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B llOCJIB,llHBB :BpBMH BBC:&Ma llOllyJIHPHWI YBTO,llOM pemeHllll 8!l,ll8ll MaTe

l48Tllll6CKOH ~l!Sl!Kli·CTaJI·ueTO,ll KOHBllHUX SJIBMBHTOB·(MKS). TpeyrOJI:&HliK 1 
T6Tpaa,llp ll1 B o6~e11 CJiyqae 1 Cl!MllJIBKC.- Hali60Jiee ll8CTO l!CllOJI:&ayeMue 

. TllllU 
11

KOH6llHUX 11 3JI6l!BHTOB 1 TaK KaK OHll XOpOillO Olll!CU:B8JOT rpaHliL\Y o6-

JI8CTll1 B KOTOPOH pemaeTCll 3!l,ll8ll8. 11 B CBH3ll C 3Tl!U npll l!CllOJI:&30BaHlllf 

_MRS BOSHHKae:r npo6neua llliCJIBHHOrO liHTer~li.POBaHllll no Cl!YllJIBKCaM. ECJill 

,llJIH TpeyrOJI:&HliK8 8T8 npo6JI6Ya pemeHa/I- / 1 TO ~Jill Cl!YllJIBKCO:B ll ,llJIH 

TBTPa3JlPO:B, B ll8CTHOCTll, 8TOT. BOllpOC OCT86TCH OTKpUTWio HaH60JI:&IllliX yc

llBXO:B B aToM Hanpa:sJieHllll ,llo6HJinc:& XaYMep 1 CTPOY.lll Mapnoy / 314151. 
B / 4

/ BU:BO,llHTCH Ky6aTypHU6 ~OpUyJIU BTOporo ll TpeT:&ero UO~OB TOllHO

CTR ,lJ,JIII CHM!IJieKCOBtHCUOJI:&3yxJmHe MIDmMa.Jll,HOe KOJmliSCTBO Y3JIOB. J/S/ . 
npldBO,llHTCH Ky6aTypHU6. ~OpMyJibt llHTOrO · llOpH,llKa TOqHOCTll t. HO OHll He . Oll

Tl!MaJI:&HU1 T.e. ncnon:&ay~T ne Ml!Hl!Man:&Hoe qncno yanoB. B /3/ npnBe,lle

HU OllTliY8n:&HU6 Ky6aTypHU6 ~OpMyJIU ,llJIH T6Tpaa,llpOB BTOporo·n TpeT:&ero 

UO~OB TO~OCTH~B H8CTOHmelt_pa60T6 BU:BO,llHTCH OllTl!Yan:&HUe Ky6aTyp

HU6 ~OpMyJIU ,llJIH Cl!UllJIBKCOB llBTBepToro llOpH,llK8 TOllHOCTll ll OllTllllaJI:&HUe 

WOPMYJIU qeT:sepToro, llHTOr0 1 meCTOrO ll CB,ll:&MOrO llOpH,llKOB',llJIH TBTpaa,ll
poB. 

§ I. Ky6aTypaue d>opuynu ;nna N -llepHux cnwnneKcoB, Tot~Hue 
;l!JIH llOJiliHOUOB llBTBBpTOH CTBllBHH 

CJI6,llCTBli6U TBOpeuu I 113 / 3 / H:BJIHBTCH TOT W8KT 1 qTO BCJill Ky6aTyp-

HaH CI>opuyna :roqaa ,llJIH Bcex noJilfHouoB K -cTeneHlf JlJIH KaKoro-:ro N-
YSpHOrO Cl!MllJIBKCa $ 1 TO WOPMYJia,nanyqaeMaa ~ npeo6paSOBaHHeM 

. r I 6y,llBT TaKllte TOllHa ,llJIH :scex. llOJiliHOUOB K -c:reneHH ,llJIH npeo6pa-

80BaHHoro cl-iunneKca T ( s); Bee a ey6aTYJlHO:ii CI>opMynu npll aTou yunolltilllT

ca Ha HK.o6naa npeo6paao:saana T -~ TaKnu o6paai>M 1 ioc~aTotllio Bu:sficTn 

Ky6a:rypHyJO wop11yny ,llJIH CTaH,llapTHoro cnunneKca. 

