=( i
1

, i
2

, i
3
), l:sik :snk, 

= n1·n2 ·n3 nnn HHneKcoa H r 1 = an1, 

r =an, r= ( u r ) \r 
0 . 1 1 ' 0 

nJin rpaHH~ nonofinacTelt. nycTb ~r onepaTop 

ot -
cnena Ha BHyTpCHHHX rpaHH~ax r nnn ~YHK~HR H3 H (0). OnpenenHM 

npocTpaHCTBO ~YHK~Hlt Ha r 

vr = {ur= ~ru· 
- ot u e H(Ol}, 

II u 112 =I II ~rur1121/2 
r vr , H 1r >. 

1 1 

Hcnonb3YR onepaTopu nyaHKape-CTeKnona p . 
-1 -1 51 = o_ (IE-IK) I r , onpene-

. 1 

nneM rpaHH'IHUR onepaTop Ha Vr 
-1 

JAr= ® j.lls, + 
11 1-'ICTHO·e 

v*·c ® JL s- 1 
)·T 

1 I 

11 1-He'leTnoe 
rne T: vr~ vr - onepaTop nepecTaHOBKH. nocne 3Toro 3anaqa PWC 

16 

(16) 

ll 
'i 

~ ', 

! 
i 

'I 
'I 

.i\ 
.I 

a 

,~,; 

'I' 
( 
i 
i 

~ l 
•I 
~ 

'~. 
j 
{,' 
I 

I 

CBOnHTCR K 3KBHBaneHTHOMY rpaHH'IHOMY ypaBHCHH~ MnO: 
3anaqa EOD. HaRTH ~YHK~H~ ure '!Tr, TaKy~, 'ITO BUUOHHCHO 

CArur,lJlL(r)= (1/l,lJ), v ~ E vr. 
2 

CnoRcTaa onepaTopa JAr• 3anaHHoro cornacHo (16), ·onpenenneT 
JICMMa 2; CnpanennHBU COOTHOWCHHR · 

CIAru,vl = (u,IAr,vl, (/Aru,u) ;,; ~11u11 2 , ;>O, v u,v e vr. 
llpH 3TOM KBanpaTH'IHaR ~OpMa 

llull
2 

= c IAru• u) 
vr 

OOpenenRCT 3KBHBaneHTHY~ HOpMy B npocTpaHCTBC '!Tr a 

~n.ll annpOKCHMa~HH 3ana'IH EOO HCUOHb3YCM MCTOn fanepKHHa 

CJAruh,lJl=CI/J,lJl. Vl)e'!Th (17) 

nJin ceMeltcTBa nonnpocTpaHCTB v = (!) V c '!Tr• rne V - npocTpan-
h 1 l,h l,h 

CTBa cepennHUOBUX fiHJIH~eltHUX 3HCMCHTOB, onpeneJIRCMUX nJIR HCKOTO

poro perynnpnoro pa3fiHCHHR r 1. 3necb Uhe Vh- HCKOMaR ~YHK~HR. 
YpaBHCHHe (17) peruaeM OfiOfilllCHHUM MCTonoM COUpRXCHHUX 

rpanHeHTOB (PCG) C nepeofiycnaBnHBa~JllHM onepaTOpOM (MaTpH~eR) ~. 

fnaBHOR npofineMOR RBJIRCTCR UOCTpOCHHC CHMMCTpH'IHOrO, UOJIOXHTCHbHO 

onpeneneHnoro onepaTopa ~. ynonneTBopn~mero cnoRcTBaM: 

1) ~nR 'I U e '!Th BUUOJIHCHU HepaBCHCTBa 

c1 (~u,u) :s (/Aru,u) :s c2 (~u,u) , 

rne c2/c1- "cnafio" 3aBHCHT oT nv=dim Vh; 
21 ~- nerKo ofipaTHMUlt onepaTop no cpannenH~ c onepaTopoM 'JAr Ha vh. 

nocTpoeHu ceMeltcTBa nepeo6ycnannHBa~lllHX onepaTopoB 
n , 

~n nnR 3ana'l B R, n=2,3, ynonneTBOpR~JllHC BCCM nepe'IHCHCHHUM 
CBORCTBaM. HanpHMep, nnR TpCXMCpHoro cnyqaR, OUepaTOp ~3 CTpOHTCR 

c noMOIJlb~ pacmenneHHR HcxonHoro npocTpaHCTBa 

V='!T®V®V· 
h 1 2. 3

1 u=u +u +u e V , u e'IT , i=l, 3 
1 2 3 h 1 1 

B npRMY~ cyMMY Tpex KOMOOHCHT, rne nonnpocTpaHCTBO V1 HCOOHb3Y

CTCR nnn rnofianbHoro nepenoca HH~opMa~HH Mexny noncTpyxTypaMH, a 
V2 H V3 CBR3aHU C HCH3BCCTHUMH Ha pe6paX H Ha rpaHRX nonofinaCTCR 

COOTBCTCTBCHHO. fiOCTpOHM onepaTOp 

diag lA = ® JL ® sn + T · ® JL e skk ; T , 
( 

6 ) . * [ ( 6 J) 
3 111=21 l k=1 l 111=21+1 I k=1 1· 

rne le~. a skk- nHaronanbHUe 6noKH onepaTopon S-1• onepaTop B 
I l 3 

onpenenneTCR cornacno ~opMyne 
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(IB
3
u,v) = (1Ar(u

1
+u

2
), v

1
+v

2
} + (diag JA3 u3 , v3 ), V U,V E Vh. 

