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. B HaCTOflll\eH pa6oTe CTP011TCfl 4HCJ1eHHbiH MeTOA BbiCOKOH T04HO;. 

CTH peweHHfl saAa4H AHpHxne AJ1fl ypaeHeHHR Jlannaca Ha nnocKOCTH 
B- o6naCTRX C rpaHHlleH, COCTOflll\eH 1113 KOHe4HOrO 4HCJla rnaAKHX 
KPHBbiX. B OCHOBe ne>KHT MeTOA rpaHH4HbiX HHTerpaJ1bHbiX ypaeHeHHH 
;rVIY I 111 ' CBJ'I3aHHbiH B AaHHOM cny4ae c npHMeHeH"HeM ¢>op~YJ1bl rpHHa. 
Bb160p 3TOrO MeTOAa CBfl3aH C TeM, YTO, eo-nepBbiX, AOC~HraeTCfl 
BbiCOKafl T04HOCTb MeTOAa 6e3 AOnOJ1HHTeJ1bHbiX MaW!1HHbl~ pecypCOB, 
eo;..·aTOPbiX, io4HO am1poKci1"r-\HpyeTCfl ypaet-ieHHe a 6ecKOHey'f.toti' ofi.;. 
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naCTIII /BHeWHflfl "3aAa4a/, 4TO eaH<HO B 3aAa4aX MarHHTOCTaTHKH .• 
KpoMe Yoro, Wl,fl 'perynflpH.oro 'pa36HeHHfl rpaHH-~bl. o6naCTH.)! npo_-: 
t.~ecce p·a·3HOCT.HOH. annpoKc.HMal.IHIII rVIY YAaeT.Cfl . 3¢><tieKT~BHO ''j,poeo
-AHTb ,3KCTpanoJ1fll.IIIIIO 'lia nocJ1eAOBaTeJ1bHOCTIII ceTOK. \npi1•3TOM •KaH-
60J1bWYIO 3¢l¢leKTHBHOCTb MeTOA HMeeT B TeX CJ1y4af!X, KOrAalpewe~He 
Tpe6yeTCfl HaHTIII J111Wb B He60J1bWOM 4HCJ1e T04eK pac4eTHOH o6nacTH. 

B pa6oTe HCCJ1eAyeTCfl o6yCJ10BJ1eliHOCTb<MaTp11l.lb1,
1
B03HHKaiOll\eH 

npH 4HCJ1eHHOM peWeHHH rVJY, ycTaHaBJ1HBaeTC~ CXOAHMOCTb npH6J1H
>KeHHOrO ·peweHHfl 111 ot.~eHHBaeTcfl ero .T04HOCTb ,, B 4aCTHOCTI1 , •. y_cTa
HOBJ1e'Ho, 4TO np111 Kyco4Ho-n~Hei1i-toH annpoKCHMal.IHH HOpMaltbHOH 
npoH3BOAiiO~ :HCKOMoe PeU!eHHe. nony4aeTcfl .c .T04HOCTbiO :a (h :r.£_ ), rAe 

. h ·- war ceTKH Ha. rpaHHlle, 4T.O 111 onpeAenfleT ebicoKYIO· T04~QCTb, 
MeTOAa _:•. YCTClliOBneHa ltJOPMYJ1a 'Arlfl' 3KcTpanoJ1.flliHI-1 THna 3i<cTpan6J,~:_ 
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1.111111 PH4apACOHa· Ha' ABYX CeT_KaX, riOBbiWaioll.lafl, T04HOCTb HC:KOM0f1. , . . . ., . . . . , , . ' . '• .. . ... , . , I 
HOpMaJ1bHO~ npOH3BOAHOH' AO O(h 3-£)' B_ HeKOTOpOH cna6oH" MeTPHKe. 
np~-teoAi:ITcfi pesynbT~lTbl 4'1-'ichei--IH~ix' 3Kcnepi.1Me-~i-oe, i1n.hiocTpHp·yKiui~-te' ~ . .• . ,• ... · .... ; :' ', ... . ·, . '"., .' ' ; ' . . :• .. > · ... \. ·'. .•. ., : ., ' .. 
3¢l¢leKTHBHOCTb 3KCTpanonfll.IIIIH Ha nocJ1eAOBaTeJ1bHOCTH HeCKOJ1b~HX 
ceTciK. · npoeehet-io t'cpaei-teH'~-te 41-!cneH,Hblk p'eweHi-111 Ail'R' MEm)Aa. rHY .· 
11 _ Koi-Hi4t-io-pasH'oC:THaro~ npeAcTaeiieiibl pesyn.bTaTbl. p~c4~i-oe: ~HH!'I.::· 
'M'ariliHbiX co6c.TBeHHblX 4~ten MaTPHll 'KOHe4t-ioMepH6i1"" CHCTeMi.(l(.hfl' •• ' 
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1. noCTAHOBKA 3AAA4VI 
nycTb B. o6nacTH {l= 'GI.: .. n;R ~rAe P..; rpali~-t~a o6riacTH 'G';:'HMeiO

lllafl HenpepbiBHYIO t<p~-teHsHy·; pewaeTcfl ·saAa4a 'A~-tPH><ile · Aril:i i ypaai-le:.: · 
HHfl· Jlannaca: --' ,.-,,; '· · .; •· .. ·· ·· i 

~u.· ~0_, ~re.;a;· ~== g{x) .~.x €f' .. '' .·: .;·, \ . ... ,,. '·'/1'.',_1_ ;· 
. . ,; .. -;. . . . ' ' . 

g(~ - AOCTaT04HO rnaAKafl <I>YHKlllllfl KOHTypa r. 
., _., .·.j:-·:··. 
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AnR peweHHR u(~ 3a~qH 

:. \\ 
/1.1/ HMeeT MeCTO ¢opMyna fpHHa /2~31. 

a •u(x) + f(u(s) ....Lln.r{x,s) .,...lnr(x,s)..iL.u,(s)]ds =1>, /1.2/ . r ~ ~- . . 
r.qe r(x, :s) - paCCTORHHe OT TO\lKH X AO T04KH S~f'; n- BHYT.peH
HRR HOpManb K f' B TOI.IKe :s-: 

o. x~·a,_ 

a= I 211,· X 'G. 'G, 

. 11. .ic;._r • 1\-1 

3-ra $OpMyna· 'Cnpa~eAilHBa H .AllR KOHTYPOB C KYCO\lHO-HenpepbiBl-JOH. 
KpHBHSH0£1. nnR yrrioeol1 T04KH X KOHTypa r cneAyeT nonolKJ.1Tb' . ' ' . . . . . ;. . ' . . . . . /2/ 
a=a0, rAe a 0 - BHYTPeHHHH yron MelKAY KaCaTeJlbHblMH .a T04Ke X •. 

TaKHM o6pa3oM, peWeJ-IHe 3a,r.:la4~ /l. 11 CBOAi-tTCR K ntY .BH.A•i 

.rAe 

Lv = JL(x,s) v(s) ds = f.(x). Xt r _, 
f' 

··L(x~ s) =lnr(x,s), f(x) =ag(x) +'Gg, 

. a . -

/1:1/ 

/1 .iJ/. · 'Gg= /G(x,ll) ,g(s) ds, 'G(x; s) =..an lnr(x; s), · 

a v(s) = Lu(s) - H'CKOMaR HOpManbHaR npoH3BOAHaR. ¢YHKI,\t.111 u(x); . .an . ' . ; ' . . .•. ' . 
EcnH v(x) Hai1AeHa !.13 ypasHeH.Hl'l /1.3/, T_o . u{x) .aoccTaHasMaaeT
cR ·B Hi-m:ipeCYIOIJ4eH -.HaC T04K~ X E'G 'no $OpMyne /J ~ 2/; ·. . . 
. . 0TMeT14M~ '4T<>.RAPD 'G(x;s) 113-/l.lt/ ·HenpepbiBHO Ha .KOHType, 
a oneparop ZTE+G YAOBJleTaopReT anb'repHan1Be .$peArOJ1bMa AJlR 
KOHTypa '(: HenpepbiBHOH KPHBH3HOH141• OnepaTop L !.13 n . 3/. 04e
si1AHO • CHMMeTpHtleCKHH~ .qeHCTByeT 113 C(f') B C(f') H RBnReT-CR anon~ 
He· iienpepblBHbiM, .tlio nerKo clleAyeT H3. caoi1cTa .HHTerpana THna 
HHTerpana l<owl-1 1-1 4>opMYJ1bl AH¢¢ePe.Hl.I~PosaHl-1R.tJO. 4acTfiM 151.'no3ToMy 
01iepaTop L He MollleT l1Men' orpaHw4eHHoro o6parHor.o, 1-o ecTb 
ypasHeHHe /1 .J/ HeKoppeKTHO no A.H. THXOHOBY~ 11HTerpHpyR no 
4aCTRM /5/.paBeHCTBO /1.3/, nerKO nepeHTH K ypaBHeHI110 

