


1. BBE,llEHHE 

Bo MHOrHX 3aAa4aX KBaHTOBO~ MeXaHHKH B03HHKaeT He06XOAHMOCTb 
Bbi4HC11HTb 11HTerpaJlbl THna 

1 
I(f) "" f dxf(x) 

0 
/1/ 

OT !I>YHKI..IH~ C HHTerpHpyeMbiMH OC06eHHOCTRMH B T04KaX 0< x1<,,,, <X < 1, - s-
1 :S S < "" , TO eCTb TaKHX, 4TO B OKpeCTHOCTH 3TH X T04eK f( X) 1"1111"1 
ee npoH3BOAHble HeKOToporo nopRAKa HeorpaHH4eHHO eo3pacTaiOT. B 
Ka4eCTBe npHMepa MOmHO ynOMRHYTb MaTpH4Hble 311eMeHTbl onepaTOPOB 
cnHHOBOrO B3aHMOAe~CTBHR B aTOMaX H MOJleKyJlaX. 

B cny4ae, KOrAa oco6eHHOCTH nOAbiHTerpanbHbiX !I>YHKI..IH~ f(x) !l>aK
TOPH3yeMbl, TO eCTb KOrAa f(x) MOryT 6b1Tb npeACTaBJleHbl B BHAe 

• f(x) "" w (x) ¢ (x) , 121 

rAe w (x) - o6111aR AilR AaHHoro tmacca nOAbiHTerpanbHbiX !I>YHKI..IH~ 
BeCOBaR !I>YHK1..111R /l, 2 / C OCOUeHHOCT.RMH, a r/J(x) - AOCTaT04HO rilaA-

. • . - ?N r- _ • • 
KdH VYHK1..11'1H /Hdii~I'1Mt!~ (/)'ei.J LV,ljf,tit!l..bMd <l!p!pt!KTI"'BHbiM Mt!IUAUM 

Bbi4HCileHHR /1/ RBilRIOTCR KBaApaTypHble !I>OPMYilbl raycca-KpHCTO$$e11R 
/Ktl>rK/ c Be COM w (x) 11 • 21 : 

I(f) = I(w¢) = I~w) (¢) + R<:> (¢); 

(w) N . 
IN (¢) = I w1 ¢(x 1) , 

i= 1 

R <;>(¢) 

(w) 
aN 

a<;>.¢(2N\()/(2N)!, 0<(<1 

N 
1 2 l d PN (x) 
f dx· w(x) PN (x) I-N --

0 ! dx N 

/3a/ 

/36/ 

/3e/ 

/3r/ 

3AeCb PN(x) - MHOr0411eH cTeneHH N 113 ceMe~cTea MHoro4neHoe, op
ToroHailbHbiX Ha cerMeHTe [0, 1] c eecoM w(x) 11 •21 • KaK BHAHO H3 

Ol..leHKH ocTaT04Horo 411eHa R<;> /3e/, T04HOCTb K¢rK MomHo cyl!lecT
eeHHO Y11Y4WHTb B pe3YilbTaTe nOAXOARI!Iero Bb16opa eeca W(X),B PRAe 
C11y4aee 3TOT nOAXOA npHBOAHT K HCnOilb30BaHHIO HeKJlaCCH4eCKHX ee
coe; HanpHMep, B 3aAa4aX KBaHTOBO~ XPOMOAHHaMHKH BCTpe4aiOTCR HH

TerpaJlbl OT !I>YHKI..IH~ C OC06eHHOCTbiO 
w(x) = 1/(ln2 (x(x + 2)) +"2) npH x ... o. /4/ 

* ~.; , .I 1 
.:~~·;~): ,~.;l'~il.~"l'~ 

-.:.·J'~·~" .:ff~·· 



B pa3Aene 2 np~BeAeH~ ABa o6~~x anrop~TMa An~ nocTpoeH~~ op
ToroHaflbH~x MHoro4neHos ~ KQfK c npo~ssonbHWM secoM. 