AHanorHqHaH KOHCTpyKUHH HCnOHb3yeTCH B nsyMepHO~ cnyqae. ~OKa3aHa 

TeopeMa 8. ~ng qHcen o6ycnosneHHOCTH nepeo6ycnosneHH~x onepaTopoB 

cnpasennHB~ oueuxH 
-1 cond(IB
2 

JAr) 

-1 
cond (IB

3 
1Arl 

= o(1 + ln
2
H/h), 

= q(H/h(1 + ln
2
H/h) ) . 

rne h - mar nHcxpeTH3aUHH, a H ~ MaKCHManbH~A pa3Mep nono6nacTH • 

OTMeTHM, qTo N=H/h eCTb qHcno HeH3BeCTH~X no onuoA ·nepeMeHHOA B 

nono6nacTH. 
~oxa3aTenbCTBO TeopeM~ 8 onHpaeTCH ua nonyqeuu~e B nHccepTaUHH 

o6mHe oueHKH qHcen o6ycnosneuuocTH cond(IB:11Arl· k=2,3 ua xnacce 

nonnpocTpaHCTB V
2

, V
3 

o6mero BHna. • 
B 3axn~qeuHe rnaB~ III npencTasneu~ pa3pa6oTKH auanorHqH~x 

anropHTMOB pemeHHH 3a~aqH EDD ~ng xouequo-pa3HOCTH~X annpOKCHMaUHA 

onepaTopoB nyauxape-CTexnosa B no~o6nacTHX rl . 
. I 

Co3nau xoMnnexc 

nporpaMM CDD3 nng pemeHHH TpeXMepH~X 3HHHnTHqecKHX 3a~aq C CHHbHO 

MeHH~mHMHCH K03~~HUHeHTaMH B CTyneuqaT~X o6naCTHX. llpHBO~HTCH 

cpaBHeHHH 3~~eKTHBHOCTH C03~aHHHOrO KOMnneKCa C ~pyrHMH H3BeCTH~MH 

,anropHTMaMH. 

KpoMe Toro nocTpoeuo ceMeAcTBO nepeo6ycnaBnHBa~mHX onepaTopoB 

~k .• k=2,3 3KBHBaneHTH~x no cnexTpy onepaTopy JAr ua xnacce no~

npocTpaHCTB Vhc "r· npH annpoxcHMaUHH no MeTo~y ranepKHHa. 

oueHHBaH 3~~eKTHBHOCTb pa3pa6oTauu~x B rnase III anropHTMOB. 
-1 6 s~qHcneHHH 3neMeHTa v=Snun, npHxonHM K B~Bo~y. qTo 3Ta npo neMa, 

B csoea HaH6onee Tpy~oeMxoa qacTH ( 3a~aqa EDD) Tpe6yeT ~nH 

yr.ieHbmeHHH HeBH3KH B c=O(N-q) , q>O pa3 nopH~Ka Q=O (m·M·~ln4N) 
apH~MeTHqecxHx ~eAcTBHA, rne M -o6mee qHcno no~o6nacTeA, 

m = { k = { 

1 , 2-D cnyqaa 1, 2-D cnyqaa 

. 1/2 
N , 3-D cnyqaa, 2, 3-D cnyqaa, 

a neAcTBHe ceToquoro onepaTopa nyauxape-CTexnosa B no~cTpyxTypax 

B~q:icnHeM Hcnonb3YH MeTo~ Baxsanosa-Opexosa qacTHquoro pemeHHH 
{1 

pa3HOCTHOA 3a~aqH ~HpHxne ~nH nannacHaHa. 

B rAABE IV paccMaTpHBaeTcH npo6neMa co6cTBeHH~x 3HaqeHHA nnH 

rHnepCHHrynHpH~X KBa3HnOTeHUHaHbH~X HHTerpanbH~X ypaBHeHHA. 

B KBaHTOBOA TeOpHH nonH ~ng onHCaHHH ~ByxqacTHqH~X KBapKOB~X 

18 

CHCTeM (qq, e•e-, f.l+f.l- H T.~_., r~e q-KBapKH, e-3HeKTpOH, 

JL- f.l-Me30H) H.CnOHb3yeTCH KBa3HnOTeHUHanbH~A nonxon. ~HH noTeHUHaJJa, 

onHC~Ba~mero B3aHMOneACTBHe KBapKa H aHTHKBapKa, KBa3HnOTeH-

·uHanbHOe ypaBHeHHe (KllY) 

( B UeHTpanbHO-CHMMeTpHqHQM 

B HMnynhCHOM npOCTpaHCTBe 

cnyqa~) npHHHMaeT. BHn: 

r~e 

d2 
/A ~ E v(p)~(p)+ ~3 

2 
dp 

D...~ + a·D...~ = f.l·~(P), 

~ E %{ {~ED... (-oo,oo): ~(p)=-~(-p)}, 
2 . 

1 00 

o...~ = 7 J lnl~-x~~(x)dx • 

(18) 

V(p)~O - 3a~aHHaH ~YHKUHH, a~O, ~~0 - ~HKCHpOBaHH~e KOHCTaHT~. 

3~eCb ~ -BOHHOBaH ~YHKUHH OTHOCHTeHbHOrO ~BHXeHHH, f.l-3HeprHH 

CBH3aHHOA CHCTeM~. 

PaCCMOTpHM cnyqaA 
d2 

v(p)=p
2

• HCUOJib3YeM cne~y~mHe o6o3HaqeHHH 

1R = D... 
dp2 

d 
[) = dp 

~oxa3aHa cne~y~maH 

/A = 21E + 1'>31R 1 p .... , 

p 

-1 I [) •=- (·)dx, IK=[)·D.... 

-1 . 
JleMMa 3. OnepaTop lf

1
= JA

1 
e X(r<o>r<)-

* 0...=0... 

* snonHe uenpep~BeH, IA1 =1A 1 ~ 
a onepaTop D...·lf orpaHH4eH B.r<. 

1 * 

c
1

1E, . 