Sw::Jw(s) dr(x, s) =;.....f(x), w(s) ,j~(r)dr, 
r ,t(x,s) . {) ...... }' 

a. KOTOPOM onepaTop ·S yllle HMeeT .orpaHHI.IeHHbiH o6paTHbiH B npocT
paHCTBe Hl1(f'), 0 <a< L 0AHaKo aoccTaHOBJleHHe. 11>YH~HH v( s)no, 
w(s)caoAWTCR K HeycTOW4HBO~ eC onepai,\HH 4HcneHHoro·A~¢¢epeH
L\HpoaaHHR. 0cTaHOBI1MCR Aanee Ha nocTaHoaKe 3a..qa4H a ¢opMe 
/1. 3/. 8CIOAY a .qallbHei+weM noA ds,'dx; dt 6y.i:\eM noiiwMaTh "AHtP¢e-
peH4~an AYn1. :~ ' 
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IleMMa 1 • nycTb Ha KOHType ..f' C HenpepbiBHOH KPHBH3HOH Jf(x) dx = 0, 
a TaKllle BblnOJl,HeHO YCJlOBHe' . . - r· ' 

P=fflnr(x,;)dsdx~o: :• ·.;-' ~- /1.5/ 

Tor"Aa vPaaHeH~~re ]1; 3/ HMeeT eAHHCTpeHttoe peweHHe A11R · f(x) ~C(f'). 
Ecn'w p =0 ,, To peweHHe eA~HCTBeHHO '~ J<11acce:·¢YHKLli1.H, opToro- · 
• '" .• J • ' . ' . - . •· ' -· < • • -

HaJl~HbiX. eAHHHI,\~: ,·· "k ; • .-

fv(s)ds_:=.D.,~. ;;.__ ..• ,, .. ~,-
r , 

,Q o~K a 3,J!_,.T, e .n, b ,c T_B o. . .. nyc-r,-!> p,f,Q H, v 1 ;o= v2 - peweHHfl ·" 
/1.3/, _TaKHe,. 4:~~ •v1 (s);ds ':" -~· £~2 (s) ds = c 'f,? . TorAa A11R ¢y~K-

'L\Hi:i_w1 H 1 ~3 ~s),;~y 2 (s)-pf~1;'~A~ f=J"dS.';t CYIJ4eCTBYIOT. peweHHR,;;U1 
H ua 3aAa4 Hei+MaHa c HPP_MallbJ;IJ:>IMH JlJ?OH3BOAHbiMH v 1 H~ v3. npH '3TOM 
a c~ny paaeHCTaa ,A 

L(v :_v
3

) = c f'..:1f lnr('x,·s)ds •· · '" 
t -r > 

HMeeT MeCTO COOTHOWeHHe Ha KOHType f': 

11(u 1-u3
) + 'G(u 

1
-u

3
) = cC1

f1nr(x,·s)ds, . .. ••·•11 . 6/ . r . ,, . 
KOTOpoe HeB03MOlKHO B CHllY /1 . 5/, paBeHCTBa 11+'0(1) =0·;··H TOrO 
¢aKTa, 4TO 11E+'G YAOBJleTBOpReT ailbTepHaT~Be ¢peArOilbMa. ,QeHCT7 
BHTeJ1blio' ypaaHeHHe /l. 6l" HMeeT_ peUreHHe J11.1Wb 'Ailfl, npaBOH 4aCTH; 
OPTOrOHailbHOH eAHHHI,\e:'~I'J03TOMY C ::0, :'ui_<_;:{{~d&mst ;_,, '3Ha4~h; 
v1 =V. .C11y1.1ait p =0 aHailor~4eH. IleMMa AOKa3aHa. · · ·· 

Nepei1AeM K AHCKpeTH3ai,\11H ypaaHeHwR /1.3/, npeAnonaraR, 4To 
KOHTYP AOnycKaeT pa3pbiB KPHBH3Hbl. nycTb, KO,!iTJp r ·:pas6H'r n T04-
KaMH Ha n 0Tpe3KOB AllHHbl h= en- 1 • T04KH. pa361.1eHH'R o6pa3yiOT paa
HOMept'lyiO 'CeT'KY w h =I t 1, i ~ 0;1~ :':f.''nl, t 0=tn.: npHffJ1HlKeH'Hoe PE:7WeH11e 
V h (x) ,RBllRIOuteecR ceT64'ftol~i ¢Y'Aki,\Hei1 x.;Jij;;"l1file~. B BHAe . 

' 4 ..... ·.. -· . n-1 < #. ~:,.. ~ :.~· .~:: -.- · ~ 1 · .--. n-1 · 

,Q 11 vh(x)= :I. ''li¢-· .. ·(x)"{·· xE.r:,••; v =lv.l. , \ 
i.= 0. ~ "1 . ,. ·•· ·- h I p=·O · .... 

rAe Qn- onepaT,pp 'i(y~o4~p-nw~ei+Horo aocnOilHeHHRf a </>I (x) - Ky-
• C04H0-11HHeHHble 6a3HCHble ¢YHKI..l~H: . 

(t-tt-1) ~-1, .. ,t~ [ti;..t• til'··· . 
, • -i • . ··,. .·;;.- I ... io- . . :... . :- : l. ~ .. , _, ~"" . . • "' ~ ..• --.-

¢:•(t)"" '" 
1 

a
1
·1·""

1
<-t y-b-·~;-- · ·:·. t·~rt;.;t·;+ 1 1. ;, · • 

~· i: .... *:! .i . - f :. 

• • J :;; • ' ... - ::- ·: ,~ •. '· 

• ~-! t~ [ t 1.,1, t"l+ 1]; . i = 0,1, .• -•• n-~. t_; 1 =t n-l 
-;_: '!:~ 

~.·: .-1 --

;.;} ~:,..-,_ ~ . ' -. ' : ..... !"~ 

-.. ~t~r.· 
YpaaHeHHe A11R ¢YHKI,\1111 vh(x) CTPOHM no MeTOAY KOJ1JlOICai,\HI1: 

, . 

a(ti)u{ti)+ fg{s)G{tps)d~-'f In r(ti' s-)Qn vh(s)ds=O, .11 .• 71 
.· . r _ · .· r · :. .. .. .. :< l('-. . • •• 

r'AEi s' .... Ha'f.ypaJlbHbM napaMeTp Ha f'. B-' MaTpH4HOH 3~1nHCI1.ypaBHeHHe 
/1.7/~-tMeeT BiotA" ,\: ·:--:; · .. ·. ·" '''' ·.·' 
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p nL(Qnvh) =·Pn r HJlH Ah vh =·F, /1.8/ 
rAe P n - onepaTop npoeKTHPOBaHJ.1R Ha CeTKY "!tlb, flpH· 3TOM · . 

t j+ 1 . . 

:~Ah=(a1J), i,j=1,2, ... ,n;a11 =_ J 'lnr(tj,s)if>J(s)ds. /L9/ 
. . . tJ-1 . 

. JlnR KOHTypa C HenpepbiBHOH KpHBH3HOH a(t)=IT, B cny~o~ae yrnoBbiX 
TOl.leK ipyHK~l1R a(t) TepnJ.1T paapbie B 3TJ.1X TO\IKax. npl1 3TOM HOP.;. 
ManbHaR npoHaao,qHaR a yrnoeblx TO\IKax, aoo6~qe roeopR, TaKlKe 

TepnHT paapbl~. 0AHaKo npe,qenbHble 3Ha~o~eHHR·: · a yrno~o~r To4Ke 

MOlKHO onpeAenHTb cpaay no 3Hal.leHHRM U(X) Ha f'~ flyCTb, HanpHMep, 
):IBa OPRMOJlHHeMHbiX 0Tpe3Ka f' 1- l H ri KOHTypa o6pa3YJ(lT BHyTpeH;_ 
HHH yron a a TOI.!Ke t 1 E-f'. Tor,qa cnpaeeAJlHBbl 4JopMynbl · 

. a -1 ((au) ·. (au) -) Urn -u(t) = --- - +cosa- f' , . 
.t ... ti, t~f' i an ·sina at f' i-1 at i t= t 1 

a 1 ((au , · < au ) ) . --lim -u(t)=~ -1[' +COSa a f'.t-1 t"'ti 
t t t~f' an sma . at i . t . 

... i. i-1 

TaKHM o6paaoM, 3Hal.leHHR 4JYHK~l1~· V(s) a yrnoeblx TO\IKax MOlKHO 
C\IHTaTb 3aAaHHbiMH J.1 ypaBHeHHR /1 :7/ B yrnOBbiX TO\IKaX. HCKniQ-
4aiOTCR. 

• .. z ... 