· Pac-cuo:rpnu N -uepHuii cnunneKc G- c · :sepml!Haun P.,. f1, ... , P
11

H • 

IlycT:& o(_, (X} ot.2 (X} ••. o(. (X)- 6apliL\BHTpllll6CKlle KOOp,lllfH8TU BBKTOpa 
. /11•1 ' - Nft1 ' N4, 

X E:b-· Ci="i-olif.. 'l.o(.:ci o~oli.~-f,i=l,NH),a fP€ 1(r)ol2 liJ ... ,olN
41
(iJ)-

L~' ) t.,:t J . I ) 

HBKOTOpult llOJilfHOU OT ol_,, oLz , ••• , o< N1-/ • 

l 
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JaHTel'paJI 

:J(:FJ = J J (cl1 l~J ,o(~ lX> ~ ••• ,ot,v,.1 (xJ) dvx 
G 

mmapHa.HTeH OTHOCRTeJI:DHO BCeBOSUOJKHbllC nepeCTa.HOBOK 6apm~eHTpnqeCIUDC 
Koop,n;nHaT. llycu f - cyuua · nonnaoiloB, nonyqeaab!X ns :f B pesyn:D-
TaTe BCex. (/II+ 1.)! nepeCT8HOBOK 6apn~eHTpnqecKtiX KOOp,li;RHaT • . 
Tor.n;a oqeBn,n;ao, qTo 

(N+1)! :J(:JJ=.J(:f) (I) 

IlycT:D ,n;aJiee: 
(' 

. M 

Kf~) = '?.. Wj ~cxj) -. 
. · · L=d 

CHL!YeTpHqecKaH Ky6aTypH8H if)opuy:ila c BeCaYH Wj 11 YSJ!aYH xj . BB11,n;y 
Cli!IU6Tpllll. ORa HHBapHaHTHa OTHOCl!TeJ!:DHO BCeBOai!O~HbllC nepeCT8HOBOK 6a
pn~eHTpllqecKHX.KOOp,li;HHaT,ll flOSTOYy 

(N-t·Of K(f) = K (f) (2) 

Ma( I),(2) cne.n;yeT:.ztnH ~oro, 'lTOCiH q)opyy;na CilliJia ~oqaa .n;na B_cex nonnao
uoB CTeneHl! He Bbllll6 < m 1 ,li;JIH Cliii_116Tpll1l6CKHX q)opuyn ,li;OCT8TO'lH01 liTO~ 
6H oaa CilliJia Bepaa ,n;nH Bcex cuuue~pnqecKnx nonnHOIIOB CTenean ae Bblllle n7, 

KBK :HsBe_cTHo ns Kypca oonten aJil'e6pa 161, .iuxsoa CMYUeTpnqecK:Ha . 
YHOl'OqJieH OT.HeCKOJI:DKHX nepeYeHHiliX YOEHO npe,n;CT8Bl!T:D B_BH,n;e KOYCili
H~HH SJ!6116HT8PHiliX CHYY6TPH1l6CKHX IIHOl'O'lJ!eHOB! 

iTo (X.,XJ., • ., ,XN)E J., 

tJ 

u1 (x. ,X:. 7 ... ,-xN)::: 1:. X;, 
i.>"t 

oJ.. (X.,X:., ... XN) = 4. Xi.Xj ~ ... 
L,J~f 

N 

, U/v(x~, ... ,x"'>=n x.:. •=1 
j;tj 

. ]{JIH Y.ltOOCTBa BBe,n;eU 
- ., . 

QZi(X) ;::ole: (x)- 11+1 

JID6oit C:lllllleTpH'l6CKllil YHOl'O'lJ!BH CTeneHH nt OT (j_i fX) npe,n;CT8BJIH6TCH 
B BH~e Kou6naa~u cHuueTpuqecKax uaoroqneaoB OT ~iCX) CTeneHH fie Bbl
me m 111 aaooopo~. Ilycu Y_(P. P. . .. p-., )-il':"uepaillit e,n;nHH'lHillit cnun-

( 
'I '" > I n+l JI6KC N ~ .3 ) . , 

A,-- ( {)i 0, ... • 0 ) 

.·Pz- ( 1, 0 , ... • 0 ) ] 

2 

t 
' 

.• 

p3 - ( o, I, 0 I .. I > 0) • 

• • • • .1 • ' 

PH+-;- ( o, o, 0·, J. ) • 
. . 

PaCCUOTpt!U BCeBOS!IOlmille KOUCiRH~llll aneYeHTapaJ:ix Cl!YMeTpl!qecKrui: 
llClJIRHOYOB CTeneHH He Billllle t£eTUpex. TaK KaK CYYYa 6aJ»meHTp:H"'IeCIWX 
KOop,n;nHaT Toli.n;ecTBeHHO paBHa I, TO ~ (;;(., (X) ,Olz li J 1 ... ;d.,:,tl (X)) =i: 0, 
B Ta6;nn~e I npl!Be,n;eHH KOUCiliH~RR BC6X aneueHTapHbllC CRYY6TpHqecKttx 
YHoroqneaoB cyuuapaoli CTenean He Bume qeTHpex n HHTerpanH oT anx no 
cm.mJieKcy V. . 

