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npH 'IHCneHHbiX paC'IeTaX pa3pb!BHbiX peWeHHi:t I1HtPtPepeH!manb,HblX ypaB

HeHHfi Ha6niOI1aeTCSl pa3Mb!B pa3pb!BOB H 1 K8K np8BHn01 B03HHK8!0T OCUHnnSI-

UiiH1 KOTOpbie MOI"YT CHnhHO HCK83HTb pemeHHe, l13y'leHHe SIBneHHi:t T8KOI"O 

po11a npei1CT8BnHeT 6onhwoi:t np8KTH'IeCKHi:t HHTepec: 

B npel1n8I"aeMoi:t p86oTe paccMaTpHBaeTCH cne11y!OW8H sa11a'18 c pas-

pblBHbiMH H8'18nhHbiMH 118HHblMH: 

u + u 0 
X 

u (x, 0) {: npH X > 0, 

npl! x<O, 

To'IHhiM peweHHeM aToi:t 38118'111 SIBnSieTCSI C11BHHyTaSI cTyneHbK8 

u(x,t) = u(x-t, 0). 

P83phiB nepeMewaeTcSI no X8p8KTepHCTHKe x - t = 0 • 

38118'18 (1) 8nnpOKCHMHpyeTCSl cne11y10Wefi pa3HOCTHOi:t 38118'1Ci:tt 

U n+ I_ U n U n+ I_ U n+ I 

+ !+I I I 

2h 

0 
u 

J 
{

Ol UPH 

npu 

< 0. 

> 0. 

3 

0. 

(1) 

(2) 



PeweHne aaAa'IH (2) 6yAeM Ha3biBaT& paaaocTHoll cTyneH&xoll a oTnH

'l:He OT pemeHH.H HCXOAHOll Henpepb!BHOll 38A8'1H, KOTOpOe Be3Ae 6yAeT Ha3bi

B8TbC.H npocTo CTYneH&Koll. PaaHOCTHa.H cTyneH&Ka 6yAeT o6oaHa'l:aT&C.H qepea 

G: a oTnH'l:He OT pemeHall c APYI'HMH Ha'l:an&HbiMH AaHHbiMH, HaxoHeu 

aBeAeM cneuaan&Hoe o6oaHa'l:eHne An.H OTHomeHa.H maroa ceTKH: a= r I h • 

B SToll pa6oTe npeAnonaraeTc.H, 'ITO a MO}KeT npHHHMaT& mo6oe aHa'leHne 

nop.HAKa 1, B,pa6oTe nony'l:eHa acaMnTOTHKa paaHOCTHoll cTyneH&KH a expecT-

HOCTH xapaKTepaCTHKH (j = a D ) H B OKpeCTHOCTH 'nO}KHOll xapaKTepHCTH~ 

KH" (j =-·an) • AcnMnTOTHKa nony'leHa MeTOAOM nepeaana. 3Ta acnMnTo-

THKa H HeKOTOpbte AOnomiHTenbHhie OUeHKH noaaonSIIOT OUeHHTb nop.HAOK YK-

noHeHHSI pa3HOCTHOll CTyneHbKH OT CTyneHbKH B MeTpHKe L 1 • CnpaBeAnn-

aa oueHKa 

c vn:-< g (n) 
I 

l: 
n 

I G I+ 
j 

l: 11-Gnl<cyn. 
j 2 

1<an J >an 

(llOCTOSIHHbie C 1 , C 
2 

H ace APYI'He noCTOSIHHhie, BCTpe'l:8!01UHeCSI B pa-

oOTe, He 38BHCSIT OT 0 , 3aMeTHM0 KCT8TH, qTQ AnSI npOCTOThl 0003H8'l:e-

HUH OAHU H Te }Ke nOCTOSIHHhle oyAyT HCITOnb30B8TbCSI HeCKOnbKO paa B paa

Hh!X '18CT.HX pa6oThl AnSI Oo03Ha'l:eHHSI pa3nH'l:HhiX Ben~'IHH), 

OcHOBHoll BKnaA a g(n) )laeT o6nacTb wnpn~bt yn , npnneraiOIUaSI 

K xapaKTepncTnKe. B SToll o6nacTn ne*aT G ; , yKnoHSIIOWnecSI oT cryneH&-

KH Ha aennqnay nOpSIAKa 1, CyMMa MOAynell yKnoHeHHll pa3HOCTHOH CTyneHb-

KH OT CTyneHbKH no OCTanbHhlM eCT& aennqnHa nopSIAKa 1. OcHoBHoli 

BKnaA B STY CYMMY AaeT o6naCTb 1UHpHHhl y·n , npnneraiOIUaSI K nO}KHOll 

xapaKTepncTnKe. CyMMa MoAynell yKnoHeHnli no ocTan&HhJM eCTb 

0 (l) npH 0 -+ oo , 0Kono nO}KHOH XapaKTepHCTHKH pa3HOCTH8SI CTyneHbKa 

nMeeT ocu nnnnpyrownll xaocT: G ~ MeHSieT aHaK 6yKaan&Ho npn nepexone 

OT TO'IKH K. TO'l:Ke. 

TaKOBhl OCHOBHhie peayn&TaTbl, nony'l:eHHhle B STOli paooTe, 1.J:TO Ka

caeTCSI pa6oT Apyrnx aaTopoa, To 3AeCb npe*Ae acero cneAyeT ynoMHHYTb 

pa6ory <PeAopeHKo, KOTOphili nepahlM aaMeTnn SianeHne ocunnnSIUHll, B03HH

KaiOIUHX npn qncneHHhiX pac'l:eTax, H onncan nx B caoell paooTe /1 I, B pa-

6ore /2/ waeACKOI'O MaTeMaTnKa ToMe nocTpoeHb! nHTerpanbHhle acnMnTo

THKH pa3HOCTHOll CTynettbKH AnSI cneunanhHOI'O cny'l:aSI ycToliqHBhiX B C 

pa3HOCTHhiX cxeM, B pa6ore HeT oueHOK ocTaTO'IHhiX qneHOB, KpoMe roro, 
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' 

1 
j 
li 

l' 

;l 
·' 

'j 

\.. 

HHTei'panbHbie aCHMnTOTHKH C8MH ITO Ceoe .HBn.HIOTC.H CnO}KHb 

qroobi paao6paT&C.H a xapaKTepe ocunnn.HUnli, Ha6niOAaeMbiX n 

pac'l:eTax, HaJlO nocTponTb 6onee npoCTbie acnMnTOTHKH. B HE 

Te nonyqeHbl npoCTbie aCHMnTOTHKH nHillb Jln.H '18CTHOI'O cnyqe 

cxeMbi - MOCTnKa, 0AHaKo ecTb HaAe*Jla, 'ITO paaanTa.H a ST 

TeXHHKa oueHoK 6yneT noneaaa npn pacCMOTpeHHH o6wero CJ 

Bb!X B L2 paaaocTHbiX cxeM, llepaaSI nonbiTKa nccneAoBaT 

CTyneHbKY AnSI CXeMbl - MOCTHKa Oblna npe)lnpHHSITa aBT.OpOM 

B SToll pa6ore 6bm BbmncaH rnaBHbili qneH acnMnTOTJIKH G" 
J, 

xapaKTepHCTHKH oe3 HeOOXOAHI\ib!X OUeHOK OCTaroqHbiX qneHOB, 

pa6oTa TecHo nepenneTaeTCSI c pa6oroll aaropa 131, a KOTopc 

oe3yCnOBH8SI paBHOMepHaSI ycroliqHBOCTb CXeMbl-MOCTHKa, 

llop.HAOK nano}KeHnSI TaKoB, CHaqana noKa3biBaeTCSI oueHt 

g(n ) • Heo6xoAHMhte oueHKH AnSI G ~ nonyqaiOTCSI npocTht!v 

HH6M no '18CTSIM, ,Uanee CTpOHTCSI 8CHMnTOTHK8 B OKpeCTHOCTI'. 