~: ... t 

-2. CBOt!CTBA MATPJ1Ubl ~Ah · ':l.._ 

. ' 
B TO BPeMR.KaK onepaTop L He HMeeT orpaHHI.leHHoro;o6paTHoro, 

cneAYeT OlKHAaTb. \ITO J.1 MaTpH~a A b. annpol<CHMHPYIOLIIaR L. nnoxo 
o6ycnoeneHa. npw 3TOM CYLIIeCTBeHHOH RBJlReTCR acHMnTOTHKa MHHH
MaJlbHOrO no Mo.qyniO co6cTeeHHoro -3Ha4eHH~ MaTpH~bl AJi ,npH b ... 0. 
4HcneHHble pac4eTbl senH4HHbl miniArl AnR paanH4HbiX KOHTypoa. 
npHBeAeHbl B Ta6n,· 1. BHt:iHO} 4TO lt!MeeT MeCTO o~eHKa . "' . . 

h h . ' ·;·• 
c 2h~minl.\ 1 l~c 1 h, c 3~). 1 <0, · /2.1/ 

. i ·. .· '-
rAe c 1 , c2 , .c 3 He 3aBHCRT. OT h. 4HcneHHble pac4eTbl TaKlKe no
l<aablaaiOT, 4TO ·ace HOPMHpoeaHHble _,!3; L2 co6cTeeHHble. IPYHK~HH v~, 
.i = 1,2, ... ,n, paeHoMepHo no --h orpaHH\leHbl~ 04eH1<y ceepxy AnR 
min j.\~ I MOIKHO cTporo o?o~Hoean AnR O.KPY~HOCTH. 

Jle\.!Ma. 2 •. fly~Tb- -KOHTYP I' ecT·b · OKPYlKHOCTb paAHyca R.::;~ • TorAa 

npH AOCTaT04HO MaJlOM h BbiOOJlHeHa 04eH1<a 

m;ntx~ IS ch. ,. -... , .. 

•.' ··! ·-t" .,: :.:: 
. .. • ! 

Jl 0 K -~ 3 a ,Tf;~ n. b c T a,._o~. nyc,rb p=.4p~ MaTPI14a, !J,\h A11_R. OKPYlK7 .. 
HOCTH 14MeeT ~HKnH4eCKYIQ CTPYKTypy: ~' i,l · ; :· ,, · .- :. 
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I' 
'· 
f 
! 
l 

I 

11. 

.I 

t 
I 

; ~ .. 

:A • 
.h 

-a1a2 ....... ·-an 

.·_an at~··· a'n:-1 
- ~ • "~.t' •••• •. J t:,: 

~ i. 

.~. a~a 1. . ., .. ;. 

, -.; r~ '. ",: 

a=a .... 2' . · t : n+~' "':' ... :.,n, 
'J 

/2.2/. 
;:, ··.::-;:._ 

-•. _.,' 
.; •• 'I' 

-·~· .... ~ . . . ' 

. t H· .t· ... - ' t i+ 1 . - < . . .. , . . . . . 8 . 
a1 =_f .. lnr(t0 ,'S)cp 1 (s)dsz f 'lill's~"21if>~(s)ds,, 

t 1-1 tt-l . > ' ••• .:.· -\~ 

~·> 
... ;.·_· ... , 1 ~ ". 

~ '~' 

-:. .. ~ 

rAe S - ):IJlHHa AYrH £t0 ,·s]. JlnR. C06CTBeHHbiX 4'1Cen MaTpH~bl cnpaBeA· 
nHso npeA~~aeneH11e. ,,,_ , ,_ · ,._ . · • .. : 

' n· . . - .... 
.\ k = :I .a 1 ~ i-1 . , k = 0,1, ... , n- 1, ., '' : 12·. 3/ ' 

i= 1 21ur 21ur . . . .·: ' l 

rAe ik = COS--+ i·sin--. 8 CHJlY CHMMeTpH4HOGTH MaTpHL.jbl · Ah n n . . , .· 
e.ce ~ k, ee~qecTBeHHbl• 4Hcna ai OTPH4aTenbHbl· ~ · MOHdTOHHO eospac..:' 

TaiOT Ja 1J >I ~I> ... >Ja 2P I· Pac-cMOTPHM co6c,Tee~Ho~·: 4~cno ,, ., .. : '' 

>.2p=a1...:a2+a~...:~4+~ ... ~t.an-L~ a'~;·· "'.·"' ... - • ." /2,.4/ 

flpeo6pa3yeM Bblpa>KeHHe /2.4/ AflR .\2P • 11MeeM • • : ' 

, X _i + 1 . , : _ . , . _ :X i + 2 . , . S c . :< _ · • . , .. 
ra•i-at+l= ''f Inl~m 2·

8 !~ 1 (s)ds;..·.J .. Inj_sm:FJ.p1+1 . .<_s)ds"" 
·." · · · x1.:..1 · .. xi 

Xf+2 s 
=: .• .f 

1
•. ln l~in'[' Ill'(~) ds, 

1 .. 1_ ~ 

':-
·_;',1· .J!:n 

·. ' ~. 

n i-1 
rAe 'l' (s) = l: (-1) cp i (s). no3TO~y B CHny· C~MMe;TPHH cnpaBeAnH-
aa 4JopMyna i= 1 .. ; . 

IT S . IT/ 4 _ . , 
.\2 = 2 f ln I sin2l'l'(s) ds = 4 fln)sina JIP(2a )da. · 

p 0 . . 0 " 

l! . ~: ' 

) ."~'1 ._· ·')' /2~5/' 

~blpalKeHHe /2~5/ npeACTaBHM B BHAe . 
>. = £ct>' ,,. __ ;;,::.··:·•i: 

2p 1 = 1 i '. ;; .. 

·: ' ,,... 'I'\ 
. .; ~: . ! ~'--.1 ~ , 

rAe . . 
2h . . . 4h-· . .., ., :_, :. ·- -,. 

<t) 1 =:'J(f~ a)IllJsindf~ + r ( ~ -:3)_m'isinal.da_, 
0 h . .2h . . 

'~' 1 • J ~ j 

,, 
rd 

. ,_, ··. '/2~6/ . . . . . . ................... . ,::. 

(4i-2)h 4ih 
<ll

1 
= f (4i-:3- ha )lnlsina]_ch + · f (a/h-4p+1)Inlsinalda, 

(4h4)h . -. . ' '. (41-~)h 

i_=l, ... ,p .. ~ ,. •-.}· .<·' 

Liane~ eoc~~nbayeMc~~ npe;qctaeneHHeMJS/ 
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. . 2 4 . .• 22n-t_B x2n . 
. t I I X X . ,. . . n . . . . / Inlsinxt-lnx ------:"•••-:- ___ .. -- ••• -; /2.7 

· · - - · 6 · 180' - n(2n)l- · . 

~~e' ~2 < rt ~. a ·B ~-- 4HCJ)a . 6epHY11JlH. i 3aT~M- B •-~wpalK~~j.f.R rinfi '¢1-~-
no~cTaBHM pa3no>KeHI1e /2.7/. Tor,qa ~nR HHTerpano8 ¢1 1 113 /2.6/ 
c eecOM .In (xl, KOTOpble o6o3Ha4HM 4,epe3 Wi, tieipy~Ho nony411Tb 
paBeHCTBa - · - ' 

. . . . .[ . l 0( -s)l 2 ·$; e-ch, c>O; $'"' --
2 

+ m · h, m,? • 
m -12m . · ·• - . . ii- . -.. -' • '' 

np11 3ToM ace ¢1i< 0 H · ~ cfl[< -ch; · r,qe c He 3a8HCHT or h. Ol.l.eHHM 
BKna~ OT ocTa8weHcR ~yAHbl B /2.71. Cnpa8e,qnH80 pa8eHCT8o 

1 4lli . .. 4. 
- f 'l'(a)•a2da ., __ hs. 6 .. . 9 

.·. . oi(l-1)h . 

AHanorH4Hble paseHCTBa cnpa8e,qnHBbl ~R ,qpyrHX cnaraeMbiX ·..,3 
/2.}1. 8- 11Tore {-

>.. 2 · .. -:-:ch .+ ! ;d 1 h 3,~-:'ch + 0(h 2} .• 
p ·- ·: . 1= 1 . . 

. ~ -2 
B CHny CXO,tiHMOCTH.pR,qa NID · .cnpase~HBa.H Ol.(eHKa CBepxy ,qnR . . . m . 
l>-2p 1. JleMMa ~oKa~aHa. .. . . .. • . . . 

0TMeTHM TaK>Ke 04e8HAHYIO Ol.(eHI<Y lA h (!: c, r,qe C He 3aBHCI1T 
OT b • 4HcneHHble pac4eTbl noKaSbl8aiOT, 4TO .. 

maxi.\~[-=A*+q 1h 2 +0(h 8 ), 
1 . 

r,qe A*l1 _qL He 3asa.tcRT oT h. 3To np~,qcTasneHHe no38onReT 3ll>l!>eK-
THBHo HaXOAHTb BenH4HHY maxj.\~I,R8nRIO!qYIOCR OCH08Hb1M napaMeT-
POM HTepaqHOHHbiX npol.(eCC08. t 

0TMeTHM ellle, 4TO ,qnR r na,qKoro I<OHTypa MaTp111;4a 'Ah 11n04TH11 

CHMMeTp~eCKaR: 

Ah =B+C, ·a.,B*, IIC!I~ch 2 , 

8 4eM nerKo y6e,qHTbCR • B cny4ae oKpylKHOCTH C = 0. 

