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1. B aacToHmeA aaMeTKe paccMaTpHaaeTCH MeTon pemeHHH rpaHHqaofi aana qH 

nnH HenHHeHHoro o6biKHOBeHHoro nH¢¢epeHuHanbHOro ypaaHeHHH n -ro nopgnKa ny-

TeM BBeJleHHH nenpepbiBHoro napaMeTpa. 

Ill 
nony'leHHbie peaynbT8Tbl HBnffiOTCH 0606WeHH9M pa60Tbl , B KOTOpOH pac-

CM8TpHB8nHCb ypaBH9HHH 2-ro nOpHUK8. 

nycTb Tpe6yeTCH pemHTb KpaeByiD 38U8'ly 

(1.1) 

(1.2) 

0, k -1 j = 0, n- k + 1 , 

rne HHJl9KC I< - mo6oe ljJHKCHpOB8HHOe 'lHCno H3 MHOlK9CTB8 'lHCen 

I 1, 2 , . . . , n - 1 I , 

n > 2 - nro6oe uenoe '!Hcno. 

PacCMOTPHM npocTpaHCTBO en [a, b l ljlyHKUHH, yJloaneTaop!IIDWHX rpaHHqHoMy 

yCnOBHID ( 1.2) H HMeiDWHX HenpepblBHble npOH3BOJlHbie JlO D -ro ll0pHUK8 BKniD'lH-

TenbHO. 

OnpenenHM, KBK o6bi'lHO, HOpMy B en [ a, b l COOTHOilleHHeM 

II Y II 

rue A = [ a, b l . 

max I y I + 
A 

max I y 'I + ... + 
A 

e ( a, b .j HBnHeTCH 8 -npOCTp8HCTBOM. 
n 

llanee BBeneM COMOHCTBO ljlyHKUHll 

3 

max 
A 

I Yc n' I. 



q 

G [a,bl~ly(x) \ p(x)<y(x)<g(x)}, 
p - -

rne p ( x) , g ( x) - n p a3 He n pep blBHO n;uJJ<jlepeHUHpye Mb10 <jlyHKUHH, ynoaneTBOp51-

IOlllHe HepaBe JJC TBY P ( X) < g ( X ) npH X E ( a , b ) 

p 1 1 l ( a) ~ p (l l ( b) s g 1 1 
l(a ) ~ ~ ll ( b) s 0 

0, k -1 j = 0, n- k t 1 o 

n ycTb n aHo n H<jl<jle p e HUHa nbHOe ypa aHe HHe a G [ a, b l 

d ,-1 
dty(t)=-1/1 (y)I{J(y) 

( 1.3) 

( 1.4) 
y ( t ~ 0) r ( x ) , 

r ne ( n) , (n-Il 
ob (y)=y +f(x,y,y ,o. o ,y ), 

r (X) - 11 0 KOTOp8H 3ana HH8 51 QJY HKUHH. 

T o r na nnH 3 ana 'IH ( 1.3 )- ( 1.4) MO>KHO c <jlop My n HpoaaTb cneny !OlllYJO Te ope My. 

T e opeMa I. nyc Tb 3ana'la ( 1.1)- ( 1.2) HMeeT enHHCTB0HII00 peweJJHe Y.~y.(x), 

ne)J<£J lllee auy-rpn G q [a, b l o 

p 

n y cTb BbinOIJH0 Hbl np enn0110)J{0HH51: 
(n-IJ 

}. ¢ yHKU H51 f( X, y, y'; .. oy )H M00T HenpepblBJibJe Hp OH3 BOn Hbl0 no BTOpOrO 

riOpSJnKa BKnJO'IHT011bH O IIO BC0M n e p e :VI011 HLIM. 

2 0 .ilm1 n 106 oil (n- 1) p a3 u enpepbiBHO nH QJ<jlepeuuapyeM o fl cPYHKUHH 

y (x) c:; G q [ a , b l 
p 

3 anaqa 

( n) , , ( n- I) ( n- 1) , , ( n-1) ( ) 
Z + f (X, y, y , .. o , y ) z + o .. + f (X, y, y , .. o, y ) Z =0 1.5 

(n-1) y 
y 

z 11 l (a) e z" l(b)= 0 ( 1.6) 

i = O,k-1 

J=O,n-k-1 

HMeeT T011bKO T pi!BII811b JJOe p e me na e . 