H C ITOM01Ub!O STOll aCHMnTOTHKH AOK83hiB8eTCSI OUeHKa CHH3Y 

HaKoHeu, cTponTCSI acnMnToTnKa G n 

J 
B OKpeCTHOCTH no}K 

pncTnKn, ycTaHaannaaeTCSI Hannqne ocunnnnpY.IOWero xaocTa n 

"30Ha pa3M83h!B8HHSI' STOI'O XBOCTa, 

1. OueHKa caepxy nnSI g(n) 

,UOK838TenbCTBO OU6HKH CBepxy CBOAHTCSI K TpeM neMMa" 

neMMe AOK83hiBaeTCSI OI'paHHqeH!IOCTb pa3HOCTHOH CTyneHhKH, I 

Me nony'leHbl HeOoXOAtiMbie OUeHKH pa3HOCTHOli tPYHKUHH fpnHa, 

B TpeT&eli neMMe AOKa3bi.BaeTcSI caMa oueHKa caepxy. 

neMMa 1. Cnpaaennnaa oueHKa: I G n I < c • 
J -

.UoKa3aTe.n&cTao: PaaHocTHaSI tPYHKUHSI fpnHa 

CTyneHbK8 CBSI3 8Hhl COOTH01UeHHeM 

n 

G 
J 

B pa6oTe 131 AOKa3aHa oueHKa 

J 

l: 

~ I r"1 
-·00 j 

r" 
e 

<c. 
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CTyOeHbKOa B OTnu-

e Be3.tte 6y.tteT Ha3hi

~T o6oaaaqaTbCH qepea 

aHHhiMH, HaKoHeu 

3 ceTKH: a = r / It • 

~aTb nro6oe aaaqeaHe 

a CTyneHbKH B OKpeCT

lOlKHOa XapaKTepHCTH~ 

~peaana, 3Ta acHMnTo-

:>UeHHTb nopMOK yK-

e L 1 , CnpaaennH-

c v n. 
2 

cTpeqaromuecSI B pa

npocTOTbi o6oaHa'le-

recKonbKO paa B paa-
'· 

m). 

yn , npuneraromaa 

:>HSIIDIUU8CSI OT CTyneHb

pa3HOCTHOa CTyneHb

EOpS!):IKa 1, 0CHOBHOa 

~raromaSI K noJKaoa 

[{b!M eCTb 

HOCTHaSI CTyneHbKa 

anb!IO npu nepexone 

a pa6oTe, tho Ka-

cnenyeT ynoMSIHYTb 

ocuunnSIUIIa, B03HU

!li pa6oTe /1 I, B pa-

erpanbHhie acuMnTo-

yc'!'oaquBhiX B C 

neaoa, KpoMe Toro, 

IIHTerpanbHble aCI!MnTOTIIKH CaMH no ce6e HBnHIDTCH CnOlKHblMH, llng TOI'O 

'IT06hi paao6paTbCH B xapaKTepe ocuHnnau11a, aa6nro.ttaeMhiX npH 'II!CneHHhiX 

pacqeTax, aano nocTpOI!Tb 6onee npocTbie acuMnTOTI!KI!, B aacToamea pa6o

Te nonyqel{bl npOCTble aCHMOTOTHKU ni!IUb nna '18CTHOI'O cnyqag pa3HOCTHOa 

CXeMbl - MOCTI!Ka, 0t:~HaKO eCTb Ha):lelK):Ia, qTQ pa3BI!Tag B SToa o6naCTH 

TeXHHKa oueaoK 6y.tteT noneaHa np11 paccMoTpeHI!H o6mero cny'laa ycToaqu

BhiX B L 2 paaaocTHhiX cxeM, nepBaa nonhiTKa uccnenoBaTb paaHOCTHyro 

CTyneHbKY, nng CXeMbl - MOCTI!Ka 6hJna npe.ttnpHHSITa aBT~pOM B pa60Te / 4/, 

B SToli pa6oTe 6hin Bbini!CaH rnaBHhili qneH acHMnTOTHKH G n B OKpeCTHOCTH 
J, 

xapaKTepncTI!KU 6ea Heo6xo.ttHMbiX orieaoK ocTaTo'IHhiX qneHoB, H acTOSIIUaSI 

pa6oTa TeCHO nepenneTaeTCH C paOOToa aBTOpa /3/, B KOTOpoa ):IOK83hlBaeTCSI 

6eaycnOBH8SI paBHOMepHaSI Y,CTOll'IHBOCTb CXeMbl-MOCTHKa, 

nopSit:~OK uanolKeHHSI TaKOB, Caaqana noKa3biBaeTCSI oueaKa caepxy nnSI 

g(n ) , Heo6xo.ttHMhie oueaKu nnSI G ~ nony'laiDTCSI npOCTb!M UHTerpHpOBa-

HUeM no '18CTSIM, llanee CTpOUTCSI aCHMOTOT.UKa B OKpeCTHOCTII XapaKTepUCTHK 

H C noMOIUbiD 3Toa aCUMOTOTUKII .tiOKa3biBaeTCSI OUeHKa CHU3Y, .ttnSI g ( 0 ) • 

HaKoaeu, cTpouTcSI acHMnToTuKa G" 
J 

B OKpeCTHOCTU nolKHOli XapaKTe-

puCTI!KU, ycTaHaanuaaeTCSI aanuque ocuunnupyromero XBOCTa u oueHHBaeTCSI 

"30Ha pa3Ma3b!B8HUSI" 3TOI'O XBOCTa, 

1. OueaKa caepxy nnSI g(n) 

lloKa3aTenbCTBO OUeHKH CBepxy CBO):II!TCSI K TpeM neMMaM, B nepaoa 

neMMe ):10K83biBaeTCH orpaHI!'IeH!IOCTb pa3HOCTHoa CTyneHbKU, DO BTOpoa neM

Me nonyqeHhi aeo6xonnMhie oueaKu paaaocTaoli cjlyaKuuu fpuaa, HaKoaeu, 

B T!)eTbea neMMe ):IOKa3b!BaeTCSI CaMa OUE!HKa CBepxy, 

neMMa 1. CnpaaennuBa oueaKa: I G ~ I :: c • 

lloKa3aTe.nbcTao: PaaaocTHaSI cjlyl!KUUSI fpuaa U pa3!10CTHaSI 

CTyneHbKa CBSI3 aHbl COOTHOIU8HUeM 

n • 

G 
J 

B pa6oTe /3/ .ttoKaaaHa oueHKa 

5 



0TCJO.Qa cne.QyeT, 'ITO 

n 

I G I< 
l -

~ 1 r nl < c 
j 

4ucneHHbill SKcnepMMeHT noKa3biBaeT, 'ITO c :::2. 

neMMa 2, CnpaBe.QnHBa oueHKa: 

II'nl < c( 
n 3/2 n% 

---->. + 
l <ljl-an) 4 (lj l-an) 3 

(4) 

Ll 0 K a 3 aTe nbC T B 0! 3Ta OU€HKa nonyqaeTC51 npOCTbiM .QBOliHblM HHTer-

pHpoaaaueM no 'laCTHM 

rr e IJ cf>_ 
rn =-1- f de/>= 

1 
2rr -rr (l + i a sin cf> } 

l 1T -l. • - f t/J (cf> } d e II '1'- n In ( I+ !a sin cf> ) 

2 rr -rr = 

1T II IJc/> 
=-1 f (.p'2+t/Jo/J } e dcj>, 

2 rr -rr (l + i a sin cf>} n 
ojJ(cf>} = l 

(i j + io a 

nerKo nony'IHTb cne.QyJOIUHe oueHKH! 