PaCCYOTPRY BC6BOSYO~Rille rpynnill ToqeK, KOTOpue YO~YT yqaCTBOBaT» 
B Ky6aTypaoit q)opuyne. llyCT:D X (o<, ,ofz, ... ,ot N+t) ecn ysen Ky6aTypaoit 
q)Opuy;nu. B CHYYeTpll'leCKYD.KyCiaTypHyD q)OpYyJ!y OCiHSa.Hill BXO,ltl!T:D BCe YSJ!ill1 
no;nyqaeuue nep~CTaHOBK0£1 KOOp,lJ;HRaT o( i. • B CBHSH C STHU BCe TO~ll 
pacna,n;aiDTCH Ha cne.n;yro~e rpynnH: 

I. Bee o(. PaBHill Y61K.ltY coeiott, a TaK KaK RX cyuua PaBHa I •. K8llt,n;Oe 
o(i ~ k1 . 8Ta rpynna cocTo~T ns c:., .. i TotieK. · 

2. N ·Koop.n;naaT cl. i PBBHH uellt.n;y coo oil n paBHill i! , a { N+1HI Koop
~aTa OTJmtma OT l H paBHa(i-.v.t).::JTa l'pylma COCTOHT HS 

C ;+f= N + 1 ToqeK. ·· · · . 

3·. (N-·t) Koop,n;nHaTu PaBHH uex.n;y cooott n paBau t. , a N -H· n 
tN-t-1) -a. KOO!Wffi8TH pamm~ (~: 4·~"11 /t}~lfii~o STHX TO'leK prumo: cH-4 = (NH}/1 . · 

Ntf Z 
4. (N- -!) KOOp,n;HHaT paBHill Yell,lty COOOit ll PaBHill p ·' N. -H KOOp,n;n

HaTa paBaa ~ , a (N+1) -H Koop,n;nHaTa paBaa t. ( p t~ /:"l.) 

lfil:CJIO 3THX TO'leK paBHO: 21 c;,-t!"'N(.V+-:t) H T•.lt• 

Baaqeane HHTerpana no cnunneKcy lf OT K8llt,n;oro cnu!.leTp~qecKoro 
nonnaoua ns Ta6nn~ I .n;onxao PaBHHT:DCH Bennqnae, nonyqaeuoit no Ky6a-

·Typaott q)opuyne .n;na aToro nonnaoua. IlpnBneqeane KaJK,n;oro Ha6opa ToqeK 
us KaKoit-nnCio rpynnu nosBonaeT paapenm:T:D .n;ononHRTeJI:DHo CTOH:E.Ko 
ypaBHeHH£1 1 CKOJ!:DKO CBOOO,li;HWc napaueTpOB xapaKTepnsyiOT ,li;WtHillti H811op, 
l(J!H TO~ll nepBOit rpynml STO O,li;HH napaueTp - Bee,. C KOTOpUU OHa BXO,ltl!T 
B KyCiaTypayil q)opuyny;· .n;nH'TO'leK BTopott rpynnH - saaqeane l- n Bee; 
TpeTJ,e£1 rpynnu - aaaqeane t n Bee n T • .n;. Omnims~na. saKniO'laeTCH B · 
TOY1 ti>ro6H npH lll1Hl1UaJI:DHOY OCinteU KOJ!U'leCTBe TOqeK Y.ltOBJieTBOpl!U BCeY 
BOSHl!KaiOntUY ·ypaBHeHHHM. l(J!H T01'01 'lTOOU o6ntee KO~nqecTBO CilliJIO M:llHli
UaJ!:DHiliY1 HeOCiXO,ztHYO HCflOJ!:DSOB8Tb Haeiopu ToqeK C YeH:DliiHY HOUepOU l'pynnH. 

B aTou·naparpaq)e Yill o~aa KydaTypHbiY:Il g)opuynaun, cocTo;. 
a~un na ToqeK nepBiliX Tpex rpyn~.<B ~aein:ll~e 2 npnBe,zteHH aaaqea:HH 
aneYeHTapHbiX C:llYYeTpHqecKHX YHoroqneHOB~ TO~eK ~Ott rpynnu.Ms 
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H.ee ;nerKO BH.D;eTI>, tiTO npn j = ~'t~~:,-:p ll01IIIHOIJ 6;, + fo (tfzf" TOlit]l;eCT

BeHHO paBeH Hy;niD Ha TOtiKax nepnoit H BTopoit rpynn, Ho nHTerpan oT 
()., -r} (6;)1 no· CRMilJleKCY if He paBeH HY.IIID. Il03TOliY .D;1lfl BHBO.zta CHlUieT
pHtieCKOit g)OpYy.Jia tieT:BepTOrO nopa.ztKa TOtiHOCTH He06XO.D;l4J.IO npl4B1leKaTL 
TOtiKl4 TpeT~en rpynna. 