~ng c1>0 H, KpOMe TOrO, 

V ~>0 3 a(~). Taxoe, 
_Q 1 

qTd npH a<a0 (~) onepaTop IA=IA HMeeT BnonHe 

uenpep~BH~A o6paTH~A 
-1 

lf=IA • PemeHHH 3a~aqH 

JAz =xz, 
1 m. m m 

llzll=1; m=1,2, ... , 
m 

ynosneTBOpH~T oueuxaM . 
ll[)-1z 11 2 s c lx lv3

, ll[)z 11 2 :s c lx .. l2
, m .. m 

IID...z 112 s c lx lv3
, x= O(m

2
/
3
), m,. oo • 

m m m 

~anee paCCMaTpHBaeTCH ripoeKUHOHH~A MeTon pemeHHH ypaBHeiiHH 

~ = f.l"lf•~ 1 a<a0 (~). 

r~e O<f.l =<f.L s ••• - HCKOM~e co6cTBenn~e 4Hcna (Cq) , a ~ , k=1, 2 ... -
1 . 2 k 

co6cTBenu~e ~YHKUHH ( C<ll). nycTb IHn c r< ecTh nonnpocTpaHCTBO xyco4-

. HO-HHHeAH~X 6a3HCH~X ~YHKUHA ~1 (x), o6pa3y~M~X paBHOMepH~M pa36H-
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eHHeM oTpe3Ka [O,r], r>O c maroM h=rjn. onpe~enHM npoeKTop 

IP~ 
n 

TaK qTO 

n 

~ a1 (~)·~1 (x) , 

1~1 

~-IP ~ 11
2 ~ min 
X n 

a1 

PaCCMOTpHM 3a~aqy 06 OT~CKaHHH nepB~X M<n 

0<~ ~~ s •.• ~ H C~ ypaBHeHHH 
t,n 2,n K,n 

1 a
1 

e IR , 

co6cTBeHHNX qHcen 

~ = Wlf'n·lr~ 1 ~ E D-1 
n 

cnpaue~nHBa cne~y~~ag 

ReMMa 4. HMeeT MeCTO OUeHKa IP!nllrll ~ c(hl/2+ r-1/2
) rrpH n~oo • 

HCIIOHb3YH neMM~ 3,4, ~OKa3aHa 

TeopeMa "9. IIyCTb ~Jill Ceil ~k (X) E );{, k~M BNIIOJIH~HO [f)~ E );{, 

x2~(x)e );{. Tor~a cnpaue~nHBN oueHKH 

II~ - 1/1 II ~ a h + a r-2
, 

k,n k X 1 2 11k,n- Ilk I 
2 -4 

~ f
1
h + f

2
r , 

r~e KOHCTaHTN a
1

, a
2

, f
1

, f
2 

He 3aBHCHT OT h H r a 

(19) 

IIocne HeKOTOpNX ynpo~eHHR, ypaBHeHHe (19) CBO~HTCH K qaCTHqHOR 

' rrpo6neMe co6cTBeHHNX 3naqenHR 

r~e 

/Anui; = 'Ai;ui;' 

lA= rn+ lr+ D-1+ lr+ D-1 
n n L L R R 

T 
u~:;=(u1 , ••• ,u

0
) , i;=(h,r), 

rn =diag(v , ••• ,v), 1r =lr*, 
n 1 n L L 

* lr =lr 
R R 

* * ~TennHUeB~, D-IL=D-IL, D-IR=D-IR - raHKeneBN MaTpHUN. nng OTNCKaHHH M 

MaKCHManbHNX C3 9TOR 3a~aqH HCIIOHb3yeM MeTO~ HTepHpOBaHHH 

IIO~IIpOCTpaHCTBa. 3~~eKTHBHOCTb anropHTMa o6ecneqHuaeTCH 6~CTpNM 

YMHOXeHHeM MaTpHUN IA
0 

Ha BeKTOp (3a O(nlnn) onepaUHR), ~~pMHpOBa

HHeM HaqanbHNX npH6HHXeHHR ~HH HTepaUHR Ha nocne~oBaTeHbHOCTH 

CeTOK C yqeTOM aCHMIITOTHqecKOrO npe~CTaBneHHH rrorpemHOCTH 

no CTeiieHHM napaMeTpOB ~HCKpeTH3aUHH, 9KCTpaiiOHHUHeR IIO 

PHqap~COHY OTHOCHTeHbHO napaMeTpOB h H r. 3TOT anropHTM peanH30BaH 

B B~~e KOMnneKca nporpaMM QPE. 

IIpHBe~eM HeKOTOpNe XapaKTepHCTHKH KOMIIHeKCa Ha npHMepe pacqeTa 

KII?:. C KYHOHOBCKHM IIOTeHUHaHOM (~=0, a=1, V~p2 ), HMeiO~HM 
aHanHTHqecKoe pemeHHe. npH pacqeTe M=4 co6cTBeHHNX qHcen c 

TOqHQCTbiO c=10-4 Ha nocne~oBaTeHbHOCTH H3 7 CeTOK pa3MepHOCTbiO 
3+1 --n1= 2 , i=1,7 (3~ecb n

7
= 1024) MHoroceToqH~R anropHTM pa6oTaeT 

B 5-6" pa3 6ucTpee, qeM npH pacqeTe nHmb Ha nocne~HeA ceTKe. 

