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OBIIJ;A5.l XAPAKTEPMCTMKA PABOTbI 

AKTYaJlhHOCTb 

IlpoeKU,IIOHHo-ceroqHbre MeTO,ll;hI rroJJyqI1Jm umpoKoe pacrrpocrpaHeHI1e B rrpaKTI1qecKI1X 

rrpIIJJO)KeHillIX, 6JJaro,n;aplI IIX ycrreIIIHOMY rrpI1MeHeHI1IO B o6JJaCTII TeOpIIII yrrpyroCTII B 

HaqaJJe rrpOIIIJJOro BeKa. B HaCTOlilll,ee BpeMlI 3TOT KJJacc MeT0,11;0B lIBJ!lie'rCH HaI160JJee 

pacrrpocTpaHeHHblM B IIH)KeHepHbIX pacqfaax II C ycrrexoM IICIIOJ!h3yeTClI B caMblX pa3JJilqHbIX 

o6JJaCTlIX TeOpIIII II rrpaKTIIKII. B CBlI3II C 3TIIM CJJe,n;yer yrrOMlIHJTb A.H.Kpb!JJOBa, 

J1.B.KaHTopoBI1qa, B.I1.Kph1JJ0Ba, I1.C.Bepe3IIHa; H.l1.)KI1,n;K0Ba, r.11.MapqyKa, A.A.CaMap­

cKoro, A.B.fyJJIIHa, H.C.BaxBaJJOBa II ,n;pyrilx aBTopoB ocH0BorroJJara10111,I1x KHilr no qIICJJeH­

HhIM Me'rO,ll;aM. 

OTMeTIIM Hail60JJee 06111,Ile ,ll;OCTil)KeHillI 3a IIOCJJe,11;Hile ,n;Ba ,n;eclITIIJ!e'rillI B pa3BIITIIII 

rrpoeKU,IIOHHO-CeTOqHb!X MeT0,11;0B ,ll;JllI peIIIeHillI 3JJJJIIIITilqecKIIX KpaeBbIX 3a,z:i;aq: 3TO pa3-

JJilqHble aJJrOpIITMbl peIIIeHillI ,ll;IICKpeTil30BaHHblX HeJJI1HeiiHb!X ypaBHeHilii Ha IIOCJJe,n;oBaTeJJb­

HOCTII ceToK; p- II hp- BepCIIII MeTO,n;a By6HOBa-ranepKIIHa ,ll;JllI HerrpepbIBHb!X II pa3pb!BHbIX 

6a3IICHbIX cpyHKU,Ill!, a TaK)Ke ,ll;JllI BeKTOpHbIX pe6epHb!X II rpaHeBb!X (facet) 6a3IICHbIX 

cpyHKU,Ill!; KpoMe Toro, 3TO CMeIIIaHHble MeTO,ll;hI, MeTO,ll;bl ,n;eKOMII03Illl,IIII o6JJaCTII, Me'rO,ll;bl 

pacqeTa C IICIIOJ!b30BaHileM KOM6IIHI1pOBaHHbIX CIICTeM ( T.e. CIICTeM C ,ll;Ilq>cpepeHU,IlaJJbHblMII 

II rpaHilqHblMII IIHTerpaJJbHblMII ypaBHeHl!lIMII). Bee 3TII IIO,ll;XO,ll;bl K qllCJJeHHOMY perneHIIIO 

3a,z:i;aq B pa3JJ11qHblX o6JJaCTlIX 3HaH11il: IIHTeHCIIBHO pa3Bl!Ba!OTClI. 

B TO )Ke BpeMlI IIOlIBl!J!ClI HOBbIH KJJacc CJIO)KHb!X 3a,z:i;aq, K KOTOpbMy OTHOClITClI pacqeTbl 

KpyrrHblX 3JJeKTp0q>Il3l!qecKI!X ycTaHOBOK, Harrp11Mep, ,ll;JllI q>Il3IlqecKIIX 3KCrrepI1MeHTOB, 

roTOBlilll,IIXClI na BOJJhIIIOM A,n;poHHOM KoJJJJal!,n;epe (LHC) B EBporrel!cKOM U:enTpe .H,n;epHbIX 

I1ccJJe,n;OBaHI1l! (CERN, r. )KeneBa, II1Bel!u,ap11lI). O,n;nol! Il3 TaKIIX ycTaHOBOK lIBJJlI­

eTClI ,n;ereKTOp ALICE [1-4]. O,n;HOBpeMeHHO B rrpoeKTax pOCCI!l!CKIIX q>ll3IlqecKIIX 3KCIIe­

pIIMeHTOB I'JJaBHb!M cpaKTOpOM CTaHOBHTClI MIIHIIMI13aU,IllI 3aTpaT Ha C03,ll;aHile ycTaHOBOK, 

qTo CTIIMJJJilpyer rrpI1MeHeHI1e OpIII'IIHaJJbHblX KOHCTPYKTIIBHbIX perneHill! II, KaK CJJe,ll;CTBile, 

IIHTeHCIIBHOe IICIIOJ!b30Bamre MaTeMaTilqecKoro MO,ll;eJJnpoBaHillI C pa3BIITlleM Il3BeCTHbIX 

MeT0,11;0B pacqfaa II C03,ll;aHI1eM HOBblX aJJI'OpIITMOB. IlpII 3TOM CJJO,KHOCTb MO,ll;eJJilpOBaHillI 

3JJeKTpOq>Il3IlqecKIIX ycTpOiiCTB qacTO CBlI3aHa C Heo6xo,n;I1MOCTb!O yqeTa IIOBe,n;eHillI BeKTOpHbIX 

IIOJJel! pa3JJl!qHol! IIPIIPO,ll;bl. 

MO,KHO BbI,ll;eJJIITb CJJe,ll;y!Olll,Ile IIpIIHU,IIIIIlaJJbHbie TPY,ll;HOCTII, B03HIIKa!Olll,Ile IIPII perneHIIII 

no,n;o6HblX 3a,z:i;aq C IIOMOlll,b!O 06b1qHblX IIO,ll;X0,11;0B: 

IIOBe,n;eHile CTaU,IIOHapHb!X BeKTOpHbIX IIOJJel! OIIIIChIBaerClI, KaK rrpaBIIJJO, CIICTeMol! 

,ll;llq>cpepeHU,HaJJbHblX ypaBHeHill! C onepaTopaMII BeKTOpHOI'O aHaJJil3a, TaKIIMII KaK 

,ll;l!BepreHU,IllI, pOTOp II rpa,n;I1e!IT. Bo MHOI'IIX CJJyqaHX BBe,n;eHne CKaJJHpHOI'O IIJJII BeK­

TOpHoro IIOTeHU,IlaJJOB rrpIIBO,ll;IIT K COKpa111,eHI1IO qllCJJa ypaBHeHill! CIICTeMbl. O,n;naKO IIpII 

TaKOM rro,n;xo,n;e Heo6xo,n;IIMO CJJe,ll;IITb 3a TOq!IOCTb!O IIOCJJe,n;y10111,ero BbJqIICJJeHIIH KapTbl 

IIOJJH rrocpe,n;CTBOM ,ll;Ilq>cpepe1111,I1pOBaHI1H IIOTeHU,llaJJOB, IIOCKOJ!bKY orrepaU,IIH qIICJJeHHOro 

,ll;Ilq>cpepeHU,IlpOBaHIIH, B006111,e rOBOpH, HBJ!He'rCH HeKoppeKTHOl! 1. E111,e O,ll;IIH He,n;ocTaTOK 

TaKOI'O rro,n;xo,n;a rrpOHBJJHeTCH, Kor,n;a IIOBe,n;eHile IICKOMblX BeKTOpHbIX IIOJJel! B pa3Hb!X o6JJaCTlIX 

3a,z:i;aeTClI Pa3Hb!MII ypaBHeHlllIMll II Ha rpaHIIU,ax 3TIIX o6JJacrel! ,ll;OJl)KHbl BbIIIOJ!HlITbCH 

orrpe,n;eJJeHHble yCJJOBillI ,ll;JllI BeKTOpOB IIOJJH. IlpII llCIIOJ!b30BaHIIII IIOTeHU,l!aJJOB O BblIIOJJHeHIIII 

3TIIX YCJJOBlll! MO,KHO rOBOpI!Tb B CMbICJJe CXO,ll;llMOCTII rrp116JJI1)KeHHb!X perneHHl! K TOqHOMy, TO 

eCTb TOJ!bKO B rrpe,n;eJJe; 

1A.H.TnxoHoB, B.A.ApceHnH. MeTO,ll;hI perneHHlI HeKoppeKTHhIX 3a,z:i;aq. M., HayKa, 1979, 

c.lS J6'!.e,I(HHCHHliIB HHCTHTYT\ 

.a,u.epHMX nccne,n;0Bam1fl,
1 BI-1BTil10TEKA _ 



rrp11 perrreHl!II 3a,D;a'I OTHOCIITeJJbHO BeKTOpOB IIOJJH, 6e3 BBe,n;eHl!H IIOTeHIJ,llaJJOB, o6bi'IHO 

IICIIOJlb3JIOTCH CMerrraHHhie cpOpMJJJ!!pOBKII, IIOCJJe ):\IICKpeTI13all,IIII KOTOpbIX B03HIIKaIOT 

CIICTeMbl C TaK HaJhIBaeMOit ce):\JJOBOit TO'IKOlt. I1Tepall,IIOHHhle MeTO):\bl perrreHIIH TaKIIX CIICTeM 

):\JlH CJJO)KHblX Ja,n;aq IIOKa He):\OCTaTO'IHO 3cpcpeKTIIBHblj 

anre6pa11'IeCKlle CIICTeMbl co crre11,I1qJll'IeCKIIMII CBOitCTBaMII B03HIIKaIOT np11 IICIIOJlb30BaHIIII 

HeKOTOpblx anrop!!TMOB ):\JJH TO'IHOro J'IeTa y6hlBaHIIII BeKTOpHoro IIOJJH Ha 6eCKOHe'IHOCTI! 11 

rrp11MeHeHI11! HeKOTOpb!X cxeM MeTo,n;a ranepKIIHa C pa3pbIBHbIMII 6aJIICHbIMII cpyHKIJ,IIHMII. ,ll;JJH 

CJJO)KHblX 3a,n;aq TaKoro TIIIIa TaK)Ke HeT ):\OCTaTO'IHO 3cpcpeKTIIBHbIX IITepa11,I10HHbIX MeTO):\OBj 

O'IeHb Ba)KHbIM ):\JJH rrpaKTil'IeCKIIX 3a):\a'I HBJJHeTCH Bonpoc O peaJJbHOit TO'IHOCTII 

Bbl'IIICJJHeMblX IIOJJelt npII IICIIOJlb30BaHIIII H'IeeK KOHe'IHblX 3JleMeHTOB C rpaHI11J,aMI1, KOTOpbie 

Ja,n;aIOTCH IIOBepxHOCTHMII BTOporo nopH,n;Ka. O6b!'IHO TO'IHOCTb B 3TOM CJJyqae 3aBIICIIT OT 

reoMeTpll'IeCKIIX CBOitCTB H'IeitKII, KOTOpblMII onpe,n;eJJHIOTCH 011,eHKII ):\JJH HK0611aHOB npHMOro 

II o6paTHOrO npeo6paJOBaHIIH B CTaH,n;apTHbifi 3JleMeHT. II03TOMY IICIIOJlb30BaHlle 6a311CHhlX 

cpyHKIJ,Ilii BhlCOKOrO IIOpH,n;Ka arrrrpOKCl!Ma11,1111 ):\JJH IIOTeH11,11aJJa B o61lJ,eM CJJJ'Iae He rapaHTilpyeT 

Bb!COKJIO TO'IHOCTb arrrrpOKCl!Mall,1111 BeKTOpHoro IIOJJHj 

11, HaK0He11,, ):\OBOJlbHO 'IaCTO ocraeTCH OTKpbITbIM BOrrpoc O TO'IHOCTII OIIIICaHIIH CJJO)KHOrO 

3JleKTp0cp1!3Il'IeCKOro ycrpoitCTBa ypaBHeHIIHMII ):\JJH IIpOBe):\eHIIH paC'IeTOB. 

Cne,n;yeT OTMeTIITb, 'ITO C TO'IHOCTbIO HaXO)K):\eHIIH BeKTOpHblX IIOJJelt CBH3aHbl MHOrile 

rrpo6JJeMbl B Bbl'IIICJlIITeJlbHOit MaTeMaTl!Ke, MaTeMaTl!'IeCKOit cp1!3IIKe, cpyHKll,IIOHaJJbHOM 

aHaJJll3e, B ,n;pyr11x MaTeMaTil'IeCKIIX II cp113Il'IeCKIIX ):\IICIJ,IIIIJll!Hax. O'IeBil):\HO, 'ITO 

TO'IHOCTb perrreHIIH 3TIIX 3a,D;a'I 3aBIICIIT OT IIOHIIMaHIIH MO):\eJJ11pyeMoro cp113Il'IeCKOro 

HBJJeHIIH, MaTeMaTll'IeCKOfi MO):\eJJII, OT KOHKpeTHOii cpopMJJJI!pOBKII rrpo6JJeMhI, anrop!!TMa 

,n;11cKpeT11Ja11,1111, 11Tepa11,110HHOro rrpo11,ecca rrony'IeHirn perneHm1, MeTo,n;a perneH11H 

Jll!Heapl!30BaHHOii Cl!CTeMbl anre6pa11'IeCKIIX ypaBHeH11l1, OT KOHKpeTHblX anropl!TMOB II 

T.):\. Bee 3TII cpaKTOpbl orrpe,n;eJJHIOT aKTJaJJhHOCTb Kpyra BOIIpOCOB, paccMaTpIIBaeMh!X B 

):\IICCepTalJ,IIII. 

Pa60TbI, IIOJJO)KeHHhle B OCHOBY ,n;11ccepTa1J,IIII, BhlIIOJJHeHhl B COOTBeTCTBl!II C rrpo6JJeMHO­

TeMaTil'IeCKIIM IIJJaHOM Hay'IHO-IICCJJe):\OBaTeJJbCKIIX pa60T O6'he):\11HeHHOrO IIHCTIITJTa 

H,n;epHbIX IICCJJe):\OBaHilit II IIOJlb30BaJJIICb IIOMeP)KKOfi Pocc11ltcKoro <I>oH,n;a <l>yH,n;aMeHTaJJbHbIX 

l1ccne,n;oBaH11fi no rpaHTy N 99-01-01103. 

ll;eJib pafiOTbI 

OCHOBHOl1 11,eJJhIO ):\IICCepTall,IIOHHOit pa60Tbl HBJJHeTCH pa3pa6oTKa 3cpcpeKTIIBHbIX 

rrpoeKIJ,IIOHHO-CeTO'IHbIX MeTO):\OB ):\JJH perneHl!H CJJO)KHbIX HeJJIIHeitHhIX 3JlJJIIIITll'IeCKIIX 3a):\a'I 

C ):\I!cpcpepeHIJ,IlaJJbHblMII orrepaTopaMI! BeKTOpHoro aHaJJil3a, B 'IaCTHOCTII, 

- IIOJJJ'IeH11e o6o61lJ,eHHOit cpopMJJJilpOBKII, COOTBeTCTBJIOll\eH Ja,n;a'Iej 

- IICCJle):\OBaHile CBOitCTB orrepaTopa o6o61lJ,eHHOit cpopMJJJilpOBKII B rllJJb6epTOBblX 

rrpocTpaHCTBax; 

- pa3pa6oTKa anropl!TMa ):\IICKpeTll3all,IIII o6o61lJ,eHHOro ypaBHeHl!H. 

ITepe'Il!CJJIIM HeKOTOpbie Tpe6oBaHIIH, KOTOpbIM ):\OJl)KHbl YAOBJleTBOpHTb cxeMbl, 

IIOJJy'IeHHbie B pe3JJlbTaTe ):\IICKpeTI13all,IIII o6o61lJ,eHHOro ypaBHeH!IH. 

B rrepByIO O'Iepe,n;b, 3TO coxpaHeHI1e TO'IHOCTII Bbl'IIICJJeHl!it B CJJe):\JIOllJ,IIX CJJy'IaHx: 

- Kor,n;a pac'IeTHaH o6JJaCTb BKJJIO'IaeT HeCKOJlbKO HeCBH3HblX o6nacTelt, B KOTOpblX 3a,n;aHhl 

HeJJl!HeitHbie ypaBHeHIIH; 

2. 

- Kor,n;a Ha rpaH1111,ax o6nacTelt, B KOTOpbIX IIOBe,n;eHile BeKTOpHbIX IIOJJelt 3a,n;aeTCH pa3HblMII 

ypaBHeHIIHMII, ):\OJl)KHbl Bb!IlOJlHHTbCH orrpe,n;eJJeHHbie ycJJOBIIHj 

- rrp11 l!CIIOJJb30BaHIIII H'IeeK KOHe'IHbIX 3JleMeHTOB C rpaHIIIJ,aMII B Bl!):\e IIOBepxHOCTefi BTOporo 

rropH,n;Ka; 

- rrp11 J'IeTe JCJJOBl!fi y6b1BaHl!H Ha 6ecKOHe'IHOCTII ):\JJH 3a,n;a'I BO BCeM rrpOCTpaHCTBe; 

- rrp11 Bbl'Il!CJleHIIII o61lJ,elt KapTbl IIOJJH. 

EllJ,e 0):\HIIM Ba)KHbIM Tpe6oBaHileM HBJJHeTCH B03M0)KH0CTb 3cpcpeKTIIBHOro l!Tepa11,110HHOro 

perneHIIH ):\OCTaTO'IHO 60JJbIIIIIX ITO pa3Mepy . anre6paI1'IeCKIIX CIICTeM, COOTBeTCTBJIOll\llX 

cxeMaM, IIOCKOJlbKY pe'Ib Il):\eT O CJJO)KHblX Ja,n:aqax. 

BcrroMoraTeJJbHOii, rrpIIKJJa):\HOii 11,eJJbIO pa60Tbl HBJJHeTCH arrpo6a11,11H HOBbIX MeTO):\OB B 

pac'IeTax ):\JJH KOHKpeTHbIX 3JJeKTpOMarHIITHbIX CIICTeM 3KCIIep11MeHTaJJbHOfi cp113IIKII, B TOM 

'IIICJJe, 

- 11TeIIJJbIX 11 II 11 CBepxrrpOBO):\Hll\llX 11 MarHIITOB co CJJO)KHOfi reoMeTp11en II Cl!JlbHOMeHHIOll\llMl!CH 

IIOJJHMilj 

- MarHIITHbIX CIICTeM C 3a,n;aHHhlM IIOBe,n;eH11eM IIOJJH B orrpe,n;eneHHOfi o6JJaCTII (perrreHI1e 

o6paTHblX 3a,n;a'I). 

Hay'!HaH HOBH3Ha 

Cpe,n;II HeJJIIHeitHbIX 3a):\a'I 3JlJlIIIITil'IeCKOro TIIIIa Bbl):\eJJlleTCH KJJacc 3a,n;a'I, 3a,n;aHHblX BO 

BCeM rrpOCTpaHCTBe. Tpy,n;HOCTb perneHIIH 3a):\a'I 3Toro KJJacca 3aKJJIO'IaeTCH B He06XO):\IIMOCTII 

J'IeTa JCJJOBIIH y6b1BaHIIH perneHIIH Ha 6ecKOHe'IHOCTII. O6hl'IHhlit IIO):\XO):\ K perneHIIIO 

TaKl!X 3a,n;a'I COCTOIIT B perneHl!II IIOCJJe):\OBaTeJlhHOCTII HeJJ11HeitHb!X 3a,D;a'I ):\JJH orrpe,n;enemrn 

y,n;aneHHOii rpaHIIIJ,bl c aCIIMIITOTll'IeCKIIMII ycJJOBIIHMII. B paHHIIX pa6oTax aBTOpa ):\JJH 

TO'IHOrO yqeTa IIOBe,n;eHIIH perneHIIH Ha 6eCKOHe'IHOCTII B Ka'IeCTBe rpaHll'IHOro ycJJOBIIH 6hIJJO 

rrpe,n;JJO)KeHO IICIIOJlb30BaTb rpaHil'IHOe IIHTerpaJJbHOe ypaBHeHI!e. B pe3JJlbTaTe IIOJJJ'IaeTCH 

KOM6IIHI1pOBaHHaH CIICTeMa, co,n;ep)KallJ,aH HeJJIIHeitHbie ):\IlcpcpepeHIJ,IlaJJbHbie ypaBHeHIIH B 

):\IIBepreHTHOit IIJJII BIIXpeBOit cpopMaX B orpaHil'IeHHOit o6JJaCTII II rpaHil'IHOe ycJJOBile B 

Bil):\e . IIHTerpaJJbHOrO ypaBHeHIIH. B11,n;IIMO, He3aBIICIIMO OT IICCJJe):\OBaHillt aBTOpa 'Iepe3 

,n;BeHa,n;11,aTh JJeT B CERN 6h1JJa pa3pa6oTaHa rrporpaMMa, KOTopaH IICIIOJJh30BaJJa aHaJJOrll'IHblit 

anropIITM BKJlIO'IeHIIH IIHTerpaJJbHOro ypaBHeHIIH B o6rnyro paC'IeTHJIO cxeMy. KpoMe 

Toro, 3Ta rrporpaMMa rrpIIMeHHJJaCh /:\JJH pac'IeTa rnaBHoro ):\IIIIOJJhHOro MarHI1Ta Bonhrnoro 

A,n;pOHHOro Konnan,n;epa. B ,n;11ccepTa11,110HHOit pa6oTe BIIepBble Ha OCHOBe TeOpIIII MOHOTOHHblX 

onepaTOpOB IICCJJe,n;oBaHbl KOM6IIHIIPOBaHHbie CIICTeMbl OTHOCIITeJlhHO crre11,I1aJJbHblX rrpoeKIJ,Ilit 

BeKTOpOB Ha rrpocTpaHCTBa cpyHKIJ,Ilit C IIHTerpI1pyeMbIMII B KBa,n:paTe rpa,n:IleHTaMII II 

Ha rrpOCTpaHCTBa BeKTOp-cpyHKIJ,lllt C IIHTerp11pyeMblMII B KBa,n;paTe pOTopaMII. BrrepBble 