IlyCTL '{ - Bee, C KOTOpblll yqacTByeT B Ky6aTypHOH g)opMy;ne TOtJ:Ka 
nepnoit rpynna, 5 - TOtJ:KH BTopoit rpynna, } - TpeTLeit rpynna. 

- I t- t .f • IlycTI> l = i-ij;1 , = -r/H. IIITOrOBafl CliCTeJJa ypaBHemlit B!lr1IH;ltHT. 
c;ne,ztyiD~Y o6paaou: 

¥ + t (N+1) 
. 2 

0 rN+i) N ~z 
l 

- 0 (N-1) N {N+1l l 3 
3 

_ 0 (/(~21(Nz-N){NH} 2l'l 
g 

r- !1 2
( N+i)

3 ~ 'f· 
0 If z; • 

+ P 
(NH)N J_ -- = N' 2 . 

- 8 Cll-t1Jllllz-NJt-z _ _ Jf_ . 
J g ·. . . - . Z{N+ZJ! • 

_ (1.. (/{J_f(tlztJNJ{N+-t)z£"~ _ 2.{N1.:..N} 
Y 2.1{ · •. - 3(Ntt)(NH)J 0 (3) 

:_ }{N3-3~+ZN){Nf!)Zf'l= (fll-3JliZ+zN){N-51 . 
16' . . f.(Nf1} 2 /N~vJ!' 

+ & {N~1)2 N{N+ti:..[v::: (N'l.+N)(I/
1
-4-9N+2.)_. 

I 3~ · · . 4(N+I)t ( lo'-t'l) ! 

STa Cl1CTeua ·m.leeT .D;eliCTBI1Te1II>Hble pemeHHH npn 3 '= }/:!..(2 • '!acT.; pe
meH!tlit npnno.ztnT K Ky6aTypHbiY. g)opuy;nau, ncno;nr.ayi<ill{nu yana BHe c.l4un;neKca. 

. B Ta6;nm~e 3 np!4Be,zteH11 peay.JIL'raTbl pactieTOB. Be'c, C KOTOpllll BXO.D;fiT B 
KyciaTypHyiD g)OpMy;ny TOqKH nepBOlt rpynna, ( . , paBeH ~"" .d f , r.zte /:J.
o6"DeM cuiln;ne~tca. Ananorn'llio . . fi 1t1 J~ - ~eca, c Ko~opw.m B He~ mco.D;HT 
T0100i BTOpoil: H TpeTLeit rpymm, pa.:BIW8=0A H 1: ~ .d 

§ 2. Ky6aTYpHae Wopuyna naToro, mecToro n ce~I>uoro 'nopa~KOB 
TOliHOCTH A.JIH TeTpaaApon 

B aTOM naparpag)e Jl1l paccuoTpnu 66mie, yaKl4it Kmic'c cnyn;neKCOB -
TeTpaa.ztpa {N:3j. K8.llt.ztafl TO~IKa X 6y,zteT xapaKTepHa'o:SaTLCH tieTapr.Ya 
6apnueHTpnqec~tnuu Koop.ztnHaTaYH X (cO<, d. o(, o(., ) •• KaK 1t1 P. ailee, · 

,_ . \.- J ,, , • 

. oL;. lx> = o{£ csn - o,zs L = 1, ". ~ •' . 

B Ta6.1Il4Ue 4 npl4Be.zteH1l KOJ16l1Hal4l111 aneYeHTapH!lX CltlYMeTpHqecKHX JIHOrO-
qjjeHOB OT ()2 1 d.:z/13,;;/'f CTeneHH He Bllllle CeJIM-, liHTerpanbl, OT 3Tl!X no-' . 
;nnHOYOB no e.ztnHHtlHOMY TeTpaa;~tpy A BCD . (A ( 0, 0, 0, :1.) ~ · 