20 

KpoMe Toro, ecnH ToqHoCTb pemeHHA Ha nocne~HeA ceTKe npH r=12,5 ; 

H r=15,0 COCTaBnRna 1.9·10-s H 2.7·10-5
, COOTBeCTBeHHO, TO nocne 

9KCTpanonRUHH no h H r cornacHo pa3noxeHHIO 
N L 

0 

'A - 'AI:; = ~ d1 h
1

+
1 

+ ~ 
1~1 1=1 

~ 
COCTaBnRna - 4.0·10 • 

v
1 

(h) 

( 

l+N 

~aa+s-;-i + 0· h o + r-ao-sLo) 

IIpH OnHCaHHH 9KCnepHMeHTaHbHNX ~aHHNX (9HeprHi!: M, i=l,4 H 
I 

mHpHH r
1

) ~HH Jf~-H Y-qacTHU npoBo~naCb MHHHMH3aUHH ~YHKUHOHana 

4 " (r r )2 

~ ( ) 

1 1 , 3KCII 
M - M 2 11M-2 + · c 

1 1,9KCn " 1 llr 2 
~ inr-

I~ J 1 

no CB060~HNM napaMeTpaM 3a~aqH.TaKaH MHHHMH3aUHH Tpe6yeT, 

npauHno, 6onee 100 o6pa~eHHA K nporpaMMe QPE. Bo 

KaK 

ucex 

paccMoTpeHHNX cnyqagx nonyqeHo "xopomee" onHcaHHe ~nR 9HeprHA, H 

HeCKOHbKO xy ~mee ~ng mHpHH, qTQ no3BOHHHO yToqHHTb CTaTyc 

~H3HqecKoi!: MO~eJIH. B rRaBe IV TaKXe pa3pa6oTaHN MeTO~Y pemeHHll 

KIIY C HenHHei!:HYM BXOX~eHHeM cneKTpanbHOrO rrapaMeTpa ~. 

T Jl ABA V IIOCBHI!IeHa BbNHCJIHTeJI:CHb!M anropHTMaM Ha" 

nocne~OBaTeHbHOCTH CeTOK. IIonyqeHY o6~He ycnOBHH, rapaHTHpyiO~He . 
no c~erreHRM napaMeTpa ~HcKpeTH3aUHH ~nH pa3noxeHHe norpemHOCTH 

npH6nHxeHHoro pemeHHR 

6aHaXOBOM IIpOCTpaHCTBe. 

HenHHeRHoro onepaTopHoro ypaBHeHHH B 

YCTaHoBneH~ cne~CTBHil ~nil CHRbHO 

MOHOTOHH~X onepaTOpOB H ~ng 3a~aqH Ha C06CTBeHHYe 3HaqeHHH B 

rHHb6epTOBOM npocTpaHCTBe. 

npoue~eHY uuqHcnHTen&HYe 9KCIIepHMeHT~ ~ng mHpoKoro Knacca 

9HHHIITHqecKHX KpaeBYX 3a~aq, fHY TeOpHH noTeHUHana H HenHHeRHYX 

CHHrynRpHYX HY THna qy-Roy , HHHIOCTpHpyiO~e BYCOKYIO npaKTHqecKyiO 

9~~eKTHBHOCTb 9KCTpanonRUHR .THna PHqap~COHa B 9THX 3a~aqaX npH 

noBYmeHHH TQqHQCTH pa3HOCTHYX CXeM. IIpe~noxeH MeTO~ nOBYmeHHH 

TQqHQCTH pa3HOCTHYX pemeHHR ~nil ~ByX- H TpeXMepHoro ypaBHeHHH 

nyaccona H 6HrapMOHHqecKoro ypaBHeHHH c IIOMOI!IbiO nouopoTa cHcTeM~ 

KOOp~HHaT. IIYCTb Ha HeKOTOpoR CeToqHoi!: o6naCTH C KBa~paTHOR CeTKOR 

wh c maroM h 3a~aHo" ceToqHoe ypauHeHHe nyaccoHa 

llhuh = f(x), x e wh 

~ng CTaH~apTHOi!: CXeMY "KpecT". B CHny HHBapHaHTHOCTH nannacHaHa 

OTHOCHTenbHO nouopoTa CHCTeMY KOOp~HHaT, "MOXHO paCCMOTpeTb 

ceMei!:CTBO ceToqHux onepaTopoB ~~~k Ha wh , r~e ~k~ + k
2

, 
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k:=1,2, ••• ,onpeneneHHYX Ha ma6noHe, nonepHyToM OTHOCHTeJJbHO 
... ·+ 

HCXOJ(HOro Ha yron q> k =-arctg k:. llOCTpOeHY JJHHeAHYe KOMfiHHaUHH 

ti!YHKUHH Uh H pemeHHA U't" 3aJ(aq BHJ(a !:J.'t" U't" = f(x), X e Wh, 

k * k k * 
npH6JJHxaD~e TOqHoe pemeHHe U (X) HCXOJ(HOrO ypaBHeHHH i:J.U = f C 

norpemHOCTbD O(h
4

) H O(h
6
lnh). HanpHMep, ,ltJJH cnyqag q> = Tl/4 , 

1 

-r = -r = V2h cnpaneJJ:JJHBa 
1 

TeopeMa 10. llyCTb B npHMoyroJJbHHKe ll ti!YHKUHH * 6-u (X) E IC (ll) 

* f(x) = l:J.u y,~tonneTnopHDT ycnoBHHM 

4 * 4 * a u a u 
f(x)= o, x e r=an. + o n yrnon~o~x Toqxax. 

ax4 ax4 

1 2 

TOrJ(a.cnpaBeJ(JJHBY t~~opMyJJY 

2uh + u't" h2 

+ -- f(x) * 4 u (x) + O(h ) , 
3 12 

1 45[ 32 2u + 16u - u J 
h 't"/2 't" uhn 

+ O(h6 lnh-1
) 

h2 

+ 60 f(x) 

X E W 
h • 

X E W 
h 

* U (X) + 

H 

OTMeTHM, qTo Kpaenag 3aJ(aqa JJ:JJH onepaTopa l:J.-r pacmennHeTcH Ha 

nne He3aBHCHMYe non3aJ(aqH, qTo cymecTBeHHO o6nerqaeT ee pemeHHe. 