IIOJJJ'IeHbl KOM611HIIPOBaHHble CIICTeMhI, IICIIOJlb3JIOll\lle TOJlbKO O):\IIH rpaHll'IHb!lt orrepaTop Ha 

rrp0113BOJlbHOit rpaH1111,e BOKpyr paC'IeTHOit o6JJaCTII, BKJlIO'IaIOllJ,eit rro,n;o6JJaCTII C HeJJIIHeitHhlMII 

II JlllHefiHhlMII ,n;11cpcpepeH1J,llaJJbHblMII ypaBHeHIIHMII. PerneH11e Ja,n;aq C Me):\JleHHO y6hlBaIOllJ,IIMII 

Ha 6ecKOHe'IHOCTII IICKOMbIMII cpyHKIJ,IIHMII C IIOMOllJ,bIO TaKIIX CIICTeM 3KOHOMIIT 061lJ,ee BpeMH 

KOMIIbIOTepHblX Bbl'IIICJleHllit. O,n;Ha 113 TaKIIX CIICTeM IICIIOJlb30BaJJacb ):\JJH MO):\eJJllpOBaHIIH 

):\IIIIOJlbHOro MarH11Ta CIIHXPOTpOHa CITHH O11.HH C IIOMOllJ,bIO MeTO):\a KOHe'IHb!X 3JJeMeHTOB, 

II IIOJJJ'IeHHble pe3JJlbTaThl xoporno corJJacyIOTCH C pac'IeTaMII ITO KOHe'IHO-paJHOCTHOit 

rrporpaMMe. 
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Ern;e 0,1\IIH KJiacc HeJIIIHel!HhlX 3JIJillnTW!eCKIIX 3a,n;aq, paccMOTpeHHb!l! B ,n;11ccepTan;1111, 

- 3TO 3a,n;aq11 OTHOCIITeJibHO BeKTOp-cpyHKD;lll! C CIICTeMaMI! 113 ,1\BYX ,n;11¢¢epeHD;llaJibHbIX 

ypaBHeH11l! nepBoro nopH,n;Ka B ,n;11BepreHTHol! 11 B11xpeBol! cpopMax. B pa6oTe pa3pa60TaHhl 

06rn;11e no,n;xo,n;hl K pemeHl!IO TaKl!X 3a,n;aq. B qaCTHOCTII, BnepBhle Ha OCHOBe Teop1111 0 

MOHOTOHHb!X onepaTopax ,1\0Ka3aHhl TeopeMhl O pa3peIIIIIMOCTII paCCMOTpeHHhlX Cl!CTeM B 

cnen;11aJibHhlX BeKTOpHb!X r11Jib6epTOBhlX npOCTpaHCTBax II CX0,1\IIMOCTII COOTBeTCTBYIOID;IIX 

np116JimKeHHhlX pemeH11l! K TOqHOMy. PemeH11e 113BeCTHb!X HeJI11HeiiHb!X 3JIJillnT11qecK1IX 3a,n;aq 

B TaKOM Bll,n;e n03B0JIHeT noJiyqaTb BeKTOpHhle nOJIH C 6oJiee BhlCOKIIM ypOBHeM TOqHOCTII npll 

MeHbIIIIIX KOMnh!OTepHb!X 3aTpaTax. Ba)!rnol! COCTaBJIHIOID;el! qacTb!O op11r11HaJibHb!X no,n;xo,n;oB 

HBJIHIOTCH Y3JI0Bhle KOHeqHbie 3JieMeHTbl BhlCOKOro nopH,n;Ka annpOKC1IMan;m1 6e3 BHYTPeHHIIX 

Y3JIOB, KOTOpbie npe,1\JlmKeHbl BnepBbie. Ba311CHble <PYHKD;IIII 3TIIX 3Jie'MeHTOB y,n;OBJieTBOpHIOT 

Jil!60 ypaBHeHIIHM co CKaJIHpHb!M IIJIII BeKTOpHbIM onepaTOpOM JianJiaca, m160 0,1\HOBpeMeHHO 

,1\BYM 0,1\HOpO,n;HhlM ,n;11¢¢epeHD;llaJibHb!M ypaBHeHIIHM nepBoro nopa,n;Ka C onepaTopoM 

,n;11BepreHn;1111 11 onepaTOpOM pOTopa. BnepBbie nOKa3aHo, qTo 11cnOJib30BaH11e TaKl!X 

3JieMeHTOB npll pemeHl!II KpaeBhlX 3a,n;aq C YKa3aHHhlMII onepaTOpaMII np11BO,ll;IIT K KOHeqHo-

3JieMeHTHbIM anre6pa11qeCKIIM CIICTeMaM C Cl!MMeTpi!qHhlMII, nOJIO)!(l!TeJibHO-Onpe,n;eJieHHhlMII 

MaTp11n;aMI1. HoBbie 3JieMeHTbl TeCTIIPOBaJil!Cb Ha T11n11qHol! 3a,n;aqe IIHTepnOJIHD;IIII B pa6oqel! 

o6JiaCTII MarHIITHoro cneKTpOMeTpa. lfa npoBe,n;eHHblX pacqeTOB CJie,n;yeT, qTo npe,1\JlaraeMbie 

3JieMeHTbl 06ecneq11Ba10T 6oJiee 6b!CTPYIO CX0,1\l!MOCTb np116Jill)!(eHHbIX pemeHl!l!, qeM B cJiyqae 

11cnOJib30BaHl!H o6biqHblX KOHeqHb!X 3JieMeHTOB JiarpaH)!(eBoro TIIIla. 

B ,n;11ccepTan;1111 pa3pa60TaH pH,!\ HOBb!X MeT0,1\0B II anropl!TMOB, KOTOpbie BHOCHT 

cyrn;ecTBeHHb!ii BKJia,n; B MeT0,1\IIKY pememrn pa,n;a rrpHMbIX II o6paTHhlX TpexMepHhlX 

HeJIIIHeiiHbIX 3a,n;aq MarHIITOCTaTl!KII. Bo-nepBbIX, 3TO rrpoeKD;IIOHHO-CeTOqHhll! MeTO,n; II 

a,n;aIITIIBHhiii anropl!TM Bhlq11CJieH1rn CKaJIHpHoro IIOTeHn;11ana, C03,n;aBaeMoro rrpOBO,ll;HIIKaMII 

C nOCTOHHHbIM TOKOM, Ha rpam1n;ax HeCBH3HbIX o6JiaCTel! BHe rrpoB0,1\HIIKOB. 9TOT MeTO,ll; 

rrpe,n;JiaraeTCH 11cnOJib30BaTb np11 peIIIeHl!II HeJIIIHel!HbIX 3a,n;aq i,iarHIITOCTaTIIKII B 113BeCTHOl! 

cpopMyJillpOBKe OTHOCl!TeJibHO ,1\Byx CKaJIHpHbIX IIOTeHD;llaJIOB. OH II03B0JIHeT 6e3 p11cKa 

HaKOIIJieHIIH OIII116KII rrp11 Bhlql!CJieHIIII CKaJIHpHoro IIOTeHD;llaJia rrpOB0,1\HIIKOB IICIIOJib30BaTb 

Ky6aTypHhle <POPMYJibl ,1\JIH IIHTerp11poBaHIIH nOJIH no 3aKOHY B110-CaBapa. I1p11 o60CHOBaHIIII 

MeTo,n;a 11cnOJib30BaJiaCb TeOpi!H Cl!JibHO MOHOTOHHhlX orrepaTopOB. Ero acpcpeKTIIBHOCTb 

npoBepaJiaCb np11 pacqeTax pa,n;a MarHIITHhlX Cl!CTeM. l1TOrOBbie pe3yJibTaTbl pacqeTOB xopomo 

corJiacy!OTCH C 1!3MepeHl!HMII MarHIITHOro nOJIH. 

O,n;HIIM 113 CBOl!CTB rrpoeKD;IIOHHO-CeToqHhlX cxeM, KOTOpbie l!CnOJib3YIOTCH ,1\JIH perneHl!H 

CJIO)!(Hb!X 3JIJIIIIITl!qecKl!X 3a,n;aq, HBJIHeTCH JIOKaJibHaH arrrrpOKCl!Man;11H. ,Il;JIH ee anocTep11op­

HOl! on;eHKII cyrn;eCTByeT HeCKOJibKO pa3Jil!qHbIX MeTO,ll;OB, r,n;e ,n;orryCTIIMaH BeJI11q11Ha JIOKaJibHOl! 

IIOrpeIIIHOCTI! 3a,ll;aeTCH 113 OnhlTa perneHIIH no,n;06HhlX 3a,n;aq. B ,ll;IICCepTaD;IIII ,1\JIH 3a,n;aq 

MarHIITOCTaTl!KII 3TY ,n;onyCTIIMYIO BeJI11q11Hy npe,n;JiaraeTCH onpe,n;eJIHTb Ha OCHOBe ,n;aHHhlX 

IIHTeprrOJIHD;IIII 113MepeHHOro C BbICOKOl! TOqHOCTb!O MarHl!THOro IIOJIH. B KaqecTBe 3TaJIOHa 

l!CnOJib3YIOTCH 113MepeHHhle MarHIITHbie nOJIH ,1\JIH ycTaHOBOK L3 (CERN) II 9KcqAPM 

{l1<I>B9, r.IlpOTBIIHO). ITpe,1\JIO)!(eHHhle B ,n;11ccepmn;1111 HOBhie xapaKTep11CTIIKII JIOKaJibHOl! 

anrrpOKCI1Man;1111 no3B0JIHIOT He TOJibKO noJiyqaTb pacqeTHhle MarHl!THbie nOJIH Bb!COKOrO 

KaqecTBa, HO II on;eHIIBaTb KaqeCTBO noJiel!, 113MepeHHhlX Ha onpe,n;eJieHHOl! ceTKe. 

C npaKT11qecKol! TOqKI! 3peHIIH, Ba)!(HhlM KJiaCCOM 3a,n;aq MarHIITOCTaTl!KII HBJIHIOTCH 

o6paTHhle 3a,n;aq11 IIOCTpOeHl!H M0,1\eJiel! 3JieKTpocp11311qecKIIX ycTpOl!CTB C 3a,n;aHHhlM 

MarHIITHhlM IIOJieM. B ,n;11ccepTan;1111 rrpe,1\JIO)!(eHhl ,n;Ba op11rl!HaJibHhlX anropi!TMa perneHl!H 

3a,n;aq 113 3TOro KJiacca. B rrepBOM CJiyqae YTOqHHeTCH IIOBepxHOCTb ¢eppoMarHeTl!Ka 

np11 3a,n;aHHOM BhlCOKOO,ll;HOpO,n;HOM MarHIITHOM noJie C yqeTOM ero HMl!HeiiHoro IIOBe,n;e1rnH. 

,Il;OKa3aHa TeopeMa O CX0,1\IIMOCTI! 11Tepan;110HHOro npon;ecca YTOqHeHIIH. 9TOT anropl!TM 

II03BOJIIIJI o60CHOBaTb MarHIITHy!O CIICTeMy ,1\JIH npoeKTa 3KCIIep11MeHTa B l1T9<I> {r. MocKBa), 
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noMep)!(aHHoro rpaHTOM P<I><I>l1 97-02-16765. Bo BTOpOM anropi!TMe CTpOi!TCH KOMI!b!OTepHaH 

Mo,n;eJib cneKTPOMeTp11qeCKOro aHaJill31!pyrorn;ero MarHl!Ta no 3a,n;aHHOl! nOBOpOTHOl! CIIJie, 

pa3Mepy pa6oqel! o6JiaCTII II HeKOTOpb!M ,n;pymM napaMeTpaM. ITpe,1\JIO)!(eHHbie anropi!TMhl 

cyrn;ecTBeHHO COKparn;aroT o6rn;ee BpeMH II0CTpOeHIIH KOMIIb!OTepHbIX MO,n;Mel! MarHIITOB c 

3a,n;aHHb!Mll CBOllCTBaMII. 

TI paKTII1WCKrul o;eHHOCTh 

Bee rrpe,1\JIO)!(eHHbie MeT0,1\bl II anrOpi!TMbl ,1\JIH perneHnli 3a,n;aq MarHIITOCTaTIIKII, TaK11e KaK: 

1) KOM611Hi!pOBaHHbie ¢opMyJI11pOBKll C O,n;HIIM l!HTerpaJibHhlM orrepaTopoM; 

2) npoeKD;IIOHHO-CeToqHbll! MeT0,1\ C a,n;arrTIIBHhlM anrop11TMOM ,1\JIH Bb1q11cJieH11H <PYHKD;IIII 

Ha JIIIIIIIIIID;eBol! rpaH11n;e TpiixMepHoro TMa ITO 3a,n;aHHOMY rpa,1\lleHTy; 

3) anrop11TM KOHTPOJIH TOqHOCTII Ha OCHOBe e,n;nHhlX xapaKTepl!CTIIK ,1\JIH Bb1q11CJieHHblX II 

113MepeHHb!X MarHIITHbIX IIOJieii; 

4) 11Tepan;110HHblll rrpon;ecc cpopMi!pOBaHIIH o,n;Hopo,n;Horo MarHIITHOrO nOJIH 3a cqeT 

YTOqHeHIIH noBepXHOCTII cpeppoMarHeTl!Ka; 

5) aJirOpi!TM nocTpoeHl!H KOMnb!OTepHbIX M0,1\Mel! cneKTPOMeTp11qeCKIIX ,n;11nOJibHblX 

MarHIITOB no 3a,n;aHHOl! nOBOpOTHOl! CllJie, pa3Mepy pa6oqel! o6JiaCTII II ,n;pyr11M napaMeTpaM, 

- anpo611pOBaJIIICb np11 M0,1\eJI11poBaHIIII CJIO)!(HhlX MarHIITHhlX CIICTeM II MOryT 6hlTb 

11cnOJib30BaHhl ,1\JIH pacqeTOB no,n;o6HhlX CIICTeM. 

O6rnyro cxeMy pernemrn KpaeBbIX 3a,n;aq ,1\JIH ,n;11¢¢epeHD;llaJibHblX onepaTOpOB BeKTOpHOro 

aHaJill3a B o6JiaCTHX C Jil!HeiiHhlMII II HemrneiiHb!MII ypaBHeHIIHMII ,1\JIH BeKTOpHbIX noJiel! 

MO)!(HO peKOMeH,n;OBaTb TaK)!(e ,1\JIH perneHIIH 3a,n;aq, CBH3aHHblX C pacqeTOM 3JieKTpl!qeCKIIX II 

MarHIITHblX noJiel!, ynpyr11x KOJie6aH11l!, CTaT11qeCKIIX 3a,n;aq pacnpocTpaHeHIIH noTOKOB Terma, 

rrpon;eccOB ,n;11¢cpy31111, ¢11JibTpan;1111 )1(11,ll;KOCTII, 113JiyqeHIIH II ,n;pymx. 

OTHOCl!TeJibHO np11Be,n;eHHhlX B ,1\IICCepmn;1111 pe3yJibTaTOB pacqeTOB KOHKpeTHhlX 

MarHIITHblX CIICTeM MO)!(HO OTMeTl!Tb CJie,n;yrorn;ee: 

1) KOMnb!OTepHbie Mo,n;eJIII npoeKTOB MarHIITHhlX Cl!CTeM ,1\JIH YCTaHOBKII AL­

ICE 6hlJIII pa3pa6oTaHhl Ha CTa,1\1111 cpopMi!pOBaHIIH KOHn;enn;1111 ,1\lln0JibHOrO MarHl!Ta, 

npoeKTi!pOBaBIIIeroCH B Jia6opaTOp1111 Bb!COKIIX 311epmii 0115!11. I1p0Be,n;ii1111hle pacqeThl, 

B qacTHOCTll, 11cnOJib30BaJil!Cb ,1\JIH o6ocHOBaHIIH OKOHqaTeJibHOrO Bap11aHTa rrpoeKTa 

CBepxnpOB0,1\HID;ero ,1\llnOJibHOro MarHl!Ta, KOTOpbll! BOIIIiiJI B ,IJ;onOJIHeHlle K TeXH11qeCKOMY 

npoeKTY aKcnep11MeHTa {CERN/LHCC 96-32), a TaK)!(e ,1\JIH 06ocH0BaHIIH rrepBbIX 

npoeKTOB «TenJioro» ,1\llnOJibHOro MarH11Ta, BKJI!OqaH Bap11aHT C KOHYCHOll KOH¢11rypan;11el! 

MarHIITOnpOBO,ll;a, KOTOphll! HBJIHeTCH caMhlM 60JibIIIIIM B Mi!pe. ,Il;JIH 60JibIIIIIHCTBa pacqeTOB 

npOBO,ll;IIJIOCb cpaBHeHlle C pe3yJibTaTaMII, noJiyqeHHhlMII no ,n;pyr11M nporpaMMaM IIJIII 

no ,n;aHHblM 113Mepem1ii MarHIITl!OrO IIOJIH. Bo BCex CJiyqaHX 6bIJIO IIOJiyqeHO xopomee 

corJiacoBa1111e. 

2) 3a,n;aq11, perniiHHbie B paMKax rpaHTOB P<I><I>l1 97-02-16765 11 99-01-01103, rro3BOJil!JIII 

o6ocHOBaTb B03MO)!(HOCTb C03,n;amrn crreKTpoMeTp11qecKoro MarH11Ta C IIOJIHp113Y!OIIJ;IIMII 

HaKOHeqHl!KaMII ,1\JIH rrpoeKTa 3Kcnep11MeHTa C nOJIHp1130BaHHOl! MIIIIIeHb!O B l1T9<I>. ITpoeKT 

TaKol! MarHIITHOl! CIICTeMbl HBJIHeTCH YHIIKaJibHbIM, IIOCKOJibKY rrpe,n;rroJiaraeT ee pa6oTy KaK B 

pe)!(l!Me aHaJill311pyrorn;ero ,1\IIIIOJibHOrO MarHIITa, TaK II B pe)!(l!Me IIOJIHp113y10rn;ero MarHIITa. 

3) pacqeTbI, BblIIOJIHeHHhle ,1\JIH COJieHOll,1\a MO,ll;ll<PIID;llpOBaHHOrO 6eTaTpOHa 0115!11, 

II03B0Jil!Jlll o60CHOBaTb KOHCTpyKD;IIIO MarnllTHOii CIICTeMhl. B naCTOHrn;ee BpeMH MO,ll;i!cpi!D;i!pO­

BaHHhlii 6emTpOH i!CIIOJib3yeTCH ,1\JIH rrpoBe,n;eHl!H YHIIKaJibHblX 3KCIIep11MeHTOB B Jia6opaTop1111 

a,n;epHbIX rrpo6JieM 0115!11. 
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i\IIpo6~H.H _pa60T_I>! 

OcHOBHhie pe3yJihTaThl ,n;11ccepTa~II0HH0l! pa60Thl ,JJ;0KJia,JJ;hlBaJil!Ch Ha Me:»<,n;yHapo,n;HhlX 
C0Be~aHl!HX no npo6JieMaM MaTeMaT11qeCK0ro M0,JJ;eJillp0BaHIIH, nporpaMMllp0BaHl!IO II 
MaTeMaT11qecK11M MeTO,n;aM perneH11.11 qm311qecK11x 3a,n;aq (,l]j6Ha, 1983, 1993), X, XI, XV 
BceCOI03HhlX II BcepocCl!l!CKOM C0Be~aHl!II no ycK0pl!TeJIHM 3ap.11:»<eHHhIX qaCTII~ (,l]y6Ha, 
1986, 1988, IlpOTBIIHO, 1996), II Pecny6JI11KaHCKOl! KOHcpepeH~IIII "llHTerpaJibHhle ypaBHeHl!.11 B 
np11KJia,JJ;H0M M0,JJ;eJil!p0BaHl!ll 11 (K11eB, 1986), BcecoI03HhIX KOHcpepeH~IIHX no BhlqllcJil!TeJihH0l! 
cp1!311Ke II MaTeMaT11qecK0MY MO,JJ;eJI11poBaH11IO (BoJirorpa,n;, 1988, 1989), pa6oqeM C0Be~aHl!II 
"MeTO,Jl;hl II nporpaMMhl pacqeTa MarHIITHhlX noJiel!" (IlpOTBIIHO, 1989), Me:»<,n;yHapO,JJ;HhIX 
KOHcpepeH~11.11x no ,n;11cpcpepeH~llaJihHhIM ypaBHeHHHM EQUADIFF -7, 8 (Prague, 1989, 
Bratislava, 1993), Me:»<,n;yHapo,n;Hol! KOHcpepeH~11 no q11cJieHH0MY aHaJIH3Y ISNA'92 (Prague, 
1992), KoHcpepeH~1111 no ycKop11TeJI.11M 3ap.11:»<eHHhIX qaCT11~ PAC-95 (Dallas, 1995), pa6oq11x 
coBe~aH11.11x KOJIJia6opa~11l! ALICE (CERN, 1996), EXCHARM (,l]y6Ha, 1995, 1997) 11 
PANDA (FZ-Juelich, 2004), KoHcpepeH~1111-ceM11Hape "MaTeMaT11qecK11e Mo,n;eJI11 CJI0:»<Hh!X 
Cl!CTeM" (TBepb, TBrY, 1999), BcepocCl!l!CKIIX KOHcpepeH~IIHX no npo6JieMaM cp11311KII, XIIMIIII, 
MaTeMaT11K11, 11HcpOpMaT11K11 11 MeTo,n;11K11 npeno,n;aBaH11.11 (MocKaa, PY,LI;H, 1999, 2000, 2002, 
2006), Me:»<,n;yHapo,n;Hol! KOHcpepeH~IIII "T11xOHOB II C0BpeMeHHaH MaTeMaTIIKa" (MoCKBa, MrY, 
2006), Me:»<,n;yHapo,n;Hol! KOHcpepeH~IIII "MaTeMaT11qecKoe MO,JJ;eJI11poBaH11e II Bhlql!CJil!TeJihHa.11 
cp11311Ka" (,l]y6Ha, 2009), Ha ceM11Hape Kacpe,n;ph1 Bhlq11CJI11TeJihHhlx MeTo,n;oB (BMK, MrY, 
2009), Ha ceMl!Hape HayqH0-IICCJie,n;oBaTeJihCK0ro Bhlql!CJIIITeJibH0ro 0T,JJ;eJia HTU: «CIIHTe3~ 
(Hllll3«I>A, C.-IleTep6ypr, 2009), a TaK:»<e Ha YqeHhIX coaemx Oll5Ill, ceM11Hapax no 
Bh1q11CJI11TeJihH0ii II np11KJia,n;Hoii MaTeMaT11Ke, Bh1q11cJI11TeJihHOii cp11311Ke JlllT (JIBTA) Oll5Ill. 