4 

1 

T orna c ymecTayeT TBKOE 

ynoaneTBOpSJ!Olll eJI HepaBE 

(n 
r 

c y llleCTayeT p e llleHHe 3BJ 

p e 1110Hil.0 npH t -> + oo CXC 

n 3 Ty T eopeMy L 

TeopeMbi 2. 

TeopeMa 2. n y cTb 

HM00T enHHCTBeHHOe p e l 

npennonO>KBM, 'ITO B 06l 

H flHH0fiH8 51 npOH3BOnHa SJ 

nycTb, nan e e, Cylll 

a D BhmonH HeTCH He p< 

H, KpOM0 T OrO, </> " ( X ) 

Torna c yllleCTayeT 

H0HH0 

HM00T p eme HH0 X { t) 

npoaepHM Bblll011HH MOCT 

6anaxoaa npocTpaHCTBa, 

npoaepKa p a3 6HB8 

l.Ecna cjlynKUH >1 f 

BC0M nepe MeHHbiM , T O I 



)], 

1e tj>yHKUHH, ynOB1leTBOpS!-

(b) s 0 

a, b l 

( 1.3) 

( 1.4) 

-ll 
) . 

neny 10uty10 TeopeMy. 

ICTseunoe peuteiiHe y ,.my,.(x), 

JOII3B OilHble ilO BTOpOI"'O 

~ HUapyeMOH tj>yHKUHII 

(x,y ,y', ... , ~n-Il) Z ~O( 1.5) 

(1.6) 

I 

g 

T orna cyruecTayeT TaKoe qucno < > 0 

ynoaneTaopmowell uepaaeHCTBY 

, 'ITO il11Sl mo6oil <JlYHKUHH r(x)'"GP[ a, b], 

(n) ( n -I) 
r (x)+f(x,r(x).r'(x). •.. ,r (x)l~<, (1.7) 

cyruecTayeT pewenue aana'IH (1.3)-(1.4) na npoMell<y TKe 0~ t< +oo;npu s TOM 

p erueuue npu t -+ + "" cxonuTCSJ K Y * no HOpMe npOCTp8HCTB8 C n [ B , b ] 

n 3Ty T eopeMy ilOK8){< eM, 110K838B, 'ITO Bbin011Hellbl ycnODHS! 1!3BeCTIIOH 

TeopeMbl 2. 

TeopeMa 2. nycTb ypasueuue 

¢ (x) e 0 
(2.1) 

uMeeT enuucTseuuoe peweuue x,. B o6nacTH D 

D ~ I X I I~ X- X * II < M l. 
(2.2) 

npenn0110lKHM, '!TO B 06118CTH 

11 11HHeHH8S! npOH3BOilll8Sl faTO 

D cywecTsyeT npona son uast <llpe we ¢' ( x) 

<;'>"(n). 

nycTb, n anee, cywecTsye T o6paTHL>til onepaTop ¢' -I (x) , nnst KOTOporo 

B D BbmonusteTCSI u epaseuCTBO 

(2.3) 

1 , H, KpOMe TOI"'O, ¢" (X) OI"'p8HH'leHa B OKpeCTHOCTH K8 lKilOii TO'IKH o6naCTH 0 . 

ypas-

ueuue 

d X ( t) ~ - ¢ •-I (X ) ¢ ( X ) , X ( 0 ) = X 

d t 

nMeeT pewenne x ( t) B npoMe){(yTKe 0 ~ t < + "" n lim x ( t) ~ x" 
t ... +oo 

npoaepHM Bblll011HHMOCTb ycn OBHH nocnenueil TeOpeMbl 0 Ctj>OpMy11HpOB8HH011 ilJI Sl 

6auaxoaa npocTpaucTBa, B cnyqae uawell KOHKp eTuo11 aaaa'ln. 

nposepKa pa36HB8eTCS! H8 pS!il 3T8HOB. 

l.EcnH tj>yHKUHn f ( ·x, y, y', ... , yn-~haa lKilL>I uenpepumno nHqxjlepenunpye Ma no 

seeM nepeMeHHL>lM, TO cywecTayeT npoHasonuaSJ rf> '(y) ( B CMb!C1le <!Jpe we) II 
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r/J''(y) (a CMbiCne faTo) a cljlepe 

