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K He06XO,ll11MOCTl1 HaXO,llHTI, l'IJIH HCCJie}:lOllaTI, peweHHH HeJIHHeilHb!X 

.nml)qiepeHUl'l8JII,HblX 11 l'lHTerpaJII,HblX ypaBHeHHii npHllO;llBT 1.rnor1rn 38}:l81ll1 

qJH311Kl1 H TeXHHKH, TeopHH H0JIHHeiiHUX ypallH0HHll ll p83JIH4HblX acneK

T8X l!HTepecollaJia 1.rnor1-1x MaTeM8Tl1KOll, Pa3Jil11fH!le MOTO;llhl np116JI!illteH

HOro peweHl1H HOJil1Hei1Hb!X aa;ziaq pa3Bl1B8Jil1Cl, ].B.KaHTOpOBH1lOM, A.H. 

THXOHOllUM, P.EeJIJI148HOM,·KOJIJI8TU0M H HX y1lOHl1K8MH. 8TO HanpaBJIOHHe 

oco6e1rno 8KTy8JII,liO ll CllH3H C TOM, 'ITO HOJil1Hei1mrn MaTeMaTHllOGKHe 

38;ll8'lH, ll03HHKaroml'le npH on11caHHH qJH3H1lOCKHX HBJI0HHi1,cTOJII, GJIOllt

Hll, llTO He no;zi.namca · K81lOCTBeHHOMY 11CCJIO;ll0ll8Hl1ro 11Jil1 Hamrna1111ro 

peweHHR ll HllHOU BH}:le 6e3 cephe3Hb!X ynpomeHl1ii 38}:l8'll1. 

qame llCero O,lll'lHCTBOHHOll B03MOlltHOCTI,ID 11CCJIO,ll0ll8HHH HllJIHeTCH 

paapa60TKa anrop11TMa 'll1CJieHHoro peweHHH aa,na'll1 11 ero peaJI11aau11a 

Ha SBM. TaKoil rro.nxo.n oKaaancll nec1,1m Ba.Y.(HWA npu odcyl!(.l(emm Hemmen

HUX npo6JieM. C .npyroi1 CTOpOHbl' nporpecc ll qJH311KO I{ TeXHHKO 6y,neT 

38lll1COTI, ll 3!181lHTOJII,HOll CTeneirn OT nporpecca ll HOJil1He£!HO£! MaTe

M8THKe, ll MOTO,ll8X pewemrn HOJillllOi1llUX ypallHOHHll. B pa,ne CJiy'l_aell 

HeJIHHOHHOCTll ,llOMMHHpyromnM qJ8lCTOpOM OK83blll8IDTCH ;llOilOJIHHTOJII,HUe 

,naHHue aa,naqn, KaK, HanpHMep, np11 11ay'leH1111 aa,naq11 onpe;zieneH11a 

qiOpMU 38MKHyToro aJieKTPOHHOro nyllKa C 60JII,lllHM TOKOM /S-9/. rnall

H8H TPY.llllOCTI, 38;ll81ll1 COCTOl1T HOB peweHl!H OCHOllHUX ypaBH0H11il, a 

B y;ziOllJIOTllOpeHHH rpaHl11lHb!M ycJIOlll1HM, KOTOpue, C O,llHOii CTOPOHb!, 

HOJIHHel1HO co,neplltaT HCKOMUe BeJilllllll!bl' a C ,npyron CTOpOHU' - ,llOJJJi

Hbl y,noBJIOTBOPHTI,Cfl Ha HOl13BOCTl!Oi1 rpatt11ue. MaTeMaTl1'lOCK8R nocTa

HOllK8 38,ll81ll1 T8K0ll8! 
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a) ,ll8HU ,llB8 ,llByMepHUX HHTerpaRhHblX YP8BH8HHR 

r(-z,£):: HG(-i, z, z: .e')r('l', z') d'l'dz- 1 + ,fl('l, z) 
Q . ' 

z(z, ~J = SCJ-0, z-, z.:, e')z(:< 2') olz::/z' TL(-i, ~) (I) 
Q . . ' '' 

r,lle R,llpa G(-z, :z, Z: e)., d~, 2, z', :z) H CB06o,llmrn tJJieHu 

f (z, r) , · :f {z, r} onpe,lleJieHu npH mo6!il z , r , ,z.' , ~' 

H HBJIHIDTCR ,llOCT8T0tJHO rJI8,llKHMH q>yHKhHRMH CBOHX apryMeHTOB. Kpoue 

Toro, perneHHR HHTerpaJihHb!X ypaBH8HHti (I) Ha rpaHHUe 'j 06JI8CTH 

£2 cmrnaH1,1 CJI8,llYIDll!HM H8JIHHetiHb!M COOTHOfil8HH8M: 

<J?[r(-z,c)., z(z?c)] = o, '(2) 

r,lle <P (z 1 ~) - ,llOCT8TOtJHO rJI8,llK8R HeJIHHeiiHaa q>yHKl,IHR CBOHX apry

M8HTOB. B KOHKP8THOii saAatJe 06 onpe,lleJieHHH q>OPMb! nytJKa 8JI8KTPOHOB 

·q)0.,.?J~ r2(-z,~)-z2c-"c,=)-1. - (3) 

Tpe6yeTCR HatiTH 06JiaCTh Q c ,llOCTaTOtJHO rJia,llKOii rpanHuen, tJT0-

6u perneHHR HHTerpaJihHb!X ypaBH8HHii r(z,i!) .1 2'. ( 'l:., z) B 8TOil 06JI8C-:

TH Y.ll0BJI8TBOpRJIH Ha ee rpaHHU8 'I H8JIHH8HHOMy COOTHOW8HHID (3). 
ITpe,llM8TOM H8CTORll!8H ,llHCceprauHH RBJIR8TCR tJHCJI8HHOe HCCJI8,llO

BaHH8 38,ll8tJH O q>OpMe KOJihU8 3JI8KTpOHOB. YpaBH8HHR (I)-(2) RBJIRIDT

CR MO,ll8JihID 8TOH 3a,llatJH~ ITepBOHatJ8JihHb!il HHTepe? K H3ytJeHHD npo6JieM 

C H8H3B8CTHOil rpaHHuen, RP~O BHP8lll:8HHUti H8JIHH8tiHuii .xapaKTep KOTO

p1,1x 06Hapylll:HB88TCH yxe B npOCT8lllliHX IlOCT8HOBKax, ,ll8JI88T'3a,llatJy 

OtJ8Hh HHTepecHOii C MaTeMaTHtJ8CKOH CTOpOHH. 0,llHHM H3 BOilpOCOB RB

JIR8TCR IlOJiytJeHHe tJHCJI8HHUX M8TO,llOB, ,ll8IDll!HX B03MOZHOCTh OTHCKaHHR 

npH6JIHlll:8HHHX perneHHii H3ytJ88llb!X 38,llatJ. PernaIDll!HM rnar01.1 B 3TOM Ha-

4 

npaBJieHHH ~BHJIOCh 06Hapylll:eHH8 q>yHKUHOH8JihHOii rrpHpO'A!,! perneHHti 

paccMaTpHB88MHX 38,ll8tJ. HMCHHO perneHHR Ha rpaHHU8 Y.llOBJI8TBOPRIDT 

H8JIHH8HHOMY COOTHOID8HHID. H3B8CTHO, tJTO 0611!aR T80PHR HeJIHHetiHb!X 

onepaTOpOB HaH60Jiee IlOJIHO paapa60T8H8 'AJIR cJiytJaR, xor,lla OHH ,lle»

CTBJIDT B K8KOM-JIH60 6aHaXOBOM npocTp8HCTBe, TO 80Tb KOr,lla onepa

TOpu K8lll:AUM 3JI8M8HT 6aHaXOB8 npOCTf8HCTB8 npeo6pasyIDT B 3JI8M8HT, 

B00611!8 rOBOPR, Apyroro 6aHaXOB8 npocTpaHCTBa. IT03TOMy H HCCJI8,llOBa

HHe ypaBHeHHil C H8JIHH8HHbl~H onepaTopaMH <p y.l(06HO npOBO,llHTh 

B TOM CJiytJae, KOr,lla <p A8llCTByeT B H8KOTOpOM q>yHKUHOH8JibHOM 

rrpocTpaHCTB8 H o6na,naeT Hylll:Hb!MH CBOHCTB8MH. !eJI8T8JihHH, HanpHMep, 

CJI8.l(yIDll!H8 CBOttCTB8! Henpepb!BHOCTb onepaTopa, ,llHtMJepeHuHpyeMOCTh 

{no ~perue HJIH raTo) H T.n. ,ltJIR 3TOH ueJlll HaMH B pa6oTe /II/ BB8-

A8Hbl COOTB8TCTBYIDll!H8 q>yHKUHOH8JibHbl8 npOCTP8HCTBa, a caua 38,llatJa 6una 

cqiop1.1ym1poBaHa Ha R3UK8 1pyHKUHOH8JihHOro anamrna CJie,llyIDll!Hl.f o6pa-

30M. ITycTh HeJIHHeilHuti onepaTop <P npeo6paayeT Ha npoc~paHCTBa 

Q ceMeHCTBO rna,llKHX 38MKHYTb!X KpHBb!X 

[ 

,z = 'l (.a) 

7 : :z! = 2 (:\) 
os.)t.~i ~(o)= r.{1), ~'(o)= z'(j) 

2(0) =Z(t), z'(o)=Z(l) 

' 
'Z r2. .::?'2 /? 

Y.llOBJI8TB0pHIDll!HX ycJIOBl'.IIO ;\. + "-;,.. /, 0, B npocTp8HCTBO l.,[o, 1) • 

Tpe6yeTCR HatiTH TaKyro KPHByJO 'f , nplllia,llJiellamyro $fl, Jc Q , 

tJTOClU 

q_)(A) = O. (4) 

naJiee B 3Toil pa6oTe aan~ena JIHHeilHaR no OTHOllieHHJO d~(A) u 

Si!(?..) tJacn npHpameHHR q> (l.) (.llH{j/qlepenu11aJI raio). 
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OopaTHa11 3a;1;1aqa orrp~,ll;eJiemrn rrp11palJleH11a rpamnu,1 S z (\) , J' r (:>..) 

CBO,ll;l1TCH K pe~eHHID JIHHefiHoro 11HTerpaJibHOro YP8BH6Hl18 I po,ll;a. 8TO 

rOBOPl1T O TOM, 'ITO 11CXO,ll;H8H 38,ll;aqa (I)-(2) HBJ!H8TCH HeKoppeKTHOu. 

B CBH3H C 3Tl1M Hapa,ll;y C (I)-(2) paccMOTpHM CJie,ll;yIDlllYID 38,ll;aqy. 

6).ITycTb ,ll;8HO ypaBHeHHe 
~ 

l([x.2(:s)]= ~m(x,:s,c{:,))d:s"<f/{x) c~x.,.ol,. (5) a. 