C APYrOH CTOpOHW, OC06WH ~HTepec npeACTaBn~eT 4~CfleHHOe ~H
Terp~poBaH~e $YHK~~H C He$aKTOP~3yeMWM~ oco6eHHOCT~M~ 

f(x) = w(x) ¢(x) + w1 (x) ¢ 1 (x) , /5/ 

rAe w (x), w 1 (x),. . . - secoBble <llYHK~~~ c HecosnaAaiOII.\~M~ oco6eH
HOCT~M~, a </J(X), ¢ 1 (~ , ••• - AOCTaT04HO rnaAK~e ¢YHK~~~. no
A06Hwe ~HTerpaml B03H~KaiOT B P~Ae 3aAa4 MOneKyn~pHOH $~3~K~ 13 • 4 < 
npocTeHW~M np~MepOM cny>K~T 3aAa4a 0 Bbi4~CneH~~ ~HTerpana 

1 00 dt 
I = J dx·E 1(px) ¢(x), E1 (x) = J-e-t - -lnx + const + x + 

0 l[ t l[ ... 0 
K ~HTerpanaM OT tl>YHK~~H T~na /5/ K<l>fK c secoM w(x) ~n~ w1 (x) OA~-
HaKoso Henp~MeHHMW. B pasAene 3 npeAflO>KeH MeTOA nocTpoeH~~ pac
w~peHHbiX KBaApaTYPHWX $opMyn faycca-Kp~CTQ$$en~ /PK<llfK/, npeA
Ha3Ha4eHHWX Afl~ ~HTerp~posaH~~ C~Hryn~pH~X $YHK~~H 6onee 0611.1ero 
B~Aa /5/. MeTOA COCTO~T B MHOronapaMeTp~4eCKOH 11Ae$~pMa~~~ 11 

~CXOAHOH K$fK C BeCOM W(X) ~ CBOA~TC~ K peWeH~IO C~CTeM Hen~HeH
HWX ypasHeH~H An~ napaMeTpos Ae~opMa~~~- 4~cneHHwe pesynbTaTw, 
nony4eHH~e HaM~ B CfleAYIOII.\~X Ba>KHWX Afl~ npaKT~K~ cny4a~x/3,4/: 

w(x) = 1, 

f 1/VX, 
w 1 (x) = - ln x, 

l -lnxe-px, P=8 ~nH p = 20, 

npHBeAeHbl s pa3Aene 4. An~ peweH~~ B03H~Kai011.\~X c~cTeM Hen~HeHHblx 
ypasHeH~H 6wn ~cnonb30BaH asToperyn~pHsosaHHWH MeTOA faycca
HbiOTOHa /6,6/ ~ nporpaMMHa~ c~cTeMa REGN /7/. PaccMaTp~saeMble 
PK<l>fK nop~AKa N = 6,8,12 ~sn~IOTC~ noAXOA~II.\HM~ Afl~ 4~cneHHoro HH
Terp~posaH~~ s cny4a~x, KOrAa HaXO>KAeHHe 3Ha4eH~H nOAWHTerpanb
HOH <l>YHK~~H/5/ CB~3aHO CO 3Ha4~TeflbH~M o6~eMOM BW4~CfleH~H. 

2. 4HCnEHHOE nOCTPOEHHE CEME~CTBA OPTOfOHAnbHWX MHOf04nEHOB 
H KBAAPATYPHbiX <llOPMYn fAYCCA-KPHCTO~<llEn~ C nPOH3BOnbHbiM 
BE COM 

nycTb w(x)- secosa~ <llYHK~H~ /1,21; 
1 , ••• ee CTeneHHble MOMeHTW: 

1 
a k = ( dx • W(X) • X k • 

0 

KaK H3BeCTHO /eM., HanpHMep, /1,2//: 

o6oaHa4~M 4epea ak, k = 0, 

!6! 

a/ CyiJ.IeCTByeT eA~HCTBeHHOe CeMeHCTBO MHOr04fleHOB 

2 

N (N) n 
P N (x) = I c n x , N = 0,1,2, ... , 

n=O 

opToroHanbHWX Ha cerMeHTe [ 0, 1 1 c sec oM w (x) : 
1 

/7a/ 

J dx w(x) PN (x) Py(x) = hN. ~M; /76/ 
0 

6/ ysnw x1 ~ seca w1, i = 1,2, ... , N, s K<llfK /3/ YADsneTsop~IOT 
Hefl~HeHHOH CHCTeMe ypaBHeHHH 