Ily6JIHKaD;IIII 

Co11cKaTeJib l!MeeT 67 HayqHhIX ny6JI11Ka~11l!. OcHOBHhle pe3yJihTaThI, B0IIIe,JJ;IIIlle B 
,n;11ccepTa~11IO, ony6Jil!KOBaHbl B 28 neqaTHhlX pa6oTax, B TOM q11CJie B 9 ny6JI11Ka~11.11X B 
:»<ypHaJiax, peK0MeH,JJ;0BaHHhlX BhICIIIel! aTTeCTa~IIOHHOii K0MIICCl!eii (",Ll;11cpcpepeH~llaJihHhle 
ypaBHeHH.11 11

, "MaTeMaT11qeCKOe MO,JJ;eJI11poBaH11e", ")KypHaJI BhlqllCJll!TeJihH0ii MaTeMaTIIKII 
11 MaTeMaT11qecKol! cp11311K11", "BecTHHK Pocc11l!cKoro YH11Bepc11TeTa ,[u>y:»<6hl Hapo,n;oa", 
"Nuclear Instruments and Methods"), a TaK)Ke B 19 ny6JI11Ka~11.11x B )KypHaJie "KpaTK11e 
coo6~eH11.11 Oll5Ill", Tpy,n;ax Bcepocc11l!cK11x, BcecoI03HhIX II Me:»<,n;yHapo,n;Hh1x KOHcpepeH~11l!, 
B coo6~eH11.11x Oll5Ill 11 ,n;pyrnx HayqHhlX 113,n;aH11.11x. 

HeKOTOphie 113 pa6oT 8.BTopa, Ha 0CH0Be K0TOpb!X Ha1111caHa ,n;11ccepTa~11.11, npe,n;cTaBJieHbl 
B :meKTp0HH0l! 6116JI110TeKe ny6JI11Ka~11l! Oll5Ill http://wwwl.jinr.ru/ , B JJieKTP0HHhix 
6116JI110TeKax IIHCTIITYTOB KEK (5InoH11.11) 11 CERN (r.)KeHeaa) 2• 

9TPYKTypa II _OfrheM ,l],IICCepTa~HII 

,LI;11ccepTa~IIH COCT0IIT 113 BBe,n;eH11.11, qeThlpex rnaa, 3aKJIIOqeHIIH II Tpex np11JI0:lKeH11l!. OHa 
co,n;ep:»<IIT 21 Ta6JI11ey, 92 p11cyHKa, Cnl!COK JIIITepaTyphl 113 214 Ha11MeH0BaH11l! II 113JIO)KeHa 
Ha 340 CTpaHll~ax, BKJI!Oqa.lJ npl!JI0)KeHll.11. B Ka)K,JJ;0M naparpacpe npllHHTa CHO.II HyMepa~11.11 
JieMM II TeopeM. 

2http://www.slac.stanford.edu/spires/hepnames/ 
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CO,II;EP)KAHI1E ,II;I1CCEPTAI.J;I1I1 

Bo BBe,l],eHHII npl!BO,Jl;IITC.11 KpaTKl!l! o63op Jil!TepaTypbl no npoeK~II0HHO-CeT0qHhlM 
MeTo,n;aM perneHll.11 HeJIIIHel!HbIX 3JIJillnTl!qeCKIIX 3a,n;aq, B TOM ql!CJie C n0M0~hIO 
hp- K0HeqH0-3JieMeHTHhlX a,n;anTIIBHhlX aJir0pl!TM0B. KaK 113BeCTH0, pa3pa60TKa 
npoeK~II0HHO-CeTQqHbIX MeT0,JJ;0B B0CX0,JJ;IIT K pa6oTaM W.Ritz(1908), ll.r.By6HOBa(1913) 
11 B.r.raJiepKl!Ha(1915), np11qeM MeTO,JJ; By6HOBa - raJiepKl!Ha (B3BeIIIeHHhlX HeBH30K) 
o6Jia,n;aeT oqeHh 60JihIIIOl! o6~HOCTbIO. OTMeTIIM TaK:»<e KHl!rll no npoeK~II0HH0-CeTOqHhlM 
MeTO,n;aM c.r.M11xJI11Ha, X.J1.CMOJill~KOro(1965), M.A.KpaCHOCeJihCK0I'O, r.M.Bal!HIIKKO 
11 ,n;p.(1969), P.Ciarlet(l978), JI.A.OraHeCHHa, J1.A.Pyxoa~a{1979), r.ll.MapqyKa, 
B.ll.AromKoBa(1981), B.B.llial!,n;ypoaa{l989), Ch.Schwab{1998), O.C.Zienkiewicz, 
R.L.Taylor{2000), P.Monk{2003), P.Solin(2006). B HacToH~ee apeM.11 q11cJieHHhle MeT0,JJ;hI 
,n;JI.11 perneHll.11 no,n;o6HhlX 3a,n;aq (a 0CH0BH0M, Jil!Hel!Hh!X), B TOM q11CJie C ypaBHeHIIHMII 
MaKCBeJIJia, IIHTeHCIIBH0 pa3BIIBaIOTCH B CB.11311 C n110HepCKIIMII pa60TaMII R.Courant{1943), 
H.Whitney (1957), r.ll.MapqyKa{1961), P.Il.«I>e,n;opeHKo{1961,1979), B.A.KoH,n;paTheaa{1967), 
O.A.J1a,n;hl)KeHcKoii(1970), I.Babuska{1973,1981), F.Brezzi{1974), B.ll.ArornKoaa(1977), 
E.A.8oJIKOBa(1979), J.C.Nedelec(l980), A.Bossavit(1987) 11 ,n;pyrnx. Cpe,n:11 coapeMeHHhix 
IICCJie,JJ;OBaHl!l! M0)KH0 BhI,JJ;eJIIITh KaK pa60Thl 0T,JJ;eJibHhlX aBT0p0B, TaK II ~eJihIX KOJIJia6opa~11l!, 
npe,n;cTaBJI.11I0~11x cao11 rry6JI11Ka~1111 He TOJihK0 B nep110,n;11qecKol! neqaT11, HO II B WWW. 
,Ll;aJiee KpaTK0 pacKphIT0 co,n;ep:»<aH11e rJiaB ,n;11ccepm~1111, ee annpo6a~n.11 11 CTpyKTypa. 

IlepBa.H rJiaBa noCBH~eHa npoeK~II0HHO-CeToqHbJM MeT0,JJ;aM perneHll.11 KpaeBhIX 3a,n;aq 
,JJ;JI.11 aeKT0p0B C llHTerpaJibHhlMII rpaH11qHhIMII ycJI0BIIHMII, T0qHo yq11Th!BaIO~IIMII y6hlBaH11e 
perneHll.11 Ha 6ecKOHeqH0CTll. KaK 113BeCTH0 ll3 pa6oT P.Il.«I>e,n;opeHKO {1961) II 
H.C.BaxBaJIOBa (1966), oco6eHHOCThlO q11cJieHHOI'O perneHll.11 JIIIHel!HhlX 3JIJil!nTl!qecKllX 
3a,n;aq B ,n;11cpcpepeH~llaJihH0M no,n;xo,n;e HBJIHeTC.11 6bJCTpa.11 CX0,Jl;IIM0CTh MeTo,n;a npocTol! 
l!Tepa~IIII ,JJ;Jl.11 6hlCTpo 0C~IIJIJIIIPYIO~IIX K0MnoHeHT peIIIeHl!.11 3a,n;aq11. B CJiyqae :»<e 
HHTerpaJihHoro no,n;xo,n;a, KaK noKaJaHo, Hanp11Mep, B pa6oTe E.Il.)Kn,JJ;KoBa, B.H.XopoMcKoro, 
O.ll.lOJI,n;arneBa {1981), B MeTo,n;e np0CT0l! l!Tepa~llll 6hICTpee CX0,JJ;HTC.11 rJia,JJ;Klle K0Mn0HeHThl 
perneHll.11 3a,n;aq11, B CB.11311 C 3TIIM KOM6llH11poBaHHhll! no,n;xo,n;, KOTOphll! 06be,JJ;IIHHeT 
,n;11cpcpepeH~llaJihHhlii II IIHTerpaJibHhlii no,n;x0,JJ;bl II n03B0JI.lleT T0qHQ yq11Tb1BaTb ycJI0Bl!e 
y6hrnaHIIH perneHll.11 Ha, 6eCKOHeqH0CTII, rrpo,n;0JI)KaeT Bhl3hIBaTh IIHTepec. Cpe,n:11 nepBbIX 
ny6JI11Ka~11l!, nOCBH~eHHhlX pa3pa60TKe KOM611HllpOBaHHhIX MeT0,Jl;0B, M0:»<H0 0TMeTl!Th pa60Thl 
O.C.Zienkiewicz, D.W.Kelly, P.Bettess (1977), C.Johnson, J.C.Nedelec (1980), E.Il.)K11,n;K0Ba 
c coaBTopaM11 (1982,1992), S.J.Salon (1985), rr.r.AK11rn11Ha (1991) 11 ,n;pyr11x. Ilo-npe)KHeMy 
pa3pa6aTh!BaIOTCH npl!KJia,JJ;Hhle naKeThl II nporpaMMhl na 3TY TeMy, qTo CBll,JJ;eTeJihCTByeT 06 
aK-ryaJihHOCTII 113JlaraeMh!X 3,JJ;eCh pe3yJihTaT0B. 

B §1.1 ,JJ;0Ka3hIBaeTCH TeopeMa 1.1.1 0 K0Mno11e11Tax HenpephIBHO-,JJ;llcpcpepeH~llpyeMoro 
BeKT0pa. KaK 113BeCTH0, Ka:»<,n;hll! BeKT0P M0:lKH0 pa3JI0:lKl!Th no HanpaaJieHIIIO e,JJ;l!HllqHoro 
BeKT0pa II eMy neprreH,JJ;IIKYJIHpH0My. 8 CIIJIY TeopeMbl reJihMrOJih~a e,n;11H11qHhll! aeKT0P M0:»<eT 
6b!Th rpa,n;11eHT0M, poTOp0M IIJIII !IX cyMM0l!. Ilo3TOMY np11 on11caHIIII K0Mn0HeHT BeKT0pa B 
H0B0M pa3JI0)KeHIIII noJiyqaeM pa3Jil!qHbie CIICTeMbl ypaBHeHl!l! ,n;JI.11 ero onpe,n;eJieHl!.11. 

Bo-nepBhlX, 113 TeopeMhl 1.1.1 BhITeKaeT a6cTpaKTHaH cpopMyJIIIPOBKa BHyTpeHHel! Kpaeaol! 
3a,n;aq11 

"i1 · (a1(x,u)u) = f(x,u), x E 0; 

"i1 X (a2(x, il)u) = F(x, il), X En; 

a(x)n(a1u · n) + /J(x)n X (azil, X n) = 91, XE 80, 
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(1) 

{2) 



r,11;e BCe q>YJIKIJ;HOHaJ!bHbie 3aBHCHMOCTH npe,11;noJiara10TCll 3a,11;aHHblMH, a B0-BTOpbIX, 3a,!l;a'Ia 
BH,!l;a 

y' · (A1(x,i1) Xu)= f(x,u), XE fl; 

V(A2(x, u) · u) + v' X (A3(x, u) X u) = F(x, u), XE fl; (3) 

a(x)ii((A1 X u) ·ii)+ (A2 · u)) + /3(x)ii X (A3 Xu) Xii) = §2, XE an. (4) 

TaJOKe H3 TeopeMbl 1. 1. 1 CJie,eyeT q>OpMyJIHpOBKa 3a,!l;a'IH 

y' · (a1(x, u)u) + y' · (Ai(x, u) Xu)= f(x, u), XE fl; 

'v X (a2(x, u)u) + V(A2(x, u) · u) + 'v X (A3(x, u) Xu) = F(x, u), XE fl; (5) 

a(x)ii((a1i1. ii)+ (A1 Xu). ii)+ (A2. u)) + f3(x)ii X ((a2i1 + A3 Xu) Xii)= 93, XE an. (6) 

Bee TpH a6cTpaKTHbie 3a,!l;a'IH (1),(2), (3),(4) H (5),(6) npn' onpe,11;MeHHbIX K03q>q>HIJ;HeHTax H 

npaBbIX 'IaCTllX HMelOT CMbICJI, nOCKOJibKY ypaBHeHHll Ka)K,!!;Olt H3 HHX OnHCbIBalOT noae,11;eHHe 
KOMnOHeHT HenpepbIBHO-,!l;Hq>q>epeHu;npyeMoro BeKTOpa. 

Cq>opMyJIHpyeM a6crpaKTHbJe 3a,!l;a'IH ,!!;Jill onncaHHll CTaIJ;HOHapHblX BeKTOpHbIX noJielt BO 

BCeM npocTpaHCTBe. EcJIH ,!l;Hq>q>epeHIJ;HaJ!bHbie ypaBHeHHll (1) ,!l;OnOJIHHTb YCJIOBHllMH 

I. laiul 
0 Im -- -

lxl-oo lxl - ' i = 1, 2, 

TO HMeeT CMbICJI 3a,11;aqa (1),(7). A npn yCJIOBHH Ha 6eCKOHe'IHOCTH 

I. IA; xiii 
0 Im --- = 

lxl-oo lxl ' 
i = 1,3, Jim IA2 · ul = 0 

lxl-oo lxl ' 

(7) 

(8) 

HMeeT CMbICJI 3a,!l;a'Ia (3),(8). AHaJIOrH'IHO, HMeeT CMbICJI 3a,11;aqa BO BCeM npoCTpaHCTBe 

(5),(7),(8). ,ll;Jill KpaTKOCTH ,!l;aJ!hHeltrnero H3JIO)KeHHll paccMaTpHBaeTCll 'IaCTHbilt CJiyqalt 
3a,!l;a'IH (1),(7) B CJie,!J;YIOIIJ;eM BH,!J;e: 

y' · (a1(x, u)it) = f(x), 'v X (a2(x, u)u) = F(x), XE fl; 

y'" (a1(x)it) = li(x), "i7 X (a1(x)u) = Fi(x), XE f!1 = (R3 \ fl); 

ii· (a1it- a1it) = 0, n X (a2u- a1it) = 0, XE f = af!; 

lim a1i1= 0. 
lxl-oo 

(9) 

3,11;ecb rpaHnu;a r, pa3,!J;MllJOIIJ;all o6Jiacrn n n 0 1, llBJilleTcll Jinnrnnu;eaolt, / E L
2
(f!), 

/1 E L2(f!i), FE (L2(f!))3, F1 E (£2(01))3, ace K03q>q>nu;neHThI ypaaHeHnlt npe,!J;IloJiaraJOTCll 
Henpepb!BHO-,!l;Hq>q>epeHu;npyeMbIMH B fl LJ f!1. 

OcHOBHbIM pe3JJibTaTOM 3TOlt rJiaBbl llBJilleTCll BbIB0,11; 0 TOM, 'ITO npn HCnOJib30BaHHH 

MeTO,!J;a faJiepKHHa ,!l;Jlll perneHHll 3a,!l;a'IH (9) C nOMOIIJ;blO HHTerpaJibHbIX ypaBHeHHlt 

OTHOCHTe.J:lbHO BeKTOpHoro HJIH CKaJillpHoro noTeHIJ;HaJIOB noJiy'IalOTCll KOM6HHHpoBaHHhle 

CHCTeMbI ypaBHeHHlt, COCTOllIIJ;He H3 HeJIHHeltHoro ,!l;Hq>q>epeHIJ;HaJ!bHOro ypaBHeHHll BHYTPH 

o6JiacTH fl n rpaHH'IHoro HHTerpaJibHOro ypaaHeHHll c O,!l;HHM rpaHH'IHbIM onepaTopoM Har. 

qacTHbIM CJiyqaeM 3a,!J;a'IH (9) llBJllllOTCll 3a,!J;a'IH MarHHTOCTaTHKH. 3,11;ecb CJie,eyeT 

OTMeTHTb, 'ITO B aBTOpeq>epaTe KaH,!l;H,!l;aTCKOlt ,!l;HCCepTau;ttH aBTopa 3 ,!l;Jlll ,!l;BJMepHbIX 3a,!J;a'I 

3 
O.l1.IOJI,11;arnea. fpaHH'IHhle HHTerpaJibHbJe ypaBHeHHll B 3a,!l;a'Iax MarHHTOCTaTHKH. 

ABTOpeq>epaT ,!l;HCCepTau;HH Ha COHCKaHHe y'IeHolt CTeneHH KaH,!J;H,!J;aTa q>H3HKO-
MaTeMaTH'IeCKHX HayK. Ol151l1, 11-87-111, ,ll;y6Ha, 1987 
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MarHHTOCTaTHKH 6bIJIO npe,!l;JIO)KeHO paccMaTpHBaTb rpaHH'IHhie HHTerpaJibHbJe ypaBHeHHll KaK 

cneu;HaJibHbJe rpaHH'IHbJe ycJIOBHll (JieMMa 3), n Ha OCHOBaHHH JieMM 4,5 6bIJIH o60CHOBaHbI 

,!!;Ba MeTO,!l;a BKJIIO'IeHHll rpaHH'IHblX HHTerpaJibHbIX ypaBHeHHlt ,!l;Jlll BeKTOpHoro noTeHIJ;HaJia 

B KOHe'IHO-pa3HOCTHYIO CeTO'IHJIO cxeMy pemeHHll ,!J;Hq>q>epeHIJ;HaJibHOfi He.J:IHHefiHott 3a,!l;a'IH 

MarHHTOCTaTHKH OTHOCHTe.J:IbHO BeKTOpHoro noTeHIJ;HaJia. Ilo Been BH,!l;HMOCTH, He3aBHCHMO 

OT 3THX HCCJie,!l;OBaHHlt, O,!J;HH H3 ynOMllHJTbIX MeT0,11;0B BKJIIO'IeHHll, TOJibKO B KOHe'IH0-

3JieMeHTHYIO cxeMy, 6bIJI peaJIH30BaH B BH,!l;e cneu;HaJibHOfi nporpaMMbl ,!l;Jlll pemeHHll no,11;06Horo 

KJiacca 3a,11;aq 4 • BnocJie,!J;CTBHH OHa HCnOJib30BaJiaCb ,!l;Jlll pac'IeTOB MarHHTHOro nOJill I'JlaBHoro 

,11;nnoJibHOro MarHHTa EoJibmoro Awonnoro KoJIJialt,11;epa 5
• 

CJie,eyeT OTMeTHTb, 'ITO H3JiaraeMbllt B 3TOfi rnaae nO,!l;X0,11; (§ 1.4) llBJ!lleTCll 6oJiee o6IIJ;HM, 

'IeM MeTO,!l;hI, H3JIO)KeHHhJe B pa6omx M.J.Friedman(1984) H J.E.Pasciak(1984), a TaK*e 6oJiee 

3KOHOMH'IHbIM no 3aTpaTaM naMllTH 9BM, 'IeM nO,!l;XO,!l;bl H3 5•6 . 

,ll;Jill HCCJie,!l;OBaHHll CHCTeMhI (9) y,11;06110 BBeCTH o603Ha'IeHHll 

- {a -V = _1~, 
a1u, 

XE fl, 

XE fl1, 
- {a -Z = .2~, 

a1u, 

XE fl, 

XE fl1, 
U=v-z. 

,Ll;JIH x E n 6Y,11;eM HcnoJih3oBaTh cJie,eyJOIIJ;He 3aBHCHMocrn: Z = v(x, V)V u V = k(x, Z)Z. 
IlpH / = 0 ,!l;Jlll pemeHHll CHCTeMhI (9) paccMaTpHBaeTCll HHTerpaJibHOe ypaanenne 

OTHOCHTeJihHO aeKTOpHoro noTenu;HaJia A, KOTOpbilt BBO,!J;HTCll no q>opMyJie V = V x A. 
BeKTOpHbilt noTeHIJ;HaJI y,11;0BJieTBOplleT ypaBHeHHIO 

- - 11-- 1 -RA= A - - U(A) x 'v-dy = A1(x), 
4n r 

x E fl. (10) 
{l 

3,11;ecb U(A) = (1 - v(x, V x A))'v x A, a r = Ix - YI - paccTOllHHe Me*,ey TO'IKaMH x u y, 
A1(x) - 3a,11;aHHb1lt BeKTop, A1 E (£2(0))3 • Ilpe,11;noJiaraeTCJ1, 'ITO O < v. ~ v < l, v. = canst. 

B § 1.2 HCCJie,eyeTCll HHTerpaJibHOe ypaBHeHHe (10) ,!l;Jlll BeKTOpHoro noTeHIJ;HaJia a 

rHJih6epTOBOM npocTpaHCTBe 

H(rot, fl) = {it: it E (L2(f!))3, V x it E (L2(f!))3} 

co CKaJillpHblM npoH3Be,11;eHHeM 

(it,ii)a = a(it,ii) + ('v X it, V Xv), 

r,11;e a= canst, a> 0, it, v E H(rot, fl), (·, ·) - CKaJillpHoe npoH3Be,11;eHHe B (£2(0))3 • 

'Iepe3 II · II H II · Ila o6o3Ha'IHM coOTBeTCTBYJOIIJ;He HOpMbI B rrpocrpaHCTBax (£2(0))3 H 

H(rat, fl). 
OcHOBHbIM yCJIOBHeM, KOTOpOMY ,!l;OJl)KHbl Y,!l;OBJleTBOpllTb K03q>q>HIJ;HeHTbl CHCTeMhl (9), 

llBJilleTCll CJie,!J;YIOIIJ;ee HepaBeHCTBO: 

IU1 - U2I ~ (1 - v.)I½ - ½I, XE n. (11) 

Caoltcraa onepaTOpa R: H(rot, fl) --> H(rot, fl) ycmHaBJIHBaJOTCll B CJie,eyJOIIJ;elt TeopeMe. 