I t/11 .-:: c c·n I t/1 'I < • 
lllj 1- an I - (ljl-an)2 

----+ I.P"I<c( 
n 

) . 
( I j I -an )2 

llil-anl
3 

1T 

f 
dcj> < __ c_ 

-rn -TT ll+iasincf>ln 
3TH OU€HKH o6ecne'IMBa!OT MCKOMyJO OUeHKy (4), 

neMMa 3, CnpaBe.QnMBa oueaKa: g(n) < c vii"": 
- 2 

coscf> 

1 +Iasm cf> 

Ll 0 K a 3 aTe nbC T B 0! H3 ( 4) npOCTblM CyMMHpOBaHHeM no 

'laeM TaKue oueHKM! 

n 3/2 % 
I G I < c( n + n } 

1 
- lljl- anl

3 
<ljl-an)2 

i <a o 

6 

nony,.. 

. \ 
j 

I 

I 
i 

,I 

~ 

.; ._ ··s· 

·n 00 n n3/2 n J/2 
11-G 1=1 ~ r l<c( + 

I f - (' )3 
>an 

J+ 1 ]-an {j-an) 2 

H3 STHX OUeHOK 1i OUeHKH (4) nony'laeM HCKOMYIO OU€HKY CBe] 

g(n) <cl v~ ~ IGn! + 
- l 

~ 11-Gnll<c 
l 

IJ<an.l.~l Ill -anl>v-;;-T IJ-an>¥nl 

2, AcHMnTOTMKa pa3HOCTHoll cTyneHbKH B oKpeCTHOC~ 

xapaKTepHCTMKM; OueaKa CHH3Y nnH 

Pa3HOCTHa51 ljlyHKUH51 fpuHa CX€Mbl - MOCTMKa 

cTaaneaa B BHAe HHTerpana 

r n- 1' ,--- f 

g(n) 

rn 
l 

2rri 
D1=1z:[zl=ll (l + ~< z -z-~r 

. 2 . 

n O.QMHTerpanbHa51 ljlyHKUM51 npH j > l HMeeT .QBa nonJOCa 

1 l 
z =-- +vl + --. 

1,2 a - a2 

MO 

dz. 

nycTb D - npOH3BOnbHblll 3aMKHYTblll KOHTyp, pacnonmKeHHbll 

aoro Kpyra, H nycTb non10c z 2 neJKHT BH€ D , Torna r 
cTyneHbKa MOJKeT 6biTb npencTaBneaa B BHAe TaKoro HHTerpan 

G 
l 2 1T i 

f z 
1 

dz. 
D (z-1)(1 + ; (z-z-~t 

Hawa Uenb - nony'IHTb aCHMllTOTHKY STOI'O HHTerpana .QnH 

K an , AcHMnToTHKa 6y.QeT nonyqeaa B_ HMJKecne.QyJOIUell Te 

!lapHTenbHO paCCMOTpHM a·cnOMOI'aTenbHblll MHTerpan 

1 
J(A, M= -- f 

2rri -oo 

-Ant 2 

e dt. 
(t+i{J} 
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(4) 

rb1M t:IBOiiHb1M IlliTe!'-

1+1,; sine/> ) 

1 

rose/> 

I 
HeM no nony,.. I 

I 

·n 00 n n 3/2 
ll-G 1=1 ~ r l<c( + 

• e - (" )3 J+ 1 ]-·an 
>an 

(j-an) 2 

H3 STIIX OUeHOK II OUeHKII (4) nony~aeM IICKOMYID OUeHKY CBepxy: 

g(n)<clvfi'"': ~ IG:!+ ~· IL-G"Il<c y'n. 
l - 2 

IJ<an.l.~ IIJ! -anl>y'-;;"1 

2, ACIIMfiTOTIIK8 pa3HOCTHO~ CTyneHbKII B OKpeCTHOCTII 

xapaKTepHCTHKI!~ OueaKa CHH3Y Jing g(n) 

Pa3HOCTHaSI if>yaKUIISI fp11aa cxeMbi - MOCTI!Ka r" 
l 

MOlKeT 6biTb npet:t-

cTaaneaa B BHt:te I!HTerpana 

r"= __ 1_· 
l 21Ti 

J 
z J-1 

dz. . (5) 

not:tHHTerpan&HaSI tflyHKUIISI np11 j > 1 !!MeeT JlBa nonroca 

. z = __ 1_ + y'1 + _1_ . 
. 1,2 a - a2 

nycTb D - np01!3BOnbHbiJ:i 38MKHYTblii KOHTyp, pacnonolKeHHblii BHe et:ti!HII~-

aoro Kpyra, 11 nycT& nonroc z 2 nelKIIT BHe D , Tort:ta pa3HOCTHaSI 

CTyneH&Ka MOlKeT 6b1Tb npet:tCTaBneHa B BI!Jle T8KOI'O I!HTei'pana 

G. 
l J 

D 

z l 
-------~--------dz. 
(z -1) (1 + -2.. (z -z-~ )" 

2 

Hawa uenb - nony~IITb 8CI!MllTOTIIKY STOI'O IIHTe!'pana )lnS! t 6nii3KIIX 

(6) 

K an , ACIIMUTOTIIK8 6yt:teT nony~eHa B. HlllKecneJlyiDIUeii TeopeMe }, npeJl-

BapiiTenbHO paCCMOTpiiM a·cnOMOI'aTen&Hbili: IIHTei'pan 

-Ant 2 

---=e ___ d t. (7) 

(t+if3) 

7 



I 

3aecb A- nono~HTenhHaH aenaqaaa nopgaKa 1, napaMeTp {3 H3MeHHeT-

CH B OKpeCTHOCTH ·o : -1 ::: f3 ~ 1 . 

neMMa 4. HHTerpan J (A, {3) BeaeT ce6g no-pa3HOMY B 3SBHCHMOCTH 

OT aenaqHHhi {3 2 
n : 

1 ) npa ManhiX {3 2n HHTerpan J (A, {3) Mo~eT 6h1Tb npeacTaanea B BH

ae 6hiCTpo cxoaSIIIlerocH pgaa 

• 1 A {32 1 oo 2 k+ I 3 
J(A,f3)=--<sgn{3)e n +-I. ((3 An) 21r(k +->; 
. 2 2 k=O . 2 

(8) 

2) npa {3 2 
n nopgaKa eaHHHUhi 

J(A, f3 >=- ---
2rr 

J (9) 

3) npa 6onbWHX {3 2n HHTerpan J (A, {3) aonycKaeT TaKoe npeacTaa-

neaae 

J(A, {3)=- (s>gn {3) + R, IRI< 1 

v 2 rr An {3 2 rrAn{32 

lloKa3aTenhCTBo nepaoll qacTH neMMhi coaep~HTCH a pa6oTe 141. 

TipeacTaaneaae (9) nonyqaeTCH H3 (7) npocToll 3aMeHoii t =I fJ I u. 

lloKa~eM (10): DpOCTa51 ztenoqKa Upeo6pa30BaHHJ! DOKa3biBaeT1 qTO 

J(A, {3) =- (sgn {3) 

·2rr 

rae 

-An{3 
2

1
2 

e r dt =-

t 2+1 TT 

1/2 -An{3 ~ 2 

f e dt + R , 
t 2 + 1 . I 

(sgn{3) 

I R 1 I ~ ~ (-An {3 
2 I 4) I rr An {3 

2 
• 

llanee HeCnO~HSSI BhiKnaaKa DOKa3hiBaeT1 qTO 

TT 

1/2 -An {3
2

1 
2 

r e dt =-

t 2 + 1 

(sgn{3) (sgn{3) -An {3 2
1 

2 

f e dt+ R 
2

, 

TT 

8 

( 10) 

rae 

IRI< • 1· Af3
2 

2- <-+e~(--n-)) 
rr An {3 2 2 4 • 

neMMS 3 aoKa3aHa, 

Tenepb nepexoaHM K H3no~eHHIO OCHOBHOii TeopeMbi, II1 

py~aTb <jlopMynapoBKY TeopeMhi, aaeaeM HeKOTOphie o6oaaaqe 

i =any 
1 + £2 

1 ·+ a 2 
A= 

ad1 +ad 

2(1 +a 2) 

F'l¢ l ell¢ I 
e •= -------¢ =if3= arcsin(i 

I 
~). 