OrrepaTop Krv,z(<)j ,ll;6UCTByeT 113 rrpocrpaHCTBa Cca,C:J B rrpocr-

paHCTBO· .:l cc, c/..J • IlpH 3TOM Mhl 6y,1J;eMrrpe,ll;I10JiaraTb, 'ITO: 

1.0. K[x,<!'1(:s)J~ K[x,22(::5)] 

2~ Orrepai-op K [x, z (:S)] HerrpepuBeH 113 

JIPI ncicJie;ztOBaTeJibHOCTb tpyHKn11n z=,, (~) E C 
K Z.,(j) , TO 

K [:x, e.,(~)]L2 ~ K [x, ,z.,(~)].t2 

Ilpl1 ;z -c,.c,. 

, ecJI11 il.,(:5>)=/-~2.(:S). 

c-L~ , T.e., ec-

paBHOMepHO CXO,ll;l1TCH 

3': .7f,/(x, <2) 

OKpecTHOCTH if(~) • 
H x;~(x.,:s,r) HerrpepUBHhl ITO i! B 

40_ ]11Hei1Hoe ypaBH6HHe I po,ll;a 
€ 

\7£: ()(7 5, r.('!l))k(5)c/s 
a "'0 

HMeeT TOJibKO TPl1B118JlbHOe pemeH11e B 11/2~ 
PaccuaTpl1B86M8H 38,ll;aqa HBJIH6TCH HeKoppeKTHOff 38,ll;aqeff, T8K 

KaK He ;ztJlfl BCHKOi! CU {x.) CylJlecnyeT pememrn 3TOH 38,ll;a'IH, a 

6CJil1 ;llJIH HeKOTOpux efZ{x) pemeHl1!1 2 (:5) H CJlll6CTBYllT; TO 
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I. 

MaJIUM B03MYlll6HH6M efj (B HOpMe ,:f,2 ) MOryT COOTB6TCTBOB8Tb 

OOJ!b1Ill16 B03MJIJleHl18 2 (B HOpMe C ). 3aMeTHM, 'ITO ycJIOB118M 

i 0

-4° t B qacTHOCTH, y,ll;OBJieTBOpaeT H6Jil1HefiH06,HHTerpaJibHOe ypaBHe

Hl1e I po,ll;a, K KOTOpOMy CBO,ll;HTCH o6paTHaH 38,ll;aqa rpaB11M6TpHH. 

Pa3BHTHID H6KOTOpux 'Il1CJI6HHh!X MeTO,ll;OB pemeHl1H HeJIPIHefiHhlX 

HeKoppeKTHO ITOCT8BJieHHflX 38,ll;81I H HX np11MeHeH11ro B 3a,n;aqax ~H3HKH 

(a)-(6) H IlOCBHllleHa ,ll;HCCepTan11a. 

OCHOBHOll MaTep11aJI ,ll;l1CCepT8IlHH 113JIOJK6H B Il!lTl1 rJiaBax. 

B rJiaBe I paccMaTpl1B86TCH HerrpepUBHflll aHaJior M6TO,ll;8 HbIDTO

Ha npl1M6Hl1T6JlbHO K HeJIHHefiHOMy a6CTP8KTHOMY ypaBH6HHID. 

Ilycu 

y= cp(x) 

HeJIHHel1Hul1 oneparop, nepeBO,ll;HlllHff rrpccTpaHCTBO EaHaxa X (x EX) 

B npocTpaHCTBO EaHaxa 1!I (!f E. ';JI). OrrepaTop '? MOJKeT O!lTb 

orrpe,ll;eJieH He Ha Bceu rrµocTpaHCTBe X , a Jil1Wb B HeKoTopon ero 

06JiaCTH (Jo • 

Tpe6yeTCH pernl1Tb ypaBHeH11e 

<p(x)=o, (6) 

T .e. H8l1T11 T8KOtl BJieMeHT x· E: 6- , KOTOpun nepeBO,ll;l1TCH B HyJie-

BOll aJieMeHT rrpocTpaHCTBa :JI. 
e;ztHHCTBeHHUM. 

8JieMeHT x"' MOl!teT OflTb He 

ITpe,ItnOJIOJKHM, 'lTO x E X aaBHCHT OT BellleCTBenHoro HeOTp11nareJib

Horo rrapaMeTpa t T8KHM o6pa30M, 'ITO J,ll;OBJieTBOp!leTCH ,ll;l1tpqJ6peH-

Ill18JlbHOe ypaBHeH11e 
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d<f' [x(t)] = _ cp(x(t)). 
dt (7) 

Ilpe.n;noJIOlltl1B, qTO r'< X) F O (npOl13BO)UlaH ~pewe onepaTopa <p(x) ), 

nepenHweu 8TO eOOTHOlliBHHe B BH.n;e: 

cfx(t) =- 'f '(xr1 . cp(x). 
d-t (8) 

IloeJie.n;Hee eOOTHOWeHHe npe,n;eTaBJIHeT eo6ott .n;nqxpepeHUl18JlbHOe ypaBHe-

HHe nepBoro nopa.n;Ka OTHOel1TeJlbHO HeH3BeeTHOfi 1pyHKUl1H X = XH) , 

EeJil1 K TOMy .D;H(!l!pepeHUli8JlbHOMY ypaBHeHHIO np11eoenHHliTb aaqaJibHOe 

yeJIOBHe 

Xlt=O =Xo, (9) 

(ttaqaJibHOe npH6JIHllteHHe HeKouoro pemeHHa), TO, pemaa aa.n;aqy Kown 

(8) H (9), noJiyqHM (!IYHK~HIO 

qTO 

X = x (-t) , npnqe1,1 MOltHO Ollt11AaTb, 

lilll X (-t ) = X *, 
t➔~ 

r.n;e x* - HeKOMOe pemeHHe ypaBHeHHH (6). 