3. CXOAHMOCTb H lKCTPAnOJlRUH~ 
nPH611Hl~EHHbiX PEWEHHI1 

' npe>K,qe Bcero npH8e,qeM HeKOTOPble I!>OpMynbl, onpe~enRIO!qlie CBOH
CT8a HHTerpana Tl1na I 1 • 31 11. HHTerpana THna · HHTerpana KowH •· 
AnR KOHTypa C HenpepbiBHOH KPI1BH3HOH cnpase,qnHBa I!>OpMyna HHTer
PHPOBaHHR no 4acTRM 15/: 

S¢ = r cp(r) dr- i1T¢(t)- f ¢~(r}In(r-t)dr·, 
. r r_-t ·r /3.11 

r~e r, t ,.... KOMnneKCHble KOOPAHHaTbl T04el< KOHTypa. Bb1AenRR ·,qeHcl'
BHTenbHYO 4acTb 113 /3. l I, npa.tx.~,qHM K J!i<>pMyne' ·. 

6 

) 

., 

ll 

. • if . . . dr -
f v(s) lnr(x, s)ds =- f g('s)- s Jg, 

r r. r 

B . 
g(s) ;.. Jv(t) dt,' 

_o 13:2/ 

~R ~y'HKI.(I1H v(s).TaKHX, 4TO I v(s) dS=O.npH 3TOM H~Terpan .8 13. 
n~HI1Ma_eTCR 8 CMbiCne rna8HOJ'"'O 3Ha4eHHR, a ero. C80HCT8a. rna,q
KOCTI1 C08na~aiOT c·cOOT8eTCTBYIO!qHMH ~R 11HTerpana.THna,HHTei"pa 

'na Kow11. TaKHM o6pasoM, onepaTop I H3 /3.2/ OTpa>KaeT L2(r)_ ... 
...L2(r)l1 Ha(D+Ha(n, O<a< 1, H orpa-HH4eH a Ka>K,qOM !13 3TI1x· 
npocTpaHCT8 /5/, KpoMe Toro, cnpa8e~H8a ~pMyna ~H<IK!>epeHqHpo-
eaHH.R oco6oro HHTerpana /5/: · 

( J v(s)!:_)(m} ~ Jv(m)(s) ~,. 
r r . . r .r . /3.31 

113 KOTOPOH BbiTeKaeT COOTBeTCTBYIOlllaR ~OpMyna AHI!>I!>epeHqHposaHHR 
HHTerpana I l • 31. B' 4aCTHOCTH, ,qnR OKPYIKHOCTH R = t l!>opMyna 
/3.2/ npi1HHMaeT 8HA 151 _ . · 

f 2f.1nt sfn2.~Jds =- j ¢(s) ctg s-t ds', 
-1Tds 2 -1T 2_ 

a l!>opMyna 13.3/ npeepa~qaeTCR a cne,qyiOlllYIO: 

1r X 8 " 
11 

( ) · · X 'S . v(x) = f u (s) ctg_:__ ds: . v<m'{x) = f u m (s) ctg-=-.:. ds. 
. -11 . . 2. • -1T .2 

113 13.3/ cne~yf!T, 4TO onepaTop I OT06pa>KaeTHm+a 8 am~ orpaHI 
4eH. 0TMeTHMTaK>Ke o~Ho sa>KHOe npe,qcTaeneHHe onepaTopa 11.31: 
c norapa.t~MH4eCKI1M RAPOM. 

nycTb f - ~nHHa KOHTypa, ·s - HaTypanbHblif napaMeTp Ha r, 
a z(s) , 0.!= ·s!: f, - napaMeTpH4e,cKoe ypasH;eHHe. f', r~e z(s) He
npepbiBHO AHI!ll!>epeHqHpyeMa. Tor,qa cnpaee,qnHBO npe,qcTasneHHe 

lnr(x,·s) = ln lx-·sl + ¢1_(x,lf). x;s 6 r, .13.4J 
rAe cfJ (x, s) HenpepbiBHO AHI!>I!>epeHI.(HpyeMa no X H ·f.. 'AeHCTBHTenb HO, 
B Cl1ny paBeHCTBa 

1 
z(s)- z(x) .. (s-x) f z' (x+ t(s-x)) dt 

. 0 
MO>KHO Hana.tCaTb 

1 
ln[z(s)- z(x) I"' Inls-~1 +In! Jz'(x+ t(s-x)) ~tl, 

rAe BTopoe.cnaraetotoe 11MeeT 
4HR z(s). 

a , 
TY IKe rna,qKOCTb no 8 

B cny4ae OKPYIKHOCTI1 R=l npe,qcTasneH~-te /3.41 . . 

In r(x, s) = 1n l2sin x -s l -=ln Jx-·s I :._ ¢1(x- s), 
. . 2 .· . . 

H X, 4TO H II>YH~ 

11MeeT BHA 
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rAe $YHK~~R ~~) 6ecKoHe4HO A~~epeH~~pyeMa ~ onpeAenReTCR 
cornacHo $QpMyne /2. 7/. " · ., ~'·' 
.:PaccMoTp~M ·np~6n~meHHOe peweH~e:vh,KOTopoe onpeAenReTcR<~3 

ypaeHeH~R /1.7/. EcJU1·T04HOe 3Ha4eH~e HOpManbHOH npo~3BOAHOH 

.:·, ~6o3~a4~~b .~.epe:r v":,;n-:,~(s)_, :,o J~l. ?l ~o.mH~'" ~ep~~~caTb·.~ a .,~~Ae 
_,,, / lnr(~ n ;s)~~~ -v~:(s) ds ==./ lnt('xri,~s)v('~}~d~ _.,,;.. _·: ·;3. 51 
~nH--·Ahv h ..;.pn Av. ~ .. 
no;-i~My 13;5; np~~-;;A~TCR K B~AY '". ~ 

!A ( vh- Q P v) = P !A(v- Q P v) h n n n n n 

m n 
"" J lnr(xn ,s) ( k l: 

"' F., .·. ·~k.!'2 J=l 
v(k) (xj) t(hk-1-tk-l)ds+O(hm} = /3.6/ 

kl 

.:,; ' ,, -'' \(; 

=;lnr(xn,·s)(¢ 1(h ,s) +~2 (h;s)+o .. )~s +O(h m) 

--!". ~ ' -.' ' . • • ,,..~···· 

0 ~ t <;_ h , t = S - X j , ·s E. ( X j , X j + 1 ] , · 

<,•' 

ecn~ peweH~e- v(x) G-Cm(J7},m:>i4. CyMMa'\IlOA ~HTerpanoM ,a /3.6/ ecTb 
pa3nolKeH~e pa3HOCT~ MelKAY 4iYHK~~ei1 ~(x) . ~ ee KYC04HO-n~HeHHbiM 
npeACTaeneH~eM Q n P n v. . 
TeopeMa. nycTb Ha KOHType F C HenpepbiBHOH Kp~B~3HOH peWeHHe 

v(x) -~ a~ .u*(X) Go q.4 .(F) , ~ B~nonHe~o ycno·~~~- /1!5/ ;~~03H~HOH 
pa3pew~MOCT~ ypaeHeH~R /1.3/. nycTb: A/ AnR· cb6CTBeHilbiX·'4Hcen 
A~ MaTp~4bl !Ah ~3 /1.8/ cnpaaeAn~t~ea '(j~eHKa' /2.fl-: ·a co6CTB.eH
Hble -~YHK~I-1~ orpaH~4eHbl paBHOMepiio no h; 6/ on epa Top ,J ~3 '/3. 2/ 
~MeeT orpaHJ.14eHHbiH o6paTHbiH 1- .. B KalKAOM ~3 npOCTpaHCTB ·U 2(F), 
Ha(F). TorAa peweH~e vh . CXOA~TCR. _K v(x) co cKopoc;:TbiO · ,,,, 

I I ~( ' . 
vh -Pn v ~ch ' .. £:>0, •. _ 11 f3:7/ 

a AnR ~cKoMoi1 ¢YHK~J.1~ uh(x), .xE'G, onpeAeneHHoi1.no ¢opMyne 

au (x) + Ja(x;s)u*(s)ds+ Jlnr(x,s)Qnvh(s) ds==O, /3.7'/ 
h r r 

cnpaBeAn~t~ea o~eHKa 

juh(x)-u*(x)I:Scha--£, e>O, ·XE'G. 
. 
/3.8/ 

AnR peweH~i1- v h ~ vh/2 ~t~Mee-r· MeCTO ¢opMyna 
,. '• 

~12 [. ~ (4 (~n:vlil2 -Q2n p2n v)-(Qri "h -Qn P n v))l'"·77 (x), /3.9/ 
x.::•wh/2 • 177(x)j.:>:,ch3.,--: • ¥ 

.8 

.... 