- q 
S=!yfly-y•II<N;y~G [a,b]], 

p 

r/J ' ( Y) HMe eT BHA: 

n 
d (n-1) 

1/J'(y)c---n-+f' (n-l)( x, y,y', ... ,y ) 
d X y 

d 
n-1 

+ .. .. 
dx"-1 

r . .. +f',(x,y,y', 
y 

y(n-1)) -d- + f' (x,y,y', . . . ,y<n-1)) . 
d X y 

2. 113 rrp e AIIOn0)1{9HH II AOK83biB89 MOH T e opeMbl cneAyeT cymeCTBOBBHHe nu

H9 HHOro orre p a Topa rb'(y)-1 

o . .QoK8)1{9 M, 'ITO 

II r/1 7 1 II s B. 

.Un11 s Toro paCCMOTp HM nuaei<Hoe ypaaHeaue 

• I 

rb' (z)=x(x). 
y 

(2.4) 

Hy)I{HO rroKa3aTb, 'ITO e cnu cpyHKilHH z ( x) I!BmieTCH p e meHHeM ypaaHeHHII (2.4), 

TO IIpH II x(x) II~ 1 HMeeT MeCTO II z 11,::: B 

( II )( ( x ) II = max I )( ( x ) I ) · 
A 

npenrronO)I{HM IlpOTHBHOe. 

Torna MO)I{HO Bbi6paTb TaKyro rrocneAoaaTenbHOCTb QJYHKI.!Hli 

I y (x) I Y (x) -+ y(x); y (x) E-G q [a, b] l, 
n n n 'P 

'ITO Ka«AOH QJYHKI.!HH Y 

3TOM QJYHKI.!HH y (X ) ~ 

( x ) , n = 1, 2, . . . cooTseTCTsyeT II z II > o 
q 

GP[a, .b] 
11 

COOTB9TCTByeT QJYHKI.(HSI 

. npu 

f(x,y,y', .. . , y<"- 1 '> u ; (x), smnnroma HcH p emcaue M ypasue uun (2.4). Ho 

TOrAo HMee T M9CTO II ; II N + ""· npOTHBOpe'IHe CileAOB8T9nbHO, cymecTayeT IIOCTo-

IIHHoe B , ynosneTsop SJromee HepaseHc Tsy II z II ~ B , T.e. 

II rb ' ( y ) -I II ~ B . 
I 

4. TpeTbHM rryHKTOM 38K OH'IeHa rrposepKa BbiiiOIIRHMOCTH s c ex ycnoauli T cope -

M bl 2 HpH y CIIOBHH Bb1IIOIIH9 HH51 YCIIOBHH TCOpCMbl 1. 

5 

·rr 

0Tcrona cnenyeT, 

t -

nn11 acex oT 0 no 

3 aMe'I!!HHe 1, 

3aAa'la (1.3)-(1.4) 

z( nl + f ' 
(n- · 

y 

1- f' ( : 
y 

--[y<"'<x 
• 

q 

rne r ( x) E G P [ a , b] 

ID • nycTb X- E 

a ce6SI, 

n y CTb, nanee, B H 

H, KpoMe Toro, .P (x) 

s',x"~G 

p 8CCMOTpHM /lHQxjlepe HIU 



n-1 
d 
---- + o o 0 0 

n -1 
d X 

r' , o o o, y(n-ll) o 

tyeT c ymeCTBOBBHHe na-

{2.4) 

•WeHHeM y pa sHeBH SI ( 2.4), 

cPYHKUHil: 

(a, b ] I , 

1\ z II > n 
ft 

0 n pa 

•T cPYHKUHSI 

eM ypaaHeHHR (2.4) 0 H o 

aTenbH0 0 cyweCTByeT OOCTQ-

, T.e . 