(IO) 

PeweHHe aa.n;aqH KomH 'ARH (8)-(9) BMeeTO ypaBHeHHH (6) npen

eTaBRHeT eo6ott HenpepuBHHtt aHaJior MeTOAa HblOTOHa. CXO'AHMOeTb pe-

meH1rn 

qeHHl1 

X (t) aa.n;atJH Kornn 'ARH ( 8 )- (9) npH f- ➔ oo 

II q,'(x)-1 11 ~ L L"" ccnd 

npH orpaHl'1-

(II) 

nonyqeHa 13 pa6oTax (e~./6, 4151). B OTJIHtJHe OT nepBOtt pa60TU 13 

,n;Byx noeJieAHHX pememre ypaBHeHHH (6) npe.n;noJiaraeren ey

UleeTBYIOillHM. 0'AH8KO npoueee, onneu13aewtt ypaBHeHHeM (7), He Beer.n;a 
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., 

,,~ 

0 

,;, 

npHBO.D;HT K ueJIH. Hae 6y,n;eT HHTepeeOBaTb eJiyqafi, KOr.n;a onepaTOp 

Cj' 1(x)-1 He HBJIHeTeH orpaHHqeHHHU IlpH HeKOTOpUX X H3 06JiaeTH 

onpe'Aeneana onepaTopa <f(x). STo THnHqHutt eJiyqatt HeKoppeKTHOtt 

aanaqH. Sneeb ueJieeoo6paaHo npnueHHTb HaBeeTHutt ueTo.n; peryJiapHaa

UHH A.H.THXOHOBa 'ARH pemeHHH HeKoppeKTHUX aanaq, T.e. o606UlHTb 

HenpepuBHUtt aHaJior MeTo.n;a HblOTOHa Ha HeKOppeKTHO noeTaBJieHHUe aa

.n;aqn. RAeH aToro o6o6UleHHH eoeTOHT B eJieAyIOUleM. IlyeTb BL H B2 

- EaHaXOBU npoeTpaHeTBa, cp{x) - HenpepUBHblfi onepaTop,B1 Ls2 
H <f'(x) npn KalltAOM x ~ B,1. - HenpepuBHutt mrnettHuti onepaTop, 

nepeBO.D;HlllHtt Bee npoeTpaHeTBa BL B . B2.. 8'Aeeb cp1(x) - npo1rn-

Bonaaa ~pewe onepaTopa 

PaeeMOTpllM ypaBHeHHe 

<f (x) 13 TOqKe X • 

<p(x)=o. 

Ilpe.n;nOJIOlltHM, IJTO x* - pemeHHe (!2) H IJTO B o6JiaeTH 

0-=f?<: 11x-x"116ak1 

(12) 

.n;pyrnx pemeHHH ypaBHeHHH (!2) HeT. HapH,n;y e (!2) paeeuaTpl1B8IOTeH 

oneparopHue ypaBHeHHH 

H 

'f'(x)- x~ = - p(x) 

'f \ x.) . X t = y . 

(!3) 

(!4) 

B 3THX ypaBHeHHHX Hel13BeeTHOi! flBJIHeTefl x; _ 1 KOTopy10 HylKHO 

HaRTH np11 npOl13BOJlbHOM XE fZJ. IIoeJie,n;Hee ypaBHeH11e OTJIHlJaeTeH OT ypaB

HeHHH ( IJ) reM, qro ero rfpaBaH qaen MOJKeT npoeleran. Bee npocrpaH

eTBO l32 • B ypaBHeHl111 (!3) npaBaH qaeTb orpaH11qeHa 06JiaeTblO 3Ha

qeHHtt onepaTopa r(x) • 
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IIycT:r, ypa:aHemie (I4) pa:aaouepHo perym1p1rnye1.1O no A.H. TwcoHo:ay 

(cu. /I-3/). 3,l(ec:r, 1.m :raKJ1ee 6y;u.eu npe;u.noJiaraT1> ,- tITO pememie sa;u.atIR 

(8)-(9) cy111ecT:ayeT H yCJIOBHe (ID) BUilOJIH8HO. Tor;u.a sa;u.aqa (I4) pac

CMaTpirnaeTC!! Ha npoMelltyTKe o,;; t-. T (r;u.e T - ;u.oc:ra:roqHo 

BeJIHKO) B CJie;u.y10111eu BH;u.e: 

x:~ = :le ( 'f ("), o<) ' Xo< (o) = Xo, (IS) 

r;u.e 12 (cp(xJJ°'-) - paBHOMepHo _ pery11ap1taYJ)111Hlt onepa:rop ypa:aHemrn 

(I4). 
!IOJiytieHa cJie;u.y10111aa :reopeMa CXO:U.RMOCTH /I2/. 

Teopeua. !IyCTI, -;{?o( paBHOMepHO B O6JiaCTH .®, peryJiapH3YIOll!Rlt 

onepa:rop (I4) npn Of: o( ,.,o(., H nyc:r:r,, Kpoue :roro, ;,{?o< npn 

0£, o< '- o< 0 y;u.o:aJieT:BopaeT :a o6JiacTH .ff:) npoc:rpaHc:r:ea X yc

JIOEH!!M: 

11 'R°' ( q, (" > , ex 111 6 M 

~~-<[q,(x,.),cx]-1e"'[<p(x2),o<Jllt;..i2 1tx1.-X2.\I. 