(1 + i a sin ¢ ) n 
2 

1 +a£ 

. TeopeMa 1, Hal!ayTCSI DOCTOSIHHhie C 1 0 1 W TaKHe 

Toqao 6onbWHX n H 1 yaoaneTBOpHIOWHX ycnOBHIO: 

a <a(1-w)<c=c(j)<a(l+w), 
y1 +a 2 

yKnOHeHHe pa3HOCTHOJ! CTyneHbKH OT CTyneHbKH MO~eT 6hiTb 

B TaKOM BHae: 

n F(¢) 
G 1 - u ( n r, j h ) = e 1 I J (A, {3) + R l , 

rae J (A, {3) aanaeTCH <jlopMynaMH (8)-(10) H 

c A 20 
IRI < -- + e~(--n ). - vn 10 

ll 0 K a 3 aTe nbC T B o. B STOll qaCTH CTSTbH CyWeCTBeHH 

peaynhTaThi pa6oThi /3/, B pa6oTe 131 6hma nonyqeaa acHMD 

HOCTHOJ! <jlyHKUHH fpHHa 1 HHTerpana (5). TipH STOM 6bln0 aoKa 

. an ( ) 
Ka~aoro J > .-:--'2" KOHTyp HHTerpHpOBaHHSI B 5 MO~eT 6: 

vl"+a •· . 
pOBSH B 3aMKHYTYIO nHHHIO HaHCKOpenwero cnycKa1 DpOXOaHWY 

nepeaana Ha BeWeCTBeHHOll OCH, C pOCTOM STS TOqKa DE 

TOHHO CTpeMHTCSI K DOnlOCY z 1· • Tipa J =an OHS DpOXOll 

liT06hl nonyqHTb 8CHMDTOTHKY pa3HOCTHOJ! CTyneHbKH 

noM j f, an KOHTYP HHTerpHpoaaHHH D B (6) ae<jlopMupye 

KaK B pa6oTe /3/, TipH j > aD HOBhlii KOHTyp HHTerpupoBaHI 

9 



rp (3 H3MeHSieT-

~y B 3aBHCHMOCTH 

Tb rrpencTaanea B BH-

r(k + -
3->; ' 2 (8) 

(9) 

KaeT TaKoe npencTaa-

B pa5oTe 141
0 

,n t = I fJ I u • 

:OK83biBaeT1 'ITO 

-An{3 ~ 2 

----dt+R
1

, 

2 + 1 

dt + R 
2

, 

( 10) 

rne 

IR I< 
2 

1 1 · An (3 
2 

----(- + exp (- --)). 
rr An (3 2 2 4 

neMMa 3 llOKa3aHao 

Terrepb iiepeXOllHM K H3nOJKeHHIO OCHOBHOl! TeopeMblo '-ITOOhl He rreper

pylKaTb <jlOpMynHpOBKY TeopeMbl1 BBelleM HeKOTOphte Oo03Ha'leHHS!l 

=an y 

¢ =i(3 =arcsin ( i 
I 

f-a ) , 

1 +at 

adl+af) 

2(1 +a 2) 

n¢ ' etJ¢ I 
e I= 

(1 + i a sin ¢ ) n 
2 

. TeopeMa 1o HallnyTCSI rrocToSIHHhte · c 1 o 1 w T8KHe 1 'ITO rrpH llOCTa-

TO'lHO OOnhWHX n H 1 ynoaneTBOpSIJOWHX ycnoanro: 

a 
<a (1 - w) < f = t(j) <a ( l + w), 

y1 +a2 

yKnOHeHHe p83HOCTHOll CTyrreHbKH OT CTyrreHbKH MOJKeT OhlTb rrpellCTaBneHO 

B TaKOM BHlle! 

n F(cp) 
G

1
-u(nr, jh) =e 1 {J(A,(3)+RI. 

rne J (A, (3) aanaeTcSI <jlopMynaMH (8)-{10) H 

c A 20 
IRI<--+exp(--n ). - vn 10 

.Ll 0 K a 3 aTe nbC T B O, B 3TOll 'laCTH CTaTbH CyWeCTBeHHO HCrrOnb3YIOTCSI 

· peaynhTaThi pa6oThi /3/o B pa6oTe 131 6hma rrony'leHa acHMrrTOTHKa paa

aocTaoll tPYHKUHH fpnaa, HHTerpana ( 5). npH aToM 6bmo llOKaaaao, 'ITO nnSI 

an 
KalKllOI'O j > ~ KOHTyp HHTei'pHpOBaHHSI B (5) MOlKeT 6biTb ne!jlopMH-

yl+a · · 
poBaH B 3aMKHYTYIO nHHHIO HaHCKOpel!wero CrrycKa 1 rrpoXOllS!WY!O 'lepea TO'lKy 

rrepeaana aa aewecTaeaaoll OCHo C pocTOM aTa TO'lKa rrepeaana MOHO-

TOHHO CTpeMHTCSI K rronrocy z· 
I 

j =an ORa rrpOXOllHT Z = 1 , 
n 

'-ITooht rrony'lHTb acHMrrTOTHKy paanocTnoll cTyrreHbKH G 
1 

llOM j .f. an KOHTyp HHTerpnpoaaHHSI D B (6) ne!jlopMHpyeM 

K8K B paoOTe /3/ o npH j > an HOBblll KOHTyp HHTei'pHpOBaHHSI 

9 
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nH'!He OT HCXOAHOI'O KOHTypa 0 He COAeplKHT BHYTPH ce6H nomoca Z = 1 . 

CoOTBeTCTBeHHO HOBbiH HHTei'pan OTnH'IaeTCH 0~ HCXOAHOI'O HHTerpana Ha 

aenH'!HHY Bbl'!eTa OpH Z = l. , 3TOT Bbi'IeT paBeH 1. TaK 'ITO HOBbiH HHTer

pan ttnH BCeX j ~ an 3attaeT yKnOHeHHe pa3HOCTHOH CTyneHbKH OT. CTyOeHb

KH, llanee YA06HO CttenaTb 3aMeHy nepeMeHHblX 

Z=etc/> 
' 

j =an v~ 
1 +a 2 

Ha cp -nnOCKOCTH paCCMaTpHBaeMaH TO'!Ka nepeaana YAOBneTBOpHeT COOT-

HOWeHHID 

sin <P 
£-a 

=1 

1 +£a 

llnH TOI'O 'IT06bl nony'IHTb s¢¢eKTHBHble OUeHKH OCTSTO'!Hb!X '!neHOB 

B Manofi OKpeCTHOCTH TO'IKH nepeaana 

_ _!_ +8 
I<P-<PI <8n 2 

I -

KOHTyp HHTei'pHpOBaHHH ttecjiOpMHpyeTCH ewe pa3 B 0Tpe30K OpHMOH! 