... 

ii. 

) 

1 

) 

-. ·~ ·.~ ' ' 

Bo -acex · ~riy~aRx ~>co-'2~ci1b yr:oA~~. Miuioe. ~~cn,o ~ ·. ,;. •: , . . ,, . 
A o K a 3 a T e n· b c T a o. · Pacci-toTp~t~M ¢YHK-~Hio 

r _-

··,;...:·_ 

. . . :. .. n l'"(x·') · .. '- .·:'.i· .:•t: 
~ 1 (xn,h) -J llir(xn,·s) i:t .. _

2 
1 

t(h-t}ds, . /3.10/ 
r . . ..., ... , .. , .> 

rAe 't=·s-xi' sG-(xl,xi+l]. 3Ta $YHKlt~R AaeT BKilaA e npaey10 
4aCTb /3.6/ nopRAKa 0(h 2 ); nocKOflbK-¥ 

v"'(x ) h v"(x ) 
----'

1
'-- ft(h- t)dt7 

1 
h3' 

2 0 .f •• 12 
/3.11/ 

TO 

rAe . .. v"(x) · . . v"(x } . 
8 {s) ;.. · . I· .. ~t(h- t) -:- . : · 1 ·· h 2 , t ... ·s- x1 ; 

x ~~ wh 2 12 · · .. · 
., 

" t nnaH AOKa3aTeflbCTBa OCHOBaH Ha pa3flOIKeH~~ /3. 12h YCTatiae
n~eaeM, 4To:a/ TP~ nocneAH~x cnaraeMbiX.nOA MHTerpanoM a/3.12/ 
AaiOT BKnaA s .. B~flH4~H;Y .llh ,.Qnvh _-QnP nV nopRAKa_ O(h.::r-t'J; 6/ ¢YHK-

4~R v"(s) h 2 ,c y4eTo~ ycnoe~R. v~c'\n aaMeHRe'rcR Kyco41io-n~.:.' 
12 . ' ' . 

HeHHOH c T04HOCTbiO .qo O(h4); e/ HHTerpail OT nep'eoro. enaraeMorci 
3KCTpanon~t~pyeTCR Ha ABYX ceTKax no.¢opMyne /3.9/ ~ o~eH~t~BaeTcR 
pe3ynbTaT 3KCTpanonR~~H. 

CHa4ana AOKalKeM ecnoMoraTen~HYIO neMMy. 
IleMMa 3 ~ nycTb AflR $YHK~~J.1 ~ (s) J.1 u(s) E c 2(f) BblnOnHeHO paBeH-

- ... ,_· ~"' ·, '. ' . ' 
CTBO 

· ·! flnr(x ; s)Q''~ (s) ds ==Jlnr(x' ~·s) · · l: '- · .. u(xl)t(h-lt) ds, x E(.) ·h.; ' · 
n n n ,- ,__ , . ·, n J· 3 13/ r r : xt'·=~h .. ·: ... ,,., ... ·· ·· · •· 

TOrAa 
,·, 

jQ ll(s)l <ch 2-£, £>0. 
n -

.. 
/3.14/ 

Ecn~t~ '· .. , ..... _.._ · · ·.: ·:. :'··· 

Jlnr(xn,s)Qn~(s)ds==;lnr(xn,s)lll(s)ds, ~ ... : ,,·, /3.15/ 

rAe $YHK~J.1R lll(s) HenpepbiBHa H~ K~IKAOM 0Tpe3Ke [x 1, Xi+l]'~ ofpa
HH4eHa een~4~Hoi1 l~(s) I ~ ch3, TO ' 

lQn~(s)l ~ch 3 -t'. /3. 16/ 
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A o Ka 3 aTe nbc Teo. OqeHKa /3.14/ nciny4aeTcR; ecn11 
ArlR npaeoi1 4aCTI1 /3. 13/ i.1cnonb30BaTb npeAcTaeneHI1eJ3. 12/. 
rAe e oqeHKe HY>KA~IeTcR ni.iwb' 11HT:e('pan:r . · ' • ' : · . ··.··~- , , 

1 ' • ' ' · .u (x ) · ·- .. ' 
flnr(xn• s)B(s)ds; 8(s) = :£ ~u(xl) t(J;l-t)- T h 2

). 

r." . "···, xtEcuh '.. . \ 

nerKO BI1AeTb 1 4TO 
lt i+·t' ' .• ~ ~ ·; 

f 8 (s) ds .. 0; f 8 (s) ds = 0 : 

~. r 
Tenepb ~opMyna 11HTerpl1poeaHI1R no 4aCTRM /3.2/ AaeT 

f8(s)lnr(x ,s)ds=- fg(s)!!.._ =lg. 
r n I'.. •' r 

~ · ..... , .... "_·:~,:. . -- ' ; . j 
s u(x

1
) -. h · ·· • 

t· , .. ,. 
g(s)-= fB(r)dr = --t(t -h)(- -t).,.t.,.s-x

1 
G- [ x 1 , x l+l 1 • 

.o., \ .-f~-·~~ :· ,.2.1_.._~·.:: __ .·. ·- ·~:.'< . ." .. • 
Ecn11 3aMeHI1Tb 'u(x

1
) Ha u(s), TO HOBaR !I>YHKI411R g{s} 6yAel',· _11MeTb 

He"~p~p;,BHYIO npOI13BOAHYIO Ha r, TaK , KaK g' (0) .. - :
2 

= g' (h) , g" (s) 

Tepni1T pa3pble nepeoro POAa., B· pe3ynt>TaTe .. Ta.Kdro'' crna>KI1BaHI1R,. 
g(s) 113MeHI1TCR Ha eeni1411HY 0(h4).TaK Kai<· tlgll Ha':S ch ~-:a, TO' . 

1 Ig\ =s chs-a, : B 11Tore _nony':la.eM . . · .... , , ,. , ·. ·: ,.:-;, '" ': .; ... ::r-a·. ,, _.... •'•'-'' .... 
\·. · -1 f8(~) lnr(xn/s).d~L~ ch , , a ?0 •. , ,.· 

nocn~ 4ero HepaeeHCTBO /3 ~- 14/ 'nony4~eTCR 11'3 '13 ~ 12/ 11 yc.iiOBI1R 
A TeopeMbl., Aei1CTBI1:renbHO ,. e'en~'! ;. · . . .. n .. 

A. 1'1 "" :£ a v h (:£a 2) ~ < hs-a 
h t= 1 i i ·~ • i '- - , 

' 

.· TO···· 

11'11 =II a1 >.~
1 v1hl $ ~· m~]t[v~ I· h~1.IJ.a 11 :S ·:. ·•· 

<Cict.hs-a ,.,·~h2-a. Ita· 1·<~(}:~2)~. ·' 
- • l - i 

4T06bl nony~I1Tb OUeHKY ·/3. 16/ ,· nOCTPOI1M no ~YHK!41111 «<l(s) <!>YHKU1110 
.B(s),;;~(s)-Qn ah(s), TaK 4TO 

ltl+l 

f B(s)ds= 0, i= 1,2, : .. ,n, 
ltl ·. 

a Qn a h HenpepbiBHa. 3TO MO>KHO CAenaTb, TaK KaK. BeKTOp '!h =/ af', 
•.• ,a I onpeAenReTCR-113 ypaeHeHI1R· n .. . .. 

Bah = b, 

I bl ~ ch:
3
, 

(

11 
1 1 0 

·B= .. 1 1 
o. 

1 

·I 
. ' 

1 

10 

~ 
·~ 

dt 
1 

~ 'i 
l' 

i.f• 

' 

KOTOpoe OAH03Ha4HO pa3peWI1MO np11 He4e"I:~OM n. Ecn11 nz 2ko TO 'eeK
TOp !b. npeACTaBI-fM B :BHAe· b.:b 1+7];'(b~7j).,,'o, TAe ~-... (1,-l,l~-1, 1 ..,,-1), 
TO_ ec:rb RBnReTCR CQ6CTBeHHOi1 ~YHK1411.ei1 C. HyneBbiM, C06C·TBeHl!lbiM· -• 
3Ha. 4-etiK .. eM. np11 ~3To~ y.paBH:eHI1e Ba~:=: .bt OAH03H.-a4HO.: pa3. peWI1MO 1 ·. • • 

a l~n ah 1.5 ~ ~3 : ·· Aane-:,' i< ~YHK~I111. lilS) '· np~-tMeHReM np~o6pa3GBaHI1e 
KaK · e nepeou ~acTK. neMMbl, TOnbKO .· nopRAOK: h . eo acex .oqeHKax: .. , -
6}'AeT'; H'c:t eAKH~qy'6onbwe: . neMMa A~~a3atia. · ;· • 

• ·-.: • _;,,.,_' ' : < • • ) 

H'raK, H3 npeACTaeneHI1R /3. 12/, ycnoa1:1R A 11 neMMbl· 3· cneAyeTr' 
ol!etiKa /3 71 , . - · · . - · ·· '· .- · _,. 