(I6) 

(I7) 

KOHCT8HTLI M H :l,_ H8 38:BHC!!T OT ex , X,. , ?< 2 H X 

8a;u.a;u.m1ca npous:aoJI1>HLIIIH i > o . Tor;u.a: 

I. Hail;u.e:rca Ta Koe o<,. < o< o .e Ta Ka a oKpecTHOc:r:r, .S,1 ( x .. ) 

TOtIKH ?<. * , tl'TO l!.Jlfl JI106Oro O,;; o< <( o< 1. ypaBH8HR8 

x.,,_~ "' le<>< [<p(x), o<] (IB) 

C HatiaJII,HUll ycJIOBHell :Xe( (i =- 0) "'Xo C jd(x.i'H11ee:r e;u.HHCT:BeHHOe 

pemeuue x"" (t) B npo11e:11ty:rKe o~ t ~ T , co;u.epza111eeca :e !lJ • 
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I 

2. II ?(a( (T)- x., I\"-£ ;u.Jia :ecex o,;,o<<.o(,_ 

!IpH :U.OKa3aTeJII,CTBe 3TOil TeopeMLI HCilOJII,3YIOTCH H;u.eH H MeTOlJ.HKa 

pa6OTU / 4/,/?/. 

naJiee o6OCHOBUE88TC!! ue:ro;u. 9ltJiepa ,ll.1H npH6JIHllteHHOrO HHTerpH

poiaHHH ypa:eHeHHH BH;u.a (IS). 9TOT MeTO:U. B ;u.aJI1>Heltweu HCilOJII,3yeTCH 

l!.JIH lJ.liCKpeTHOro npe;u.cTaBJI8HHH O6O6111eHHOrO HenpepuBHoro HI,IOTOHOB

CKOrO npo~ecca. 

rJiaBa IT IlOCBHllleHa HCCJie;u.o:saHHIO ycJIOBHil, npH KOTOpux O6O6111eH-

HUH HenpepuBHUlt aHaJior ue:ro;u.a H1>IOTOHa npHM8HHM :U.JI!! npH6JIHllt8HHOro 

Haxollt;u.eHHH perueHHlt HHTerpaJI1>Horo ypa:eHeHH!! I po;u.a (sa;u.aqa d Ha

c:roa111ero_pe~epa:ra). 
- e 

k [x, z (:s))= ~.7f(,<, .s. 2(~))d~"' q/(-x) 
" c,;,x,;d. 

(I9) 

Onepa:rop k · ;u.eucTBye:r Ha npoc:rpaHc:r:aa C'ca, CJ B IlpOCTp8HCTBO 

.:f2 r:c,d1 • 

KaK yze OTM8tI8JIOCI,, Jieo6xo;u.HMOCTI, Jl8CCMOTp8HHH aa;u.aqH ( I9) 

H liX tIHCJieHHOro peweHlifl BO3HHK88T B pa;u.e ~H3HtI8CKHX npo6JieM. 

B COOTB8TCTBHH C MeTo;u.aMH nep:solt rnaBU ypaBHeHHe {I9) aaue

H!!8TC!! CHCTeMOlt 
f ,/ l I I 

K [x, '12 (~, t)]= S'Jfi' (x, :S,r(.::S))~(.::S,t )d.s= ~(x)- fX(x, s,,?(s)}d.s (20) 
a a 

'a'i! r~,-t) ~ i (s, -t) 
0£ 

c,;,x;;,d 

:Z{s, o)= 'i!o(:sJ , o,:; t ~ T. 
(2I) 

ITpH npe;u.noJIOJB:eHHH paBHOM8pHOll pery11apnayeMOCTH ypaBHeHHR (20) ,l(O

K83UBae:rca, tITO aa;u.aqa {20)-(2I) paapernn1i1a l!.Jl!! :acex o~ -ts- T 
H. Ux""(:S,T)-z(s)\\ "- £ l!.Jl!! BC8X Ob o( "-<X 1- • 

II 



Ilpe'AM8TOM TpeTnen rnaBH HBJIH8TCH HeHHHenHoe onepaTOpHOe 

ypaBHeHHe, aaBHcHmee. OT o6nacTH, npe'ACTaBJIHromee co6on Henocpe'ACT

BeHHOe o6o6meHHe 38'AaqH onpe'AeHeHHH topMH 38MKHyToro aneKTpOHHOrO 

nyqKa c 6OHnlliHM TOKOM (3a'Aaqa a H8CTOHmero pe~epaTa). nnH a6cTp8KT

HOro paccMOTpeHHH IlOCTaBJieHHOtt BHlli6 38'AaqH BB6'A6HH COOTB6TCTByromHe 

WYHK~HOHannHHe npocTpaHCTBa, a caMa sa'Aaqa c~opuynupoBaHa Ha H3HKe 

~YHK~HOHaHnHOro aHaHH3a CH6'AyIDmHM o6pa3OM. Tpe6yeTCH HanTH KPHBYID 

1: { '( = 'Z (::\) 

r=-z:(A) 

'l (o) = Z {.t), Z(o)= ,i '(i) 
0,; 'A ,:; ::I. 