8 U, o, o, 0), C(O, 1. 1 0 1 o> , ])(0, 0, :1.,0)) . 
ll 3Hall6Hl4e no;nHHOYOB Ha TOtiKSX K8.llt.D;Olit rpynna. ~.!Ifl Ky6aTypHOti ~opuy;nbl 

llHTOrO nOpfl.ztKa. TOllHOCTl4 Tpe6yeTCfl .1{Ba Ha6opa .TOtieK BTOpOti, rpynna R 
o.ztnH Ha6op TotleK Tpe:lir.eit rpynna. IIycn X_1 - napaueTp, xapaKTepl!ay~ 

4 

t . , 

ID~Hit nepBblit Ha6op TOtieK BTOpOit rpynna R vV1- Bee, C KOTOpllM BXO.D;fiT 
3TI1 TOtiKll B Ky6aTYPHYID g)opyy;ny' Xz. - napaweTp' xapaKTepnayiD~it . 
BTopoll Ha6op ToqeK BTopoit rpynna,n Wz- nee, -t.i- napaYeTp Ha6opa 
TOlleR TpeTr.eit rpynnu n j- nee. Tor.D;a w., ,x1, W2 ,Xz, t., n f> y,ztoB
;neuopaiDT c;ne,ztyiDIJ{eit cncTeYe ypaBHeHnit: 

. 2 
Jr -~ W;, 

. (:J 

.,. b} - j_ 6 • 

~ : 2. 
-2.lt z_wlrxc~>z -1z;ct1-~) =- ; 0 • 

i=1 
'.I. I !. -f 

-J.z ?: "h cxcif) = no • <4. > 
L~1 

-12. ±_ W;_(X<-i;t + 6} (t.1 -*)'' ::::.- s116D • 
(e<f' 

f i.Ju ~ u/. (X·_.!.)~ f. 2. uP. (-{;1.:.1..'( )'f ::::. _il. 
77 .{.:;- VVL ' 'f lJ- · {3 lf/.fO' 

L-1 t; 

192 t Wi.fXi--1;) =- -4so· 
L#l , 7 

~.!Ifl Ky6aTypHOit ~OpYyna meCTOrO nopa,ztKa TOQHOCTH Tpe6yeTCH.TpH Ha6opa 
TOlleK BTOpO);l rpynna·ltl O.D;ItlH Ha60p TOtieK lleT:BepTOi-1 rpynna. 

IlyCTL X 1, VV1 - napaMeTpa, xapaKTepHBYIDIIU1e nepB1lit Ha6op TOlleK. 
:BTOpolit rpynnu; Xz Wz· - BTOpolit Ha6op; X3 w!!> - TpeTllti Ha6op TOtieK 

I I 

n'ropott rpynna; p, ~ - napaYeTpa, xapaKTepnayiD~e Ha6op TOlleR tieT-
nepToit rpynnbl l1 _fo - Bee, C KOTOpllll 0Hl4 i!x:O.D;fiT B Ky6aTypHyiD g)opyy;ny • 

"" 1 "' I - f " I ,.._ . -( 
IlyCTL x1 ::: X 1 - r; Xz = Xt-'f J Xa =XJ -;:; p = P- ";{ ' a = ~ - "ii. , . ) d 

Tor,zta: 
3 

q r. VJ-i. 
L=r .. 

t 12.J.> _:[ 
- '.: . 

.3 .• -t 

-2lf L w. Xt - - 1 - ·go , - 1:tp (2ft+(P +9)z) 
L=1 

-s:t t._w.xt - :J..ttpp(p+~)~ 
L=1 

_1_ 
-:;zo • 

. 3 _. "'V ,... -2- ,._ - . _{_ 
- 12. ~ Wi x, - 12.. ~ p ~ C~p+~) =- 53160 

1,.':.1 . 

"1 "''/ · "'z - -'f)~. 19 · 
14Lf·2:_ Wi.X;_ + llf>Clp +(Pt~ = {3'-fl{O • 

. l.:.r 

1 

(5) 

19t ±w,;..{"' t Jrf'frp+~lc:z'f.:+ (f+iJ~/ ;::. - '1Lf80 • 
i=.f . 

3. 

- U4 '72 W;. x;_' -1'-p (.t p'- + ( f5 -l-ff"):.. )
3 

.. L0-1 

- _!f.j_ 
.f93S3C, ' 
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3 ' ' 
-=;- "'' ~:t "'· _)., -f:t-

:Z..JG ~ Wu<;. + lfgJP (P -~-~ = .JG~8t.o' 
o.=1 ·' . 