4 S.Kurz, J .Fetzer, W.M.Rucker. Coupled BEM-FEM Methods for 3D field calculations with 

iron saturation. Proceedings of the First International ROXIE users meeting and workshop, 

1999. CERN, open-2000-151, 09/Aug/2000. 
5 S.Kurz, S.Russenschuck, N.Siegel. Accurate calculation of fringe fields in the LHC main 

dipole. CERN, LHC Project Report 357, 1999. 
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TeopeMa 1.2.1 
ECJ1u 01:,moJ1tt.11emc.11 yCJ100ue {11}, mo 
1} R - CUJl'l,HO MOHOmOHH'b!U onepamop, mo ecm'b aJl.11 A1, A2 E H(rot, n) 

(R(A1) - R(A2), A1 - A2)0 ~ x1IIA1 - A2II~, 

zae a, x1 - noJ10:>1CumeJ1'bttwe -x:ottcmattmw; 
2} R yao0J1em0op.11em YCJI06U'IO Jlunwuqa, mo ecm'b aJIJI A1, A2 E H(rot, n) 

IIR(A1) - R(A2)llo:::; l1IIA1 - A2/lo, 

zae a, 11 - noJ10:>1CumeJ1'btt'b!e -x:ottcmattmw. 
B TeopeMe 1.2.2 yCTaHaBJurna10TCH caoilCTBa npoHJBO,ll;HOil cI>perne onepaTopa R: 

R'(A)A+ = A+ - QU', 

r,n;e U' = (E- Z'(V))i'+, Z'(V) = {8Z;/8½h,i=l,2,3, V+ = "v x A+. cI>opMyJittpyIDTcH yCJI0BHH 

npH K0T0phlX perneHHe ypaBHeHHH (10) M0,KH0 noJiyqHTb c Il0M0ID;blO HTepan;H0HH0ro npou;ecca 

Hh10T0Ha. 

,llrrH ,ll;HCKpeTH3an;HH HHTerpaJibH0ro ypaBHeHHH HCilOJlh3yeTCH MeT0,ll; ranepKHHa. BBO,ll;HTCH 

npoCTpaHCTBO 

J1(0) ={it: ii E (WJ-(0))3
, "il ·it= 0, it· ii/r = 0}, 

r,n;e U · ii/r - CJie,n; Ha rpaHHD;e f = 80, a W;l(O) - npoCTpaHCTBO Co6oJieBa CO CKaJIHpHhlM 

np0H3Be,n;eHHeM 

( u, V)Jl = ("il X u, "il X v) 

n H0pMa lliil/J1 = 1/"v xiii!, r,n;e ii, v E J1(0). 
B JieMMax 1.2.1 H 1.2.2 ,ll;OKaJhlBalOTCH BCilOM0raTeJibHhle pe3yJibTaThl 06 9KBHBaJieHTHOCTH 

HOpM If CB0HCTB onepaTOpa "ilx ,ll;JIH 9JleMeHTOB npoCTpaHCTBa J 1(0). ,ll;anee paccMaTpHBaeTCH 

ypaBHeHHe 

PJl(R(A) - A,)= 0, 

H ,ll;0KaJhlBaeTCH Teope1irn 1.2.3. 
TeopeMa 1.2.3 

ECJ1u 01:,moJ1ttJ1emCJ1 ttepaeettcmeo {11}, mo 
1} PJ1R: J1(0)-> J1(0) - CUJl'btto Mottomottttuii. u J1Unwuq-ttenpepwettwil onepamop, mo ecm'b 
aJl.11 A1,A2 E J1(n) 01:,moJ1tt.11emc.11 ttepaeettcmeo 

(PJ1(R(A1) - R(A2)),A1 -A2)J1 ~ v.!IA1 -A2ll}1, 

a ma-x::>1Ce 
l!PJ1(R(A1) - R(A2))!1J1 :S (2 - v.)!IA1 -A2I/J1. 

2} B npeanoJ10:>1CeHU.11X meopeM'b! 1.2.2 onepamop PJ1R'(A) : J1(n) ...... J1(n) ttenpepUBHO 
o6pamuM u yaoeJ1emeop.11em yCJ1oeu10 Jlunwuqa no A. Ilpu amoM aJIJI A, A+ E J 1(0) 
ewnoJ1tt.1110mcJ1 CJ1eay10U!Ue ttepaeettcmea: 

zae 'Y = canst. 

IIPJ1R'(A)A+l!J' ~ v.llA+IIJ', 

l!PJ1(R'(A1) - R'(A2))1!Jl:::; -rl!A1 -A21!J1, 
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CorJiaCHO MeTO,ll;Y ranepKHHa, ypaBHeHHlO (10) COOTBeTCTByeT CHCTeMa 

PJ!,.(R(Am) -Ai)= 0, 

r,n;e J;,, -m-MepHoe JIHHeilHoe no,n;rrpOCTpaHCTBO B J1(n) C H0pMoil, HH,ll;YD;HpOBaHHOil H3 J1(0), 
6aJHCOM ii1, ... , Um, H 

m 

Am= I:a;it;. 
i=l 

1-fa TeopeM o6m;eil Te0pHH ,ll;JIH 9JIJIHIITifqecKHX Ja,n;aq C M0H0T0HHhlMH orrepaT0paMH CJie,n;yeT 

cym;eCTBOBaHHe e,n;HHCTBeHHOro perneHHH ypaBHeHHH (10) tt CXO,ll;HMOCTb rrpH6JIH)KeHHOro 

perneHHH K TOqHoMy perneHHlO ypaBHeHHH, a TaK)Ke JIOKaJihHaH CXO,ll;HMOCTb HTepan;HOHHoro 

rrpou;ecca MeTo,n;a HhlOTOHa. 

lfa orrpe,n;eJieHHH H0pMbl J1 (0) CJie,n;yeT, qTQ ypaBHeHHe (10) 9KBHBaJieHTHO y,n;o6Hoil ,ll;JIH 

qHCJieHHOil peaJIH3aD;HH KOM6HHHpOBaHHOil m-MepHoil CHCTeMe 

J v"v x Am· "v x il;dx + J ii· "v xii; J 4:r (UJm · ii)dSydS,, = J (ii x ii;)· "v x A1dS, 
n r r r 

i=l,2, ... ,m; 

3,ll;eCh OJm = (1 - PJmv)"v X Am, a rrpoeKD;HH PJmV"il X Am HaXO,ll;HTCH H3 crren;HaJibHOro 

ypaBHeHHH. Jm - K0HeqH0MepHoe rro,n;npocTpaHCTBO B rrpocTpaHCTBe J(O) = {ii: ii E (WJ (0))3, 

"il·ii=O}. 
B § 1.3 HCCJie,n;yeTCH HHTerpaJibHOe ypaBHeHHe ,ll;JIH CKaJIHpHoro nOTeHD;HaJia. B CJiyqae, 

Kor,n;a F = 0, B Ja,n;aqe (9) MO,KH0 BBeCTH CKaJIHpHhiil rroTeHu;nan cp no qiopMyJie Z = "vcp. OH 

y,n;0BJieTB0pHeT ypaBHeHHlO 

l 1- l T(cp) = cp(x) + 
4

1r U(cp) · "il-:;.dy = cp1(x), x E 0. (12) 
n 

3,n;ech U(cp) = (k(x, "vcp) - l)"vcp, a 'PJ - 3a,n;a1rnaH qiyHKD;HH, cp1 E £ 2 (0). ITpe,n;rroJiaraeTcH, 

qTQ 1 < k :::; k*, k* = const. 
I1yCTb G1(n) - rHJih6epTOBO rrpocTpaHCTB0: G1(!1) ={ii: ii= "il'ljJ,'ljJ E WJ(n)}, qepe3 

A0 : G1(0)-> G1(!1) o6oJHaqHM HHTerpaJihHhlii orrepaTOp 

(Aoil)(x) = "v J ii. "v-
1
-dy. 

41rr 
n 

lfaBeCTHO, qTO orrepaTOp Ao caMOCOIIpH,KeH If IIOJIO)KHTeJibH0 orrpe,n;eJieH. KpoMe Toro, 

>-1 :S l!Aoll :S >.2 :S 1, >.k = const, >.k > 0, k = l, 2. 

yqHTh!BaH 9TH CBOilCTBa orrepaTopa Ao, B G1(n) y,n;o6Ho BBeCTH CKaJIHpHoe rrpOH3Be,n;eHHe 

(ii, v). = (A01i1, v). 

,llrrH COOTBeTCTBYJOID;eil H0pMbl HMeeM 

lliill :::; 11a11. :::; >-1111a11. 
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B rrpocTpaHCTBe W{(O) BBe,n;eM CKaJI.HpHoe rrpo113Be,n;emie 

(cp, 1P)13 = (J(cp, 1/J) + (''ilcp, 'il'ljJ)., 

r.n;e (J = canst, (J > 0, cp,1/J E W{(O), c cooTBeTCTBy10m;eii HOpMoii /I· 111 = (·, ·k 
,Il;aJiee rrpe,n;rroJIO)KIIM, '!TO Bb!IIOJIH.HIOTC.H HepaBeHCTBa 

r.n;e O;, Z; E (L2(0))3, i = 1, 2. 

1101 - 02/I ::; (k* - l)IIZ1 - Z2II, 

(01 - 02, z'1 - Z2) 2: o, 

CrrpaBe,n;JI11Ba CJie.n;y10m;a.H TeopeMa. 

TeopeMa 1.3.1 
Ec.n.u B'btnOJ1H.J110mc;i 11,epaBettcmBa {13} u (14}, mo 
1) T J1BJ1J1emc;i cu11i,11,o .Mottomotttt'bt.M onepamopo.M, mo ecmi, a11J1 11106'btx cp1, <p2 E W{(O) 

(T(cp1) -T(cp2), 'P1 - 'P2)13 2: x2ll'P1 - 'P2lli, 

zae (J, x2 - nOJ1O:J1Cume.11titt'bte -x:O11,cmattm'bt; 

(13) 

(14) 

2) T J1BJ1J1emcJ1 11unuiu~-11,enpep'btBH.'bt.M onepamopo.M, mo ecmti a11J1 11106'btx <pi, cp2 E W{(O) 

IIT(cp1) - T(cp2)ll13 :'.S l2ll'P1 - <p2//13, 

zae (J, 12 - no11O:J1Cume.11titt'bte -x:O11,cmattm'bt. 
,Il;JI.H pememrn ypaBHeHII.H (12) MeTO,!J;OM HbiOTOHa orrpe,n;eJI.HeTC.H rrp0113BO,ll;Ha.H <I>peme 

'( ) 1 J , - - ·l T cp 'P+ = 'P+ + 47!" (V (Z)- l)Z+·v'-;:dy, 
{] 

r.n;e Z+ = v'cp+, V'(Z) = {8V;/8ZihJ=1,2,3. B TeopeMe 1.3.2 cpopMyJI11py10TC.H yCJioB11.H rrp11 

KOTOpb!X pemeH11e ypaBHeHII.H (12) MO)KHO IIOJIJ'IIITb C IIOMOIII;b!O IITep~IIOHHOro rrpOl\eCca 

Hh10T0Ha. 

,Il;JI.H ,ll;IICKpeT113al\llll ypaBHeHII.H (12) ITO MeTO.n;y faJiepKIIHa paccMaTpllBaeTC.H I'IIJih6epTOBO 

rrpOCTpaHCTBO H1(0), COCTO.Hm;ee 113 SJieMeHTOB rrpoCTpaHCTBa W{(O), ,ll;JI.H KOTOpb!X 

BblIIOJIH.HeTC.H XOT.H 6bl 0,ll;HO 113 JCJIOBHH 

J 'ljJdS= 0, 

I'o 

l!Jlll J 'ljJdl = 0, 

Lo 

r.n;e ro - 'laCTb rpaHHl\hl r, a Lo - He3aMKHJTa.H KpHBa.H B o6JiaCTH o, co CKaJI.HpHblM 

rrpOll3Be,n;eHIIeM 

(cp,1/J)jj, = (v'cp, v'1/J) •. 

ITycTh H;,. -m-MepHoe JIHHeiiHoe rro.n;rrpoCTpaHCTBO H1 c 6a311coM ¢1, ... , 1Pm 11 HOpMoii 113 H1. 
Tor.n;a ,ll;JI.H arrrrpOKCHMal\Hll faJiepKHHa 'Pm = I::1 b;'lp; IIOJIJ'IHM ypaBHeHHe 

Pffi(T(cpm)- 'Pt)= 0, (15) 

r.n;e qepe3 PH;,. o6o3Ha'!eH orrepaTOp rrpoeKT11poBaH11.H H1 Ha H;,.. 

12 

YpaBHeH11e (15) SKBl!BaJieHTHO m-MepHOii o6be,!J;HHeHHOii CIICTeMe 

J kv'cpm·v'1/J;dx+ J iixv''I/J; J 4:r(O(G,)mxii)dSydSx = J '1/J;ii-v'cp,dS, 
n r r r 

i = 1,2, ... ,m, 

r.n;e o(G1)m = (P(G1)mk - l)v'cpm, a rrpoeKl\ll.H p(G,)mkv'cpm HaXO,ll;IITC.H 113 CIIel\Ha.JlbHOI'O 

ypaBHeHII.H. 

Y'IHThIBaH CBOiiCTBa orrepaTopoB rrpoeKTHPOBaHHH, ,!J;OKa3bIBa!OTCH TeopeMbl 1.3.3 11 1.3.4. 
TeopeMa 1.3.3 

IIpu B'btno1111,e11,uu yc.n.oBuii meope.M'bt 1.3.1 onepamop'bt Pjj,T: H1 -+ H1 u Pii;,.T: H;,.-+ 
H;,. J!BJIJ!iomc;i cu11titto .MottomottH'bt.MU u 11unwu~-11,enpep'btBH.'bt.MU. 

TeopeMa 1.3.4 

Jipu Bbtno1111,e11,uu yc110Buii meope.M'bt 1.3.2 npouaBoatt'bte <Ppewe Pjj,T': H1 -+ H1 u Pii;,. T': 

H;,. -+ H;,. J!BJ1J110mcJ1 nOJ1O:J1Cume11i,11,o onpeae11etttt'bt.MU u 11unwu~-11,enpep'btBH'bt.MU. 
.113 TeopeM 1.3.3 ll 1.3.4 CJie.n;yeT He TOJibKO cym;eCTBOBaHHe ll CXO,ll;l!MOCTb rrp116JIH)KeHHb!X 

perneHHii K TO'IHOMY, HO TaK)Ke II CXO,!J;l!MOCTb MeTO,ll;a IIOCJie,n;oBaTeJibHb!X rrp116JI11)KeHI1ii II 

MeTo,n;a Hh!OTOHa. 

B § 1.4 paccMaTpllBaeTC.H KJiacc KOM6irn11poBaHHb!X CIICTeM ypaBHeHllii ,ll;JIH HeJIHHeiiHoii 

3a,ll;a'IH (9), IIOJIJ'leHHhlii C IIOMOIII;b!O BBe,n;eHHH BCIIOMOraTeJibHOI'O BeKTOpa. ,Il;JIH rrpOCTOTbl 

H3JIO)KeHHH rrpe.n;rroJiaraeTC.H, '!TO rpaHHl\a r .HBJIHeTCH 6oJiee rJia,n;Koii, 'IeM rrpe,n;rroJiaraJioCh 

paHbIIIe, ll B Ka)K,n;Oii TO"'!Ke IIMeeT HerrpepbIBHblii BeKTOp HOpMaJill. 

,Il;JIH BeKTopoB V 11 i HMeeM 

'i7 x i = F, 'i7 . v = J, v = ki, x E o, (16) 

r.n;e cpyHKl\H.H k 3a,n;aHa JI1160 KaK k = k(x, V), JI1160 KaK k = k(x, Z). l1crroJib3JH cpopMyJiy 

fp11Ha B 06JiaCT11 0 1 ,n;JIH BeKTopoB V, i, rroJiyqaeM 

J
V-ii Jzxii -

§(x) = -'il 47!"r dSy + 'i7 x 47rr dSy + V, XE 01, (17) 

r r 

r.n;e ii - BeKTOp BHeIIlHeii K O HOpMaJIII. 3.n;ech 

_ J A J !1 g(x) = v' x 47rr dy - 'i7 47rr dy. 
n, n, 

y 'IIITb!Ba.H CKa'IKII IIHTerpaJIOB B ( 17) rrpll X -+ r ll yCJIOBII.H CBH3ll HOpMaJibHOii KOMIIOHeHTbl 

BeKTopa V 11 TaHreHl\HaJihHoii KOMIIOHeHThI BeKTopa i rrp11 rrepexo.n;e qepe3 rpaH11ey r, 
rrpllXO,!J;IIM K rpaHll'IHOMY COOTHOIIleHIIIO 

J
V-ii Jixii 1 - -

§i(x) = -'il 47rr dSy + v' x 47rr dSy + 2(ii(V •ii)+ ii x (Z xii)), XE f. (18) 
r r 

3.n;ech 

§i(x) = §(x) - -
2

1 
(iiD.f + D.F xii)+ 'i7 J D.f dSy + 'i7 x J ii x (~F xii) dSy, 

47!"T 'll"T 
r r 

a D.f = J - !1, AF= ff - A. 
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TaKl!M o6p3.30M, B 06IIJeM Bll,D;e Ja,n;aqy {9) MQ)f{HQ ccpopMyJmpoBaTb KaK Ja,n;aqy C 

ypaBHeHl!l!Mll (16) ll rpaH11qHbJM YCJI0Bl!eM (18). 

C IJ,eJlb!O ll0JiyqeHllll B {18) T0JibK0 0,ll;H0ro l!HTerpaJia 110 r BB0,ll;llTCll BCll0M0raTeJibHblit 

BeKTop-cpyHKIJ,llll P, y,n;oBJieTBopll10IIJ11lt B n CJie,n;yroIIJllM ypaBHeH11llM: 

v x fl = o, v . fl = o, x E n. (19) 

Tor,n;a 113 cpopMJJibl rp11Ha 11MeeM 

- f Pxii JP·ii o:(x)P(x) = V x -r-dSy + 'il -r-dSy, (20) 

r r 

r,n;e o:(x) = 41r, eCJill X E n, ll o:(x) = 21r, eCJill X E r. C yqeTQM (18) ll {20), Ja,D;aBall ,ll;Jlll 

BeKTopa P ycJI0B11ll Ha r B B11,n;e P x ii = Z x ii 11JI11 P • ii = V • ii, 110Jiyq11M CJie,n;yroll\lle 

KpaeBble JCJ!0Bllll K ypaBHeHl!llM (16) 11 (19): 

- - - I (V - P) . ii Pxii=Zxii, (P+'il 
4

1rr dS)xii=g1(x)xii, (21) 

r 

p Xii= Z Xii, B + P vj (V - P) · ii dS). ii= §1(x) · ii, (~2-+ 41rr {22) 
r 

a TaKJKe 

- - - - z + p I (Z - P) Xii - - -P·n=V·n, (--+Vx 
4 

dS)xn=g1(x)xn, 
2 1rr (23) 

r - - - J (Z - P) Xii 
P•ii=V-ii, (P+'ilx 

4
1rr dS)•ii=g1(x)•ii, (24) 

r 
TQqHo yql!TbIBalOIIJlle ll0Be,n;eHlle pel!leHllll Ha 6eCKOHeqHQCTll. KaJK,D;all 11apa KpaeBb!X yCJI0Bllit 

(21)-(24) co,n;eplKl!T T0JibK0 0,ll;l!H rpaHl!qHblit l!HTerpaJibHbllt 011epaTOp 11 c ypaBHeHlll!Mll (16), 

{19) o6p3.3yeT qeTb!pe p3.3Jil!qHbJe KOM6llHllpOBaHHble cpopMJJillpOBKll. 

,[vrll 0,ll;H0.ii 113 Hl!X ,ll;0K3.3b!BaeTCll TeopeMa 1.4.1 0 CllJibH0li M0H0T0HH0CTll ll Jllllll!lllll,­

He11pepb!BH0CTll C00TBeTCTBJ!Olll,ero 011epaTopa ll 11pl!B0,ll;llTCll 11pHMep 'll!CJ!eHH0r0 pacqirra 

llJI0CK0llapaJIJieJibH0ro MarHHTH0ro ll0Jill. 

BTOprul rJiaBa ,ll;llCCepTaIJ,Hll ll0CBlllll,eHa o60CHOBaHll!O 11poeKIJ,l!0HH0-CeTQqHb!X cxeM ,ll;Jlll 

peIIIeHl!ll HeJil!HeiiHb!X KpaeBb!X Ja,n;aq C ,ll;llq>q>epeHIJ,llaJibHb!Mll 011epaTopaMH 11epBoro 110pll,D;Ka 

B ,lJ;l!BepreHTHOit ll BllxpeBolt cpopMax 0TH0Cl!TeJlbH0 BeKTOp-cpyHKIJ,l!it. 

KaK ll3BeCTH0, 06lll,lle 110,ll;X0,ll;bl K peIIIeHll!O HeJll!HeitHb!X 3JIJillllTHqecKl!X Ja,n;aq 6hIJill 

JaJI0JKeHbl JI.B.KaHTOpOBHqeM, M.M.BaitH6eproM, F.E.Browder, G.J.Minty, M.K.raByp11Hb!M. 

OTMeTllM pa6oTbl E.II.)K11,n;KOBa, 11.B.IIyJhIHHHa, a TaKJKe M.M.KapqeBcKoro, A.,Il,.JlllIIIKO 11 

,n;pymx 11pe,n;cTaB11TeJieii 3THX l!IK0JI. 

MoJKHO Bb!,D;eJil!Tb ,D;Ba Ha11paBJieHllll B p3.3pa60TKe ll llPl!MeHeHl!ll 11poeKIJ,l!0HH0-CeTQqHbJX 

MeT0,ll;0B C K0HeqHbJMll 3JieMeHTaMH, K0T0pb!e oco6eHHO l!HTeHCl!BH0 p3.3Bl!Ba!OTCll B ll0CJie,D;Hee 

BpeMll. K 11epB0MY Ha11paBJieHl!IO 0TH0CllTCll h-,p- 11 hp- CXeMbl (p 2: 2) MeTo,n;a ranepKl!Ha 

C p3.3pb!BHb!Mll 63.3l!CHb!Mll <PYHKIJ,lll!Mll 6 7 , a KO BT0p0MY - h-,p- ll hp- BepCllll cxeM C 

BeKT0pHb!Mll K0He'lHb!Mll sJieMeHTaMl! ( Whitny's, Nedelec's elements). 