~ (o )a ~(i), 2fo)=z'(.1), 

IlPHH8'AH6JKamyro Cf C Q • qTO6H 

<j> (A) = Q. .(22) 

HeHHHenHun onepaTOP ¢ 'A6ilCTByeT H3 npocTpaHCTBa Q rna'AKIDC 
/11. '2~ 

3aMKHYTblX KPH:SWC:, Y'AOBHeTBOPHIOmHx ycHOBHID Z:,. -t-Z;,, -r- o, 

B npocTpaHcTBO Cco,tJ• TaKJKe noKaaaHo, qTo onepaTop <}:i 'AH~

~epeH~HpyeM no raTo. nanee, 'AHH qacneHHoro perneHHH aTott aa'Aaq0 

B 'AHCcepTa~HH HCilOHn3yeTC~ o6o6meHHHn HenpepHBHHtt_aHanor M6TO~a 

HnIDTOHa. CornacHO 3TOMy M8TO~, HHHeapH3YH ypaBHeHHe (22) C nouomnD 

HenpepHBHOro aHanora MeTO'A8 HnIDTOHa / 4/, B OKpeCTHOCTH HCKOMOro 

peweHHH, npHXO'AHM K ypaBH6HHID 
1 \1f {TM, ={i.), z{;,..J; z(:>.)){(?.., t)cl). =-q>('l{E:,t ), ?! {c,-t.)) (23) 
0 

0!£Eiii1. 

r~e $(?(!) 'rr; ), z(?. ), i!(:A))= .zr {7.(t. ), z(E ))f (z{?.), i!(?.) )F{z,r, z{~),l{~'i)-

- ;1_z{7(t), r:(E.))1{i("J,), i!.{'J\)Jf(r, t!:, Z(.1'ti!(>.)), 
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IlpHqey r(7,z:, ?(?.),2{:A)), r'{'z,z=, Z(?.),r(?.)) HBJIHIDTCH pe3OHnB8HT8MH 

ypaBH8HHn 
1 

drp,c) =- s r G& ,r, Z~r') d':;ti!Jd.~'t- ~6-(Z,c,'Z(7'),i!(:>.))(('Z{?.),i!(:\))·f(2~j)d~ 
at n . o 

dz.;,~),,. ~\.4(z,r, z~r') cl:;;z'.) dz 1cle'+(Ji{-z,r,'l/>-J,i.("A))7&r,-.J,rf').))f('>-,t)d:A.. 
t ~ C 

KpOMe TOro, saMeTHM, qTO /7(2, e, '<'.{.::\) :(?.)), T'(,z, =., ~(;i.),i!(;1.)) 

Y'AOBH8TBOpH6T cne'AyIDmHM 'ABYM HHTerpannHHM ypaBH6HHHM! 

r(-c,=, Z(?.), i!{?.))=6(z. i!, Z(7'),z(:>.)} .. ~ G(i:;e', 'l(;\),i!('J,.)Jr(lM,l(i), 'Z;i!')clt'dc' (25) 

f'{-z,?., z{;l.),i!.('Jt.)}= r;( ('z,z,,z[l,},fl.(>.}) .. {\ 91(-z;r; z(>.},ef:>.)) fi(z(e.},r{£), i; r.'},b 'd£: 
.n • 

B ypaBH8HH.RX (29)-(2() 

, ,>i!f?.d) - I <Hp,Q = /(A -l). 
Z-;,.. o t: z,.. o -t , (26} 

Ey'AeM 'Aewop11apOBau rpaHH~y <j/ o6JiacTH 52 , cuemaH ee TOtJKH 
·~ 'oz-(~,-t) or(?\,t) 

no HOpMaJIH K KPHBOil. nnH onpe'AeneHHH -~ H o-{-

B 'AaHHOtt TOtJKe rpaHH~ cp· o6nacTH 52 MH Hll66M CHCTeMy 'ABYX 

HHHenHHX ypaBH8HHtt 
J. 
\.x'{zM, ~ (.!), i(~J, :{7') )-t(::>. ,-t )d"A-= - ~('I'. Ct-, -t.J, =~, -tJ) · 
C 

o~~.;1. 
(27} 

, ~-z(?\,t) 'o-i!(:>.,t)_o 
?,.. at -t-Z?\ at- - Os-l < r 
C Ha~aJII,HHMH yc~OEHRMIII 

Z'(.tl., o)::: ?;,(,-\) 7 t=(J\,O)== ZJA.). (28) 
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B CHCTeMe (27) nepBOe ypaBHeHHe MBJIHeTCH HeKOppeKTHUM, HO OHO 

paBHOMepHO perynap11ayeuo no A.H.THXOHOBY /I-31. 8TO roBOPHT O TOM, 

lJTO HCXO'AHaH paccMaTpHBaeMaH 38'Aaqa (a), BOo6me rOBOPH, B Ha

men nocTaHOBKe HBJIHeTC!l HeKoppeKTHOn. IlpH 3TOM, ecJIH cymecTByeT 

paBHOl,tepHO .f(?t.)=.8,.,f'"(->..,t), TO pemeHHe 'col(:>.,-t)J zex(?./t). 
:,<-,o ' 

nonyqeHHOe MeTO'AOM o6o6meHHOrO HenpepUBHOro aHanora M8TO'A8 HI,IDTO-

Ha np11 t-= T HBJIHeTcH np116JIHJ1CeHH8M K F ("-) , ~ (?1.) - HCK0-

1.1ouy pemeHHID aa'Aaq11 ( a ) c TOtJHOCTI,ID, saBHcamen OT C (om116m, 

sa'AaHl'IH if> (?t.) ) 11 Bu6opa T. 