- _!_+o - _!_+o 
-8n 2 <¢-</> < 8o 2 

· 
I -

llanee KOHTyp 3aMbiKaeTCH Ayi'aMH OKpylKHOCTH 

- __.!_+ 0 
I<P-<P I= 8n 2 

1 

npH , YAOBneTBOpHIDWHX ycnOBHID! 

a <a(l-w)<c(j)<a(1+w) 
v1 +a 2 

n 

( w 6ytteT Bbi6paHo HHJKe), aCHMOTOTHKa G 
1 

onpettenHeTCH HHTerpanoM 

no npHMOnHHeHHOMY yqacTKY KOHTypa L · . Ha ocTaBweficH '!aCTH L " 

nottHHTerpanbHaH ¢YHKUHH aKcnoHeHUHanbHO Mana. llnHHa L" KOHe'!Ha. TaK 

'ITO CaM HHTei'pan no OCTaBWeHCH '!aCTH KOHTypa 9KCOOHeHUHanbHO Man, 

lloKalKeM 9TO yTBeplKAeHHe aKKypaTHO. nocTOHHHaH 8 Bbi6HpaeTCH no-

pa3HOMY B 38BHCHMOCTH OT TOI'O, HaCKOnbKO 6nH3KO paCCMaTpHBaeMaH TO'I-

1 ( [) I I -I/ 2+0 
Ka nepeaana HaXOAHTCH OT nonroca z = cp = ) • llnH cp 

1 
'::: n 

10 

/, 

l 

l 
I 
' ~~ 
'1 
1.1 . 

f 
i'\ 

nonoJKHM 8 = 2 ·, ttnH I cp I > n - -T+o nonoJKHM 8 = ~ • 
I 2 

HOCT.H cpl OOAHHTei'panbHan ¢YHKUHH (6) AOOyCKaaT cnettyiDD 

f "(e1cp)/(eicf>-1) = e !Jcp /<l + i a sin cp )n (e 1 cp -1) 

e Ffcpll 

1 
tcp exp n I -

- + e . 2 l+a 

+R(¢) ( </>- <P ,: ---

PAe 

R(<P) = hv .!.±{__ 
1 +a 

2 

1 +2a£ 
-6-

00 k • k 
+ I. (-b) (sm¢-sin¢ 1 ) 

k=4 k (cf>-cp )3 
I 

• k-3 • 

( k) (cp-cp ) b 2 00 1 (k) lkl 
+bi-(sin¢)-~. --1 +:--

2
· I-(--

2
{cos2¢) -2sin¢

1 
(sin¢)-~. 

k=4 '~"1 k k=4 cpl '~'I 

b 3 - 1 (k) • (k) 2 (k 

+ -
3 

I. (--(sin3¢)-~. +.lsin¢ (cos2cf>)-~. +<3sin cp +.lHsincp)..J 
'k=4 4 '~"1 2 I '~"1 I 4 'f' 

b= ia(l+a£) 
1 +a 2 

113 9TOI'O paanoJKeHHH BHAHO, 'ITO, eCnH n AOCTaTO'IHO aen 
_ __!_ + 8 

I¢- <P I < 8n 2 · 
I -

(( e1cp ) = exp ( F ( cp ) ) ( exp ( -n 
I 

rtte 

a£ (1 +a E) 

1+a 2 
(cf>-<P/ 

2 
)) <l+R 

IR (¢)1 <6a<l+a2)nlcf>-cp l
3

,;,cnlcf>-cp 1
3

• 
I - I . I 

I 

llanee w TIOA6_ep,eM
1 
TaK, 'IT06b! B yKa3aHHb!X npettenax H3M 

--+0 
npH I cp- cp I I ::: 2 h 2 

1 
i(<PI+<P-<P) (l+R2(cf>)), 

I 

1 
er(/)_1 

Ha paccMaTpHBaeMofi qacTH KOHTypa L" 

wax If n(e1<P) I 

11 

IR
2
(cf>)l<1. 



e6SI non10ca z = 1 . 

'ro HHTerpana aa 

: 'ITO HOBblli HHTer-

rneHbKH OT. CTyneHb-

~OBneTBOpS!eT COOT-

raTO'IHbJX qneHOB 

IOK TipSIMOll:: 

!enSieTCSI HHTerpanoM 

ell:cSI '!aCT!! L" 

L " KOHe'IHa, T aK 

reHUl!anhHO Man. 

Bhi6!!paeTCSI no-

'CMaTpHBaeMaSI TO'I-

. I"- I< -1/Ho ,nSI 'I' 
1 

_ n 

nonoJKHM B 2 I I 
_.....!...+o 8 1 

= ·, .rtnSI ¢ 
1 

> n 2 nonoJKHM = z . B Manoll: oKpecT-

HOCT,H cp 1 TIOJUIHTerpallhHan c!IYHKUHSI (6) AOTIYCKSST cneAy!OJUee paanoJKeHHe: 

Fie/>! 
e 1 a€ ( 1 + a€) 

---- exp n ( -----
-1+ e 1¢ 1+a 

2 

+ ; (-b)k (sin ¢-sin¢/ 

k=4 k. (¢-¢/ 
+ 

' k-3 • 
00 ( k) (¢-¢) b2 00 1 (k) lkl 

+b~(sin¢) --1 +-
2
· ~(--2 (ros2¢) -2sin¢ (sin¢),.~. 1· k=4 ¢1 k . k=4 ¢1 1 

'I' 
+ 

( )
k-3 

b 3 00 1 (k) 3 . (k) 2 3 (k) ¢-¢ 1 

+- ~ (--(sin3¢),.~. +-sin¢ (ros2¢),.~. +(3sin ¢ +-Hsin¢)¢ )----
3 k=4 4 '~"! 2 1 '1"1 1 4 1 k! 

h= ia(l +ad 

1 +a 2 

Ha STOI'O paanoJKeHl!SI Bl!AHO, 'ITO, ecn11 n AOCTaTO'IHO senl!KO, TO Tip!! 

_ _!_ + 8 
1¢-¢ I<Bn 2 · 

I -

2 3 ' 13 IR (¢)1 <6aO+a )nl¢-¢ I =cnl¢-¢ . 
I - 1 . 1 

.Uanee w noA6_ep,eM
1
TaK, 'IT06bJ B yKaaaHHbJX npeAenax l!3MeHeHHSI 

--+0 
npH I ¢- ¢ 

1 
I ::: 2 h . 2 

1 ___ 1 __ (1 +R2(¢)), 

i(¢1+¢-¢1) 

Ha paccMaTpl!BaeMoii 'laCTll KOHTypa L" 

11 

( 11) 

( 12) 



AOCTHI'aeTCSI B TO'IKaX, I'll9 n nOAKneHBaeTCSI K npSIMOnHHefiHOMY 0Tpe3Ky. 

0TC10Aa H H3 ( 11) cnenyeT0 'ITO npH llOCTaTO'IHO 601Ib!UHX '11-

n ( tcp A 28 maxlf e )I <exp(--n ). 
L"· - 8 ·-

B pa6oTe /3/ noKaaaao, 'ITO nnnaa L KOHe'laa. OcTaeTcSI noKaaaT&, 'ITO 

L" He cnnwKoM 6nH3KO nonxonnT K nonrocy· 
_..L.+8 L 

¢=0 (z = 1) • npn 

I ¢ I < n 2 " neJKHT BHe Kpyra 
I -

1¢-¢ 1<2n--++8 
I ' 

_ _!_+8 
TaK 'ITO L" HaXOAHTCSI no Kpafiaefi Mepe Ha pacCTOSIHHH n 2 OT no-

~+8 nroca ¢ = 0 • 0Tcrona H H3 ( 12) nony'laeM, 'ITO npn I ¢ I < n • 
I -

fn(et¢) -++8 . A 28 
max I I <2n exp(--n ). 
L" e 1¢-1 - 8 

npn l¢1 I >~/2+8 nocTynaeM cnenyrownM o6paaoM. PaccMoTpHM a .:.2 

OKpeCTHOCTb nonroca cp =· 0 • B a Toil OKpeCTHOCTH npH AOCTaTO'IHO 6o1Ib-

IUHX n 

n 1 '2 1 
If (e 1¢)l=lexp(inay~ ¢-nln(l+iasin¢)1 >-

1 + a 2 2 

A Ha L" aTa aenH'IHHa aKcnoaeHIIHan&Ho Mana npn 6on&wnx n • 3aa-
. -2 

'IHT, L" He aaxonnT a n -oKpeCTHOCTb nonroca·n, cnenoaaTellbHo, Ha 

L" 

fn(et¢) 

e1¢-1 
< 2n 2 exp(-.A.n28) 8 . ( 1 3) 