(w) m 
IN (x ) = am, m = 0,1, ... , 2N - 1 • !8! 

np~MOe peweH~e CHCJ
2
erbl /8/ CB~3aHO C 6onbWHM~ TPYAHOCT~MH Aa>Ke 

npH Ma~x N = 3,4 ; 
s/ np~Moe peweHHe /8/ o6xoA~T, Y4HTwsa~, 4To 

P N (x i ) = 0, i = 1, ... , N , 
1 

w i = r dx w(x) n (x - X j) I n (x 1 - X j ) • 
0 Jli j~i 

/9a/ 

/96/ 

~, TaKHM o6pa30M, BW4HcneH~e x
1 

H w
1 
CBO~HTC~ K nOCTpOeHHIO ce

MeHCTBa OPTOrOHaflbH~X MHOr04neHOB p (x) 1 1 ; 

r I K03$$H~HeHTW c ': MHoro4neHa P N (f) /7a/ YAOBneTsop~IOT CHCTeMe 
nHHeHHWX ypasHeHHH 

N-1 (N) 
I c a = -a c (N) 0 1 n = 0 n n + m N+m N • m = ' • ... • N - 1 • /10/ 

(N) C T04HOCTbiO AD o611.1ero HOPMHPOB04HOro MHO>KHTen~ K03$$H~HeHTW C n 
MOryT 6WTb BW4HCneHW Ha OCHOBe /10/; OAHaKO CHCTeMW /10/ nnoxo 
o6ycnosneHw. BMecTo /10/ ~enecoo6paaHo Hcnonb30BaTb cneAYIOII.\YIO 
~en04KY TpeyronbHbiX CHCTeM nHHeHHWX ypaBHeHHH Afl~ C (N); 

N_;1 b(M) (N) - d(M) M = 0,1, ... , N -1, ., n •Cn - ' 
n•M 

rAe 

M (M) 
b (t.f) = I c m am +n ' 

n m=O 
d(M) = _ l c <:>am+N • 

m-=0 

n 

/11/ 

CHcTeMa /11 I nosaon~eT B~4HCnHTb c <:>, 0 :S n :S N , npH yme H3BecTHbiX 
c<~> , b S m S M, M S N - 1 : 

0 (!J) = d(N-1~ CN-1) 
N-1 . M-1 ' 

c<r:_> =(d(N-n)_ni1b(N-n)c(N) )/h(N-n) 2<n<N. 
N n k, 1 N-k N- k ""N- n ' - -
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HeAOCTaTKOM anrop~TMa 1111 ~an~eTc~ HaKonneH~e ow~6oK oKpyrne
H~~ • HecMoT p~ Ha 3To a cny4ae aecoBblx <!>YH Kl..l~i1 w (x) = - ln x : 

m -4 2 2 
w(x) =ll(p+x) , 10 ~p~l,l~m~6; w(x)=ll(ln (x(x+2))+rr) 
~ T.A., OH ~MeeT npe~My~eCTBO no cpaBHeH~~ C HaXOmAeH~eM K03$
¢~1..1~eHTOB OPTOrOHanbH~X MHOr04neHOB Ha OCHOBe C~CTeM~ 1101. TaK, 
Hanp~Mep, Ha 3BM T~na EC np~ ~cnonbaosaH~~ ABOi1Hoi1 T04HOCT~ 
YAaeTc~ B~4~cn~Tb opToroHanbH~e MHoro4neH~ cTeneH~ NS13. B 4acT
HOCT~, TaK~M o6pa30M 6bln~ nOCTpoeHbl K¢rK C aeCOM 141 An~ Bbi4~C
neH~~ MaTp~4HbiX 3neMeHTOB onepaTOPOB cn~HOBOrO B3a~MOAei1CTB~~ 
B C~CTeMe KBapK-aHT~KBapK/8/. 