B tJeTB8PTOil rnaBe paccMaTpHB8IDTCH HeKOTOpue npHMepu 

HeJIHHeilHUX HeKoppeKTHblX 38'A8lJ (HHTerpaJII,HOe ypaBH8HHe I PO'A8 H 

MeTOAHtJecKH~ np11uep HeJIHHeilHoro onepaTopa, saBHcHmero OT 06nacT11), 

KOTOpble 6b1JIH pemeHH Ha 8BM, M8TO'AOM o6o6meHHOro HenpepHBHOro aHa

nora HI,IDTOHa. 8TH 3a'AatJH HHTepecHH Teu, lJTO HX TOlJHOe pemeHHe B , 
paccMaTpHBaeMOM cnyqae aapaHee H3BeCTHO. IT03TOMy ee lJHCJieHH08 

pemeHHe C ITOMOml,ID npe'AJiaraeuoro MeTO'Aa 'AaeT B03MOllCHOCTl, cpaBHH

BaTI, C TOIJHHM. 

IlHTall rnaBa 'AHCcepTaUHH ITOCBHmeHa pactJeTy CTaUHOHapHoro 

COCTOHHHH 3JI8KTPOHHOro KOJII,Ua BO BHeniHeM uarHHTHOM noJie (KOHKpeT

Ha!l ~H3HlJ8CKaH Sa'AatJa THITa a. HaCTOHmero pe~epaTa) C no1.1om1,m 

MeTO'Aa, on11caHHOro B rJiaBe 3. HaMH Hail'AeHa ~OpMa cetJeHH!l 3JieKT

pOHHOro KOJI1,ua np11 tJHcne sneKTPOHOB N=/O 12
; N=/O'~ N-= 10

14
• 
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B aaKRIDlJ8HHe B 'AHCcepTaUHH OTMetJaeTCH! 

B 'A8HHOil pa6oTe o6ocHOBaH HOBhlil MeTO'A 'ARH lJHCJI8HHOro peIDeHHH 

HeJIHHeilHUX HeKoppeKTHO-ITOCTaBReHHbIX aa'AatJ. 8TOT MeTO'A OCHOBaH Ha 

o6o6meHHH HenpepHBHOro aHaJiora M8TO'Aa HbIDTOHa, Ha npHHUHITe peryJIR

p11sau1111, npHMeHHTeJII,HO K np116JIHlK8HHOMy peIDeHUID HeJIHHeilm,ix (KaK 

KOppeKTHUX, TaK H HeKoppeKTHUX) 38'AatJ~ OCHOBHOil npe'AITOCUJIKOil np11 

HCCJI8'AOB8HHH CXO'AHMOCTH o6o6meHHOro HenpephlBHOrO HI,IDTOHOBCKOrO 

npouecca HBJI!l8TCH npe'AITOJIOlKeHHe paBHOMepHOil peryJIRpHayeMOCTH pe

meHHH JIHHeapH30BaHHOil 3a'A8lJH •. 8TH npe'AITOJIOlKeHH!l IT03BOJIHIDT nony

lJHTI, CXO'AHMOCTI, o6o6meHHoro HenpepuBHOro aHaJiora MeTO'Aa HI,IDTOHa 

rrpH ecTecTBeHHbIX Tpe6oBaHHHX rJI8'AKOCTH HemrneilHOti tJaCTH ypaBHeHHH 

B HeKOTOpoil OKpecTHOCTH HCKOMOro pemeHHll. KpoMe Toro, paS'AeJieHHe 

npo6ne1ru.11ccJie'AOBaHHH cymecTBOBaHHH pemeHHil, paccMaTpHBaeuoil aa

'AatJH 11 sa'Aaq11 11x npM6JIHlKe~Horo HBXOlK'AeHHH IT03BOJiaeT rrp11 pemeHHH 

ITOCJie'AHeil CH!lTb KOHKpeTHUe lJllCJieHHUe orpaHlltJeHll!l Ha HeJIHHeilHue 

lJBCTH, K KOTOpuM npuMeHllM IlOCTpOeHHblil MeTO~ lJllCJieHHOro pemeHllH, 

HaJIHtJHe 'AOITOJIHl'1TeJII,HOil nepeMeHHOil B 11CCJie'AOB8HHOM MeTO'Ae ITPll'ABeT 

'AHCKpeTHOil cxeMe, ITOJiytJeHHOil Ha era OCHOBe, 60JI1,myro r~6KOCTI, 11 

CilOC06~o·cTI, OITTHM8JII,HUM o6pa30M MeHHTl,CH B 38Bl'1C1'1MOCTl'1 OT KOHK

peTHOil BbllJllCJIHTeJII,HOil CHTyaUHH, 8TO IT03BOJI!leT IlpHMeHHTI, pa3pa6o

T8HHUil MeTO'A K 3B'ABtJaM, B KOTOpux 1'1MeID~HeCH ljllCJieHHble MeTO'AU He 

npHBO'AllT K. U8JI1'1, 

Z{pyr11r BhllJHCJIHTeJII,Hble 8CITeKTbl, B lJBCTHOCTll, npo6miJa. Y.CTOil

lJHBOCTH, Tpe6yIDT 'AOITOJIHHTeJII,HUX paccMOTpeHHil. IlpHJIOlKeH11e paccMOT

peHHOro MeTO'A8 K HeKOTOPhlM KOHKpeTHblM 38'A8tJaM IT03BOJIHeT OTHeCTllCI, 

K pemeHuro STOil 3B'ABtJl'1"0ITTl'1MHCTHtJecKH. 
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Pa6oTbl, IlOJIOlK0HH!l0 B OCHOBY ;ltliCCepTal.lHH, BllIIOJIH0HU aBTOpOM 

COBM0CTHO C E.Il.h;itKOBUM li co;iteplKaTCH B ny6JIHKal.lll!lX /IO-I4/. 