6
r.M.MapqyK. MeTO,ll;br BbJq11cJI11TeJibH0it MaTeMaT11K11. M., HayKa, 1977, c. 88-91; 3-e 

HJ,n;aH11e, 1989, c.116-122. 
7
B.Cockburn. Discontinuous Galerkin methods. Z. Angew. Math. Mech. v. 83, N 11, 2003, 

p.731-754. 
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B ,ll;l!CCepTaIJ,llll pa3pa6oTaHbl ,D;Ba scpq>eKTHBHb!X MeTo,n;a II0CTpoemrn 11poeKIJ,l!0HH0-

CeTQqHb!X cxeM ,ll;Jlll paccMaTplIBaeMblX HemrneltHblX 3a,n;aq. IIepBbiii 113 HHX 0CH0BaH Ha 

Bapl!aIJ,H0HH0M 110,n;xo,n;e, a BT0polt - Ha no,n;xo,n;e Ey6HOBa-raJiepKl!Ha. IIpe,ll;JlaraeMble MeT0,ll;bl 

06ec11eq1rna10T BblC0KYIO CK0P0CTb CX0,ll;IIM0CTll ll BblC0K0e KaqeCTB0 ll0JiyqaeMb!X peIIIeH11lt 

Ja cqeT oco6oro BbI6opa rllJih6epTOBblX 11pocTpaHCTB, B K0T0pblX lllIJ,YTCll peIIIeHllll, 11 

ll0CTpoeHHll C00TBeTCTBJIOIIJHX K0HeqHQ-3JieMeHTHblX 63.3IICOB. '.:ho 1103B0JilleT 3HaqHTeJibH0 

MIIHUMH311p0BaTb Bb[ql!CJ!HTeJlbllble JaTpaTbl rrpo11,ecca II0JiyqeHllll peIIIemrn. 8 ,lJ;HCcepTaIJ,HII 

p3.3pa60TaHbl aJir0pi!TMbl ll0CTpoennll TaKHX 6aJ11COB. 

IToJiyqeHHbie Ha 3T0it 0CH0Be K0HeqHQ-3JieMeHTHble cxeMbl M0JKH0 0THeCTll K ,ll;BYM TllllaM. 

ITepBb!lt 11pe,n;HaJHaqeH ,ll;Jlll pel!leHllll JIIIHeitHb!X Ja,n;aq. OH xapaKTep113yeTCll Bb!C0KIIM 

nopll,D;K0M CX0,ll;IIM0CTII, Ilpll II0CTp0eHl!ll cxeM HeT Heo6XO,ll;IIMOCTII 11p0B0,!1;11Tb l!HTerpHp0BaH11e 

BHYTPII aqeeK, OHO ocylll,eCTBJilleTCll T0JibK0 no IIX rpaHIIIJ,aM. MaTpllIJ,bl C00TBeTCTBJ!Olll,IIX 

aJire6pa11qeCKIIX ypaBHeHnlt llBJill!OTCll CIIMMeTp11qHb!MII II IIOJIOlKIITeJibHO-OIIpe,n;eJieHHb!MII. 

BTopoii Tllll M0JKH0 IICII0Jib30BaTb KaK ,ll;Jlll peIIIeHllll JIHHeiiHbIX, TaK II HeJI11He.iiHb!X 

Ja,n;aq. Oco6eHHOCTb!O K0HeqH0-3JieMeHTHb!X cxeM 3T0ro TIIIIa TaKJKe llBJilleTCll Bb!COKllll 

I!Opll,ll;0K CX0,lJ;HM0CTII. II p11 o6brqHb!X JCJI0BllllX ua K03q>cp1111,11e11Tbl ,D;Hq>cpepeHIJ,llaJibHb!X 

ypaBHeHlllt C00TBeTCTBJ!Olll,lle cxeMaM onepaT0pb! llBJill!OTCll CIIJibH0-M0H0T0HHbIMII II Jllllll!IIIIJ,­

HenpepbIBHblMII. 

B § 2.1 npe,n;cTaBJieHhl aJirGpi!'EMbl ll0CTp0eHllll K0HeqHQ-3JieMeHTHb!X BeKT0PHb!X J3Jl0Bb!X 

6a3llCHb!X <PYHKIJ,l!it HJ rllJih6epTOBb!X np0CTpaHCTB 

Z(n) = {ii E (W:i(n))3
: v. ii= o, v xii= o}; 

U(O) = {ii E (L2(0))3
: 'iJ ·ii= 0, \l Xii E (L2(r!))3}; 

V(O) = { ii E (L2(0))3 
: 'iJ • ii E L2(r!), \? X ii= O}. 

<l>yHKll,llll 113 11p0CTpaHCTBa .Z(r!) M0ryT 6b!Tb Bb!paJKeHbl B B11,D;e rpa,n;11eHTOB rapM0Hl!qecKl!X 

<PYHKIJ,l!it. IIoaTOMY B 11. 2.1.1 11p11B0,ll;llTCll aJir0pllTMbl reHepa11,1111 rapM0H11qeCKl!X K0HeqHo-

3JieMeHTHb!X 6a311CHb!X <PYHKIJ,llii. 

IIycTb 11p116JIHJKeHHOe perneHne uh B KalK,D;0M K0HeqHQM 3JieMeHTe w B cpopMe TeTPa3,n;pa, 

reKcas,n;pa, llllTHrpaHH0.ii 11pll3Mbl II T.II. UIIJeTCll B B11,D;e 

uh(x) = L u7 N;(x), (25) 

i=l 

r,n;e u7, i = 1, ... , m, - JHaqeHl!ll np116JI11JKeHHoro peIIIeH11H B yJJiax {x;};=1, ... ,m Ha rpaH11IJ,e 8w, 
a Ni(x), i = 1, ... , m, - 6aJ11CHbie cpyHKIJ,1111. 

,I],~ll HaxoJK,n;eHllll rapMoH11qecKolt 6aJIICHOlt cpyHKll,1111 Ni(x) TaKolt, qTQ V · 'ilN; = 0, 

C0rJiaCH0 nepB0MY aJir0pi!TMY, HCII0Jib3JeTCll MeT0,/l; K0JIJI0KaIJ,1111. IIpe,n;cTaBIIM ee B B11,D;e 

N;(x) = f aYl f 9 (j)(x), r~e a;i) - Hel!JBeCTHble Koacpcp1111,11eHThI, g(j) -HH,D;eKcHaa cpyHKIJ,IIH, 
j=l 

j = 1, ... , m, a B KaqecTBe /g(j) Bb1611pa!OTCll <PYHKIJ,lll! 

Pn+1,k+1(x) = dnk(r/rotcos(kcp)P:(cos0), qn+I,k+1(x) = dnk(r/rot sin(kcp)P:(cos0) (26) 

npn x = (r, 0, cp), dnk = (2n + l)(n - k)!/(n + k)!, K0T0pbie Bhlql!CJ!ll!OTCll no peKKypeHTHb!M 

cpopMyJiaM 11 Bxo,n;aT B o6IIJee npe,n;cTaBJieH11e peIIIeH11ll 3a,n;aq11 ,IJ,11pl!XJie ,ll;Jlll 011epaTopa 

Jlamraca BHJTpll ccpepbl pa,n;11yca ro. Hel!JBeCTHbie K03q>q>llIJ,lleHTbl Hax0,D;llTCll B pe3JJibTaTe 

peIIIeHllll Cl!CTeMbl 
m 

L a?l fg(j)(x1) = o(x;, x1), l = 1, ... , m. 
j=l 
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lfH,n;eKCHal! q>yHKIJ,IIH g(j) rro,n;611paeTCH TaK, 'IT06bl CIICTeMa forna pa3pem11Ma. To'IHOCTb 

arrrrpOKCl!MaIJ,Hlt C IIOMOIIJ,b!O N;(x) orrpe,n;eJIHeTCH CTelieHHMII rapMOHl!'leCKIIX MHOro'IJieHOB, 

KOTOpble BXO,IJ;HT B q>yHKil,1111 fg(j), j = 1, ... , m, II ,n;JIH KOTOpbIX arrrrpoKCl!MaIJ,l!OHHaH qiopMyJia 

(25) TO'IHa. 

Ilo aropoMy aJirop11TMY N;(x) = f b}il J;(x), r,n;e /; BhI611paIOTCH rroCJie,n;oaaTeJihHO 113 
j=l 

q>yHKIJ,lllt (26), a Hell3BeCTHhle K03q>q>HI~l!eHTbI HaXO,ll;HTCH B Pe3YJibTaTe pemeHl!H CIICTeMbI 

./2--..(i)J J L., b; f;f1dS = L;/1dS, l = I, 2, ... , m, 
J=l 8w 8w 

r,n;e L; - JiarpamKeBaH rpaHl!'IHaH 633HCHaH q>yHKIJ,IIH. TO'IHOCTb rrp116Jil!)KeH11lt q>yHKIJ,IIHMII 

N;(x) 3aBIICIIT OT TO'IHOCTII arrnpOKCl!Mau,11tt q>yHKIJ,IIHMII L;, i = 1, ... , m. 

Ba)KHbIM CBOltCTBOM KOHe'IHbIX 3JieMeHTOB C rapMOHl!'leCKIIMII 6331!CHbIMII q>yHKIJ,IIHMII 

HBJIHeTCH OTCYTCTBl!e BHYTpeHHIIX yJJIOB ,n;a)Ke rrp11 IICIIOJih30BaHIIII arrrrpOKCIIMaIJ,Hlt BhlCOKOro 

rropH,n;Ka. 

B II. 2.1.2 rrpe,n;CTaBJieHbI ,n;aa aJiropHTMa IIOCTpoeHIIH KOHe'IH0-3JieMeHTHbIX BeKT012,HbIX 

yJJIOBbIX 6331!CHblX q>yHKIJ,1111 ,n;JIH arrrrpOKCl!MaIJ,lllt BbICOKOro rropH,n;Ka 113 rrpOCTPaHCTB Z(O), 
V(O), U(O). B o6011x CJiy'laHx 11cnOJih3YeTCH TOT qiaKT, 'ITO KaK II caM11 rapMOHH'leCKHe 

qiyHKil,1111, IIX rpa,n;11eHTbI 06Jia,n;a10T xopoml!MII anrrpOKCl!MaIJ,IIOHHbIMII CBOltCTBaMI!. 

IlyCTb rrp116Jil!)KeHHOe pemeH11e iI IIIIl,eTCH B B11,ll;e P33JIO)KeHIIH no 63311CHbIM q>yHKIJ,IIHM 
-(k) 

W; 
3 m 3 m 

iI(x) = L¼(Luk,;N;(x)) = LLUk,jwt\x), (27) 

k=l j=l k=l j=l 

r,n;e UkJ - 3Ha'leH!rn np116JIH)KeHHOro pemeHIIH B y3JiaX {x;};=l, ... ,m Ha rpaHl!IJ,e aw. 
CorJiaCHO rrepBOMY aJiropl!TMY, 63311CHble q>yHKil,1111 IIIIJ,YIOTCH B B11,n;e 

- (k) 
3

m (k ") (k ") 
W; (x)= I; a; •• 'i1 f 9ui(x), r,n;e a; ·• - He113aeCTHhle K03q>q>11u,11eHThl, f9ui ·- rapMOHH'lecK11e 

j=l 

qiyHKil,1111 113 (26), g(j) - IIH,ll;eKCHaH q>YffKIJ,IIH. He113BeCTHble K03q>q>IIIJ,lleHTbl HaxO,n;HTCH B 

pe3yJihTaTe pemeHIIH CIICTeMbI 

3m af . '°' a(k,i)~(x1) = t5u, 
L., J axk 
j=l 

~ a(_k,i) afg(il (x1) = 0, 
L., J axkl 
j=l 

~ a(k,i)afgU\x1) = 0, 
L., J axk2 
j=l 

(28) 

x1 E aw, k =f kl, k =f k2, kl =f k2, 1 ~ k, kl, k2 ~ 3, l = I, 2, ..• , m. 

11H,n;eKCHaH q>YffKIJ,HH 9 rro,n;611paeTCH TaK, 'IT06bl CIICTeMa 6bIJia pa3pem11Ma. To'IHOCTb 

arrrrpOKCIIMaIJ,Hlt TaKIIMII 6331!CHbIMII qiyHKIJ,IIHMII 3aBl!CIIT OT CTeneHI! rapMOHll'leCKIIX 

MHOro'IJieHOB, rpa,n;11eHTbI KOTOpbIX y'laCTBYIOT B orrpe,n;eJieHIIII K03qlqlllIJ,HeHTOB at·i). 

- (k) 3m (k ") 
Bo BTopoM aJirop11TMe 6aJ11CHhle qiyHKu,1111 IIIIJ,yIOTCH a a11,n;e W; (x) = I; b; •• 'i1 f 9ui(x), 

j=l 

r,n;e no rrpaBHJIY IIOCTpOeHIIH cpe,n;HeKBa,n;paTll'IHOro rrp116JIH)KeHIIH K03qlqlllIJ,HeHTbI bt·i) 
HaxO,n;HTCH 113 CIICTeMhl 

3m a 
" (k,i) J J fg(I) ~ b; 'i1 f 9ui · 'i1 / 9 c1idS = L; axk dS, l = I, 2, ... , 3m. 

;=l 8w 8w 

(29) 
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3,n;ecb g(j) = j + 1, j = 1, 2, •.. , 3m, eCJIII /1 = 1. TO'IHOCTb arrrrpOKCl!Mau,11tt B 3TOM CJiy'lae 

3aBl!CIIT OT TO'IHOCTII rrp116Jil!)KeH11lt JiarpaH)KeBbIMII rpaHl!'IHbIMII 63311CHbIMII q>YffKIJ,IIHMII L; 
(1 ~ i ~ m). 

TaK )Ke, KaK II B npe,IJ;bl,n;yiu,eM CJiy'lae, B KOHe'IHbIX 3JieMeHTaX C BeKTOpHbIMII 

rapMOHll'leCKIIMII 63311CHbIMII q>yHKIJ,IIHMII OTCYTCTBYIOT BHYTpeHHlle yJJibI ,n;~e B CJiyqae 

arrrrpoKCIIMaIJ,Hlt BhlCOKoro nopH,n;Ka. 

,ll;aJiee npHBO,ll;HTCH aJiropHTMbI IIOCTpOeHIIH KOHe'IH0-3JieMeHTHOro 63311Ca 113 rHJih6epTOBbIX 

npoCTpaHCTB U(O) 11 V(O). CHa'laJia paccMaTp11aaeTCH CJiy'lalt rrpocrpaHcTBa V(O). IlycTh 

rrpl!Mll)KeHHOe pemeHl!e iI IIIIl,eTCH B a11,n;e (27), r,n;e UkJ - 3Ha'leHIIH rrp116Jil!)KeHHOro pemeHIIH 

B yJJiax { x; };,;,1, ... ,m BHYTPII II Ha rpaHl!IJ,e w. 

CorJiaCHO rrepBOMy aJiropHTMY, 63311CHhle qJYHKil,1111 rrpe,n;CTaBl!M B B11,ll;e wt>(x) 
3m (k ") (k ") I; a; •• 'ilh9ui(x), r,n;e a; •• - HeH3BecTHhle Ko::iqiqi11u,11eHThl, g(j) - HH,n;eKCHaH q>yHKIJ,IIH, h9ui, 
j=l 

j = 1, •.• , m, - q>yHKIJ,1111 113 MHO)KeCTBa 

{1; x1; X2; X3; X1X2; X1X3; X2X3; X1X2X3; x~, x~, xt ... }. (30) 

He113aeCTHhle K03qlqll!IJ,lleHTbI HaxO,n;HTCH B pe3yJihTaTe pemeHIIH CIICTeMhl, aHaJIOrH'IHOlt (28). 

- (k) 3m (k ") 
Bo aTopoM aJirop11TMe 6aJ11CHhle ·qiyHKu,1111 orrpe,n;eJIHIOTCH a a11,n;e W; (x) = I; b; •• 'ilh9ui(x), 

j=l 

r,n;e no npaBHJIY IIOCTpOeHl!H cpe,n;HeKaa,n;paTll'IHOrO rrp116JI11)KeHl!H K03q>q>IIIJ,lleHTbI b}k,i) 
HaxO,n;HTCH H3 CIICTeMhl, aHaJIOrH'IHOlt (29). B 06011x aJirOp!!TMax TO'IHOCTb annpOKCIIMau,11tt 

6a311CHbIMII q>yHKIJ,IIHMII wt>(x) 3aBl!CIIT OT CTelieHII MHOro'IJieHOB (30), rpa,n;HeHTbl KOTOpbIX 
(k ., (k ") 

y'laCTBYIOT B orrpe,n;eJieHl!II K03q>q>IIIJ,HeHTOB a; ,,, 11 b; .•. 

Ba311CHble q>yHKIJ,1111 113 rrpOCTpaHCTBa U(O) q>OpM11pyIOTCH 113 6331!CHbIX q>yHKIJ,lllt wt> E 

V(O), i = 1, ... , m, k = I, 2, 3. 
B II. 2.1.4 ,n;aHO 6oJiee rro,n;po6Hoe on11caH11e KOHe'IHbIX 3JieMeHTOB C rapMOHl!'leCKIIMII 

q>yHKIJ,IIHMII q>OpMbI 113 II. 2.1.1. B Ta6JI11IJ,e 1 np11ae,n;eHbI TaKl!e xapaKTep!!CTIIKII KOHe'IHbIX 

3JieMeHTOB, KaK B11,ll; H'leltKII w' 'IIICJIO yJJIOB m II Ha1160Jihilll!lt rropH,IJ;OK d rapMOHl!'leCKIIX 

MHOrO'IJieHOB, KOTOphle TO'IHO rrp116JI11)KaJOTCH COOTBeTCTByIOIIJ,HMII 63311CHbIMII qiyHKIJ,HHMII. 

,ll;JIH CTaH,n;apTHOro CIIMIIJieKca s = { X; ~ 0, i = 1, 2, 3, X1 + X2 + X3 ~ 1} II IIHTl!rpaHHOlt 

1Ip113Mbl T = {xi, X2 ~ 0, X1 + X2 ~ 1; -1 ~ X3 ~ 1} co CTaH,n;apTHbIM pacnOJIO)KeHHeM yJJIOB 

Ha rpaHIIIJ,ax H'leeK o6a aJirop11TMa ,ll;aIOT O,ll;IIHaKOBhle Pe3YJibTaTbI. O,n;HaKO, KaK B11,IJ;HO 113 

Ta6Jil!IJ,bl 2, B CJiyqae CTaH,n;apTHOro Ky6a [-1, 1 ]3 rrepabllt aJirOpl!TM ,n;eMOHCTp11pyer 6oJiee 

BbICOKyIO TO'IHOCTb. 

Ta6nuu;a 1 a2 
s T aJirDp!!TM 2 

m 10 -20 34 52 18 38 m 26 56 98 

d 2 3 4 5 2 4 d 5 7 2 3 4 

Ilp11ae,n;eM rrp11Mep cpaaHeHl!H CXO,ll;IIMOCTII rrp116Jil!)KeHHbIX pemeHl!lt B TpexMepHolt 3a,n;aqe 

IIHTeprroJIHIJ,HII MarHIITHOro IIOJIH, KOr,n;a B Ka'leCTae KOHe'IHbIX 3JieMeHTOB IICIIOJib3YIOTCH 

IIOCJie,n;oaaTeJihHOCTII 06hI'IHbIX JiarpaH)KeBhIX (rrapaJIJieJierr11rre,ll;hl C 27, 64, 125 Y3JiaM11) II 

rapMOHll'leCKIIX ( rrapaJIJIMerr11rre,n;1,1 C 26,56,98 yJJiaMII) 3JieMeHTOB. Ha p11c. 1 rrpe,n;CTaBJieHO 

rroae,n;eH11e MaKCHMyMa MO,IJ;YJIH OTHOCHTeJlbHOlt rrorpemHOCTII t5(l) B 3aBl!CIIMOCTII OT o6IIJ,ero 

'IIICJia yJJIOB N, l!CIIOJih3yeMoro rrp11 IIHTeprrOJIHIJ,1111 Ha a,n;arrTIIBHOlt CeTKe. 

KaK B11,ll;HO 113 p11c.l, JIY'lillaH TO'IHOCTb ~ 0.1 . 10-4 ,ll;OCTl!raeTCH Ha 98 yJJIOBbIX 

rapMOHl!'leCKIIX 3JieMeHTaX rrp11 o6IIJ,eM 'll!CJie TO'leK IIHTepnOJIHIJ,1111 16358. 9TO Ha 37 % 
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TO'leK MeHhIIIe, '!eM rrpn llHTepIIOJIHIJ;llll 125 Y3JIOBh!Mll JiarpamKeBh!MH 3JieMeHTaMn c MeHhIIIefi 

TO'IHOCTh!O. 

109(6"") 

N 

Pnc. 1. Cxo.n,11MOCTh HHTeprromni;nfi 

.n,mr rrapannenerrnrre.n,oB ( CJieBa 

HarrpaBO, CBepxy - BHH3): 

o - 27, 64, 125 Y3JIOBh1e narpam1rnBhle; 

• - 26, 56, 98 J3JIOBhie rapMOHl!'!eCKHe 

(rrepBbil! MeTO.n,). 

B § 2.2 rrpei:i;cTaBJieHhl 0606rri;e11Hble cpopMJJIHpOBKll ,11.JIH 'IHCJieHHOro peIIIeHl!H KpaeBhIX 

3a,!l.a'! C CIICTeMOl! H3 ,11.BYX ypaBHeHnl! rrepBoro IIOpH.n,Ka B ,11.HBepreHTHOl! ll BHXpeBol! cpopMax 

OTHOCHTeJihHO BeKTOP-<PYHKIJ;Hl!. PaccMaTPHBaIOTCH ,11.Ba '!aCTHhIX CJiy'laH 3a.n,a'IH {1),(2), 
KOTOphle HBJIHIOTCH Han6onee pacrrpOCTpaHeHHh!MJI Ha rrpaKTl!Ke: 

{
~~(c'irii)=f, 'vxii=F, 
v - 0, x E an. 

XE n; 
(31) 

{
~ ~w = f, 'v x (ii2w) = f, 
w -o, x E an. 