IMOCTH scex ycn OBHH TCOpC-

l 

0TCJOaa cne ayeT, qTQ 

' r 
lim II y ( x, y ) - y * ( x ) II c 0 

t~+oo 

lim y(ll ( x • t) ~ y(*ll (x) 

t-+ + X 

anSI scex OT 0 ao n 

3aMe'IBHHe 1, 

3aaaqa { 1.3 )-{ 1.4) 3KBHsaneHTHa Kpaesoii 3aaaqe 

a 
at 

y(x,t) Rz(x,t) (205 ) 

z1" 1 +f' (x,y(x,t),y' (x,t), oooo y
1
"-

11
(x,t)) z

1
"-

1
\ 0 o 0 

y( n-1) X' X 

d' (x,y(x,t), y' (x,t), o o o, yln-ll (x,t)) z a 
y X X 

-- ( y1" 1 (x,t) + f( x, y(x,t), y' (x,t). o o o, y
1
"-

11
( x,t)) 

X X X 

q 

rae r ( x) E G P ( a , b] 

z111 (a,t) • z 1Jl (b,t) eO 

:r(x,O)- r(x), 

- 3BJ:tBHHag <jlyHKUHSI. 

(2o6) 

{2o7) 

m . nycTb X - B - npocTpBHCTBO, a cp (X) - onepaTop, n epeBOJ:tSIWII H X 

a ce611, 

nycTb, .r:tanee, B HeKOTOpoi1 OTKpb!TOil: o6naCTH G c X 

II cf>(x) II< M* (3. 1) 

H, KpOMe TOrO, cp (x) y.r:tosneTBOpSieT B G ycnOBH IO nanWHUB, T.eo .r:tn SI n J06bi.< 

X ' t X " E-· (j 

ll<f>(x')- <f>(x">ll!: L II x'-x"ll· 

PaccMOTpHM au<lxjlepe HilHBnbHOe ypasHe Hite 

d 
-J:(I)ecp(x) 

d t 

7 
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nnH qgc n e HHOro p emeHH H a aaaqg Kama ypaBHeHHH (3.3) MO*HO socnonb30B8TbCH 
I ll 

U3BeCTH OH Te opeMOH pa60T-bl 

T e opeMa 3. nyc Tb p emeHHe ypa BHe HHH (3 .3) npH 0 ~ t ~ 0.. n e *HT BHYTPH 

G C X H nyCTb anH ¢ (x) s G BbmonHe Hbi ycnoBHH (3 . 1 )-(3.2). 

r ae 

npeanonO* HM, qTO BbinOnHeHO ycnOBHe 

ko• 
r ':. --n--, 

k - KOHCT8HT8, He 38BHCS!lll8H OT n 

T or a a npa: r-+ 0 pemeaa:e , nonyqeHHOe MeToaoM 311nepa, c xoaHTCH K p emeHHJO 

x(t) y p aBHeHH H (3 .3) Ha[O, 0* J 

r = max ( r , r , .. . , r 
0 I n-1 

x =x +r ¢(x
0

) 

X a X 
~ 

+ r 

X I!!" X + r 
'fJ n-l n-1 

cp (XI 

¢ (x 
n-1 

) 

r +r + .. . +r ~8,. 
0 I n-1 

YpasHeua: e ( 1.3 )- ( 1.4) ansr pewe HHH aaaaqa: ( 1.1 )- ( 1.2) y aosneTsopHeT seeM 

ycnOBHHM Te ope Mbl 3. 

TaKHM o6pa30M, q a: c n e uuoe p emeua:e aaaaqg (2.5)-(~.7) MO* HO nonyqa:Tb 

+ .. . + f' 
y 

(x,y(x,t ),y' ( 
tu X 

--ty<">(x,t )+ f(x,y(x, 
• 1 

(I) ( 
z (a,t

1
)ez 

z(x,O) e y 

PemHB (3.5)-(3.6) amr HaqanbHC 

pemeHHeM Z (X, t O) • noTOM, HCilO 

onpeaenHeM Y ( x, t 
1

) 

nocne Toro, !'!CUOnb3YH Y ( X, t 
I 

B peaynbTBTe nonyqaeM p emeHH• 

npa: t.. T .. 0 nocneaosaTenbuoc 

K HCKOMOMY pemeHHIO y paBHeHHH (3.4 

3aMeqaHHe 2 . 

l.J.a:cneHHOe peweHHe 3aaaqa: (3.5 

6biM H3BeCTHblM CUOC060M . 

no cneay 10m el1 cxeMe . Jl H T e p 

B bi 6a:pa eM mar HHTerpa:poBBHHH f'l T 

t 
1 

e I 6 T, t.. T t - t 
1+ I 1 

1. E.n.)Ka:nKos, vi.B.nyabrua:H. 06 a 

i = 0, I. 2, ... HHH Kpaesbrx 3anaq nnH uenHuerrub 

HHH BTOpOrO nopHJlKB. npenpHHT C 
T or na y paBHe!!He (2.5) MO>K!!O 38MeHHTb p83HOCTHblM COOTHOWeHHeM npH t = t I 

z(x,t )=!'i1'""1 
[y(x,t )-y(x,t )]. 