TeM caMhiM · aKcnoHeHIIHan&HaSI ManoCTb HHTerpana no L" noKaaaaa. YKno

HeHne p83HOCTHOfi CTyneHhKH OT CTyneHbKH MOlKeT 6b!Tb npeACTaBneHO B TaKOM 

BHAe 

G;-u(nr, jh)= eFc</>ll 
2rri 

Bn -++8 
>J 
---L~8 

-Bn 2 

J--la (11) H (12) cnenyeT, 'ITO 

2 
-Ant 

__ e __ (1 +R (t)) dt + O(exp _A_n 28 ). 
3 8 t+ cf> I 

3 3 
I R 3 ( t) I :< en I t I + I t + ¢ 

1 
I • :(1 + en It I ) • 

0Tcrona nerKo nony'!aeM, 'ITO 

12 

Gn -U(nr,jh)= 
J 

rne 

F(cpl) 
e 

2rr i 
J 

2 
-Ant 

e 
t+¢-dt+R, 

I 

IRI < exp(-_!_n 28 )+ 
10 

leF(cpl~ ( r (e-Ant2/t)dt + 
2 -1/2+8 

IT I d >Bn 

+ f. e 
2 

-Ant· 
F(cp ) 

( 1 +en t 2 + en It 13)d t ) < e I e I I 
I tl::. Bn -l/2+8 

TeopeMa 1 AOKaaaaa. 

Tenepb nony'IHM oiieHKY canay nnll g(n ). 

neMMa 5. Cnpaaennnaa O!leHKa: g(n) ~- e I yn. 

,.;--;-

Ll 0 K a 3 aTe nbC T B o. 0IIeHKa CHH3Y 6yneT nony'leHa C nO IIi 

'ITO AOKa3aHHhiX aCHMnTOTH'I9CKHX ljlopMyn. ACHMnTOTHKa yKnOHeJ 

MHOlKHTenb 

expF(¢ )= explinay 1
+£

2 
arcsin 

I 1 +a 2 
- n In ( 1 - a _:~ c-a 

1+c a 1+cc 

npn AOCTaTO'IHO 601IblllHX 0 a paccMaTpnaaeMoii o6nacTI 

F( na 2 <-a 2 R . exp ¢l=exp 1---<--) +RI. I l<enlc-al 
1 2 1 + a 2 . -

W MOlKeT 6b1Tb nono6paHO TSK, 'ITO B paCCMaTpHBaeMOH o6nac~ 

HHSI l 

( ( 
2 na 2 

exp -n c- a) ) < I exp F ( ¢ ) I < exp (- -- ( 
I - 4 

~)2) 
2 +a 

Llanee H8llOMHHM 0 'ITO B aCHMnTOTH.Ke AnSI ManhiX f3 2 n (8 

Koe cnaraeMoe 

--t ( sgn f3 ) exp (An f3 2 
) , A= 

13 

ad1+acl 

2(1 + a2
) 



51MOnHHeHHOMY 0Tpe3Ky, 

WHX it. 

raeTC51 noKaaaTb, qro 

= 0 { z = 1) • npa 

I. 

30M, PaccMoTpHM A .:.z 

lpH t:lOCTaToqao 6onh-

1 
)\ > 2 

6onbWHX II • 3aa-

H, cnet:tOBaTenbHO, Ha 

( 1 3) 

' L" t:toKaaaaa. YKno.-

ITb npet:tCTaaneHO B TaKOM 

t))dt+ O(exp-Jln 20 ). 
8 

). 

I 

f 
I 

f 

I 

rae 

-Ant 
2 

Gn -U(nr,jh)= 
J . f 

2 
( J (e-Ant/t)dt + 

lt\>Bn-l/2+0 

+ f. 
F( cp ) 

lt!3)dt)< c le 1 I 
\t\ < Bn -l/Z+O ,;-;-

TeopeMa 1 t:tOKaaaaa. 

Tenepb nonyqaM oueHKY caaay ang g(n ). 

neMMa 5. Cnpaaeanaaa oueHKa: g(n) ~, c 1 yn. 

• 

.U 0 K a 3 aTe nbC T B O, 0ueHK8 CHH3Y 6yt:teT nonyqeHa C OOMOWblO TOnbKO 

qro t:lOKa3aHHbiX aCHMOTOTHqecKHX lj>OpMyn, ACHMOTOTHKa yKnOHeHH51 COt:teplKHT 

MHOlKHTenb 

F( ) I 
.. / 1+<2 . 

exp ¢ = exp m a v --. - arcsm 
1 1 +a 2 

<-a - n In ( 1- a ~~ .) I 
1+< a 1+<a 

npa t:lOCT8TQqHo 60nbWHX II B paCCMaTpHaaeMOH o6naCTH H3MeHeHH51 

2 . 

expF("-)=exp I-~(~) 2+Rl. !R!<_cnl<-al 3 
'I' 1 2 1 + a 2 . 

w MOlKeT 6hiTb UOt:t06paHO T8K 1 qro B paCCMaTpHaaeMOH o6naCTH H3MeHe-

HH51 < 

2 Oa 2 < a exp(-n(c-a) )<\expF(¢ )\<exp(---< -
1 - 4 1+a 2 

.Uanee HanOMHHM1 qro B aCHMOTOTHKe t:tn51 ManhiX {3 
2 

n 

Koe cnaraeMoe 

- - 1 ( sgn f3 ) exp (An f3 2 
) , 

2 

13 

) 2 ) • (13) 

(8) eCTb Ta-



'i· 

Yfa (13) cneAyeT, 'ITO 

--
2

1 (s~,B)exp(An,B 2 +F(.p »=-_!_(~,B) exp(n(£-a)
2

R(£oa)), 
I 2 

rAe 

IR(£,a>l<c. ( 14) 

HaKoaeu, MOlKHO nony'li!Tb oueaKy CHII3Y Ansi g(n) • PaccMoTpi!M 

1£-al<y/y--;;- nycTb y ITOil06paHO TBK, 'ITO B paCCM8Tp!!BaeMOA 06-

naCTII 113MeHeHI!SI 

A 2 ·l n,B < -. 
2 

YfcnOnb3YSI (8) II ( 14), npOCTbiM CYMMI!pOB8HI!eM ITOny'JaeM TBKYIO OUeHKy 

n I :- y/V-;: 3/2 
g(n)> l: IG

1
1>---za 2 yyn(l+R)+ f (An) 

o<a-£<L o 
t dt IRI < -l/2 , en • 

Vn 
BTopoe cnaraeMoe_ ecTb Benl!'li!Ha nopSIIlKa y 2y'n TBK 'ITO y MOlKHO 

ITOil06paTb TaK, 1JT06bi BbinOnHSinOCb COOTHOilleHI!e. 

2 

g(n) > ~ y-;-. . 2 

3. OcuHnnSIUIIII paaaocTaoA CTyneHbKII B oKpecTHOCTII 

nolKHOA XapaKTepi!CTIIKII 

LlnH TOI'O 1JT06bi HaATI!- 8CIIMITTOTIIKY B OKpeCTHOCTII nOlKHOA XapaKTe-

p!!CTI!KII ( j =-an) B (6) yAo6ao c.rtenaTb npeo6paaoBaHI!e IIHBepclll! 

Z=--1 
(<I 

Tor.rta !!HTerpan, npe.rtcTaBnSIIOIIlllii Gn 
-J. 

( j > 0) , np!!MeT TaKOA 

BIIA 

G n = l 
J 217i 

z -J dz 
f. 
D (z-l) (l + ; (z-z -l)t 

( -l) 

217i 

14 

J+I wl-1 dw 
f 

o-1 (w+l)(l+_J!_(w-w-1)t 
2 

n-1 
- KOHTyp BHyTpH e}:(I!HH'JHOI'O Kpyra, OXB8TbiB8101Ili!A noniO 

(npH npeo.6pa3oBaHHII z = -l I w noniOca <jlyHKUIIH 

l + ..E...(z -z-1 ) 
2 

nepexo.rtSIT .rtpyr B .rtpyra. TaK KaK .rto HHBepcHH non10c z 
2 

ne 
- -1 

To nocne HHBepCHII z 
1 

nelKI!T BHYTPH D ) . 