3. KBA,[IPATYPHbiE ¢0PMYnLI AnR HHTErPHPOBAHI-151 ¢YHKL.1Ht:l 
C HE¢AKTOPI13YEMWMH OC06EHHOCTRMH 

QrpaH11411MC~ An~ npOCTOT~ ABYM~ cnaraeM~M11 B npasoi1 4aCTI1 151. 
nycTb Tpe6yeTc~ onpeAen~Tb aaa~c~~~e oT L_sN napaMeTpos z e , 
1::; f ~ L, yanbl x 1 = x 1 (z) 11 aeca w 1 = w1 (z) pacwl1peHHOi1 KBaApaTyp
Hoi1 ¢opMyn~ raycca-Kp11CTO¢¢en~ noP~AKa N: 

(w) N 
IN ,L (1/J (x) I z) = i ; 

1 
w 1 (z) 1/J (x 1 (z)) , l12al 

TaK, 4To6~ PK<!>rK l12al 6~na T04Hoi1 An~ ¢YHKI..I~i1 f - T~na 151, 
ecn~ ¢ (x) ~ ¢ 1(x) - MHoro4neH~ cTeneH~ He a~we 2N- L- 1 ~ L- 1 
COOTBeTCTBeHHO: 

a<w> <.!._I z) = 0 , 
N,L w 

R(w) (!_I z) d!r I(f)- l(w) (!_I z). 
N,L w N,L w 11261 

1 
B npeAnonomeHI1~' 4TO r dx w1(x) cy~eCTByeT' o603Ha4HM 4epe3 f3k 
11HTerpan~ o 

1 
f3k = r dx·W~(x) ·X~' k = 0, 1, ... , L-1. 

0 
1131 

Yanbl x 1 11 aeca w 1 a l12al YAOBneTBOP~~T HenHHei1Hoi1 c~cTeMe 
ypaaHeHI1i1, aHanori14Hoi1 c~cTeMe 181: 

(w) f 
IN,L(x lz) =ae, f= 0,1, ... ,2N-·L-1, l14al 

I(w) xf. wl(x) - -
N,L ( w(x)lz) -f3r, f-0,1, ... ,L-1. 11461 

PeweHHe CI1CTeM~ 1141 CB~3aHO C TaKI1M~ me TPYAHOCT~M~, 4TO ~ pe
WeHI1e 191; B03HI1KaeT TaKme BOnpoc 0 COBMeCT~MOCT~ l14al 11 11461. 
0Ka3~BaeTC~ B03MOmH~M, OAHaKO, 0606~HTb H3nomeHH~H B nyHKTe 
"a" pa3Aena 2 MeTOA pewe~~/9/ ~ TaK me o6oi1TI1 np~Moe peweH~e 
1141. OnpeAeni1M Q (x) = n (x -X ) • const. 113 Toro ct>aKTa' 4TO PK<PrK 

N i= 1 i 
4 

I 121 T04Ha An~ MHoro4neHoB ¢ cTeneHI1 2N- ·L- 1 np11 ¢ 1 = 0 I eM. 
1511, cneAyeT, 'ITO I(wQNPM) = ~~~l(QNPMiz) =0, M = 0,1, ••• , 
N- ·L-1, TO eCTb MHOr04neH QN(X) OPTOrOHaneH C BeCOM W(x) BCeM 
PM (x), 0 ~ M ::; N-L-1, 11, cneAoBaTenbHO, 

L 
QN(x) = PN(x) + I zf PN-l (x) , 1151 

f= 1 

0603Ha411M Hyn~ Q (x) 1151 4epe3 Xi= Xi (z), i SN t 11 Wi (z) - 4epe3 
Xi (z), KaK B 1961. 04eB11AHO, 4TO npH 3TOM paBeHCTBa 114al aBTO
MaTI14eCKI1 BblnOnH~~TC~, B TO BpeM~ KaK 11461 npeapa~aeTC~ B CI1-
CTeMy Heni1Hei1H~X ypaBHeHHi1 An~ BBeAeHHbiX paBeHCTBOM 1151 napa
MeTPOB zf, f = 1 , 2 ••• , ·L • 11 Hao6opoT: ecn11 z = (z1 , ... , zL) ecTb 
peweHI1e Heni1Hei1Hoi1 cl1cTeM~ 11461, PK¢rK 1121 c yanaMH x 1(z) .~a
n~IO~I1M11C~ KOPH~MI1 MHOr04neHa Q N(X) 1151, 11 aecaMH w1 (z), 3aAaH
H~MI1 paaeHCTBaM11 1961, 6yAeT T04HOi1 An~ ¢YHK1..111i1 f(x) THna 151, 
ecn11 ¢ (x) 11 ¢ 1(x) - MHoro4neHbl cTeneHI1 2N- L -1 11 L-1 cooTaeT-