I I+ 1 I 
(3.4) 

PyKOni 

(2 .6 ) HBnHeTCH 06biKHOBellll blM nHHefiHbiM JlHcpcjlepe HUH BnbHblM y paB!leHHeM: 

(11) (n-Il (n-1) 
z (x,t ) + f' (x , y (x , t ), y' (x,t ), ... , y \X,t ) ) z (x, t ) + 

1 ( n-1) 1 x 1 • 1 1 
y 

9 
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lBHeHH~ (3.3) MO>KHO BOCUOflb30BaTbC~ 

~~ (3.3) npH 0 :::_ t ~ li., n e>KHT BHYTPH 

fbi ycnoeH~ l::l .1 )-(3.2). 

e 

MeTOJ:IOM 31inepa, CXOJ:IHTC~ K peweHHIO 

• r ) 
n -1 

( X ) 
0 

(X ) 
n-1 

-I 

3aJ:ta'lH ( 1.1 ) - ( 1.2) YJ:IOBfleTBOp~eT BCeM 

38J:I8'lH (2 .5)-(:.! .7 ) MO>KHO UOflY'lHTb 

l+ I 

pa3KOCTHblM COOTHOWeHHeM npH t c t l 

(3.4) 

J:IH<jl!jlepeHUHanbHbiM ypaBHeHHeM: 

(n- I I (n-1 ) 
:
1

). . . . ,y \X,t ))z (x,t )+ 
X I l 

+ ... + f ' (X, y (X, t ). y ' (X, t ). ... , y ( n-
1 

)(X, t ) Z (X, t ) a 
y l\1 X 1 X l 1 

(3.5) 

c - ( Y ( n) (X, t ) + f ( X, y (X, t ) , y ' (X, t ). . • • , Y ( n-
1 

)(X, t ) ) 1 
z 1 1 X l X 1 

(3.6) 

z(x,O) c y
0 

(x) . 

PewHB (3.5)-(3.6) anH Ha'laflbHoro npa6na>Ke HH~ 

peweHHeM z ( x, t 
0

) 

onpeaen~eM Y ( x, t 1 ) 

OoTOM, Hcnonb3Y~ z ( x, t 0 ), 

Y 
0 

( x) , nonyqaeM ero 

H3 COOTHOWeHH~ (3.4) 

nocne Toro, gcnonb3YH y(x,t
1
)-y

1
(x). pe waeM \3.5)-(3.6). 

B pe3ynbTaTe nonyqaeM p eweHHe z ( x, t 1 ) H T.a. 

OpH 1:1 T .. 0 nocneaoeaTenbHOCTb 3THX npH6ml>KeHHbiX pewe HHii cxoaHTC~ 

K HCKOMOMY peweHH!O y paeHeKH!I (3.4)-(3.6). 

3 aMe'!aKBe 2. 

4HcneKHOe peweHHe 3aJ:18'lH (3.5)-(3.6) npH tct 1 

6biM B3BeCTKb!M cnoco60M. 

fl H T e p a T y p a 

ocywecTBn~eTC~ mo-

1. E.ll. )KaaKoB, H.B.lly3htHHH. 06 oaHOM MeToae eeea e KHH n apaMeTpa npB pewe
HBB KpaeBblX 3aaaq J:lfl!l HeflHHeHHb!X 06blKHOBeHHb!X J:IBcjJGlepeKUHaflbKblX ypaeHe

KBH BTOporo noprulKa. npenpHKT OH HH 5-2959, lly6Ka 1966r. 

PyKonHCb nocTynHna e H3aaTenbCKHii oTaen 

4 H IOn~ 1967 rona 
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