.Unst npOCTOTbl 1!3nOJKeHI!Sl nepeA.rteM K CTapbiM 0603Ha'leHH 

pHM IIHTerpan 

Gn- l 
J- --

z - 1 dz 

217i D 

J+ I n 
=(-l) G 

J 
(z +l) (l +.!:.. ( z-z-l))n 

2 

f 

(3.rtecb KOHTyp D nelKI!T BHYTPII e.rtHHII'IHOro Kpyra 11 cd.rteplKI!l 

noniOC Z 1 ) • 3TOT IIHTerpan OTnll'laeTCSI OT IIHTerpana (5) 1 IT] 

mero pa3HOCTHyiO <jlyHKUIIIO rpi!Ha, ni!IllHHM MHOlKI!TeneM (z +l r 
CTBeHHO ITOAIIHTerpanbH8Sl <jlyHKUIISI !!MeeT ni!IllHI!A noniOc np11 

B paccMaTpi!BaeMoA o6naCTI! 1!3MeHeHI!SI · ( j 1 6ni!3K!!X K 

K8 nepeBana, onpe.rtenstiOill8Sl 8CIIMITTOTIIKY l 1 HBXO.rti!TCSI B 
. J -

+ 1. Ta JKe caMast TO'IKa nepeBana onpeAensteT aCI!MITTOTIIKY G ' 
- J 

TOTI!Ka G nl OTni!'IBeTC.II OT 8CIIMITTOTIIKII r: Me.rtneHHO ME 

MHOlKI!TeneM nopst.rtKa 1, LJ:T06bi <jlaKTII'leCKII nony'li!Tb 8CIIMITTOTF. 

ITOCTynaeM TO'JHO TBK lKe, KBK np11 OTblCKBHIIII 8CI!MITTOTIIKII pa3J 

neHbKII B oKpecraocTI! xapaKTep.IICTIIKII. KoaTyp D ae¢'opMIIPY 

HBIICKOpei!:Illei'O cnycKa <jlyHKUIIII ZJ-l/(l + ~ ( z-z-l) )n 
1 

I 

'Iepe3 BellleCTBeHHyiO TO'JKY nepeBana, onpe.rtenstiOIIlYIO 8CIIMITTOTII 

Ha <f> -nnOCKOCTI! ( Z = e 
1 <f> ) 9T8 TO'JK8 YAOBneTBOpsteT COOT. 

sin¢> =i £-·a 
I --- • 

l+£a . 

Llnst TOI'O 1JT06bi nony'li!Tb 9<jJ<jleKTIIBHbie OUeHKII OCT8TO'JHbiX qneJ 

OKpeCTHOCTI! TO'IKII nepeBana 

l¢>-<1> I< 
I 

-1/2 + 0 
n 

KOHTyp .rte<jlopM!!pyeTCSI eme pa3 B 0Tpe30K IlpSIMOHo Llanee KOHTy 

eTc.ll ayraMI! oKpylKHOCTII 

1¢>-.pl 
I 

-1/2 + 0 
n 

15 



( 14) 

) • PaccMOTpHM 

J8CCM8TpHS88MOli 06-

18M TSKYIO OLteHKy 

I IRI . -•/2 
t, <en • 

lK 'ITO y MOlKHO 

!CTHOCTH 

•a nolKHoli xapaKTe-

OBSHHe HHBepCHH 

1 npHMeT TSKOli 

w1 - 1 dw 

I 

D - 1 
- KOHTYP BHyTpH enHHH'IHoro Kpyra 1 oxBaTbiBaiOIUHli nonroc w = z 

1 
• 

(npa npeo5paaoaaHHII z =-1/ w 

1 

nonroca <jlyHKUHH 

1 + y(z -z-1 ) 

nepexonHT npyr B npyra. TaK KaK no HHBepcaa nonroc 

TO nocne HHBepCHII z 
1 

nelKHT BHYTPH D-
1 

) • 

z 
2 

nelKan BHe D 1 

nng npOCTOTbl H3nOlK8HHH nepelineM K CTapblM o603Ha'leHHHM. PaccMOT

PHM HHTerpan 

f 
D 

z -• dz J+ I n 

=(-1) G 
a -4 n J 

(z +1) (1 +- ( z-z )) 
2 

(3necb KOHTyp D nelKHT BHyTpH enHHII'IHoro Kpyra 11: coneplKHT BHYTPH ce6H 

non!OC Z I ) o 3TOT HHTerpan OTnH'ISeTCH OT HHTerpana (5) 1 npencTaBnHIO-

IU8I'O pa3HOCTHYIO tPYHKltHIO rpaHal n!llllHHM MHOlKHTeneM (z +1 )-1 
• CooTBeT-

CTBeHHO llOllHHTerpanbHSH tPYHKLtHH HMeeT nHlllHHli nonroc llpH Z =- 1 . 

B paccMaTpaaaeMoli o6nacTH H3MeHeHHH ( j 1 6nH3KHX K a 0 ) TO'I-

K8 nepeaana 1 onpenenHIOIUSH 8CHMDTOTHKY r J 1 IISXOllHTCH B OKpeCTIIOCTH 

+1. Ta lKe caMaH TO'IKa nepeaana onpenenHeT acaMnToTHKY G ~ 1 11: acaMn-

TOTHKa G nj 0Tn!!'I88TCH OT 8CHMllTOTHKH r~ MenneHIIO M8HHIOIUHMCH 

MHdlKHTeneM nopHllKa 1. liTo6bi <jlaKTH'IeCKH nony'IHTb acaMnTOTHKY G: , 
llOCTynaeM TO'IIIO TSK lK8 1 KSK npH OTbiCKSHHH 8CI!MllTOTHKH pa:JHOCTHOii CTY

neHbKH B oKpecTHOCTH xapaKTep.HCTHKH. KoHTyp D ne<jlopMapyeM B nHIIH 10 

HSHCKOpeii!llei'O cnycKa tPYHKUHH ZJ-l/(1 ++ ( z-z-1) )n 1 npOXOllHIUYIO 

r n• 'lepea BeiUeCTBeHHYIO TO'IKY nepeaana 1 onpenenHIOIUYIO SCHMDTOTHKY J 

Ha rp -nnOCKOCTH (z = e trp) 9T8 TO'IK8 YllOBneTBOpHeT COOTHO!lleJIHIO 

sinrp =i~. 
1 1 +£a . 

nng TOI'O 'IT06bl nony'IHTb s<jl<jleKTHBHbie OI.te!IKH OCTSTO'IHblX qneJIOB B Manoli 

OKpeCTHOCTH TO'IKH nepeBana 

I <P- <P I < n -l/2 + 8 
• 

I 
KOHTyp ne<jlopMHpyeTCH eiUe paa B 0Tpe30K llpHMOii. nanee KOJITyp 38Mb!K8-

eTCH nyraMH OKPYlKHOCTH 

-1/2 + 0 
n 

15 



I 
I 
I· 

ACHMnTOTHKa G; onpenenHe·rcH HHTerpanoM no npHMommeliaoMy oTpeaKy, 

HaTerpan no ocTaawelicSI qacTH SKcnoaeHUHanbHO Man. noaTopHS! ace neTa-

nH paccymneHnH, KOTopoe npoaonnnocb npn aaxomneHHH acnMnToTHKH paa

HOCTHoli CTyneHbKH B OKpeCTHOCTH XapaKTepHCTHKH 0 nonyqaeM 0 qTo npH 60nb-

WHX n 

G-n 
I 

rne 

F(rp 1 l 
e __ ( 

21T 
-n 

-1/2+0 

J 
-1/2+0 

2 
-Ant 

e <1+R
1
(t))dt+R 2), 

1 + e 1Ct+¢ 1> 

I R I < c exp (- c n 20 ) , 
2 - I 2 

IR l<cnltl
3

• 
I -

0TCIDlla 6ea Tpyna nonyqaeM aCHMnTOTHKY pa3HOCTHOH CTyneHbKH B OKpecT

HOCTH nomHOH xapaKTepHCTHKH! npH 

rne 

1<-al<wa, 

n I+ I - n I+ I 
G =(-1) G =(-1) 
-J' J 

i=anv' 1+c2 
1 +a 2 

F(r/>11 1 +R), 
e -( -=====-~-1~-~- trp I 
+ e y'2" An 

n -1 + 3.0 I R I ::; c n • flerKo BHlleTb, qTo B paCCMaTpHBaeMOH G_J 

( 15) 

o6naCTH MeHS!eT 3HaK npH nepeXOlle OT TOqKH K TOqKe, nocMOTpHM 0 KaKOB 

BKnan 9TOH o6naCTH B g( n), 

fleMMa 6, Cnpaaennnaa oueaKa 

IJ' 