CTBeHHo. (w) 
.lln~ Ol..leHKH ocTaTo4Horo 4neHa R N,L 11261 PK¢rK paccMoTpi1M 

nocneAoBaTenbHO cneAY~~He cny4a11: 
A. f( x) 11Meel- B11A 151 c ¢ 1(x) = 0. AHanorH4HO 13a,rl 11MeeM 

R(w) (¢1 z) 
N,L 

zLhL ·- 1 (2N-L) 
c w) c kN_-LL) (2N - L) I • ¢ (g), 0 < ~ < 1 • 1161 

.- II!, ' 
u, •\AJ nMcco '""'1-1 1-:J/ 1,; <p~AJ = u. IOrAa 

I
R(w) W1 L 

N,L ("Wx lz) I 
1 L N W1 (xi) L 

I r dx w1 (x) X - I wi Xi I < 
o i = 1 w(x

1
) -

117al 

< 
.1 L N w1(xi) L-1 r dx·w1 (x) •X I+ . ~ wi --Xi =f3L + f3L-1 o 1=1 w(x

1
) 

OTKYAa cneAyeT 

IR~:L ( w: ¢1 1 z)l::: ({3L + {3L_ 1) ¢<;> (O)IL!, 0< 0< 1. 11761 

01..1eHK~ 1171 AOBOnbHO rpy6~e. KoM6~HI1PY~ 1161 11 1171, An~ ¢YHK-
1..111i1 f Tl1na 151 a o6~eM cny4ae nony4aeM 

(2N-1) 
(w) f ZLhL ¢ (() 

IR ('-I z)l < ----- • + 
N,L w - (N) (N-L) (2N -·L) I 

{3L + {3 L-1 ¢(~) ((J). 

Ll 
1181 

0 N c N-L 

np~ L<N PK<PrK 1121 HeC~MMeTpi14Ha no OTHOWeHH~ K 110CHOBHOi1 11 

11 K "AononH~TenbH~M" aecoa~M ¢YHK1..111~M w (x) 11 w
1 

(x) , • • • 151: 
5 



AHA <I>YHK1..1Hi1 BHAa f (x) = w (x) cP (x) OCT aT04Hbli1 4.neH I 16 I y6biBaeT 
6biCTpO C POCTOM nopRAKa N, B TO BpeMR KaK T04HOCTb Bbi4HC.neHHR 
HHTerpa.nOB OT <I>YHK1..1Hi1 f BHAa f(x) = W1 (x) ¢ 1 (X) y.ny4WaeTCR npH 
3TOM MeA.neHHO I cor .nacHo Ol..leHKe 117 I ocTaT04Hbli1 4.neH 

R~~L (w~ xf lz) AaH<e He 3aBHCHT oT N I. B 3TOM CMblc.ne PK<I>rK 1121 

RB.nReTcR .nHwb Ae<l>opMai..IHei1 K<t>rK c secoM w(x), Bbi3BaHHoi1 Ha.nomeHHeM 
AOno.nHHTe.nbHbiX yc.nosHi1 11461. TeM He MeHee PK<t>rK RB.nReTcR 3<!>
<t>eKTHBHbiM cpeACTBOM 4HC.neHHOrO HHTerpHpOBaHHR <I>YHK1..1Hi1 C He$aKTO
pH3yeMbiMH OC06eHHOCTRMH THna 151. ~OCTaT04HbiM yc.nOBHeM BbiCOKOi1 
3<l><l>eKTHBHocTH npHMeHeHHR PK<t>rK Is 4aCTHOM c.ny4ae secosoi1 <I>YHK
I..IHH Wl(X) C eAHHCTBeHHOi1 OC06eHHOCTb~ B T04Ke X* IRB.nReTCR 6blcT-

poe y6biBi'lHHe noc.neAoBaTe.nbHOCTH ocTaT04HbiX 4.neHOB R~w)(~x -x*)f) 
w 

13BI npH f = 0, 1 , . . . . 