XE n; 
(32) 

Bhr6op IIOCTaHOBKII 3a.n,a'II! 3aBHCHT OT CBOllCTB KO':lq>q>nri;neHTOB ii1, ii2, IIpe.n,rroJiaraercH, 'ITO 

rrpaBbie '!aCTII YAOBJieTBOpH!OT neo6xo.n,uMhIM ycJIOBIIHM ,11.JIH pa3peIIIHMOCTH 3ai:i;a'!. 

,Il;JIH IIOCTpOeHl!H o6o6rri;ennol! cpopMyJrnpOBKII 3a.n,a'III (31) llCIIOJih3yeTCH Bapnari;IIOHHh!l! 

MeTO.n,. ITycTh ii1 = ii1 (x, ii) - 3a.n,attttaH cpy11Kri;nH, f E L2(n), F' E (L2(n)3 II 'v · F = 0. 
PeIIIeHHe 3ai:i;a'!II IIIIJ;eTCH B rrpOCTpaHCTBe W:l,o(n)3: 

wt,o(n)3 
= {ii E (L2(n))3 : au/axk E (L2(n))3, k = 1, 2, 3; iilao = 0}. 

KaK ll3BeCTHO, TaKoe np0CTpaHCTBO II03B0JIHeT IICIIOJih30BaTh ,11.Be 3KBl!BaJieHTHhie HOpMhI: 

3 

lliillt, (OJ3 = L,(au/axk, au/axk)(L2(0))3; lliillt, (0)3 = ll'v · iill[L,(0))3 + ll'v x iill[L,(n)J3· 
~ ~ 

k=l 

O'!eBII,!1.110, 'ITO peIIIeHne 3a.n,a'III (31) o6ecrre'!nBaeT MHIIHMYM <PYHKIJ;llOHaJia 

F1(ii) = (1/2) j[('v · (ii1ii) - j)2 + ('v xii- F')2]dn. 
n 

IIpe.n,nOJIO)KIIM, 'ITO ,11.JIH K03q>q>IIIJ;IIeHTa ypaBHeHHH BhIIIOJIHHIOTCH CJie.n.y10rri;11e YCJIOBHH: 

c1ll'v · iillL,(n) :'S ll'v · (ii1ii)li£,(n) :'S c2ll'v · iillL,(n), (33) 

ll'v' (ii1(x, ii1)v1) - 'y' (ii1(x, ii2)ii2)IIL,(n) :'S c3llii1 - v'.illw:1,0(0)3, (34) 

r.n.e c; > 0, e; = canst, i = 1,2,3, a ii,ii1,ii2 E iV:l,0(0.)3. 
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CrrpaBe.n,JIHBa TeopeMa. 

TeopeMa 2.2.1 
llycmb ii+ = W2 + {1 - t)ii1, t E (0, 1) u ii1, ii2 E WJ,o(n)3. EC/IU a1111 1'a3gi(/iU'4Uettma ii1 

B!,mo11H1110mc11 xepaeettcmea {99),(94) u cnpaeei111ueo npei1cma6Jlettue 

ii1(x, ii+)ii+ = tii1(x, ii2)ii2 + {1- t)ii1(x, ii1)ii1, 

mo npu f E L2(n), F' E (L2(0))3 giytti-"4uoxa11 F1, onpedMettm,d.l xa WJ,0(0)3, 11e1111emc11 
ttenpep'bl6H'blM, K03p'4UffiU6H'blM U cmpozo 6'blnyKll'blM. 

Ilpn Bh!IIOJIHeHHll (33), a TaK)Ke HepaBeHCTBa 

ll'v · (u'(ii1, ii, ii)il)IIL,(n) :'S c4lli1llw:1.0(n)•, 

r.n.e u'(ii1, ii, ii)= {a(a1(x, ii)v;)/au;};,j=1,2,3, ii, i1 E WJ,0(n)3, C4 = canst, ,!l.OKa3h!BaeTCH JieMMa 

2.2.1 0 TOM, 'ITO rpa.n,neHT <PYHKIJ;llOHaJia F1' orrpe.n,eJIHeMhlfi paBeHCTBOM 

(A1ii, il)(L2(n))• = j[('v · (ii1(x, ii)ii) - f)'v · (u'(ii1, ii, il)il) + ('v xii- F) • 'v x il]dn, 
n 

3a.n,afa oT06pa)Kettne n3 WJ,0(O)3-B (WJ,0(0)3)•. 
IIpn Bh!IIOJIHeHIIII ycJIOBHfi TeopeMh! 2.2.1 ll JieMMh! 2.2.1 ll3 II3BeCTHh!X TeopeM O CBH3ll 

MeTo.n,a Pnri;a II MeTO.n,a ranepKIIHa CJie.n.yer, 'ITO o6o6rri;eHHaH cpopMJJIIIpOBKa ,11.JIH 3a,!l.a'!H {31) 
B BH,11.e ypaBHeHHH 

(A1ii, ii) = 0, Vil E wf,o(n)3
, 

HMeeT e.n,HHCTBeHHOe pemettne ii E WJ,o(n)3. KpoMe Toro, rrpn Ka,K,11.0M n 3TO ypaBHeHne ,11.JIH 

Viln E (WJo)n(n)3 
HMeeT e.n,HHCTBeHHOe ranepKHHCKOe rrpH6JIH)KeHHe Un E (WJo)n(n)3. 

ECJin ~ 3a.n,a'le {31) F = 0, To ,11.JIH ee 3q>q>eKTHBHOro pemettnH 'B rrony'leHHol! 

o6o6rri;ettttol! cpopMynnpoBKe peKoMett.n.yeTCH ncrroJih3oBaTh 6a3nc H3 rrpocTpaHCTBa V ( n), 
Y.D.OBJieTB0pH!OIIJ;Hl! KpaeBh!M yCJI0BHHM. 

,Il;anee Bapnari;nOHHh!l! MeT0,11. llCIIOJ!h3JeTCH ,11.JIH IIOCTpoeHIIH o6o6rri;eHHOli: q>OpMJJIHpOBKll 

3a.n,a'l1I {32). IIpe.n,rroJiaraerCH, '!To ii2 = a2(x, w) - 3a.n,attttaH cpyHKIJ;HH, f E L2{n), F' E 

{L2(n))3 
n 'il • F = 0. Pemettne 3a.n,a'ln nrri;eTcH B rrpocTpattcTBe WJ0(n)3. cI>yttKIJ;HOHaJI ,11.JIH 

3a.n,a'IH {32) HMeeT Bll,11. ' 

F2(ii) = (1/2) j[('v • (w) - !)2 + ('v x (a2w) - F)2Jdn. 
n 

IIyCTh ,11.JIH K03q>q>nri;neHTa ypaBHeHHH Bh!IIOJIHHIOTCH CJie.n.yrorri;ne JCJIOBIIH: 

c5il'v x wll(L,(nJJ3 :s; ll'v x {ii2w)ll(L,(nJJ3 :s; c5il'v x wllcL,(n))3, 

ll'v X (ii2(x, W1)w1) - 'y X (ii2(x, w2)w2)il(L2(0))3 :'S c1llw1 - w2llw:1,o(n)•, 

r.n.e e; > 0, e; = canst, i = 5, 6, 7, aw, w1, w2 E WJ,0(n)3. 

CrrpaBe,11.JinBa TeopeMa. 

TeopeMa 2.2.2 

(35) 

{36) 

llycmb W+ = tw2 + (1 - t)w1, t E (0, 1) u 'WJ, W2 E WJ,o(n)3. EC/IU d/111 i.osgigiu"4Uettma ii2 
e'blnOJ1tt1110mc11 xepaeexcmea {95},{36} u cnpaeei111ueo npei1cmae11exue 

ii2(x, w+)w+ = tii2(x, w2)w2 + (1 - t)ii2(x, w1)w1, 
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mo npu I E L2(O), F' E (L2(O))3 rfiyttKU,'UOH.a.n. F2, onpeae.n.ihmt,1,iL Ha wJ,o(O)3, JIB.11.JlemCJI 
ttenpept,1,Bttt,1,.M, i;;o3pu,umuettt,1,.M u cmpow e1:,myi;;.n.t,1,.M. 

O6o6m;eHHaH q>OpMyJmpOBKa ,LVIH 3a,n;aq11 {32) IIOJiyqaeTCH C IIOMOIIl;b!O 

,ll;ll<p<pepemi;11poBaHIIH <pyHKIJ;IIOHaJia F2. ITp11 BblllOJIHeHIIII {35) II HepaBeHCTBa 

ll'i7 X (v'(a2, w, u)u)IIL,(O) '.S: cslli1llw¾_o(0)3, 

r,n;e v'(a2, w, u) = {8(a2(x, w)w;)/8uj};_j=l,2,3, w, U E Wi,o(0)3, Cg = Const, ,ll;OKa3b!BaeTCH 

JieMMa 2.2.2 0 TOM, qTO rpa,n;11eHT <pyHKIJ;IIOHaJia F2, orrpe,n;eJIHeMbll! paBeHCTBOM 

(A2w,i1lc£,cniia = j[('i7 • w- f)'i7 • a+ ('i7 x (a2(x,w)w) - F) • 'i7 x (v'(a2,w,i1)i1)]dn, 

n 

3a,n;aeT oT06pa*eH11e 113 W:}0(O)3 B (W:}0(O)3)*. 
ITp11 BblIIOJIHeHl!II ycJIOB~l! TeopeMbl '2.2.2 11 JieMMbl 2.2.2 o6o6m;eHHaH q>OpMyJIIIpOBKa ,LVIH 

3a,n;aq11 {32) B B11,ll;e ypaBHeHIIH 

(A2w, u) = 0, Vu E Wi,0 (0)3
, 

IIMeeT e,n;IIHCTBeHHOe peIIIeHlle w E WJo(O)3. KpoMe Toro, rrp11 Ka)K,ll;OM n 3TO ypaBHemrn ,LVIH 

Viln E (W:}0)n(O)3 11MeeT e,n:11HCTBeHHO~ raJiepKIIHCKOe rrp116JI11)KeH11e Wn E (W:}0)n(O)3• 

ECJIII B' 3a,n;aqe ( 32) / = 0, TO ,LVIH ee 3<p<peKTIIBHOro perneHIIH B IIOJiyqeHH~l! o6o6m;eHHOl! 

q>OPMYJIIIpOBKe __peKOMeH,n;yeTCH IICIIOJ!b30BaTb y,n;OBJieTBOpH!OIIl;IIl! KpaeBbIM yCJIOBIIHM 6a3IIC 113 

rrpocTpaHCTBa U(O). 
B § 2.3 rrpe,n;cTaBJieHbl rrpoeKIJ;IIOHHO-CeTOqHbie cxeMbl ,ll;JIH perneHIIH HeJIIIHel!HbIX 3a,n;aq 

Bll,ll;a (31),(32) OTHOCIITeJibHO BeKTOp-<pyHKIJ;IIl!, IICIIOJ!b3YIOIIl;IIe rrpe,LVIO)KeHHbie B rr.2.1.3 

<pyHKIJ;IIII q>OpMbI 113 rrpocTpaHCTBa V ( n). OcttoBol! ,LVIH rroc'i'poeHIIH 3TIIX cxeM HBJIHeTCH 

rro,n;xo,n; By6HOBa-faJiepKIIHa. 

3,n;eCb CTpOIITCH rrpoeKIJ;IIOHHO-CeTOqHaH cxeMa OTHOCIITeJibHO BeKTOp-<pyHKIJ;IIII ,LVIH 

perneHIIH HeJIIIHel!Hol! KpaeBol! 3a,n;aq11 c BHyTpeHHel! rpaH11ri;el!: 

'i7 . v = o, 'i7 x z = o, v = pi, x E n; 

'i7 · V = 0, 'i7 x Z = F'(x), V = Z, x E O'; (37) 

[n · V] = 0, [n x Z] = 0, x E 80; V = Z = 0, x E fa. 

ITpe,n;rroJiaraeTCH, qTO rpaHIIIJ;a an HBJ!HeTCH o6m;el! ,LVIH o6JiaCTel! n II O', rrp11qeM O' OKPY*aeT 

0 TaK, qTO fo HBJIHeTCH y,n;aJieHHOl! OTO qaCTb!O rpaHIIIJ;bl 80'. Ba)KHO OTMeTIITb, qTO 06JiaCTb 

n MO)KeT 6b!Tb COCTaBJieHa 113 HeCKOJ!bKIIX HeCBH3HblX o6JiaCTeil. <l>yHKIJ;IIH p 3a,n;aHa JIII60 

KaK p = p(x, V), JIII60 KaK p = p(x, Z). t.Jepe3 [n . V] II [n X .Z] o603HaqeHa pa3HOCTb 

rrpe,n;eJIOB COOTBeTCTBYIOIIl;IIX <pyHKIJ;IIl! rrpII CTpeMJieHIIII TOqKII X Ha rpaHIIIJ;Y 80 113HYTPII II 

113BHe o6JiaCTII n. 0THOCIITeJibHO HeJIIIHel!Horo K03<pq>IIIJ;IIeHTa 3a,n;aq11 rrpe,n;rroJiaraeTCH, qTo 

BblllOJIHHIOTCH o6bJqHbJe HepaBeHCTBa. 

,IJ:11cKpeTII30BaHHaH o6o6m;eHHaH q>OpMyJIIIpOBKa 3a,n;aq11 (37) 06ecrreq11BaeT BblIIOJIHeHIIe 

YCJIOBl!l! Ha BHyTpeHHel! rpaHIIIJ;e ,LVIH HOpMaJibHblX II TaHreHIJ;llaJibHbIX KOMIIOHeHT IICKOMOl! 

BeKTOp-<pyHKIJ;IIII. C 6a311coM II3 rrpocrpaHcrna V(O) rrp11 q>OpMIIpOBaHIIII MaTpIIIJ;bI He 

Tpe6yeTCH BbJql!CJieHIIH CJiaraeMblX, co,n;ep)Kam;11x pOTOp. 

B 3TOM IIYHKTe ,ll;OKa3aHa TeopeMa 2.3.2 0 CXO,ll;IIMOCTII l!TepaIJ;IIOHHOrO rrpori;ecca, C 

IIOMOIIJ;b!O KOTOporo IIOJiyqaeTCH rrpI16JII1)KeHHOe perneHI!e. IT pl! peaJIII3aIJ;I!ll l!Tepari;IIOHHOro 

rrpori;ecca Ha Ka)K,ll;OM mare l!Tepari;IIII pernaeTCH 3a,n;aqa C CIIMMeTpllqHol!, IIOJIO)KIITeJibHO­

orrpe,n;eJieHHOl! MaTpl!ri;el!. IToJiyqeHHOe rrp116JII1)KeHHOe pemeHIIe TOqHo y,n;oBJieTBOpHeT 
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O,ll;HOpo,n;HOMY ypaBHeHI!IO C orrepaTopoM poTopa. 0TMeTIIM, qTO ,LVIH rrp116JII1)KeHHOro 

perneHI!H II HeJII!Hel!Horo K03<p<pl!IJ;I!eHTa MO)KHO IICIIOJ!b30BaTb arrrrpOKCI!MaIJ;I!II BblCOKOro 

rropH,n;Ka. Cym;eCTByeT TaK)Ke B03MO)KH0CTb IIOCTpoeHI!H a,n;arrTIIBHbIX rrpI16JII1)KeHI1l! OT,ll;eJibHO 

,LVIH Ka)K,ll;Ol! KOMIIOHeHTbl IICKOMOl! BeKTOp-<pyHKIJ;llll rrpll IIOMOIIl;ll BeKTOpHbIX 6a3IICHblX 

q>YHKIJ;I!l!. ,IJ:JIH BbJqIICJieHIIH KapTbl IIOJIH He Tpe6yeTCH crreri;IIaJibHOii IIHTepIIOJIHIJ;llll c 

IICIIOJ!b30BaHIIeM TOqeK cyrrepcxo,n;IIMOCTII, a IIOJiyqaeMaH TOqHOCTb 6y,n;eT TaKol! )Ke, KaK 

TOqHOCTb arrrrpOKCI!MaIJ;I!II rrpI16JII1)KeHHOro pemeHI!H rrpll IIOCTpOeHIIII rrpoeKIJ;IIOHHO-CeTOqHofi 

cxeMbl. 

TpeTbH rmma ,ll;IICCepTaIJ;IIII IIOCBHIIl;eHa MeTO,n;aM II aJiropIITMaM, cym;eCTBeHHO 

IIOBblIIIa!Om;IIM 3<p<peKTIIBHOCTb pemeHI!H KaK rrpHMblX, TaK II o6paTHblX HeJII!Hel!HbIX 

3a,n;aq MarHIITOCTaTI!Kll. Cpe,n;II rry6JII1KaIJ;11l!, IIOCBHIIl;eHHblX IIOCTpOeHI!IO rrpoeKIJ;IIOHHO-

ceroqHbIX CXeM ,LVIH 3a,n;aq MarHI!TOCTaTIIKII, OTMeTIIM pa60Tbl H.H.,IJ:ol!HI!KOBa, 

C.E.Cb!qeBCKoro, E.A.JlaM3IIHa c coaBTOpaMII, J.C.Coulomb c coaBTopaM11, J.Simkin, 

C.W.Trowbridge c coaBTOpaMII, M.J.Friedman, J.E.Pa.sciak, I.D.Mayergoyz c coaBTOpaMII, 

E.fI.)K11,n;KoBa, C.B.BopO)KIJ;OBa, IT.f.AKIIIIII!Ha, B.H.XopoMCKoro, 9.A.Al!pHHa c coaBTOpaM11, 

A.r.,IJ:al!KOBCKOro c coaBTOpaMII, S. Russenschuck c coaBTopaMII II ,n;pymx 11cCJie,n:0BaTeJiel!. 

B § 3.1 rrpe,LVIaraeTCH HOBbll! MeTO,ll; BbJql!cJieHI!H <pyttKIJ;IIII Ha JIIIIIIIIIIIJ;eBOl! rpaHI!IJ;e 

TpexMepHOro TeJia ITO 3a,n;aHHOMY rpa,n:11eHTy. B KaqecrBe rrp11Mepa rrpIIMeHeHI!H MeTo,n;a 

rrp11Be,n;eM CJie,n;y10iey10 HeJIIIHel!tty10 KpaeBy10 3a,n;aqy. ITycTh o6JiacTb O' c R 3 orpaHIIqeHa 

JIIIIIIIIIIIJ;eBOl! rpaHIIIJ;el! II 0' = 0 U 01, r,n;e 06JiaCTII O II 01 pa3,ll;eJIHIOTCH BHYTpeHHel! 

rpaH11ri;el! r C 0', KOTopaH TaK)Ke HBJIHeTCH JIIIIIIIIIIIJ;eBott. Tpe6yeTCH Hal!TI! <pyHKIJ;I!II u, U1, 

y,n;oBJieTBOpH!OIIl;l!e ypaBHeHI!HM 

3 8 L ~(a;(x, u, 'vu))+ a(x, u, 'vu) = 0, x E n; 
i=l Xi 

3 
8 , 8u1 

3 
8u1 L ~(a;j(x)~) +Lb;~=/, x E 0 1 ; 

i,j=l Xi X3 i=I Xi 
(38) 

3 3 

u - u1 = 0, L(a;(x, u, 'vu) - L u;i(x) !u1 
- b;u1) • o:; = 0, x Er; 

i=l j=l X3 

3 8 3 

u = u(x), x E an\ r; ( L a;i(x) 
8

:
1 + L b;u1). &; = u1(x), x E 801 \ r, 

i,j=l 1 i=l ' 

r,n;e 'i7 u - rpa,n;IIeHT <pyHKIJ;IIII u, a O:;' &; - KOMIIOHeHTbl BeKTOpOB BHeIIIHIIX HOpMaJiei! K 

COOTBeTCTBYIOIIl;IIM o6JiaCTHM. ITpI! 3TOM paBeHCTBa Ha rpaH11ri;e IIOHIIMa!OTCH B CMbICJie 

CJie,n;oB COOTBeTCTBy10m;11x <pyHKIJ;I!l!. ITpe,n;rroJiaraeTCH, qTo Bee K03<pq>IIIJ;I!eHTbl B ypaBHeHI!HX 

Bem;eCTBeHHble II BMeCTe C 3a,n;aHHblMII <pyHKIJ;IIHMII /, u, U1 y,n;oBJieTBOpH!OT yCJIOBIIHM, 

Heo6xo,n:11Mb!M ,LVIH O,ll;H03HaqHol! pa3peIIII!MOCTII IIpI!Be,n;eHHOl! 3a,n;aqI1. ECJIII B o6JiaCTII 01 

ll3BeCTHO 'laCTHOe perneHIIe - ,ll;OCTaTOqHO rJia,ll;KaH BeKTOp-<pyHKIJ;IIH G, KOMIIOHeHTbl KOTopol! 

G; (i = 1, 2, 3) y,n;oBJieTBOPHIOT ypaBHeHIIIO 

3 8 3 L 8x (u;j(x) · Gj) +Lb;· G; = /, x E 01, 
i,j=l 1 i=l 

To MO)KHO BBecT11 <pyHKri;1110 ¢, TaKy10, qTO 'i7 cp = G B 0 1. 9m cpyHKIJ;IIH 6y,n;eT HBJIHTbCH 

qaCTHblM perneHI!eM ypaBHeHIIH B o6JiaCTII 01. Tor,n;a 3a,n;aqy (38) MO)KH0 Cq>OpMyJIIIpOBaTb 
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OTHOCl!TeJihHO q>yHKIJ;lltt u B o6JiaCTII TT II U1 = U1 - <P B o6JiaCTII !11. I1p11'1eM B fli 
noJiy'laeTCH 0,11,Hopo,11,Hoe ypaBHeH11e ,11,JIH q>yHKu;1111 u1. I1o3TOMY eCJIII BeKTOp G BhI'IIICJIHeTCH 

6oJiee TO'IHO II 6bICTpo, 'leM q>yHKIJ;IIH / B o6JiaCTII 01, II np11 3TOM ynpmu;aeTCH npou;ecc 

nocrpoeHIIH TpexMepHOtt CeTKII, TO nepeq>OPMYJI!!pOBKa 3a,11,aq11 ,11,JIH Hell3BeCTHblX u, 111 

HBJIHeTCH onpaB,11,aHHOtt. O,11,HaKO TO'IHOCTb perueHIIH HOBOtt 3a,11,a'lll 3aBIICIIT OT TO'IHOCTII 

Bbl'IIICJieHIIH q>yHKIJ;llll ¢, KOTopaH BX0,11,IIT B ycJIOBIIH Ha rpaH11u;e r. 