OcHOBHUe peaym,TaTU ;itOKJia;itUBaJIHC!, Ha BcecOJ03HOIJ COBel!laHHH 

no ycKOPHTeJIHM (MocKBa, I970), Ha Co:ael!laHHH no nporpaMMHponanruo 

n MaTeMaTlll10CKH!.1 1.10TO;itaM perueHnH qiH3lilJ0CKIU aa;itatJ {.lly6Ha' I973) H 

Ha c01rn11apax B oT;iteJiax BU1JIICJIHTeJI1>11on 1.1aTe11aTHKH JIBTA 11 OHMY OHHl1. 

JI 11 t f PA T_'l I>__A: 

I. A.H.THXOHOB. 
PeruenHe neKoppeKTHO ITOCT8BJl01111UX aa;itatJ H MeTO;lt pery~HpHaau1111. 
,llAH IS I, II~ 3, ( !963 ) • 

2. A.H.THXOHOB. 
0 pemeHIIH 110JlHll0llHUX HHTerpaJll>HUX ypaBH0Hllll nepBOro POAa. 
,llAH I56, I~ 6, (I964). 

3. A.H.TIIXOHOB. 
0 peryJIHpH38UHII HeKoppeKTHO IIOCT8BJl0l!IIUX aa;itatJ. 
,llAH I53, ~ I, (I963). 

4. E.Il .h;ziKo:a, r .11.'.laKapeHKO, 11.B.IlyaunnH. 
Henpepu:anun ananor M0TO;ll8 Hl>IDTOHa B H0JlHH0llHUX aa;ziaqax qJH311KH. 
3qAH, T.4, :sun.I, I973. 

5. E.II.J.ill,n:KoB, U.B.IlyauHHH. 
06 o;ziHoM 1.1ero;zie BBe;ziettHH napaMeTpa np11 pemeHIIII Kpae:aux aa;ziaq 
;llJIH H0Jlll110llHb!X 06blKIIOB0HIIUX ;llllqi~peHUll8Jll>HblX ypaBH0Hll.ll 2-ro 
nopa;ziKa. 
nm H Mt!i, I967, T.7, II! 5. 

6. M.K.raBypHH. 
HeJIHH0llHU0 qiyHKUHOH8Jll>Hble ypaBH0HHH H aenpepuBHU0 aaaJIOrH 
HTepaTHBHUX M0TO;llOB. 
Ua:aecTHH Byaoa, Mare1.1ar11Ka, le 5(6), I958. 
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7. B.K.llBaHoB. 
0 paBHOMepHOll peryJIHpHaau11n aeycTOlltJIIBUX aa;ziaq. 
Cn6.MaTeM.JKypaaJ1 T.7, ~ 3, (I966). 

8. O.U.HpKOBOll. 
Craunoaapaoe COCTOHHH0 nytJKa B HaKOITHTeJle C 60Jll>lliHM TOKOM. 
Ilpenpl!HT OUHU, 2182, ,lly6aa, I965. 

9. 9.A.IlepeJI1>rurena, O.U.HpKoBon. 
0 CT8UHOHapHOI.I COCTOHHHH ITOJIHPH3aUHOHHOro caMOqJOKycHpyrol!leroca 
KOJll>Ua (ycKopenHe 8Jl0KTpOH-HOHHOrO crycTKa). 
IlpenpHHT OUHU P9-4423, ,lly6Ha, !969. 

IO. C.Ey'AHHM H ;itp. 
CrauHoHapHoe COCTOHHHe 8Jl0KTpOHHOro KOJ!l>Ua BO BH0lliH0M 1.1arHHTHOM 
none. 
lKt!iM H Mt!i, I97I, T.II, ~ 4. 

II. c.Ey'AHHM, E.n.h;ziKoB. 
,llHqiqiepeHu11aJI rare o;zittoro HeJIHHellHoro oneparopa, aaBl!CHl!lero 
OT o6JiaCTH. 
Co061!l0HHe OUHM 5-6860, I972. 

12. c.Ey;zittau, E.Il.lKH;ziKo:a. 
06 OAHOM o6061!l0HIIH HenpepbIBHOrO aHaJiora M6TO;lla Hl>IDTOHa. 
Co061!l6HHe 011811 PII-7448, 1973. 

I3. C.Ey;llHHM H E.IT.lKH;ziKOB. 
IlpHM0H0HHe o6061!l0HHOro HenpepllBHOro aHaJiora MeTo;zia Hl>IDTOHa B 
H0KOppeKTHO IIOCTaBJI0HHUX aa;itatJax. 
Coo61!l0HHe 011811, PII- '15"01 , I973. 

I4. C.Ey'AHHM H E.Il.lKHAKOB. 
PacqeT craunoHapHoro COCTOHHHff 8Jl0KTPOHHOrO KOJll>l.la BO BH0IDH0M 
MarHHTHOM IIOJie. IlpenpHHT mrnn, PII- +it tJS", I973. 

PyKOIIHC!, nocrynHJla B H3,n:areJibCKHll or,n:eJI 
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