4. 4HCnEHHWE PE3YflbTATW 

H3.nomeHHbli1 B pa3Ae.ne 3 MeTOA 6bl.n npHMeHeH npH nocTpoeHHH 
PK<t>rK s c.neAY~~Hx samHbiX A.nR npaKTH4eCKHX 3aAa4 /3,4/ c.ny4aRx: 

w (x) = 1, w 1 (x) = 1/ vx, 

w(x) = 1, w1(x) = -lnx, 

w(x) = 1, w 
1 

(x) = - lnx • e -px , p 2 0 , 

2 I 2 w(x)= 1/(x+p0) , w1(x)=1 (X+p1), 0<p 0<p 1 ~l. 

/19a/ 

11961 

l19sl 

l19rl 

8bi4HC.neHHe HHTerpa.nOB OT <I>YHKI..IH~ THna 151 C W (x) H W 1(x), 3aAaH
HbiMH /19al, B03MOH<HO lnoc.ne 3aMeHbl nepeMeHHOi1 HHTerpHpOBaHHR 
x =t21 H c noMO~btO o6bi4HOi1 K<!WK c secoM w(t) = 1; npH 3TOM, OA
HaKo, A.nR AOCTHmeHHR T04HOCTH PK~rK nopRAKa N Heo6xoAHMa K<t>rK 
noPRAKa N ' - 2N. 

B Ta6.n.1a A.nR secosblx <I>YHK1..1Hi1 l19al npHBeAeHbl peweHHR Zf , 
f = 1, ... , ·L , cHcTeMbl He.nHHei1HbiX ypasHeHHi1 I 1461 c 1 ~ L ~ 4 , 
N = 3, 12. Ta6.n.16 COAeP>KHT 3Ha4eHHR y3.nos xi H secos wi, i = 1, 
•.• , N, PK<l>rK c <I>YHKI..IHRMH l19al npH N = 8, ·L = 4 H N = 12, L= 4. 
PeweHHR Zf , 1 ~ f::; ·L , L ::; 6 He.nHHei1Hoi1 cHc TeMbl I 146 I A.nR secOBbiX 
<I>YHK1..1Hi1 w(x) = 1 H w1(x) = -lnxe-px, p = 0, 8, 20; N = 6, 8, 12 
AaHbl B Tafi.n. 2, KOTOpaR H.n.n~CTpHpyeT 3aBHCHMOCTb napaMeTpOB Ae
QOpMai..IHH z f = z f (L, N, p, ... ) OT pa3MePHOCTH cHcTeMbl 11461 L, no
PAAKa PK<t>rK 1121 N "' 3Ha4eHHi1 napaMeTpos secosblx <I>YHK1..1Hi1 ITHna 
p B l19s//. B Ta6.n.3 npHBeAeHbl 3Ha4eHHR y3.nos xi H secos wi , 
i<N, PK<t>rK nopRAKa N = 6,8,12 A.nR <I>YHK1..1Hi1 /1961 IRB.nR~~HxcR 
4aCTHbiM c.ny4aeM /19sl npH p = 0/. Ta6.n.4 coAepmHT 3Ha4eHHR y3-
f!PB x1 "' secos wi ,i 'S_N, PK<I>rK nopRAKa N = 12, L = 5 "' L = 6 A.nR 

6-

) 

) 

Ta6mn~a Ia 
PemeHIUI z = (z 1 , ... , zL) CHCTeMhi HeJIHHeiiHbiX ypaBHeHm':l: I 146/ 
c BeCOBbiMH tiJyHK~HHMH w (x) = I H w 

1 
(x) = ~ vx 

£ _zr, N =8 Zf, N = 12 ·L 

I 1 o,s159g15435433 o,t:43B62~114583 

2 1 1' 705549 491817 1,799980076862 
2 0,716623934933 o,eo494~599493 

1 2,379521301488 2,577889035048 
2 1,848622~27618 2,196111576155 
3 0,466804.416342 0,617556080782 

3 

1 2 9 S39916132772 3,322222044006 
2 3,154317795721 4,098962666807 
3 1,455477103818 2,2232~8112751 

4 
4 0,241746845807 0,446651386995 

Ta6JIH~a 16 
3Hat~eHHH Y3JIOB x 1 H Be coB w i, i .. 1 , ... , N, PK<I>fK nopH,o;Ka 
N = 8 H N = I 2 c cPYHK~HHMH w ( x) = I H, w 