,lJ,.rrn HaXO)K,11,eHIIH q>yHKIJ;llll </J BB0,11,IITCH npOCTpaHCTBO q>yHKIJ;llil 

W:f(r) = {u: U E L2(r), 'vTu E (L2(r))2}, 

r,11,e B JIOKaJibHOtt npaBott ,11,eKapTOBOtt CIICTeMe KOOp,11,!!HaT C opTaMII s, i; ii, HanpaBJieHHblMII 

B,11,0Jib KaCaTeJihHOtt, 611HOpMaJIII II BHeIIIHett HOpMaJIII, 

'vTU = S8u/8s + fau/8t, 

B W:l(r) BbI,11,eJIHeTCH KJiaCC q>yHKIJ;lllt W:l,o(r), ,11,JIH KOTOpb!X BhlnOJIHHeTCH XOTH 6hl 0,11,HO 113 

ycJIOB!!lt 

j udS = 0 l!JIII 

ro 

j udl =0, 

lo 

3,11,eCh r o - 'laCTb rpaHIIIJ;bl r, a lo - HeKOTOpaH He3aMKHyTaH Kp!!BaH Ha r. ,lvIH q>YHKIJ;I!lt 

u, VE W:f,o(r) MO:lKHO BBeCTII CKaJIHpHoe np0113Be,11,eH11e II COOTBeTCTBYIOIIJ;YIO HOPMY 

(u,v)wi,o(r) = ('vTu, 'vTv)(L,(r))', llullIB' (r) = ((u,u)w, (r))1/2_ 
2,0 2,0 

BBe,11,eHHaH HOpMa 3KBI!BaJieHTHa HOpMe npocrpaHCTBa W:f (r). 
<l>yHKIJ;l!H ¢ HaX0,11,IITCH 113 o6o6ru;eHHOrO ypaBHeHIIH 

j 'vT</! · 'vTvdS + j p(G, l'vT</Jl)('vT</J- GT)· 'vTvdS = j GT· 'vTvdS, v E W:f,0(r), 

~ ~ ~ 

r,11,e r 1, r 2 - HenepeceKa10ru;11ecH COCTaBHhie 'laCTII rpaHI!IJ;bl r, onpe,11,eJIHeMbie B 3aBl!CIIMOCTII 

OT noBe,11,eHIIH GE K = {'v</!: <PE L2(r), 'v</J E (L2(r))
3
)}. 3,11,ech 

p(G l'vT</JI) = 2- - !Gnl 
, \G- 'vT</!\ 

,lvIH l!CCJie,11,0BaHIIH 3Toro ypaBHeHIIH BB0,11,HTCH CJie,11,YIOiu;lle o6o3Ha'leHIIH. 3a,11,a,11,11M 

onepaTOpbl B1, B2 C nOMOiu;blO paBeHCTB 

(B1u1,v1)w1 (r1) = J'vTul ''vTv1dS, U1,V1 E W:fo(r1); 
2,0 • 

r, 

(B2u2, v2)wJ,o(r,) = J p(G, \'v Tu2\)('v Tu2 - GT)· 'iJ Tv2dS, U2, V2 E w:f,o(r2), 

r, 

O'IeBl!,11,HO, 'ITO B1 : W:l o(r1)-+ WJo(r1) II B2: WJo(r2)-+ WJo(r2), 

CBottcTBa onepaTOpa B~ cq>opMyJI11poBaHhI B cJie,11,Y~ru;en JieMM~. 

JleMMa 3.1.1 
Onepamop B 2 : WJ,0 (r2) -+ WJ,0(r2) .11B11.11emc.11: 
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1} CUJl'btto Mouomotttt'bt.M, mo ecm'b B'btno11H.11emc.11 uepaeeucmeo 

(B2u - B2v, U - v)w{o(r,) 2'. \\u - vll~J.o(r,)• u, VE w:f,o(r2); 

2} 11tmwuq-uenpep'btBH'bt.M, mo ecm'b B'btno11tt.11emc.11 uepaeeucmeo 

\\B2u - B2v\\w{o(r,) '.S: a7\\u - v\\wJ,o(r,), u, v E W:f,0 (r2), 

zae G7 = 2 + max(l/\Gn\), GE K. 
xer2 

Ha OCHOBe JieMMbl 3.1.1 ,11,0KaJhIBaeTCH, 'ITO onepaTop B 
WJ,o(r) n{Wt(r1) X WJ(r2)}, 3a,11,aBaeMbli! paBeHCTBOM 

H _,. H, r,11,e H 

(Bu, v)H = (B1u1, v1)w{
0
(r1) + (B2u2, v2)wJ,

0
(r,) 

,11,JIH U = (u1, u2), V = (v1, v2) EH, HBJIHeTCH Cl!JlbHO M0HOTOHHbIM II Jil!nru11u;-HenpepbIBHblM. 

lfa 06ru;11x TeopeM 06 ypaBHeHl!HX C TaKIIMII onepaTOpaM!! cpaJy :lKe noJiy'laeM 0,11,H03Ha'IHYIO 

pa3peIIIIIMOCTb o6o6ru;eHHOro ypaBHeHI!H 3a,11,aq11 II CX0,11,IIMOCTb ranepK!!HCKIIX np116Jill)KeH11tt 

K TO'IHOMY perueHIIIO. K po Me Toro, 113BeCTeH IITepau;uoHHbltt npou;ecc, C nOMOIIJ;blO KOTOporo 

MO:lKHO n0JIY'IIITb 3TO pemeH11e. , • 

I1 pe,11,JIO:lKeHHblH MeT0,11, Bbl'IIICJieHl!H q>yHKIJ;IIII Ha Jillnru11u;eBott rpaH11u;e TpexMepHoro 

TeJia no 3a,11,aHH0MY rpa,11,11eHTY no cpaBHeHl!IO C II KJiaCCl!'leCKIIM II n0,11,X0,11,0M 8 ,11,aeT 6oJiee 

6hICTpOCX0,11,Hiu;lleCH K TO'IHOMY perueHl!IO np116Jil!)KeHIIH, nOCKOJibKY l!CnOJih3yeT ,11,ByMepHOe 

IIHTerp11poBaHI1e, a He IIHTerp11poBaH11e no OTpe3KaM !!JIii Kp!!Bb!M BTOporo nopH,11,Ka. KpoMe 

Toro, np11 perueHllll CIICTeMhl ypaBHeH11tt He np0!!CX0,1l,IIT B03MO:lKHOro HaKanJIIIBaHl!H oru116K11, 

eCJII! rpa,11,11eHT 3a,11,aH He TO'IHO. 

B 3T0M :lKe naparpaq>e np!!B0,11,IITCH aJirOp!!TM Bbl'IIICJieHIIH q>yHKIJ;llll Ha Jil!nru11u;eBblX 

rpaHuu;ax HeCBH3HblX o6JiaCTeii no 3a,11,aHH0My rpa,11,11eHTY ,11,JIH 3a,11,a'I MarHIITOCTaTIIKII. 

CKaJIHpHbIH noTeHIJ;llaJI npOB0,11,HIIKOB C TOKOM cps npe,11,JiaraeTCH onpe,11,eJIHTb Ha rpaH11u;ax 

rk, k = 1, 2, ... , m, HeCBH3Hb!X o6JiaCTett 113 ypaBHeH11tt 

'vcps = jJS(x), x Erk, k = 1,2, ... ,m, (39) 

C yCJIOBlleM cps(Yk) = cpf, Yk E rk, cps(Yo) - 113BeCTHaH BeJill'll!Ha, r,11,e Yo MO:lKeT He 

np11Ha,11,Jie:lKaTh rpaH11u;aM rk, k = 1, 2, ... , m. B o6ru;eM CJiyqae TO'IKII Yk, k = 1, 2, ... , m, 

CBH3aHbl C TO'IKOH Yo JIOMaHblMII Lk, k = 1, 2, ... , m, a noTeHIJ;llaJI cps Ha 3TIIX JIOMaHbIX 

HaX0,11,IITCH C noMOIIJ;blO a,11,anTIIBHOro aJirOp!!TMa 113 o6o6ru;eHHbIX ypaBHeH11tt 

f 8cpS8v J- -s 8x_k 8v 8r ardT = (r · H + a;:) ardr, k = 1,2, ... ,m, 
Lk . Lk 

r,11,e v - ,11,ocraTO'IHO rJia,11,KaH q>yHKIJ;IIH, Xk - q>yHKIJ;IIH, 06ecne'l11Ba10ru;aH BhlnOJIHeH11e yCJIOBIIH B 

TO'IKe Yo, BeKTOp f(x) 3a,11,afa HanpaBJieH11e JIOMaHol! Lk, O6o6ru;eHHble JIIIHeHHhie ypaBHeH11H, 

COOTBeTCTBYIOIIJ;lle (39), 6y,1J,YT l!MeTb Bll,11, 

J s J -s 'vTcp ·'vTvdS= (H +'vTXk)·'vTvdS, k = 1,2, ... ,m, (40) 
r. r. 

8
M.H.BpoHmTel!H, K.C.CeMeH,11,HeB.CnpaBO'IHIIK no MaTeMaT11Ke,lO-e 113,11,aH11e,M.: HayKa, 

1965, c.538-539. 
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r,11,e cpyHKil,1111 v, Xk 11MeIOT TOT )Ke CMhICJJ, qTo II v, Xk a npe,11,hI,ll,ylll,eM ypaaHeH1111 

C0OTBeTCTBeHH0. 

.Ll:JJH pememrn ypaBHeHllll (40) a,11,anTIIBHh!M MeT0,11,0M K0HeqHh!X ::lJ!eMeHT0B 

paccMaTPIIBaIOTCH qeThlpe Tl!Ila qeTh!pexyr0JJhHh!X ,:lJ!eMeHT0B. ITplI nocTp0eHIIII K0HeqHo-

3JJeMeHTH0ll CIICTeMhl IICn0JJh3YIOTCH JJarpaH)KeBhl ,lJ!eMeHThl C 9-IO YJJJaMII (TIIn 2) II 

cepeH,11,IIn0Bhl 3JJeMeHThl C 17-IO Y3JJaMII (TIIn 3). WH BCn0M0raTeJJhHh!X BhlqlICJJeHIIll 

nplIMeHHIOTCH JJarpaH)KeBh! 3JJeMeHThl c 6-IO (TIIn 1) II 15-IO (TIIn 4) yJJJaMII. .Ll:oKaJaHa 

JJeMMa 3.1.3 06 ou,eHKax cpyHKil,IIII IIHTepn0JJHHTa qepe3 CTapmlie np01I3B0,11,Hhle II3BeCTH0ll 

BeKTOp-<pyHKil,IIII. 9¢¢,eKTIIBHOCTh a,11,anTIIBH0ro aJJroplITMa ,11,eM0HCTPIIPYeTCH Ha M0,11,eJJhH0M 

nplIMepe II Ha Bb[qlICJJeHIIII CKaJJHpHoro noTeHU,IIaJJa o6MOTKII ,11,J!H 6oJJbIIIOrO C0JJeH0II,11,aJJhH0r0 

MarHJITa L3 [1]. 

§ 3.2 ,11,11ccepTaI1,1III nocBHlll,E!H aJJr0plITMaM C K0HTp0JJeM TQqH0CTII ,11,J!H pemeHIIH 3a,11,aq 

MarHIIT0CTaTIIKII. Pa3pa60TKII aJJrDPIITM0B K0HTP0JJH TQqHQCTII ,11,J!H npoeKU,II0HHO­

CeTQqHh!X MeT0,11,0B co,11,ep)KaTCH B MH0roqlICJJeHHh!X pa6oTax. Oco6eHHO aKTYaJJhHh!M 

3T0T B0npoc HBJJHeTCH ,11,J!H qlICJJeHH0r0 pemeHIIH TpexMepHb!X 3JJJJIInTIIqecKIIX Ja,11,aq 

c CIIJ!hH0 MeHHIOlll,IIMIICH pemeHIIHMII, a pacqeTH0l! o6JJaCTII K0T0ph!X co,11,ep)KaTCH 

no,11,06JJaCTII C He0,11,IIHaK0Bh!MII ,11,II<p<pepeHU,IIaJJhHh!MII ypaBHeHIIHMII. ITplI 3T0M caMII 

no,11,06JJaCTII MoryT IIMeTb CJJ0)KHYIO KOH<plirypaU,IIIO. 3,11,ecb M0)KH0 0TMeTIITh KHIIrlI 

c.r.MIIXJJIIHa, X.J1.CMOJJIIIl,KOro(1965), H.C.BaxBaJJOBa(1975), H.H.KaJJIITKIIHa(1978), 

r.I1.MapqyKa,B.B.Illal!,11,ypoaa(1979), B.B.Illal!,11,ypoaa(l989), B.Szabo, I.Babuska(1991), 

Ch.Schwab(1998), O.C.Zienkiewicz, R. T. Taylor(2000), P.Solin(2006), B K0T0phlx 

paccMaTp!!BaIOTCH Bonp0ChI, B03HIIKaIOlll,IIe nplI n0CTp0eHIIII TaK0ro TIIna aJJr0plITM0B 

II eCTh CCh!JJKII Ha 0plirlIHaJJhHh!e ny6JJIIKall,IIII. PaJJJIIqHhie aJJr0plITMhl K0HTp0JJH 

T0qH0CTII IICn0JJh3YIOTCH B HeK0T0ph!X K0MMepqeCKIIX CIICTeMax aBT0MaTII31Ip0BaHH0ro 

npoeKTIIp0BaHIIH nplI pemeHIIII JJIIHel!Hh!X II HeJJIIHel!Hh!X KpaeBh!X 3a,11,aq C 3JJJJIInTIIqecKIIMII 

,11,II<p<pepeHU,IIaJJhHhlMII onepaTOpaMII BT0poro nopH,11,Ka. Bee anOCTep1IOpHb!e MeT0,11,hl aHaJJII3a 

OIIIII6KII npoeKU,II0HH0-CeToqHh!X MeT0,11,0B M0)KH0 pa3,11,eJJIITh Ha TPII 0CH0BHhle rpynnhl: 1) 

MeT0,11,hI, 0CH0BaHHhie Ha pemeHIIII 3a,11,aq1I B ,11,onoJJHHIOlll,IIX ,11,pyr ,11,Pyra cpopMyJJIIpOBKax, K0r,11,a 

TQqHoe pemeHIIe nplIHIIMaeT npoMe)KyT0qHoe 3HaqeHIIe Me)K,11,y np1I6JJII)KE!HHh!MII pemeHIIHMII 

0,11,HO!! II ,11,Pyrol! <pOpMyJJ11poBKllj 2) MeT0,11,hl C MH0r0KpaTHh!M pemeHlleM 3a,11,aq11; 3) MeT0,11,hl 

C JJ0KaJJhHh!M ou,eH11BaH11eM om116K11. Ha1160JJee 3K0H0MllqHoil no Bh!q11CJJ11TeJJhHh!M 3aTpaTaM 

cq11TaeTCH TpeThH rpynna MeT0,11,0B, K0T0paH II pa3B11BaeTCH B noCJJe,11,Hee BpeMH oco6eHHO 

IIHTeHCIIBH0. B 3T0ll rpynne Bhl,11,eJJHIOTCH MeT0,11,hl C u,eJJeHanpaBJJeHHOl! hp-a,11,anTIIBHOCThIO 

(L.Demkowicz c coaBTopaM11), a TaK)Ke MeTo,11, cynepcxo,11,Hlll,erocH noKycoqHoro aoccraHoBJJeHIIH 

(superconvergence patch recovery method, O.C.Zienkiewicz, J.Z.Zhu). 06 aKTYaJJhH0CTII 

B0np0C0B, paccMaTplIBaeMb!X B 3T0ll rJJaBe, CBll,11,eTeJJhCTBYeT npaKT11qecK11 n0CT0HHH0e 

npe,11,cTaBJJeH11e ,11,0KJ!a,ll,0B no K0HTP0JJIO TQqHQCTII pacqeTOB B 3a,11,aqax MarHIIT0CTaTIIKII Ha 

peryJJHpHh!X KOH<pepeHU,IIHX Compumag, nOCBHlll,E!HHh!X M0,11,eJJ11poBaH11IO MarHIITHh!X noJJeil 

II CMe)KHh!M TeMaM. B 0TJJ1Iq1Ie OT II3BeCTHhlX MeT0,11,0B ,11,J!H 3T0ro KJJacca 3a,11,aq, B TpeTbeil 

rJJaBe npe,11,J1araeTCH K0MnJJeKCHh!fi n0,ll,X0,11,, 06'be,ll,1IHH!Olll,llil Ha 0CH0Be e,11,11Hh!X xapaKTepllCTIIK 

KaK TeCT1Ip0BaH11e cpyHKU,IIll MarHIITH0rD II0JJH, 0CH0BaHHh!X Ha ,11,aHHh!X II3MepeHIIll ,11,J!H 

cneKTp0MeTp0B <plIJIIqeCKIIX 3KC!IeplIMeHT0B, TaK II TeCTIIp0BaHIIe MarHIITH0ro n0JJH, K0T0poe 

noJJyqaeTCH B pe3yJJhTaTe pacqeToB. 

B rraparpacpe !IplIB0,11,HTCH cpopMyJJhI, xapaKTep113yIOlll,IIe qlICJJeHHYIO rrorpeIIIH0CTh B 

3aBIICIIM0CTII OT HeBH3KII ypaBHeHIIll ,11,J!H onepaTopoB ,11,IIBepreHU,IIII II p0T0pa. ITycTb o6JJaCTh 

n C R3 pa3611Ta CTaH,11,apTHh!M o6pa30M Ha HeK0T0phle K0HeqHb!e 3JJeMeHThl W;, i = 1, 2, ... , N, 
11 Ha Ka)K,11,0M i-0M 3JJeMeHTe orrpe,11,eJJeHbl cpyHKil,IIII cpopMbl N;,k(x), TaK qT0 N;,k(xUl) = 
J(x<k), xUl) r,11,e yJJJhr, x<k), xUl E w;. '{epe3 wk 060JHaq1IM H0CIITeJJh k-Tol! 6aJ1ICHofi 
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<pyHKil,IIII Wk = u suppN;,k, a qepe3 (Co'(wk)) 3 - MH0)KeCTB0 <pllHIITHh!X 6ecKOHeqHo­
Wi:x(k)ewi 

,11,11cpcpepeHI1,1IpyeMh!X BeKTOp-<pyHKU,111! C H0CIITeJJHMII Ha Wk, CnpaBe,11,J!IIBa CJJe,11,yIOlll,aH JJeMMa. 

JleMMa 3.2.1 
Ilycmt, a/1/1 VE (Co'(wk)) 3 6btnOJIH.J110mc.n ttepaeettcmea 

IV· v(x) - V · v(y)I $ c\do, IV X v(x) - V X v(y)I $ C2do, 

zae x, y E wk, do = max Ix - zl, c1 , c2 - no.11O:>1Cume.11t>ttue nocmo.nttttue, xe aaeuc.n~ue om 
xEW1c,zE8W1c 

x u y. Tozaa npu x E wk euno.11tt.nemc.n paeettcmeo 

v(x) = (V · v(x))fo(x) + (V x v(x)) x fo(x) + Rov, 

aaecb - -1J r 10 (x) = 41r ;:adv, lfo(x)I $ do, IRovl $ C3d~, 

"'• 
3 -

npu amo.M. C3 = max{c1,c2}, r= E ip(Xp - Yp), r = Ix - vl-
p=l 

CrrpaBe,11,J!IIBa TaK)Ke JJeMMa 0 rrpe,11,cTaBJJeHIIII BeKTOp-<pyHKil,IIII V E ( C00 (Wk) ) 3 Ha 3JJeMeHTe 

Wk, 

JleMMa 3.2.2 
Ilycmb a.11.n VE (C 00(wk)) 3 BbtnOJIH,R,IOmc.n ttepaeettcmea 

IV· v(x) - V · v(y)I $ C4d, IV X v(x) - V X v(y)I $ C5d, 

zae x, y E wk, d = max Ix - zl, c4, c5 - no.11O:>1Cume.11t>ttbie nocmo.nttttue, tte aaeuc.n~ue om 
xEw1c,zE8w1c 

x u y. Tozaa npu x E wk euno.11H.J1emc.n paeettcmeo 

v(x) = (V. v(x))f(x) + (V X v(x)) X f(x) + Pv + Rv, 

aaecb 

- -1/ r I(x) = - 3 dy, 
41r r 

Wk 

lf(x)I $ d, 
3 

IPvl $ max(~= lvvl)(y), 
yE8wk p=I 

IRvl $ c5d2, 

npu amo.M. ~ = max{c4, c5}. 
J1eMMhl 3.2.1 II 3.2.2 M0)KH0 IICII0JJh30BaTh ,11,J!H ou,eHKII rrorpemH0CTII Ilp1I6JJII)KE!HHOro 

pemeHIIH Kpaeah!x Ja,11,aq c orrepaTopaMII ,11,11aepreHI1,1I1I II poropa. 

B TeopeMe 3.2.1 ,ll,0Ka3h!BaeTCH crrpaBe,11,J!IIB0CTh rrpe,11,cTaBJJeHHfi OIIIH6Kll Ha K0HeqH0M 

3JJeMeHTe W;, 1 $ i $ N. B 0TJ!llqlle OT ll3BeCTHh!X 110,11,X0,ll,0B K JJ0KaJJhH0MY ou,eHIIBaHHIO 

norpernH0CTll rrpHMll)KE!HHOro perneHHH C II0M0lll,hIO cpopMyJJhl TefiJJopa, B noJJyqeHHh!X 

npe,11,cTaBJJeHHHX 3T0fi rrorpeIIIH0CTll B rrpocTpaHCTBe Herrpepb!BHO-,ll,ll<p<pepeHI1,1IpyeMh!X 

BeKTOp-<pyHKil,llfi yqHTh!BaeTCH TOT <paKT, qTO T0qHoe perneHIIe y,11,0BJJeTB0pHeT JJH6o 

0,11,H0p0,11,HOMY ypaBHeHHIO C orrepaT0p0M ,11,llBepreHU,llll, JJH6o 0,11,H0p0,11,H0MY ypaBHeHHIO C 

onepaT0p0M poropa, JJH6o ,11,BYM ypaBHeHHHM 0,11,H0BpeMeHH0. 