AnR' AO~a~~l:enbcTea 13.81 ,~~14TeM 113 ,ypafmeHI1R: /t.ii A~R ~YHK-
141111 u*'(s) paBeHCTBO' 13.'7'/e' ·/o4KaX KOHTypa, nocne 4ero·c y4e-
TOM /3.5/ nony411M COOTHOWeHHe _ 

-~(x)'= u (x)- u*(~)· =Jlnr·(~. s)_cc{ ,;h· ~ _aa u;(~)) ds~- .. ,; .'.:- ,. 
h r-- ' n n ., ·,'•! • ·'' 

113 KOTOporo B CHny /3.5/ cneAyeT' • .: '.I ., \! • · !; ' - - , ' 

'I' (xn) = 0, xn E- cu h • -\ . _. , . . 
1 npeACTaBI1M 'I' {x) B B11Ae . ·' · " . : .' . . ., . ·· ! ' 

'P(x) = f(QnP,n-!-~*- aa u*)lnF(x:s),ds; f (Qn vp -~Pn :n u*)ln·r~~;s)ds. 
. "r .. ' n' ,n, . ··; ....... r ;';· ·.: -::· .. , ... ,' ' , ... 'i:··· 

_Hcnonb3YR ~opMynbl /3.2/, /3.3/ 11 oqeHKY /3.71, 3aMe4aeM ·, 4TO 
o6a cnaraeMbiX, a cneAOBaTenbHO• 11 ~YHKlt11R ,'P(x), HMeiOT np.OI13BOA-· 
'Hble, orpaHI14eHHble . Beni1411HOH C•h 2-! .no3TOMY 

'l'(x) =a'V(xn) +,B'P(xn+l)+ 'P '(O)h; x.;O" [x n ,xn+t}, 

OTKYAa cneAyeT oqeHKa 

: I'P(x) I <c.h3-£, xE-r. ... ':;' 
: ' - '·"" ' 

Ho ~YHKUHR uh (x), xE-'q, rapMOHI14ecKaR, no3TOMY 13'~ 8!' cneAyef' 113 
npKHqHna MaKCI1MyMa. YcTaHOBHM paeeHCTBO /3.9/.-HapRAY c /3.11/ 

,j' ~ • ~. . 

cnpa~eAn11Bbl COOTHOWe~H'R 
h. 2:;. h4 ..•..• 

I t (h-t) dt = -; - ' 0 -. . .. 12 - ' .. 

h/2 2 h 'ri/2 h - h 1 . h 4 
_ f t (.,--t)dt+ Jt<2 -tX2+t)dt=:-:r12·::, 
'0 · .. _2,. . 0 '-. . ' . 

no3TOMY AnR ~YH!<~11H cp
1

(h,·s) K cp1(h/2,s) 113 /3.6/ 
h - . ·' t (a+ bt)(¢

1 
(h, t)..:i4¢1·( ~, t')) dt.'"' 0, 

np11 .ecex a 11 b. B Bblpa>KeHI111 

'Pl(xn,h)~4'1'1(xn·· ~) 
' 

' 
~-~, 

BblnOnHeHO 
.. ~ • ' ~ l ~ 

/3.17/ 

/3.18/ 

HHTerpan no o6nacTI1 lx. ~sl>c; rAe c He'3aB~CI1T ·o:r h, oqeHI1BaeTCR . n - . . 
cneAYIO~I1M o6pa3oM: 
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i ·l:··· ~·-.:~~j~(x,tl.ft:a(h.:.t)dtl~c m&xl_v;;(X.)I ~h4., /3~19/· 
xt~nlxt ~Lc .. . 0. . , .. · -, . . . . , ·' 

H B ·. CHny ycnOBHR A' He BHOCHT· BKllaAa B rnaBHYIO \faCTb norpeWHOC-
TH peweHHRVh ~ H3 CIIOPMYii /3.1]/, /3~ 19/ T~U(lKe cneAYeT, 4TO ,. ' 
A06aaneHHe K lnr(Xn·,·s)'a eblpalKeHHH AnR·'I'1Cxn:.h)w3 /3.10/ Henpe-:-' 
PbiBHO AHCII«!!epeHqHpyeMOH . «<IYHKqHH nap'aMeTpa S. SHOCHT BKnaA a· np'a- . 
sy10 4aCTb nop.RAKa O(h4 ) 11 no3TOMY He enHReT ·Ha oqeHKY. no'rpew;.. · 
HOCTH. PaccMOTPHM Aailee 4aCTb KOHTypa s oi<peCTHOCTH T0,4Ki:t Jtn •. • 
TO eCTb J ~n-:sJ~M<l. 8 CHny yc.nOBHR B TeopeMbl .J1 npeAbiAYIJ4efO . 
-aaMe4aHHR · H3y~eHHe senH4HHbi '1'1 (~,h) CBOAHTCR 1< paccM(>TpeHHIO 
HHTerpanoB SHAa · . ' . ' '· .. ' . . . . 

h 
Ik(h)=Jt(h-t)~(t+~)dt, k~O. (l+k)hSM.<l. /3.20/ 

0 , ..... '• . . ' . . . . 
npH k =0 nony4HM ,. ·• 

h. . .. . hs 5 
I (h)= flnt~t{h...:t) dt= -(lnh- 6), 

. 0 0 6 . 

I (h) =h8(-~ln2+~lnh+!!.), 
1 ;a 6 36 

, "· . ' , . . . . . .. •:, . ', 3. . " . . " . 
. h. , h h3 1 •' . ln2 . 5 h lnh ... 5 . 19) 

I (-)+I (-) .. -(-1n.h----)+-(---ln2+-.- = 
0 2 12 8 6 6 36~.: 8 6 6 Ia) 

.Jl .. 

': ~liS· ' lnh'' 1 . ~ 7 
... - <-+ -(-1n.2 + -· -)). 

4 6 2 '. 18 

' ~ ~ 

_n· "} 

TaK KaK 0,5(-ln2+7/18) =-5,6/36,To 3KCTpanonRqHR no CllopMyne /3.18/ 
AnR nepsoro cnaraeMoro. AaeT ·. . .. . . 

1r ..... ct1·>· ·~-·<· h>>l- 1 o,6 hs .... h·s 
-I· (h)·-4(1 - + 0 - - -·- ·= --; a o · t 2 2 a :36 180 . 

4TO yKa3b1BaeT Ha 3Ha4HTel1bHOe ·yMeHbWeHHe K03CIICIIHqHeHTa npH h 3 • 
npoBeAeM Tenepb 3KCTpanOAAI.IHIO AnR k~ 1. CnpaBeAnHsa· ¢opMyna 

I (h) =h:s(- k
2

(3 + 2k)-~(-~+ .!.:)+ ~-~(k+1)h+ . .!._k 2+.!_k- :-!>.: /3.21 I 
k 6 k 6 3 3 136 

k > 1.c' 
Pa3naraR a PRA nepsoe cnaraeMo.e 11~ /3.21/, nony4HM 

· 3 1 1 00 (-1)n · · 
Ik (h)= h (-ln(k+1)h +- l: --en) • 

6 6 n"" 1 k n · · · /3.22/ 
rAe c .. n+ 5 

• 8 c11ny /3.22/ HMeeM 
\ ·. n (n+2)(n+i3) 

h ti3 1 1 1 "" (-1)n .. I- (-) =-(-ln(k+-)h +- l: .-c ) , 
· 2k 2 8 6 2 · 6 n= 1 ·· (2k) n n .; 

}2l. 

• -J.,. 

~~k+~~(~:) .;~<!_ ~(~_+1:h~- !'n_~-l~i;:!~)~ c?;!'~·, 
"".: . ~ 

... r-
., 1 ~:· 

OTKYAa nony4aeM pe3ynbTaT 3KCTpanonRI.I~_H_: . 

! (4 (12k (~ } +l2k+l(~ )) - Ik (h)) = . 

- ... h,_~.j,·£..,. ":,: 

· ~~(!...(ln(k+1)(k+.!_)h2 ...;ln(k+1)2h2f~~ 
3 12 2 .. · . ~ ' .. ..... . ,_ ' ' ~' '~..;), 

1 
00 

n 1 1 2 )] +- l: (-1) c (-- + . - - = 
12n=1 n (2k)n (2li+1)n. k n_·. 

-~ 

'"" ..... -

.$<;_·,·. 

-3.;~ ~ 

,.. ~-- _!. ~ 

~ ' ~ 
"?~~-1 :. 

."!1 

/3.23/ 

Cb 
3 00 • • :... 1 .• .. '2 .. 

,! .. ~ln(1- 1 ) +.!!.._ l: (-1)n c (_!_ '+ · . - -·) = 
36 2(k+1) .36 n=1 n (2k)n (2k+1)n kn 

·. ~ . . ' ·- . 