AHaJJOrHqHJ.Ie 4IOPMYJJY J(JJH yToqHeHHH pemeHHA nonyqeHY J(JJH nanJJaCHaHa 

Ha xy6Hqecxoa ceTKe H J(JJH 6HrapMOHHqecxoro onepaTopa. 

nanee paccMoTpeHa npo6neMa pa3noxeHHH norpemHOCTH no cTeneHHM 
-1 r B 3aJ(aqe Ha co6cTBeHHI>Ie 3HaqeHHH 

t(z) = {~,~)~x1} = o * , A=A e ~(X • X), z=(x,A), (20) 

rne napaMeTp r>O onpenenHeT ypanHeHHe J(JJH npH6JJHXeHHoro pemeHHH zr 

{ 

A X - A P X } r r r r r O 
tr(zr) = (P x P x )- 1. = 

r r' r r 

P x(t) = { x(t) 
r O, 

cnpanennHna cnenyDmaH 

t :s r 
t > r 

pAP 
r r 

(21) A 

TeopeMa 11. llyCTb A eCTb OJ(HOKpaTHOe, H30JJHpOBaHHOe C3 3aJ(aqH 

(20), Bl>lnOJJHeHY COOTHOmeHHH 

Ut'(z)~(E-P )U • O, 
r 

r • o 
UA -AU • 0 , r • oo 

r Utr(Prz)U•O, r•m 
H norpemHOCTb annpoKCHMaUHH J(JJH on epa Top a t r , onpeneneHHoro 

I -1 B (21) , Ha TOqHOM pemeHHH pa3JJaraeTCH B pRJ( no CTeneHHM ~ 

Torna cnpaneJ(JJHBO npeJ(cTanneHHe 

22 

Z - P Z = P ( ~ C (Z) 
r r r L k 

k=l 

m -km ) r 1 o + 

rne qHcna ck He 3aBHCHT oT r • 

n 
r '. " n r ( 

-Nm +m ). 

o r ~ 1 . 
nanee ycTaHOBJJeHO, qTO ycnpBHH TeopeMY 11 BYDOJJHeHY J(JJH 

onepaTopa G\ H3 r JiaBIJ IV. 
• 1 

B 3aKJJDqenHe rJiaBIJ V o6cyxnaeTcH CTaTyc MHoroceToqH~o~x 

HTepaUHOHHYX npoUeCCOB J(JJH 3JJJJHllTHqecKHX KpaeBYX 3aJ(aq, rHY 

nepBOrO H BTOporo poJ(a. C llOMOWbD qHCJJeHHYX 3KCnepHMeHTOB aHaJJH3H

pyeTCH 34!4leKTHB_IIOCTb MHOrOCeTOqHI~ro HTepaUHOIIHOro anropHTMa J(JJH 

ceToqHoro ypanneHHH nyaccoHa, OCHOBaiiHOro Ha pa3JJOXeHHH 

norpemHOCTH no CTelleiiHM mara J(HCKpeTH3aUHH. B UeJJOM pe3yJJbTaTY 

3TOA rnaBY HJJJJDCTpHpyDT 60JJbWHe B03MOXHOCTH J(JJH OllTHMH3aUHH aJJrO

pHTMOB npH opraHH3aUHH BJ.IqHcJJeHHA !Ia nocJJeJ(oBaTeJJbHOCTH CeTOK. 

FJIABA VI llOCBHmeHa- OllHCaHHD MOJ(YJJhHYX KOMDJJeKCOB nporpaMM J(JJH 

pemeHHH 3aJ(aq MarHHTOCTaTHKH, C03)laHHYX Ha OCIIOBe pa3pa60TaHHYX 

aJJropHTMOB. llpe)lCTaBJJeHY pe3yJJbTaTY pacqeTOB MarHHTIIYX llOJJeA )lJJH 

pH)la 3JJeKTp04lH3HqecKHX ycTaHOBOK B YCKOpHTeJJbiiOA 4lH3HKe. 

CJJe)lyeT OTMeTHTb, qTQ npH pemeHHH TpexMepHYX KpaeBJ.IX 3a)laq 

MarHHTOCTaTHKH xapaKTepHO ne' TOJJbKO .OpMaJJbHOe B03paCTaHHe Ha 

nopHJlOK pa3Mep110CTH J(HCKpeTHYX' aJJre6paHqecKHX CHCTeM, HO H 

npHHUHDHaJJbHOe KaqeCTBeHHOe H JJOrHqecKoe ycJJOXHeHHe aJJrOpHTMOB, 
I 

yxy)lmeHHe HX aCHMDTOTHqecKHX BYqHCJJHTeJJbHYX xapaKTepHCTHK, 3HaqH-

TeJJbHOe ycnoxHeHHe reoMeTpHH rpaHHU pa3puna K03.4lHUHeHTOB H npanux 

qacTeA. 

Ha Ham·n3rJJHJ(, npe)lJJOXeHHaH B )lHCCepTaUHH KOIIUeDUHH llOCTpOeHHH 

BYqHCJJHTeJJbHYX 

ypanHeHHA B 

aJJropHTMOB )lJJH 

KOM6HHHpOBanHoA 

KBa3HJJH!IeAHYX 3JJJJHllTHqecKHX 

nocTanonxe, OCIIOBaHHaH Ha 

MHOroypoBHeBOA )leKOMn03HUHH o6JJaCTH H MHOroceToquoA opraHH3aUHH 

pacqeTOB, HBJJHeTCH O)lHOA H3 HaH60JJee nepcneKTHBHYX npH pemeHHH 

3TOrO KJJacca 3a)laq H coqeTaeT )lOCTOHHCTBa pa3JJHqJibiX llO)lXO)lOB. 