1J- f;·w.xt-~lJ.f>('-P3.; Cih-gi-JP+lr~;;+fJ= .3:;oj · 
nnfl Ky6aTypHOH WOPYYJI~ Ce~LYOrO nopH~Ka TOqfiOCTH Tpe6yeTCfl TpH 

Haoopa TOqeK BTOpOfi rpynn~, O].lHH Haoop ToqeK TpeTLeH rpynnH H O~~H ' 
Haoop TQqeK qeTBepTOH rpynn~. K Ca!aJieHHI0 1 BOaHHKaiO~afl cricTeMa He 
m.1eeT pemeJI»H n ].leliicTnnTem.HilX qHcnax, noaTouy 6~na A06anneua o~ua· 
TOqKa nepBOH rpynn~. B STOLl CJiyqae CHCTeYa HYeeT 6eCKOHequo MHOrO pe
meHHHo 

IlyeTL ~ - nee, e KOTOp~y BXO].lHT TOqKa nepBOH rpynn~ B KyoaTyp-
HyiO <J/OPMYJIY, Xi.. V'h - napaMeTpu, xapaKTep»ayJOll\He Ha6op~ Toqerc BTO
pon rpynn~ (i=1,3 )j tl,S' - napaueTp~ ua6opa ToqeK Tpenen rpynn~, 
j>, p, ~ - napaMeTpu ~aoopa ToqeK qeTnepTott rpy~mr. 
!lyeTL • 

,.._ I Z t I "' I fj I 
X~ = Xi.. - 7f '-'1 = 1 - ii , P "p- ;; , 't -= fj - if 

TOrAa . '. · 

. Xi. } W.: I t1 ; o, p ;~' J J 'I 

y~OBJieTBOpHIOT 
-3 

ene].lyiOIJ\eli ~~eTeMe ypaBHBHHi.i: 

-- ft_ '):. W;_ 
t=1 

+ -l£_}'- • -j- . 6.S:..+ ~-" 

.3 .- :(. 
-~'I 2:_ W.: X~ 

t•1 
3 

-3-t ,....... ""3 'L. Wc:x, 
C:.=1 
~ ..... ., 
L. w~xi. 
i=1 • 

-1~ 

1:1, J(~.,.(p+~)'-J -·~~·s-f; 

.1 '{' p ( p + ~ )2. 

-t21 ryc:z-P+~> i" G tf'~ 
1 

.1_ .- ···;(;• .. 
= j_ 

80 

.f = =J:/,0 • 

-1 __ • 
:::- S3=/f.O (6) 

~ ~., ( -2. ,.._ - J. .t. c-t"'., ..(9 
11t4 ?->V.li.X;_ + 1~J .tp +(p-r~)) + ~'{o 1 =~ 

~1 . 

19Z ±_ w._xt + .tlfy.'j5'(p+~).t(.tp\cp+~f) 1 
:::: - C{<j"i(j •. 

i.'>.( 

3 

- HGlf L w;. x._' 
'-"1 
3 

25"G .2:: W· x.' 
i=1 c. '-

!1-:t 
.l 

LW·X·' 
i=1 l. "' 

1:t.pU.p1 + (p-+ [ )l. )~ -lf&Sf/· = ·- _!!j_ {93S?:.G' 

+ I!Kf_p:z. (p +3)1f 
-11-

= msgo . 
{:t (11 ~'- ~ ~ 2.>-2.- - ~ t"ot' .3{ + !' ... p +(P+~) p 8 (J.{' +g)- ~ 1 = -~ ..:....._"--_.,:-:-.-~ I 

6 
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.I 

.! 

j 

3 ~'l 
us:z. L. wcx.. 

Lt1. 

3 ~'/. 
g,. ?=.· WiXt 

L,'>of 

-~'If> c~Fi1.+ cr+~)!L)p (p +~)2. 

+~'~PP3i C.tp+~JCp.f~J"-

- 61 
- 161Zt.OO '' 

1'1 
=- 6'15-(2.00 

B Ta611Hl.\B 5 np»Be,l:leH~ KyoaTypH~e <J/OPMY11~ ).l1lfl TOTpas~pa. Ilepn~e Tpld 
IJ10PLIY11bl BaHTbl »a / 3/. W. - nee, e KOTopill.l TO'llta. -~o.mma BXO,ll;llT:C B 
Ky6aTypHyD !J1opMyny, paneH W-=WA , r~e !J. - o61>e!A TeTpaa~pa; 

'-' - KonHqeeTno paam1qullX ToqeK, nonyqaeuux nepeeTaHOBKaMH · c/.1, o< ~, 
d.) ,d'l • CHeTeMbl (3),(4),(5) HMelOT noeTOpOHHl1e pememlfl, npl1BO).lflll(IIe 
K KyoaTypHb!M IJ10pMynaM, HYeiOm;l1M ya11bl BHe TeTpas).lpa. 9TH pememiH He 
npHBO).lHTell. 