3 00 . 1 1 . 1 2 
".:~ ~ (-1)n.s (k) • s (k)'= .. + c <~.+-.... .. - .....- ),.., .. 

"' . n ' . n· ·' . 2)·n . n (2k)n. '(2k 1) n . k n 36 n=l · ... (2k+ + 

3TOT PRA CXOAHTC~ npH.k > 1. npH 3TOM ero MOmHO nepenHCaTb 
B SHAe - . ·' .t ·. ·. ·""' . .. ~ , ' 

h3 00 an • . 9 · · !.; n+l 2 -
-. - I - , · a 2 "" - -, an ,... (-t.) . --;, n ... oo. 186 n=2kn 10 ~ .. .- ·n 

TaKHM o6pa3oM, PRA /3.23/ Ha4HHaeTcR c 4neHa BToporo nopRAKa 
OTHOCHTenbHO k-l. no3TOMY ~HTepecyiOIIIHH. HaC:. HHTerpan •· ,,,. 

x +M . 
I(x) = 1

3 
PJ lnr(x'.,s)(<t(j)1 (k~ll!):;... ¢ 1(s;h)) ds 

p x -M P 2 
,. p 

: .• 1:' 
CBOAHTCR K BHAY 

I(x) = .!!.!r ;: v"(xp+kh) .:....!:...:(~ +tll<lkl>+c v"(x'P\. 
P 36 k ~n0, k~O 2 · k 2 2 , _ 0 

rAe n0h =M, Jtll(k) I~ ck-1 • 8bl6epeM 4Hcno,,M TaK, 4'tQ6bl y4aCTOK 
KOHTypa (xp-M•"J>+M] 6bll1 ·eAHHCT.BeHHbiM nepece4eHHeM KPHBOH r 
c KPY\OM Jx-~-pl ~~· To_rAa · AllR I(xp)nony4HM .nPeACTaan~HHe 

. . hs'r v"(xJ- .'!.P '_y!''(x;0+kh) +v.~'(xP-kh) ·1 (~-~ .._(k))] 
I(x )'=·-· c . + ~ .-a +"' = 

p 36 0.'2-·k=l 2 ~- k2,; 2', 

·'<\ 

= hs[~ v"(x'P); ';: (v"~x·) +~· h2.v (4)(~ P) ~k20(h2))· a2+:(k)] ~ 
.36 0 2 k .. t p . ' k 

h3 v"(x,P)~ ,· ,.;no·,a2¥-'tll'(k) '· r· • • /J.24/ 
=--(c . +V (xp) l: 2 + 

36 0 2 k=.l k . ' 
n . · · _;. ;;:· ·3 · ''' · · · ,•• · .... , ~ · ~: 

+(h2v<4>cx )+0(h2) .J: (a ~tll(k))l=~" (c 0~"(xP)~Mhv<4>(x )+O(h)]. 
JY k=l 2 ...... p 

lli 



EcnH, CYUieCTsyeT v<6> (xp), TO ocTaT04HbiH 4IleH .6YAeT O(b2 ).Te':'epb 
OT6pOCHM OCTaT04HbiH!4IleH B /3.24/, H60"0H eCTb 0(ho£),a <fiYHK~HIO 
I(x P) HenpepbiBHO npoAOillKHM Ha secb KOHTYP no <flopMyne 

. . . h3 · ... _ ' 
I(x) = 36'· c~ v"(x) + 0 (h 

4
) , 

TaK 4TO fVlR I(x) cnpaeeAJ1~-tBo npeAcTaBneHHe 

l(x).;, h;3f lnr(x;s) v(s) ds, v(s) EC1(rJ,. . r. . . 
KOTOpOe B03MOlKHO B CHilY CBOHCTBa f l(x) dx • 0. 

r 

/3.25/ 
r. 

Qrnee onpeAellHM ClleAY~He <fiYHK~HH: 

4fl(x,h) "'flnr(x,s)Q L\(s) ds, 
r ' n ' /3.2b/ 

h . 
4fl(x,-)= flnr(x;s} Q2n 6. h/2(s)ds. 

. 2' r . 
rAe i<YC04HO-J1HHei1Hble <fiYHK~HH QnAh H Q2DAb/2 onpeAelleHbl paeeHCT-
BaMH . . 

Jlnr(x ,s)Q 6.h'(s)ds='l' 1 (x ,h}, xnG-wb. 
r . n n . n 

. h \ 
flnr(xn,s) Q2n6.h/2(s) ds"' lJ.lt(xn; 2" xn ~!l'h/2' r .. . 

OTKYAa c y4eToM /3.26/ nony4aeM 

4fl(xn,h) ='1'1(X:n,h), 4fl(x2n, ~) • '1' 1 (x 2n' 

xn E ru h. • x2nE ru h/2 • 

!. ) . 
2 

npeACTasneHHe /3.25/ 03Ha4aeT, 4TO AllR 41YHK~H~ 'l'l(x,h) 
h . 
-), onpeAelleHHbiX H3 /3.10/, BblnOilHeHO COOTHOWeHHe '2 . 

'I' 1 (x. h) - 4'1' 1 (x, ~ ) ""h3I(x) + O(h4) : 

/3.27/ 

~-t'l'l(x , 

/3.28/ 

3AeCb nOilb3yeMCR <flopMyllaMH /3.2/, /3.3/, BbiKilaAKaMH IleMMbl 3 
H nony4aiO~qeikR. npH 3TOM o~eHKoi1 1'1' {(x, h) I!: cb 2-£ • AHanorH4HaR 

o~eHKa cn~aee.qooea H AllR 41YHK~HH 4fl'(x, h) H "4fl'(x, ~ ),. ecn~-t Y4eCTb 

·.o~eHKH IQnAh!~ch~£. tQ.an6.h12 l$ch~£. Tenepb MOl!IHO Han~-tcaTb 

h 
flnr(x,s :)(Qn 6. h- 4Q2nA h/2 )ds ='I' 1 (x, h) - 4'1' r<x. -

2 
>+ r . 

'. ·. . h h 
+4fl(x,h) -'1'1(x,h) -~4(${x, 2).-.'1'1 (x, 2)},. 

\ 

- -. - .. • ,.. _·-·-- , ... :r -: ,. ··. ·, ~· -
OTKYAa • Y4KTbiBaR ·o~eHKH AfJR npOH3BOAHbiX 'l't' H 411'~ paeeHCTBa 

, {3.27/.:·H;/-3,28/, nony4aeM ."; ... : ~~'.·./. ·' 

• finr(x,-s) (Qri A.·h- 4Q2~6. IJz> da = h3I(x) ::':" ~(h.4 ) + h:s-£ :& ·<o> •. ( ;~. 
r __ , .. _ :. · · · · ., : . . ··. _.::." .- ·· · ··13:291 

:_,. • OE[x~,xn_;1 J •. ·xEr, •. _ :;., 

rAEt'41YHt<~I1R':~(th tienp~pbletia ·H ~,:P~~n:n Ha ~i-~e;~e [x n'·x:+~ J '.· 
C npMOt!'biO paBeHCTSa t . , > :;---

"4l(xn +o)..4(:Jn•)&o f41l'(xn+to)dt. :! .. 

TaKHM o6paaoM, ·AilR p
0
ellieHHR ypaeHeHHR j3.29/ nony4aeM o~ei:IK~;_ 

• .... ' ; . ·. . . ' • .;, 3-( ·. . . . •. 
ylnr(xn' s.}(Qn!J.h- 4Q 2n 6.h12)dsf ~.ch .. , . c > 0, .,._, 

KOTOpaR 3KBHBalleHTHa . .· ' .. -~ .·. . .. 3-

: ... ~ . 

t',rf.· 

, ~h'/~(Q~L\h _:.1Q2~!J.h/2),='J72~•'• fij2n1 s,ch E • ·.' 

H3 nocneAHeH o~eHKH ClleAyeT /J.9l. TaK KaK 3KCTpanonR~HR oc
TaBWHXCR KoMnoHeHT_,· KpoMe Ah H Ah12 • e Bbtpal!leHHH /3:9/ AaeT 
BKilaA B npaey10 4aCTb 3TOro BblpalKeHHR .nopRAKa Chlr£ Ah/2Z h/2 , 
lzh/.2 Is c' .: 4TO crieAyeT· HS ,/3 .t2/:M neMMI>i,).'. TeopeMa AOKa3aHa. 

3aMeTH~, 4TO <fiYHKL\';11-t Q2nP 2n V .. lot QnPnv; ·COBna,qaiOT OAHOBpe
MeHHO· C T04!:fb1M peWeH~-teM _v(x) 111-tWb B T04~ax CeTKH OJh, a ,nOTOMY 
YT04HeHHe no <fiOPMYile /3.9/ BOSMOl!IHO ItHWb _B T04Kax XnEruh.np~ot 
3TOM_ El cHny y~noBHR,, A TeopeMbl H3 /3.9/, eoo6~qe roeopR,, He 
ClleAyeT, 4TO ·abtpal!leHHe. . . ,, , . 