K TaKOMY BYBOJlY npHBO)lHT npoBe)leHHYA B J(HCcepTaUHH ll0Jlp06HUA 

TeopeTHqecKHA anaJJH3 ncex OCHOBHbiX 3Tanon BblqHCJJHTeJJbiiOrO 

npouecca,_ Ha KaX)lOM H3 KOTOpYX HCDOJJb3YDTCH JJH60 OllTHMaJJbHYe, -JJH60 

6JJH3KHe K OllTHMaJJbiiYM MeTO)lY. 3TO llO)lTBepxnaeTCH TaKXe 

BblqHCJJHTeJJbJIYMH 3KCnepHMeHTaMH DO pemeHHIO 3a)laq npe)leJJbHOA 

BJ.IqHCJIHTeJJbHOA CJJOXHOCTH (HanpHMep, C qHCJJOM HeH3BeCTHYX -1-.3·10
5 

H - 5.0·10
3 

J(JJH pa3pexeHHYX H DJJOTHYX MaTpHU, COOTBeTCTBeHJIO) Ha 

3BM llC-1061 H llC-1066. K qHcny BaXHI>IX KaqecTBeHHYX xapaKTepHCTHK 

2:i 



pa3pa6oTaHHYX anropHTMOB H nporpaMM MOXHO OTHeCTH cne~y~~He: 

He3aBHCHMOCTb CKOpOCTH CXO~HMOCTH HTepal{HA - OT pa36poca 

xo9~HUHeHTOB ypaBHeHHR H OT qHcna no~o6nacTeA, onpe~enR~~Hx 

~eKOMn03HUH~i "cna6aR" 3aBHCHMOCTb CKOpOCTH CXO~HMOCTH OT qHcna 

HeH3BeCTHYX B no~cTpyKTypax; He3aBHCHMOCTb CKOpOCTH"CXO~HMOCTH 

BHeWHHX ( an&TepHHpy~~X) HTepaUHA OT mara ~HCKpeTH3al{HH H XapaK

Tepa HeJIHHei!:HOCTHi CHMMeTpHqHYe nocTaHOBKH 3a~aq Ha BCeX 

OCHOBHYX ypOBHRXi Tpe6yeMaR naMRTb nopR~Ka 0(~), r~e N- 06~ee 
qHCJIO HeH3BeCTHYX no O~HOA nepeMeHHOA; B03MOXHOCTb BYqHcneHHA 

ua nocne~oaaTen&HOCTH ceTOK; rny6oKHA ecTeCTBeHHbiA napannenH3M. 

Cpe~H ~ByMepHbiX 3a~aq OTMeTHM pacqeTbl aKCHaJib~O-CHMMeTpHqHoro 

nonll ycTaHOBKH KPHOH (JIB3), nOJill MHOrOCeKUHOHHOA MarHHTHOA 

ycxopHTeJibHOA CHCTeMbl JIHY-30 ( JIH<I>), a TaKXe ~HnOJibHOrO H 

KBa~pynoJibHOrO MarHHTOB ycTaHOBKH CITHH (JIB3). P~cqeTbl Tpex~epHbiX 

noneA KaK ~HnOJibHOrO MarHHTa cneKTpOMeTpa (HHH AH CCCP), TaK H 

MarHHTa ycTaHOBKH CITHH xapaKTepHbl TeM, qTQ B KaX~OM H3. 3THX ~nyqaeB 

o6naCTb $eppoMarHeTHKa Q~ HMena CTyneuqaTy~ KOH~HrypaUH~, 

n03TOMY HCnOJib30Banacb ~eKOMn03HUHll o6naCTH Q J Q Ha napannene-
~ 

nHne~Y. ITpo6neMa BblqHcneHHll nOBll OT CB060~HbiX HCTQqHHKOB 

peruanacb Ha OCHOBe C03~aHHll 6aHKa ~aHHbiX ~BR CTaH~apTHbiX 3JieMeHTOB 

TOKOBbiX 06MOTOK. PacqeTbl yKa3aHHbiX 3a~aq BKn~qanH perueHHe fHY Ha 

noaepxuocTH napannenenHne~a ua ceToqu"' x o6nacTliX pa3MepuocTeA 

( 16x16x64) H ( 32x32x32) . B nepBOM cnyqae qHcno "rpauHqHYX" 

HeH3BeCTHbiX, onpe~eJill~~ee nopli~OK nnOTHOA MaTpHUbl. ~Bll fHY, eCTb 

N3= 4608, a BO BTOpOM N3= 6144. HanpHMep, ~Jill 3a~aqH Ha CeTKe 

(16x16x64) yMeH&meHHe ueBli3KH B c pa3, r~e 10-4scs10-3 , Tpe6yeT 

15 MHH. s. t s 22 MHH. BpeMeHH 3BM EC-1061. PemeHHe auanorHquoA 

3a~aqH MeTo~oM raycca noTpe6ouano 61>1 no uamHM oueuxaM 6'onee 200 

qacou ua 3ToA xe 3BM. PemeHHe BHyTpeuueA uenHHeAuoA ceToquoA 

3a~aqH MeTO~OM ~eKOMU03HUHH o6naCTH (nporpaMMa CDD3) Ha nocne~o-

BaTeJibHOCTH CeTOK ( 12x14x14) '* ( 24x28x28) '* ( 48x56x56) c 

OTHOCHTeJibHOA TQqHQCTb~. c=10-4 COCTaBJilleT Ha 3BM EC-1066 OKOJIO 

8-10 MHH. YKa3aHHall TOqHQCTb B pa6oqeA o6naCTH MarHHTa ~OCTHraeTCll 

np~:; qHcne "uenHHeAHYX nepeMeHHYX" paBHOM 48 ( qHcno no~o6nacTeA 

B Q~). OTMeTHM, qTQ pacqeT 3a~aqH Ha ceTKe (96x112x112) COCTaBHT 

Ha TOR Xe 3BM OKOBO 40 MHH. 06~ee qHCBO HeH3BeCTHbiX Ha CeToqHoA 

o6nacTH B 3TOM cnyqae npeBOCXO~HT 106
• 

B 3AKAD~EHHH KpaTKO C~OpMynHpOBaHY OCHOBHYe pe3yn&TaTY. 