§ 3: l.!eTOJibl pemeHl1H noaHll!CaiO~HX eHeTeM ypanHeHHl\ 

PemeHne eHeTeU (3),(4),(5),(6) BblaBaJIO anaqHTe11LHble aaTpy).lHBHHfl. 
Bo BCOX enyqaflX 1 KOr~a STO noaMOlltH0 1 »a eHeTe!.l HeKJIIQqaJilleL Te napa
MeTpbl, OTHOel1TB11LHO !COTOpbiX ypaBHBHHH MOlltHO paapemliTL HBHO liJill nblpa
SHTL qepes ~pyr»e napaueTpbl. K eolltaJieHHI0 1 nee MeTO).lbl THna LIBTO).la · 
HLIOTOHa -np11BO).lHJIH K llJIOXOii 06ycnonJieHHOeTH 1 11 OT HHX npnmnoeL 
OT!CaaaT:ceH. B 0011LWI1HeTBe enyqaeB Bbl).leJIHJieH IJ111KellpOBaHHbltt napaueTp, 
qepes ICOTOpb!lii nupal!taJil1CL Bee OeTa11LHble • CaM OH 1 B eBOIO oqepe].lL 1 HB-
1lfl119H ItopHeM ~On011LHO enOlltiiOrO ypaBHeHllfl 1 KOTOpOe pemanoeL MeTO~OM 
~eJieHliH oTpeaKa nononau. B npol.\eeee nblquenen»lii noaH»Kna npo6neua pe
meHliH ene~y10~elii eHeTeMbl ypanHeHliH: 

tl 

~ rXj_ = c-t' 
i=-1 
tl 

2:.. c<.i x. 
L.=f 

= cz, 

(?) 

"' 2.11~~ L. o(,._ Xi. = c2N , 
i.=~ 

r~e X1 ,xz, ... ,x"' 
Sa).laHHblB BeJIUql1Hblo 

ll ol.,ol,, ... ,o("' - H8USB8eTHble, a c~,c2,•••,C211-
Ta!C Ka!C X<. HB11HIOTCH xapaKTepl1eT»KaMl1 pasnuqaux 

HaoopOB ToqeK 1 TO Ha X~ HaKJia].lbiBaeTeH ).lOU01!HliT811LH08 orpau11qeH11e: 

X< f: Xj npll i. i j • Ilp»ueHHJieH ene).lyJOll(nii ueTOJ.l pemeHl1H. BBe].leM 
).lonoiiHUTeJI:&Hble o6oal!aqemlfl. llyeTL if.~ een neKTop 

- .t N-• r 
'Z.;_-=U,Xi.,X<, ... ,Xi.) , i = 11 N. · 

7 
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SHaqeHne llHTerpanoB OT 
· nom1HOMOB 

1 
!Y! 

2 (N+2)! 

2 (NZ ·IV! 

3 (IV+1)(fii+J) f 

II 

-r.---------- .. ----------- · .... _ --st::-:·=-------=-~---:--·:--:·-- --· ·- IVCN~I) (IV-2)(N·ij ____ --·· 

6"., <X.L(X)ol.J(X) o{K (X) o(e(i?) 
(..,J' 1<, •i 

UN+t)2 c tVr Jf J! 
----- ------------. ------(..·+-J~-'4>-e-~-·------ ....... .. ..... --· .......... ---- .. -- ................. . 

t{(NH)CIV2 +9N+2) 

'I ( Nt1J2 (tV+ If J! ( 

N~r 2 

0: ) '.d., (i>~j ex)) 
t, .\=4. 
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.Ta6n1.1ga 3 

t. 
3 -o,078933333333~33 0,045733333333333 0,07I42857I4285?I 0,!49333333333333 0,!00596423833200 

4- -Q,0983302480??508 0,0!9292373559985 0,0548!6625353262 O,IOOI8683802?758 0,088947074609055 

5 -o,I09943825883792 0,00739!946765302 0,0377568!9943497 0,071039476352798 0,0795987083454!9 

6 -Q,II0339568956389 0,002279229547126 0,016638990258786 0,052II356962507I 0107!885212776682 

(1) 
0 
1-3 
b' 





Ta6mw,a 5 

w L. 

I - Toqe~aa wopuyna CTeneHM I 

1,000000000000000 0,250000000000000 0,250000000000000 0,250000000000000 0,250000000000000 I 

0,250000000000000 0,138I9660I125010 O,I3819660II250IO O,I38I9660II250IO 0,5854IOI96624968 4 . 