1 
( x) = 1 

yx 
Xi N= 8 Wi 

.1. 0,ti~¥4U~4~b4btiY-~ u,dD~~~~~U46U47-~ 

2 0,1721516608741-1 0,3626480565257-1 
3 o,e518988606243-1 0,1035387311747+0 
4 0,2257906151648+0 o,1753329892083+o 
5 0,4262811584480+0 0,2189725996263+0 
6 0,6482873480879+0 o,2t67845649147+o 
7 0,8436~85415181+0 0,1665709710£87+0 
8 0,9688622397690+0 0,7900603927788-1 

N = 12 

1 0,2384022355512-3 0,1214913276116-2 
2 0,6172637267326-2 0,1333916434544-1 
3 0,3226340648659-1 0,4096695694313-1 
4 O,b045258231112-1 0,7564953519260-1 
5 0,1826128087752+0 0,1076459185415+0 
6 0,3029538300719+0 0,1313523589349+0 
7 0,4415559547221+0 0,1438236926252+0 
8 0,5863849363330+0 0,1436887071538+0 
9 0,7246905974198+0 0,1308650294959+0 

10 o,e442406567686+o 0,1064537243980+0 
11 0,9344441547349+0 0,7260990456514-1 
12 0,9873234126983+0 0,3239009432824-1 
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Ta6nH~a 4 
3Hat~eHH.R: ysnoa x i H aecoa w 1 , i = 1 , ••• , N, PKif>rK nop.R:AKa 
N = I 2 c !l!YHK~.R:MH w (x) .. I H w 1 (x) = - ln x e -px , p = 8,20 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

P=8 

xi 

0,5846925486066-3 
0,7935495806874-2 
o,3401547935538M1 
0,8872539186308-1 
0,1755753220668+0 
0,2914357146787+0 
0,4279652224889+0 
0,5734226342933+0 
0,7144524122349+0 
0,8377411781806+0 
0,9315012157296+0 
0,9867319743265+0 

p ... 20 

xi 

0,7044598903016-3 
0.9083277~81~17-2 
o;3678809310154-1 
0,9161994176291-1 
0,1759900930544+0 
0,2879543058014+0 
0,4212501187182+0 
0,5654631695992+0 
0,7073657231746+0 
0,8329124170197+0 
0,9292226307032+0 
0,9862644710136+0 

Wf 

0,2191662475181-2 
0,1465784260309-1 
0,3922024434022-1 
0,7078189853620-1 
0,1023698897543+0 
0,1279297072689+0 
0,1431425259524+0 
0,1455186845327+0 
0,1342971021443+0 
0,1102947708758+0 
0,7570783816951-1 
0,3388783314726-1 

W1 

0,2611461652455-2 
0.16?~4Q01AA?44-1 

o;4o45823483217-1 
0 6958155293886-1 
0:9883970652008-1 
0,1240449917249+0 
0,1407864325066+0 
0,1454001012936+0 
o,1360304995335+0 
0,1128879885498+0 
0,7803801992184-1 
0,3506610844380-1 

lfJYHt<~HH /19a/ np111 P = 8 111 p = 20. 3TH PKQfK npe,qcTaBilRIOT HHTepec 
B CBR3111 C TeM, 4TO o6ecne4HBaiOT XOpOWYIO OTHOCHTellbHYIO T04HOCTb 
B~4HCS1eHHR HHTerpallOB 

l dx • X ke -px , l dx • X k(-ln X e -px) 
0 0 

/20/ 

a WHPOKOH o6nacTH H3MeHeHHR napaMeTpoa pH k. Ha pHc.la,6 npe,q-
.cTaaneH~ o611aCTH HHTerpHpOBaHHR Ha nllOCKOCTH (P,k), B KOTOP~X 
B~4HclleHHe HHTerpanoa /20/ c noM~biO PK$fK H3 Ta6n.4 ,qaeT 
yKa3aHHOe a KPY*Kax 4Hcno aepH~X 3Ha4eHHH ~~~~~p; ,qllR cpaaHeHHR 
Ha PHC. la, r noKa3aHO 4HCI10 BepH~X ~H$p npH B~4HCI1eHHH HHTerpa-

10 

l 

• 
t!' 