:B llPHAOJKEHHH npHBe~eHbl pHCYHKH, rpa$HKH H Ta6BHI{Y, 
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HBJI~CTpHpy~~He pe3yJI&TaTbl pemeHHll TeCTOBbiX H npHKBa~HYX 3a~aq. 

OCHOBHHE PE3YJihTATU ~HCCEPTAUHH 

1 . Hccne~OBaHbl $YHKUHOHaBbHYe CBOi!:CTBa HeBHHei!:HOrO H JIHHeAHoro 

rpaHHqHbiX onepaTOpOB ITyaHKape-CTeKBOBa, nopo~aeMbiX KBa3HBHHeAHYM 

3JIJIHnTHqecKHM onepaTopoM Ha nHnruilueaoA o6nacTH H nannacHaHOM B 

ueorpaHHqeHHOA o6naCTH npocTpaHCTBa ~BYX (2-D) HJIH Tpex (3-D) 

npOCTpaHCTBeHHbiX H3MepeHHA. 

2. ~OKa3aHo, qTo KBa3HBHHei!:HOe 3BBHUTHqecKOe ypaBHeHHe B Rn, n=2,3 

C KpaeBbiM 

onepaTopoB 

ypaBHeHH~ 

HOMY ua 

ycnOBHeM Ha 6eCKOHeqHQCTH CBO~HTCR npH nOMO~H 

ITyaHKape-CTeKJIOBa • K HeBHHeAHOMY rpaHHqHoMy 

MeTana ~eKoMno3HUHH o6nacTH (~0), onpeneneu-

BCUOMOraTeJibHOA noaepXHOCTH r, conepxa~ea o6nacT& 

HeJIHHeAHOCTH. ITonyqeHbl ycnOBHll cy~eCTBOBaHHll H enHHCTBeHHOCTH 

pemeHHSI nocTpoeuuoro ypaaueHHll, a TaKxe oueHKH norpemuocTH npH 

nHcKpeTH3aUHH nocnenuero no MeTony ranepKHHa. 

3. ~OKa3aHa CXOnHMOCTb CTal{HOHapHbiX H Hb~OHOBCKHX HTepaUHOHHbiX 

MeTO~OB perueHHll rpauHquoro ypaBHeHHll ~0, CBO~li~HXCll K 

nocnenoBaTeBbHOMY pemeHH~ HeJIHHeAHOA BHyTpeHueA 3BBHnTHqecxoA 

xpaeaoa 3a~aqH ~HpHxne H rpauHquoro HHTerpan&uoro ypauueHHll ,( rHY) 

Ha noBepXHOCTH r. 
4. Pa3pa6oTaHbl 3KOHOMHqHble HTepaUHOHHble MeTonbl pemeHHll fHY Te.opHH 

noTeuuHana ua nouepxuocTH napannenenHnena (HnH UHJIHH~pa), 

Tpe6y~~He 0(~ ln
2
N ) apH~MeTHqecKHX nei!:CTBHA, rne N- pa3MepHOCTb 

0 0 0 

nHcKpeTH30BaHHOA 3anaqH no onuoa nepeMeuuoa. 

5. rrocTpoeu HHTerpo-pa3HOCTHbiA MeTon pemeuHll rHY nepuoro pona B 

nByMepHOM cnyqae, OnTHMaBbHbiR no aCHMUTOTHKe qHcna apH$MeTHqecKHX 

.zteRCTBHR, a TaKxe 3KOHOMHqHYR ?-JiropHTM perueHHH fHY B (r,z)-reo

MeTpHH Ha rpaHHI{e MHOrOCeKI{HOHHOR CTpyKTypY. llpennoxeH 6biCTpYR 

MeTo.n BblqHcJieHHll ceToquoro onepaTopa nyauxape-CTeKnoua ~Jill cneuH

an&HbiX noaepXHOCTeR. 

6. llpennoxeHa HeUOBHO-HeBHHeRHall ~OpMynHpOBKa nnR KBa3HJIHHeA-

HbiX 3BJIHnTHqecKHX ypaBHeHHA B Rn, n=2,3 , CBO.I{ll~aliCll K ycpe~HeHHIO 

HeBHHeAHoR 3aBHCHMOCTH B npe.nenax $HKCHpOBaHHOro qHcna 

UO.I{06nacTea .. ~OKa3aHa CHJibHall MOHOTOHOCTb, BHUWHU-HenpepbiBHOCTb H 

nOTeHI{HaJibHOCTb nOCTpOeHHOro HHTerpo-~H~~epeHI{HaBbHOrO onepaTopa, 

nonyqeua Ol{eHKa norpemHOCTH no OTHOWeH~IO K HCXO.I{HOR MO.I{eJIH. 

nocTpoeubl uenHueRuble ypaBHeHHR Ha BHyTpeHHHX rpauHuax pa3pe3oB, 

onpe~eBliiO~HX ~eKOMn03HUH~ o6naCTH HeJIHHeAHOCTH, npennoxeHbl 31fl~eK-
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THBHYe HTepaUHOHHYe MeTonY HX pemeHHH. 

7. nocTpoeao ceMeAcTBO nerKo o6paTHMYX nepeo6ycnaBnHBa~~HX one

paTopoB nnH KOHeqao-9neMeHTHYX 2-D H 3-D 9nnHnTHqeCKHX CHCTeM Ha 

QCHOBe neKOMIT03HUHH o6naCTH nepeceKa~~MHCH pa3pe3aMH. )10Ka3aHO, 

qTo qHcno o6ycnoBneHHOCTH nepeo6ycnoBneaaoro onepaTopa cna6o 3a

BHCHT OT pa3MepHOCTH N npaCTpaHCTBa 6a3HCHYX ~YHKUHA B nono6naCTH 

0(1+ln2N) H O(N1n(1+ln2N)) nnH 2-D H 3-D cnyqaeB, COOTBeCTBeHHO) 

H He 3aBHCHT OT qHcna nono6nacTeA H pa36poca K09~~HUHeHTOB 

ypaBHeHHH. npennoxeHa KOHCTPYKUHH 9KBHBaneHTHYX no cneKTPY nepe

o6ycnaBnHBa~~Hx anepaTapOB, OCHOBaHHaH Ha O~HOBpeMeHHOM TOnonarH

qeCKOM npeo6pa30BaHHH nono6nacTeA B HeKOTOpYe KaHOHHqecKHe ~HrypY. 