5.- TOlle1l!laH IJ)opwlna CTeneHn 3 

..... -o,8oooooooooooooo o,25ooooooooooooo o,25ooooooooooooo o,250oooooooooooo o,2.5ooooooooooooo I 
1);1 

0,4500000000QOOOO 0,!66666666666666 0,166666666666666.0,166666666666666 0,500000000000000 4 

-D,078933333333333 0,250000000000000 0;2.50000000000000 0,2.500000GOOOOOOO 0,25000000000QOOO I 

0,045733333333333 0,07I42857142857I 0,07I42857I42857ID,07I428571428571 0,7857!4285714285 4 

0,149333333333333·0,399403576I66799 0,399403576!66799 O,I00596423833200 O,I00596423833200 6 

14 - Toqeqaa.fi IJ)op~o~yna cTeneHM 5 

O,I126879257I80I5· 0,3I08859I9263300 0,3I08859I9263300 0,310885919263300 0,0673422422!0098 · 4 

0,073493043~1636! q~0927352503108~I Q,0927352.503I089I 0,0927352503I089I 0, 72.I794249067326 4. 

0,04254602077708I 0,045503704I2.5649. 0,045503704I25649 0,4544962.95874350 0,454496295874350 6 

w . oLJ 

24 - TOqe~aH WOPYyna CTeneHM 6 

O,OI00772II055320 0,0406739585346II 0,04067395853461I 0,0406739585346II 0,877978I2.4396I65 4 

o;o5535718I543654 o,322337890I42275 o,322337890I42.275 o,322337890I42275 o,032986329573I34 4 

0,039922750258167.0,2I460287I2.59I52. 0,21460287I259152 0,214602871259152. 0,356I9I3862.22.543 4 

0,0482142.857142.85 0,06366IOOI8750I7 0,06366IOOI8750I7 0,26967233!458315 0,60300566479I649 I2 

..... 3I- ToqeqaaH @opuyna·cTeneHn 7 
.~ 

. O,I0452490533I238 0,250000000000000 0,250000000000000 0,2.50000000000000 0,2.50000000000000 I 

O~I32.709834743269 0,0855III28243214 0,0855III282432I4 0,0855III282.432I4 0,7434666I52.70357 . 4 

0,040479315356054 0,3267330898I5793 0,326733089815793 0,3267330898I5793 O,OI9800730552.6I9 4 

-D,62.9435890I07533 O,II37I9839946670 O,II37I9839946670 O,II37I9839946670 0,658840480I59989 4 

O,OI452.I3424502.56 0,02.9096160499228 0,02.9096I60499228 0,470903839500771 0,47090383950077! 6 

0,2I9444500000004 O,IOOOOOOOOOOOOOO O,IOOOOOOOOOODOOO 0,627808686088960 O,I72I9I3I39II039 12. 
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.AKHWHH n.r •• ~HAKOB E.n. HeKOTOp~e Ky6aTypH~e_¢opMy~~ 11-81-395 
AJlR CHMnneKCOB 

B~BOARTCR CHMMeTpH4eCKHe Ky6aTypH~e ~OpMy~~ AnR CHMn~eKCOB 4eTaepToro 
nOPRAKB T04HOCTH H CHMMeTpH4eCKHe Ky6aTypH~e ¢opMy~~ 4eTaepToro, nRTOro, 
weCTOrO H CeAbMOrO nopRAKOB ~R TeTpa3APOB. ~OpMy~~ ~O~e3H~ npH HCnO~b30BaHHH 
MeTOAa KOHe4H~X 3~eMeHTOB, npH peweHHH 3aAa4 MaTeMaTH4eCKOH ~H3HKH, KOTOp~e 
npHBOART K HHTerpHpOBBHHO no CHMn~eKCaM. 

Pa6oTa B~nO~HeHa S na6opaTOpHH B~4HC~HTe~bHOH TeXHHKH H aBTOMaTH3a~HH 
OHHH. 

Coo6uieHHe 061>eAHHeHHOro HHCTHTyTa RAePH~X HC~eAOBaHHil. l!y6Ha 1981 

Akishin P.G., Zhldkov E.P._Some Symmetrical Numerical 
Integration Formulas for Simplexes 

11-81-395 

. Symmetrical numerical Integration formulas for simplexes of the fourth 
degree are Introduced. The symmetrical numerical Integration formulas of 
the fourth, fifth, sixth and seventh degree for tetrahedron have also been 
derived. The formulas are convenient to use both In the. finite elements 
method and In solving mathematical ptiyslcs·problems leading to numerical Integ 
ration over simplexes. 

The Investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

( 
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