PHc.Ia. qHcno BepH~ sHaKoB 
B 'IHcneHHOM 3Ha'leHHH HHTerpana 

1 -px k 
( dx e X , 0 .$ p, k.$20,nony'leHHOM 

0 

C llOMO~biD npHBeAeHHOH B Ta6n.4 
PKif>rK. 

~·········· ~ 

@) 

® 
kL--------------L----------L-~ 

kL-------------L-----~~ 

PHc. I o. qHcno BepHb~ sHaKoB 
B 'IHCneHHOM 3Ha'leHHH HHTerpana 

l dx (-ln X e-px ) X k, O::;p, k::; 20, nony-
0 
'leHHOM C IIOMO~ID npHBeAeHHOH 
B Ta6n.4 PK~rK. 

PHc.IB. qHcno BepHb~ sHaKoB B 
'IHCneHHOM 3Ha'leHHH HHTerpana 

f dxe-pxxk, OS PS 20, k S 15, no
o 

ny'leHHOM C llOMO~biD HeAe~pMHpO-
BaHHOH K~rK rrop.R:AKa I 2 c BecoM 
w(x) = 1. 

PHc.Ir. qHcno BepHb~ sHaKoB B 
'IHcneHHOM 3Ha'leHHH HHTerpana 

f dx(-lnxe-PJ:) xk, 0< p< 20, k <15, 
0 - - -

nony'leHHOM C llOMO~biD HeAe~OpMH-
- poaaHHOH K~rK nopnAKa I2 c BecoM 

w(x) = 1. 
11 



nos /20/ c noMOUibY.> He.Qe()lopMHpoaaHHOH KOrK c aecoM w(x) = 1 Toro me 
nopR.Q.Ka N = 12 . 

npH HallOM<eHHH nO,QXO,QR~HX ,QOnOJlHHTeJlbH~X YCJlOBH~ /146/ MOM<HO 
,Q06HTbCR TOro, 4T06bl pe3YllbTHPYI:JtqaR Pl(<!>rK o6ecne4HBaJla YAOBJleT
BOpHTeJlbHY~ T04HOCTb ,QllR 6011ee WHPOKOrO KJlacca nO,Q~HTerpallbH~X 

<!>YHKUHH. 
PK<!>rK c aecaMH /19r/ 6~nH Hcnonb30BaH~ npH a~4HcneHHH MaT

pHqH~x 3JleMeHTOB CHHryllRPH~X onepaTOPOB B a,QHa6aTH4eCKOM 6a3H
ce 13,4/. 

5. 3AKJ11')4HTEJlbHbiE 3AME4AHHR 

B~6op KOHKPeTH~x 3a.Qa4, paccMOTpeHH~x a pa3,Qenax 2 H 3, a 3Ha-
4HTellbHOH Mepe . OCHOB~BaJlCR Ha B03MOM<HOCTH HX HCnOJlb30BaHHR npH 
peweHHH onpe.QeJleHHbtx <)lH3H4eCKHX npo6neM. CaMocTORTellbH~H HHTepec 
npe.QcTaBnReT o6~ee peweHHe HeKOTop~x H3 3aTpOHYT~x aonpocoa, 
HanpHMep 4HCJleHHOe nocTpOeHH~ OPTOrOHallbHbiX MHOr04JleHOB C npOH3-
BOJlbH~M BeCOM C y4eTOM nllOXOH o6yCJlOBJleHHOCTH CHCTeM~ /10/. 
0co6eHHO Bal!<HOH RBJlReTCR npo6JleMa COBMeCTHMOCTH ypaBHeHHH /146/, 
KOTopo/:1 onpe,QenReTcR o6nacTb npHMeHHMOCTH pacwHpeHH~x KBaAP~Typ
H~x <)lopMyJl raycca-KpHCToQ<)leJlR /12/. 

B 3aKJlY.>4eHHe aaTop~ a~pamaY.>T rny6oKyY.> 6naro,QapHOCTb A. Kapa.Q
moay 3a aKTHBHoe co,Qe~cTBHe Ha acex 3Tanax pa6oT~. 
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