8. Pa3pa6aTaH 9KOHOMHqHYA MeTan KneToqaoA neKOMn03HUHH o6naCTH nnH 
pemeHHH KOHeqHa-pa3HOCTHYX 9nnHnTHqeCKHX 3anaq B CTyneH<iaTYX 

o6naCTHX npaCTpaHCTBa IRn ,. n,;2, 3, OCHOBaHHYA .Ha HCnanb30BaHHH 

o6o6~eHHaro MeTana conpsxeHHYX rpa.l{HeHTOB c nepeo6ycnaBnHBaTeneM, 

ananorHqHYM cnyqa~ KaHeqno-9neMeHTHYX ypaBnenHA (eM. n.7). 

9. Pa3pa6aTaH H peanH30BaH B BH.l{e KOMnneKCa nporpaMM 9~~eKTHBHYA 

anropHTM pemeHHH qacTHqnoR npo6neMY Ha co6cTBeHHYe 3HaqeHHH .l{nH 
· rHnepcHnrynspHoro KBa3HnaTenuHanbnoro HHTerpanLnoro ypaBHeHHH na 

nonyacH [0,~). Hccne.l{OBaHY ~YHKUHOHanbHYe CBORCTBa HHTerpo-nH~~e~ 

peHuHanLHYX onepaTopoB, nonyqenY ouenKH norpemnacTH npH6nHxeHHYX 

pemenHR npH nHcKpeTH3aUHH no MeTony ranepKHHa nns KycoqHa-nHneAHYx 

9neMeHTOB. 

CTeneHHM 

Pe3ynLTaTY 

YCTaHOBneHY ycnOBHH pa3nOXHMOCTH norpemHOCTH B pHn no 
-1 

r • rne {O,r}- HHTepBan nHCKpeTH3aUHH 3a,l{aqH. 

qHcneHHYX pacqeTOB cneKTpOB MaCe H mHpHH nenTOHHYX 

pacna.l{OB .l{nH J/W - H Y-Me30HOB xopomo cornacy~TCH c 9KcnepH

MeHTanLHYMH ,l{aHHYMH H n03BOnHnH yToqHHTb CTaTyc ~H3HqecKOR MonenH. 

10. a) nonyqenY ycnoBHH pa3noxeHHH norpemnocTH no cTeneHHM mara 

.l{HCKpeTH3aUHH npH annpOKCHMaUHH ypaBHeHHR C CHnbHO MOHOTOHHYM 

onepaTopoM , a TaKxe B 3a.l{aqe na co6cTBenuye 3naqenHH nns caMoco-

·npsxennoro onepaTopa. npe.l{noxen H o6ocHoBan MeTe){ noBYmenHH 

ToquocTH ceToquyx pemeHHR ypaBnenHH nyaccona, OCHOBaHHYR Ha 

9KCTpanonHUHH C noMO~b~ nOBOpOTa CHCTeMY KOOp.l{HHaT. 

6) YcTanoBneuy pa3noxenHH norpemHOCTH no cTeneHHM mara 
l ~ j 

.l{HCKpeTH3aUHH B 3a,l{aqe Ha co6CTBeHHYe 3HaqeHHH C HHTerpo~nH~~epeH-

, UHanLHYM onepaT o paM, nns Knacca HHTerpanbHYX ypaBnenHR liToporo 

pc.l{a, a TaKxe .l{nH HenHHeitHYX CHHrynHpHYX HHTerpanbHYX ypaBHeHHA 

. THna· . liy-Jioy. · llpOBe.l{eHY qHcneHHYe 9KCnepHMeHTY, Hnn~CTpHpy~~He 

BYCOKY~ npaKTHqecKy~ 9~~eKTHBHOCTb 9KCTpanonHUHA no PHqap.l{COHY B 
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·. 

nepeqHcneHHYX 3anaqax, a TaKxe ~H 9nnHnTHqecKHX KpaeBYX 3anaq. 

11. Ha OCHOBe pa3pa6oTaHHYX anrOpHTMOB C03naHY KOMnneKCY cneUHa

nH3HpoBaHHYX nporpaMM nns pemeHHH r~Y na noBepxnocTH napannene

nHne.l{a H na rpanHue MHoroceKUHOHHOA CTPYKTYPY B (r,z) -reoMeT

pHH, ,l{nH pemeHHH 2-D H 3-D nHHeAHYX H HenonHO-HenHHeHYX CeToq-

HYX 9nnHnTHqecKHX ypaBHeHHlt MeTonoM neKOMn03HUHH o6miCTH, 

a TaKxe ~nH pacqeTOB nenHHeAHYX .l{ByMepHYX H npOCTP.aHCTBeHHYX 

3a,l{aq MarHHTOCTaTHKH B K0~6HHHpOBaHHOR nocTaHOBKe. 

12. _HpcBe.l{eHY pacqeTY aKCHanbHO-CHMMeTpHqnoro nomt MarHHTHOA 

CHCTeMY ycTaHOBKH KPHOH (JIB9 gHHH), TpexMepHoro nonH 

cneKTpOMeTpHqecKoro MarHHTa HH3KOij 9HeprHH MOCKOBC.KOR Me30HHOR 

~a6pHKH (HHH AH CCCP), a TaKxe psna npyrHX nByMepHYX H 

npocTpaHCTBeHHYX MarHHTHYX noneR 3neKTpO,H3HqecKHX ycTaHOBOK OHHH. 
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