I. IGnl> 
II J 

lc-ai;Sn -/21 

a 

2(1+a 2) 

.U 0 K a 3 aTe nbC T B 0, Ha aCHMnTOTHqecKOH OUeHKH ( 15) H OUeHKH CHH-

ay nnH lexpF(¢ )I 
1 

(13) cnenyeT, qTo a paccMaTpnaaeMoli o6nacTH 

H3MeHeHHSI 

J 

-n(!-a) 2 

IG l>e /y'" 
-J -

ac<l+ac) 
n 

1 +a 
2 

16 

0TCIDlla npOCTbiM CYMMHpOBaHHeM nonyqaeM HCKOMYID OUeHKy 

:£ IG I > 2 
-J 

-1/2 

J e 
2 

-nt a(t+a) 

I I' le-a I <n-'h l y' 1T An y' (1 + a 
2 
)( 1 + ( t +a 

-~ 
> av' n nJ 
o +a2) v'n 

fleMMa liOKa3aHa, 

2 
e.-nt dt > 

KaK H a cnyqae nonomHTenbHbiX 

a 

2(1 +a 
2

) 

0 nng OTpHUaTenb 

Ma MOllyneli yKnOHeHHH pa3HOCTHOH CTylleHbKH OT CTyneHbKH 

YliOBneTBOpS!IDWHM ycnOBHID 

~+o 
c 1 n <lj+an < c 0' 

2 

SKcnoaeaunanbHO Mana. Ha oueaoK, nonyqeHHbiX npocTbiM nm 

no qacTnM (neMMa 3), cnenyeT, qTo 

I. IG -u(nr,jh)l< c 

I j: II Jl-anl>e 2n l v'n 

TaKHM o6paaoM, liOKaaaao, qTo ecnn BbiKHHyTb' o6naCTH WHpr. 

OKOnO XapaKTepHCTHKH H nomHOH XapaKTepHCTHKH 0 TO CyMMa 

HeHHH no OCTaBWHMCSI y6hmaeT ae Menneaaee, qeM 1 1 v 
cyMMa yKnoaeaHli ecTb aennqnaa nopnnKa v' n • TaKoli nop 

3HaqeHHSI H3 o6nacTH wnpHHbi y' n . , npnneraroweli K 

Ke, K nomaoli xapaKTepHCTHKe npnneraeT o6nacTb ocunnnnpy1 
n 

HHli G J , CyMMa Monyneli yKnoaeanli no j na o6nacT 

npnneraroweli K nomaofi xapaKTepncTnKe, ecTb aennqnaa nopa 

fl H T e p a T y p a 

1, P.n. ¢enopeHKO, npHMeHeHHe pa3HOCTHb!X CXeM BbiCOKOI'O 

HOCTH nnn qncneHHOI'O peweHHSI I'Hnep6onnqeCKHX ypaaHeHE 

MaTeM, H MaTeM, ljlH3HKH, 1962, N96, 1122-1128, 

17 



)nHH9HHOMY 0Tpe3Ky, 

noBropmi Bee Aera-

aCHMnTOTIIKII pa3-

yqaeM1 'ITO npH 6onh-

CTyneHbKII B OKpeCT-

( 15) 

1 paCCMaTpi!BaeMOH 

nocMOTpi!M1 KaKOB 

a (15) II OUeHKII CHI!-

rpnBaeMofi o6nacTI! 

I 

I 

l 
I 

I 
l 
i 
! 
' 

I 
! 
l~ 

0TCIOAa npOCTbiM CYMMHpOBaHI!eM nonyqaeM IICKOMYIO OU9HKy: 

-1/2 
n 

IG I >.2 f e 
2 

-nt 
d t > 

-J 
l ple-a I <n-'/, l 

--- 2 
.jTTAn .j(l +a 2 Hl +<t+a)) 

neMMa AOKa3aHa, 

2 
e.-nt dt > 

KaK 11 B cnyqae nonoJKIITenbHblX 

a 

, AnSI orpnuaTenbHbiX 

Ma MOAynefi yKnOH9HIIH pa3HOCTHOH CTyneHbKII OT CTyneHbKII no 

YAOBneTBOpSIIOmiiM ycnOBIIIO 

cyM-

3KCnoHeHUHanbHO Mana, Ha oueHoK, nony'leHHblX npoCTbiM IIHTerpnpoBaHI!eM 

no 'laCTSIM ( neMMa 3), cneAyeT, 'ITO 

IG -u(nr, jh)l < c 

vn 

TaKIIM o6paaoM, AOKa3ano, 'ITO ecn11 BbiKIIHYTb' o6naCTII ml!piiHbi .j n· 

OKOnO xapaKTepi!CTIIKII II nOJKHOH XapaKTepi!CTIIKII, TO CyMMa MOAynefi yKno-

H9HIIH no OCT8Bmi!MC.II y6biBaeT He MeAneHHee, 'leM l 1 /;- , 06maSI 

cyMMa yKnoHeHIIH eCTb Benii'IHHa nopSIAKa .j n , TaKOH nopSIAOK pocTa ABIOT 

3H8'19HIISI 113 o6nacTII mHpi!Hhi .j n . , np11neraromefi K xapaKrepi!CTH-

Ke, K noJKHOH xapaKTepncrnKe np11neraeT o6nacrb ocuHnnl!pyJOmiiX,3Ha'le-

HIIH G ~ , CyMMa Moaynefi yKnoHeHHH no H3 o6nacTn ml!pi!Hhi ..;0, 
npHneraJOmefi K noJKHofi xapaKTepi!CTI!Ke, ecTb Beni!'IIIHa nopSIAKa 1, 

n II T e p a T y p a 

l, P,n, 4>eAOpeHKO, npi!MeHeHI!e pa3HOCTHhiX CXeM Bh!COKOI'O nopAAK8 TO'I

HOCTII AnSI 'II!CneHHOI'O pemeHI!SI I'l!nep6oni!'I9CKI!X ypaBH9HI!H, )!(, Bhi'II!Cn~ 

MaTeM, 11 MareM, ljlnanKH, 1962, N96, 1122-1128, 

17 



I 
! [. 

' 
! 

i 

i 
'I 
'! 

I 

. I 

i 
,j: 

:! 

I 

2 • V.'I'homee. On maximum-nann stable difference operators, Numerlical 

solution of partial differential equations. Ed. by J.H,Bramble. 

Academic' press 1966, New York, p. 125-151. 

3. C.H. Cep,!UOKOBa. npenpiiHT OHHH P-11-3966; ,lly6Ha, 1968. 

4. C.H. CepnroKOBa. npenpuHT OHHH P11-4250, lly6Ha 1969. 

PyKonucb nocTynuna a uaaaTenbCKUfi oTaen 

17 IIIOHH 1969 roaa • 

18 

i 
I 
I 

\ 
I 

\ 

\ 

·1 
I 
\ 
\ 