1 . . ' ' .· ..... . 
3[4 (Q2n vh/2-Q2np2n v) "': (Qnv h·-QnP n v)] ... /3.30/ 

HMeeT' :nopRAOK O(h·3-£l.e MeTpHK~ C;OAHaKo~:T~Koi1 BbtBOA MO~Ho CAe
naTb_AnR'11rnaAKHX11 KOMnoHeHT 3TOro.eb.pal!leHHR, TO eCTb AllR n-· 
kHX' 4TO 'j.\ ~ I:::. c.o' rile. Co He: 3c:IB.HCHT OT ~ ... O:Bb16HpaR CoAO,C"faTo4-
HO MallbiM H COOT.BeTCTBeHJ::!O YM.eHbWaR h; MO>KHO. A06HTbCR YT0.4HeHHR 
CKOilb yroAHO 60ilbWOH. no HOMepy._co6CTBeHHOH <fiYHK~HH Marp'H~bl 
Ah/ 2 .coAepJKa~qeikR e Bblpal!(eHHH /3.30/; · ·. . , ·.. . ·,·· .. 

4HCileHHble npHMepbl HlllliOCTPHPYIOT 3<fl<fleKTHBHOCT.b ~KCTpan'anR~HH 
·THna' 3KcTpanonRQHH PH4aPACOHa Ha ABYX /<flopMyna ./3.30//.H 6onee 

ceTKax. no3TOMY MO>KHO npeAnOilOl!IHTb, 4TO AllR AOCTaT04HOro.rnaA-
KOro peweHHR v(x) HMeeT MecTo npeAC·T~elleHHe · , · . ·· 

· .. ko .•· ..•. , '.. · · '·" '--·· k +1-£ 
- 0 

~ a 1 P ' v h; = P_ ._ v + y h , · X E rub· , jy hI S. ch 
i = 1 · ( ni i n 1 . : 1 . i · · . 

KOTOPbiM M~ H· nOilb3yeMCR HHlKe,'a n.' 4. ' 

/3.31/ 

KpoMe Toro, o~eHKa /3.8/ no3eonReTnpeAnOI10l!IHTb,.4TO HMeeT 
MeCTO pa3110llleHHe ( 

. :, n 
. o . St-1 · n0+3 - · 

uh(x)=u*(x)+ .... ~ c 1 (x)h' .+O(h ·'. ), xE'G, i/3~32/ 
. . i . 0 ., . • ' ' . ·' . ' . 

rAe c1 (x) He· aae1-1b~J a-T h. Pe3YilbTaTbl YT04HeHHR peweHHR uh (x) cpa· 
· 3Y eo BHYTPeHHHX T04Kax o6nacTH npHBeAeHbl e :ra6n~ 3. CooTBeTCT' 

BYIOUIHe K034141H~HeHTbt_ 3KCTpanonR~HH MOIKHO HaHTH e 171 •. 
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·. 4. liHCJJEHHWE. 3KCOEPHHEHTW 
. . ·. -';. • . • 1_:. - ~! ·~· ' ! . '~ . I-~ i .. 

H111Ke npHBOAJITCR ~esyna.TaTjoi ~.:.cneHHWX'3KcnepHMetiroa .. B-ia6n.1 
anR np~MOY;r.OJlbHHKa 'G1 =l0~rS2;0~Y~l}. ~p~neqeHAaJl~HOH o6nacT.JII 
'Q£-10,5 x, y~11 u H~x~ 2; O~y~-X+2l · 11 L -o6pa3HOH o6nac'fH . 
'G.a..;, ( 0~x~2;0~ y~llulO~x:<S.,l; _1 $ Y. ~2- t : - MHHHManbHWe 

(min l.\ -h 1> . ~ MaKCHMaJlbHWe · (~axiA11j) . no .. a6conJOTHOMY sHa~o~eH"!ID 
l l . 1._. ' , . ' -~· i ; ' ,. . - . 

co6cTBeHHWe "'HCJla MaTpHqW /1:9/ H A11R o6nacTH G e- 8~1.111HW. 
max !(v·:) 1 AJlR HOPMHPO.BaHHI>IX·.Ha _eAHHHqy B L2 COOCTBeHHI>IX 

4l~!KIV1H :~ MaTp..i'~w ·/1.9/.' 3aMen1~. ~TO 'Aiia oonacn1 0:2 ce'ii<a' 
Ha £!0POHe. Y =-X+2(1 ~X~ 2) CTPOHJlaCb paBHOMepHO C waroM 

-h·v'2. ' .. · . . . . ,· ' . 
JlnR 1-1nmocTpa4HH 3KCTPanonR4HH TJ.~na 3Kc'Tpanonfi4.HH PH4apA~O-Ha 

pewanacb 3aAal.la JlwpHxne' B TlPRMOYf"OJlbHHKe 'G 1' KOrAa Ha ! rpaHI14e 
... _, '•" .· . . . . .. ..,, ... !..y _; ' ' . ,• . ·, ·,. · .. 

o6nac;nt SaAaH CI1eA,4lYHK41-1H e2. ·sin..!Lx.B Ta6n; ·2 npi1BOAI1TCR. . ' 2 . 
pesynbTaT stccTpanonR411H npH6JlHIKe'HHoro 3Ha4eHHR Hopi-tanbHOH · 
npoi13BOAHOH Ha rpaH114e o6nabl1' no ~opMyne /3.31/. 4epes !\(h)·. 
o6osHa~eHa·norpewHOCTb'npH6nH)f(eHHoro·peweHHR Ha ceTI<e c0 c wa-

.. . . . '· . . . . . . h. 
roM h; L\(h 1 , ... , hit ) - no:pew~OCTb peweHj1R,, 3KcTpanonHpoaaHHoro 
no ceTKaM cu h ; •··· cu h · • · · 

•3KcTpanOJ1RLI~R npH6~HIKeHHoro peweHI1R BHYTPH o6nacTH COAep
IKI1TCR B Ta6n. 3, TaM IKe npHBOAHTCR cpaBHeHHe T04HOCTH nony-
4eHHbiX peWeHHi1 C T04HOCTbiO KOHe4HO~,pa3.HOCTHOro MeTOAa .npH 
annpoKCHMa411H onepaTopa Jlarinaca nfiTHT04e4HI>iM wa6noHoM TJ.~na 
11KpecT 11

• norpeWHOcni 'oTHOCRTCR K 'T04Ke ''o6naCTH' a KOTOPOH He{ 
KBaApaTHOH ceTKe · c ularoi-1 h ,;;,o, 2 AOCTHriinacb HaH6onbwafl norpew
iiocTb :pew.eHHH; nony4eHHbiX MeTO-AOM n-1Y •. B' riocneAHel1· CTPOKe 
Ta6n. 3 npJ.~BOARTCR oiHoweH'HR cooTaeTcTay.Ouilix 'norpewHocn:il1' 
MeTOAa fi1Y H. KOHe4Ho-pa3HOCTHoro MeTOAa np11 'o,qHo~.· H TOM IKe 
ware AI1CKpeTM3a4HH. 

np11ae,qeM aCJ.IMT1TOT.H4eCKHe OL!eHKH pa3Mepiiocn1 MaCCHBOB~ Heo6-
XOA11MbiX AilR peanH3aijHH ,qayx MeTOAOB C OAI'iHaKoBOH T04HOCTbiO; .. 
nycT'b o6nacTb RBJlReTCR npRMoyrOJlbHHKOM co CTOPOHa~H £1. ~2; h.·:
war CeTKH MeTo,qa f~Y; r ·- war'Kaa,qpaTHOH CeTKH.KOHe4HO-pa3HO
CTHoro MeTo,qa. ~IlR ,QOCTHIKeHHR T04HOCT~ 0(h3)~o BTOPOM MeTOAe 
AOJliKeH Bbi6HpaTbCR war'r=h312• B 3TOM CJ1y4ae MaTPHL!a MeTo,qa fi1Y 
6y,qeT J.!MeTb pa3MepHOCTb 4(1' t i-f 2) 2• h "":

2
., a MaCCJ.IB HeH3BeCTHbtX · 

. B _KOH!'!4!-IO-pa3HOCTHOM MeTOAe -, ~~·f 2 ·h~3 , TO eCTb .npH • 
fl.f2 . 

h<. 1' )2 pasMepHOCTb MaccJ.~ea, Heo6xo,qHMoro AilR peanHsa41111 
,4(1' 1+ 2 . . 

Me:roAa f11Y, 6yAeT MeHbwe ~ TaKHM o6pasoM, . npH. ,qocTaT04HO 11am1x 
h MeTOA fi1Y Tpe6yeT MeHbWei1 naMRTH no cpaaHeHHJO c KOHe4Ho
pa3HOCTH~M: MeTOAOM AI1R AOCTHllieHH.R .OAHHaKOBOH TOi.iHOCTH. 
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