B 3TOM )Ke rraparpacpe ,11,J!H aHaJJH3a <pyHKU,llll MarHHTH0ro II0JJH, K0T0phle o6h!qHo 

llCnOJJh3YIOTCH B 3KCrrepHMeHTax C MarHHTHh!Mll crreKTp0MeTpaMH ll 0CH0Bh!BaIOTCH Ha ,11,aHHh!X 

ll3MepeHIIfi, orrpe,11,eJJHeTCH <pyHKil,llOHaJJ T/, ,11,aJJee Ha3h!BaeMh!l! xapaKTepllCTllK0fi. OH 3a,ll,aeTCH 

CJJe,11,YIOlll,llM o6paJoM: 

TJ(/(l) B, w) = (I JV· J(l) Bdwl +I/ V x 1<1) Bdwl)/(lwlBo), 
w w 
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r.n;e W - HeKOTOpb!l! KOHeqHb!l! 3JieMeHT, o6pa30BaHHbll! 113 J3JIOB ceTKII, Ha KOTOpb!X 113BeCTHbl 

,n;aHHhie 113MepeH11l!, lwl - o6'heM w, a Bo -BeJI11q11Ha ocHOBHol! KOMIIOHeHThI rroJIH B u;eHTpe 

Mal'Hl!Ta. 'iepe3 J(l) iJ o603HaqeH orrepaTOp BOCIIOJIHeHIIH. B HeKOTOpb!X CJiyqaHX OH MO)KeT 

(I) (I) - m, - (I) 
6h1Th paBeH orrepaTOpy I, , 3a,n;aBaeM0My cpopMynoii I, B = ~ B;N; (x), r.n;e 11H,n;eKc l 

i=l 
- CTeneHb IIHTepnOJIHD;IIOHHOI'O MHOI'OqJieHa, m, - q11CJIO IICIIOJib3YeMb!X lip!! IIHTe pnOJIHD;IIII 

y3JIOB CeTK11, B; - 3HaqeH11e BeKTOpa iJ B i-M y3ne, NP\x) - i-H 6aJ11cHaH cpyHKD;HH 

IIHTe pnOJIHD;IIOHHOI'O MHOI'OqJieHa. 

C IIOMOID;b!O xapaKTepnCTIIKII 1/, BO-rrepBbIX, MO)KHO orrpe,n;eJil!Tb orr1116K11 B 113MepeH!IHX 

IIOJIH, a B0-BTOpb!X, MO)KHO ycTaHOBIITb, Ha KaKol! ceTKe Heo6xo,n;11MO rrpOBO,ll;IITb ·113MepeHIIH, 

qT06hI OIIIll6Ka cpyHKD;IIII Mal'HIITHOI'O IIOJIH 6hIJia MIIHIIMaJibHOll. B KaqeCTBe Kp11Tep11H cne.n;yeT 

IICIIOJih30BaTh HepaBeHCTBO 

TJ(l;l) iJ, w) ::; C. h1+1 • 1n1+1 B(x)I, X E w, 

r.n;e C = canst, C > 0, h - .n;11aMeTp 3JieMeHTa w, Dm = 3lml/fr1 x1fr2 x28m3 X3, 1ml = m1 + 
m2 + m3. 

8 § 3.3 rrpe,n;cTaBJieHhl MeTO,lJ;bl perneHIIH 3a,n;aq11 cpopM!!pOBaHIIH 0,ll;HOpo,n;HOI'O Mal'HIITHOI'O 

IIOJIH, KOTOpy!O MO)KHO OTHeCTII K KJiaccy o6paTHb!X 3a,n;aq. O6iu;11l! rro.n;xo.n; K !IX 

perneHIIIO pa3pa6oTaH A.H. TnxOHOBb!M II ero lIIKOJIOii. 3.n;ech CJie.n;yeT OTMeTIITb pa60Tbl 

TI.H.Ba611ru;eB11qa, a ,n;JIH 3a,n;aq MarH11TOCTaT11K11 - pa6oThI E.A.JlaM311Ha, C.E.Cb!qeBcKoro 

C coaBTOpaMII. B 3TOM pa3.n;ene ccpopMyJinpoBaH I1Tepau;110HHhlii rrpou;ecc YTOqHCHIIH 

qacr11 IIOBepXHOCTII cpeppoMarHeTIIKa ,ll;JIH IIOJiyqemrn Bb!COKOO,ll;HOpo,n;HOI'O Mal'HIITHOI'O IIOJIH 

( TeopeMa 3.3.1) II ,n;aHbl rrp11Mepbl perneH!IH 3a,n;aq C ero IIOMOID;b!O. 

B § 3.4 IIpllBO,ll;IITCH aJII'OpllTM IIOCTpOeHIIH KOMIIb!OTepHb!X MO,n;enel! aHaJill3llpy!Oiu;11x 

Mal'HIITOB crreKTpOMeTpOB C KOHTpOJieM TOqHOCTII BbJq11cJieH11ll,. fJiaBHb!MII Tpe6oBaHIIHMII K 

TaKIIM MaI'HIITaM 06h1qHo HBJIHIOTCH: BeJI11q11Ha IIOBOpOTHOll CIIJ!hl, 06'heM pa6oqel! o6JiaCTII, 

3KCIIJiyaTau;noHHble yCJIOBIIH, MaTepnaJI rrpOBO,ll;Hl!Ka II TIIII CTaJIII. Ilpou;ecc IIOCTpOeHIIH 

KOMIIb!OTepHOll MO,ll;MII ,ll;IIIIOJ!bHOI'O MaI'HIITa, OCHOBaHHhlii Ha 3TIIX BXO,ll;Hb!X ,n;aHHhIX, MO)KHO 

OIIl!CaTb C IIOMOID;b!O CJIC,ll;y!OID;ero aJII'Op!!TMa: 

1) ou;eHKa aMrrep-BIITKOB, ,ll;Jll!Hbl Mal'Hl!Ta II TOJIID;l!Hbl HpMa IIO aHaJIIIT!lqecKIIM cpopMyJiaM; 

2) IIOCTpOeH11e KOMIIb!OTepHOl! MO,n;eJIII o6MOTKII II l!Tepau;110HHb!l! rrpou;ecc cpopM!!pOBaH!IH 

reoMeTp1111 HeHaChIID;eHHOI'O Mal'HIITHOI'O HpMa; 

3) aHaJill3 TOqHOCTII pa3pa60TaHHOll KOMIIb!OTepHol! MO,ll;CJIII, KOTOpb!l! BKJIJOqaeT B ce6H 

rrpoBepKy rrpaBIIJ!bHOCTII Bblq11CJieHIIH IIOJIH OT o6MOTKII II aHaJill3 a,n;eKBaTHOCTII pacqeTHOil: 

CeTKII; 

4) Bb1q11cJieH11e Han6onee Ba)KHb!X xapaKTCp!!CTIIK Mal'Hl!Ta: cpyHKD;llll IIOJIH B,ll;OJ!b nyqeii B 

IIOJIHpHol! CIICTeMe KOOp,lJ;!!HaT C u;eHTpOM B TOqKe B3allMO,ll;eiicTBIIH ,ll;JIH ou;eHKII IIOBOpOTHOil: 

CIIJ!bl Mal'Hl!Ta; IIOBe,11.eH!IH IIOJIH B HpMe Mal'Hl!Ta ,ll;JIH aHaJI!l3a 3<p<peKTOB HaCb!Iu;CHIIH; 

IIOH,n;epMOTOpHb!X CIIJI II MOMeHTOB, .n;el!CTBJIOID;IIX Ha rrpOBO,ll;HIIKII, IIO <pOpMyne J X B; 
IIOBe,n;eHIIH IIOJIH BOKpyr MaI'HIITa; 3arraceHHOll ,rnepr1111; CIIJI, .n;el!CTBJIOID;IIX Ha pa3JI!lqHbie 

qacr11 MaI'HIITa (crpecc MaKCBeJIJia), II ,!I.PYI'IIX. 

qeTBepTaH I'JiaBa .n;11ccepTau;1111 IIOCBHiu;eHa pe3yJihTaTaM rrp11MeHeHIIH MCT0,11;0B, 

OIIl!CaHHb!X B rrpe,n;hl.n;yiu;eii I'JiaBe, K IIOCTpOeHIIIO KOMilb!OTCpHbIX MO,n;eneii II pacqeTOB IIOJieii 

MarHIITHhIX c11cTeM ,n;nH ycTaHOBKII ALICE [1-4] (CERN, r. )KeHeBa) 11 rrpoeKTa ycraHOBKII 

,ll;JIH 3KCrrepnMCHTa C IIOJIHp1130BaHHOii MlllIICHh!O B l1:T9<I> [5] (r. MoCKBa). 

8 § 4.1 rrp!!BO,ll;HTCH pe3yJibTaTbl rrocrpoeH!IH KOMIIbJOTepHb!X MO,n;enel! ,n;JIH 60JiblIIOI'O 

COJieHOll,ll;aJlbHOI'O Mal'Hl!Ta L3, rrpoeKTa CBepxrrpOBO,n;Hiu;ero ,ll;IIIIOJibHOI'O MaI'HIITa II rrepBOI'O 

rrpoeKTa 11 Terrnoro" .n;11rrOJihHOro MarHnTa ,n;JIH 3Kcrrep11MeHTa ALICE. B qacTHOCTII, ,n;JIH Mo,n;en11 
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L3 rrpe,n;cTaBJieHhI pe3yJihTaThI cpaBHeHnH pacqfaoB, BhIIIOJIHeHHb!X rro rrporpaMMe MSFE3D 9, 

C KapTOl! IIOJIH MaI'HIITa, a TaK)Ke C pe3JJ!bTaTaM11 pacqfaoB IIO .n;pyrnM rrporpaMMaM. 

B § 4.2 rrpe.n;cTaBJieHbl pe3yJihTaTbl IIOCTpOCHIIH KOMilb!OTepHb!X MO,ll;eJiel! ,ll;IIIIOJ!hHb!X Mar­

HIITOB cep1111 VULCAN c KOHJCHol! KOH<p11rypau;11el! cpeppoMarHeT11Ka ,n;JIH 3Kcnep11MeHTa AL­

ICE. 3.n;ecb rrp!!BO,!I.HTCH pa3pa60TaHHhle MO,ll;eJIII o6MOTOK, yKJia,ll;b!BaeMh!X Ha 60KOBJIO IlOBepx­

HOCTb rrpHMOI'O yceqeHHOI'O KOHyca, pe3yJihTaTbl IICIIOJ!h30BaHIIH pa3JillqHb!X xapaKTep!ICTIIK 

,!1.JIH ou;eHKII TOqHOCTII Bb1q11cJieH11H IlOJIH B anepTypax Mal'HIITOB, a TaK)Ke .n;pyr11e pacqfabl. 

B § 4.3 rrpe,n;CTaBJieHbl Pe3YJihTaTbl MO,ll;MllpOBaH!IH Mal'H!ITHOI'O IIOJIH ,n;JIH npoeKTa 

3KCnep11MeHTa C IlOJIHpll30BaHHOl! MlllIIeHb!O B l1:T9<I>. 3.n;ech paCCMaTp!!BaJOTrn ,n;Ba 

Bap!laHTa Mal'Hl!Ta 6e3 Il0JIHPll3YIOID;IIX HaKOHeqHIIKOB, a TaK)Ke np!!BO,ll;IITCH pe3JJihTaT no 

<pOpM11poBaHI1!0 KOH<pllrypau;1111 IlOBepxHOCTII IIOJIHp113YIOID;IIX HaKOHeqHIIKOB C IIOMOID;b!O 

11Tepau;110HHoro npou;ecca 113 § 3.3. 

K .n;11ccepTau;110HHOfi pa6oTe IIMeeTCH Tpll np!IJIO)KCHIIH. IlpHJIO:>KCHHe 1 co.n;ep)KIIT 

aHaJI113 cpyHKD;llii Mal'HIITHOI'O IlOJIH, 0CH0BaHHb!X Ha ,n;aHHb!X 113MepeH!!ll ,ll;JIH 3KCnep11MeHTa 

9KC'iAPM [6-8]. PaccMaTp11BaJOTCH 4 pa3n11qHhle cpyHKu;1111 MarHnTHOro noJIH, IIHTep­

rron11py10ru;11e ,11.aHHbie C ceTKII 113MepeHnfi C II0M0ID;b!O np0113Be,n;eHIIH IIHTepnOJIHD;II0HHb!X 

MHQI'QqJieHOB JlarpaH)Ka nepBofi, BTopofi TpeThefi II qeTBepTol! CTeneHel! C00TBeTCTBeHH0 II0 

Ka)K,n;Ol! IIp0CTpaHCTBeHHOl! rrepeMeHHOl!. ,Ll;JIH !IX cpaBHeH!IH IICII0J!b3YeTCH xapaKTep!!CTIIKa 

TJ(J(k) iJ, wo), 1 ::; k ::; 4, BBe,n;eHHaH B § 3.2. 

B IlpHJIO:>KCHHH 2 IIp!!B0,lJ;HTCH pe3yJihTaThl pacqfaoB Mal'HIITH0I'0 II0JIH ,n;JIH M0,1J;eJI11 

COJieH0ll,ll;a rrpoeKTa MO,ll;ll<p!lu;11poBaHHOI'O 6eTaTpOHa, pa3pa6oTaHHOI'O B Jla6opaTop1111 

5!.n;epHhIX Tipo6neM 0115!11. 

B IlpHJIO:>KCHHH 3 rrpe,n;cTaBJieHbl pe3yJihTaTbl pacqeTOB Mal'HIITH0I'0 II0JIH ,ll;JIH M0,1J;eJI11 

rroBopoTHoro MarH11Ta M-90-05 ycKopnTeJihHoro K0MrrJieKca Y400-Y400M, rrpe,n;Ha3HaqeHHoro 

,n;JIH rrpoeKTa DRIBs [9]. 

OCHOBHhIE PE3YJihTAThl ,ll;I1CCEPTAIJJ1:M 

1. llcCJie,n;oBaHhl KOM6!1H11pOBaHHhle CIICTeMbI, co.n;ep)Kaiu;11e HeJIIIHCfiHhie .n;11cpcpepeH­

u;11aJibHhie ypaBHCHIIH B ,ll;IIBepreHTH0fi !!JIii B!!XpeB0l! cpopMax B orpaH11qeHHOl! o6JiaCTII 

11 rpaH11qHbie yCJIOBIIH B Bll,ll;C IIHTerpaJibHbIX ypaBHeH11ii, TQqHo yq11Tb1Ba10ru;11e 

IIOBe,n;eH11e perneH!IH Ha 6eCKOHeqHQCT!I. TionyqeHb! KOM611HllpOBaHHbie CIICTCMbI, 

IICIIOJ!h3YIOID;IIC TOJ!bK0 0,ll;IIH rpaHnqHblll orrepaTop Ha rrp0!!3B0JlbH0ll rpatt11u;e B0K­

pyr pacqfaHOll o6JiaCTII, BKJIJOqaJOiu;eii rro,11.06JiaCTII C HCJIIIHCllHbIMII II JIIIHeiiHbIMII 

.n;11cpcpepeHu;11aJibHb!MII ypaBHCHIIHMII. 

2. TionyqeHbl II o60CH0BaHbl rrpoeKD;IIOHHO-CeTOqHbie CXCMbl ,ll;JIH perneH!IH JIIIHellHb!X 

II HeJil!HeiiHh!X KpaeBb!X 3a,n;aq OTHOCIITeJibHO BeKTOp-<pyHKD;llll C CIICTeMaM!I 113 

,n;Byx .n;11cpcpepeHu;m1JibHb!X ypaBHeH!ll! rrepBOI'O rropH,n;Ka B ,!I.IIBepreHTHOl! II BIIX­

peBol! <pOpMax. Tipe,n;JIO)KeH KJiacc KOHeqHb!X 3JieMeHTOB Bb!COK0I'O IIOpH,n;Ka 

arrrrpOKCIIMau;1111 6e3 BHJTpeHHIIX Y3JIOB. Ba311CHbie <pyHKD;IIII 3TIIX 3JieMeHTOB 

Y,ll;OBJieTBOpH!OT Jill6o ypaBHeH!IHM co CKaJIHpHbIM !!JIii BCKT0pHbIM orrepampoM Jlarrnaca, 

Jill60 0,ll;HOBpeMCHHO ,!I.BYM 0,ll;HOpO,n;HhIM .n;11cpcpepeHu;llaJibHb!M ypaBHCHIIHM rrepBOI'O 

9 
M.B.IOn.n;arneBa, O.11.IOn.n;arneB. KoMrrJieKc rrporpaMM MSFE3D ,n;JIH pacqeTOB 

rrpocTpattCTBeHHb!X MaI'HIIT0CTaT11qeCKIIX II0Jieii. BepC!!H 1.2. 0115!11, Pll-94-202, ,Ll;y6Ha, 
1994 
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II0plI,D;Ka C onepaT0p0M .n;1rnepreHii;1m II onepaT0p0M poTopa. l1cnOJib30BaH11e TaKIIX 
3JieMeHT0B np11 perneHIIII KpaeBbIX 3a,ri;aq C yKa3aHHblMII onepaTopaMII IIpllB0)];IIT K 
K0HeqHQ-3JieMeHTHbIM aJire6pa11qecKIIM CIICTeMaM C CIIMMeTpllqHblMII, II0JI0)KIITeJibHO­
onpe,n;eJieHHbIMII MaTp111i;aM11. 

3. Pa3pa60TaHbl MeT0)];bl II aJir0pllTMbl perneHlllI TpexMepHbIX HeJI11Hei1HblX 3a,ri;aq MarHIITO­
CTaTIIKII: 

- npoeKIJ;II0HH0-CeToqHbllt MeT0)]; II a,n;aIITIIBHb!lt aJir0pllTM Bb1q11CJieHlllI CKaJilipHoro 
II0TeHIJ;llaJia, C03,D;aBaeMoro np0B0)];HIIKaMII C II0CT0lIHHblM T0K0M, Ha rpaH11ii;ax HeCml3-
HbIX o6JiaCTei1 BHe np0B0)];HIIK0B; 

- aJiropllTM II0CTpoeHlllI e,D;IIHblX xapaKTepllCTIIK )];Jill K0HTp0JilI TQqHQCTII Bb1q11CJieHHbIX 
11 113MepeHHblX MarHIITHbIX II0Jiell ; 

- IITepaIJ;II0HHbllt MeT0)]; q>OpM11poBaHlllI BbIC0K00)];H0po,n;Horo MarHIITH0ro II0JilI 3a cqeT 
113MeHeH11H o6'beMa, 3aH11MaeMoro q,eppoMarHeTIIKOM; 

- aJir0pllTM II0CTp0eHlllI K0MIIbIOTepHblX M0,D;eJieii cneKTp0MeTp11qeCKIIX )];IIII0JibHblX 
MarHIIT0B TIO 3a,ri;aHH0ll IIOB0pOTHOH CIIJie, pa3Mepy pa6oqeii o6JiaCTII II .n;pyrnM 
napaMeTpaM. 

4. Ha 0CHOBe C03,D;aHHbIX aJirOpllTMOB II nporpaMMHOro o6ecneqeHlllI perneH pH)]; 
TpexMepHbIX 3a,ri;aq C yqeTOM HeJIIIHellHoro BJilllIHlllI q>eppoMarHIITHblX qacTell Mar­
HIITHbIX CIICTeM. 8 HeKOTOpb!X 3a,n;aqax IICIIOJib30BaJIIICb xapaKTepllCTIIKII TOqHOCTII 
Bb1q11cJieH11i1. Pa3pa6oTaHbl KOMIIbIOTepHbie MO)];eJIII II npoBe,n;eHbl pacqeTbI: 

- 6oJiblIIOro coJieH011,n;aJihHoro MarH11Ta L3 ycraHOBKII ALICE Ha LHC (CERN, r.)KeHeBa) 
II npoeKTOB O 115!11 )];IIIIOJibHbIX MarHIITOB )];Jill 3TOi1 ycTaHOBKII: CBepxnpoBO)];lIIIJ;ero II 
11TeIIJibIX 11 Bap11aHTOB, B TOM q11CJie C KOHyCHOi1 KOHq>11rypaIJ;11elt MarHIITOIIpOBO,D;a; 

- cneKTpOMeTp11qecKoro MarHIITa C IIOJIHp113YIOIIJ;IIMII HaKOHeqH11KaM11 )];Jill npoeKTa 
3KCnep11MeHTa C IIOJIHp1130BaHHOll MIIIIIeHbIO Ha yCKOpllTeJie B l1T9<l> (r.MocKBa); 

- COJieH011.n;a )];Jill npoeKTa MO)];ll(pll!J;llpOBaHHOro 6eTaTpOHa O 115!11 ( r.,lfy6Ha). 

,IJ;uccepTaIJ;H.H OCHOBbIBaeTC.H Ha CJie,n;yIOI.IJ;IIX 
orry6JIHKOBaHHbIX pa6oTax 

1. E.I1.)K11,n;KOB, A.B.<l>e.n;opoB, O.11.lOJI,n;arneB. 06 o,n;HoM no.n;xo.n;e K perneHIIIO 3a,n;aq11 Mar­
HIITOCTaT11K11 B KOM611HllpOBaHHOi1 IIOCTaHOBKe. MaTeMaT11qecKoe MO)];eJillpOBaH11e, T.2, N 
9, 1990, c.10-20. 

2. E.I1.)K11,n;K0B, A.B.<l>e.n;opoB, O.11.lOJI,n;arneB. l1cnoJih30BaH11e MeTo,n;a ranepK1rna ,n;JIH 
perneHlllI IIHTerpaJibHOro ypaBHeHlllI MarHIITOCTaTIIKII OTHOCIITeJibHO BeKTOpHoro IIOTeH­
IJ;llaJia. JJ:11q,q>epeHIJ;llaJibHble ypaBHeHlllI, T.28, N 10, 1992, c. 1821-1828. 

3. E.I1.)K11,n;K0B, O.11.IOJI,n;arneB, M.B.IOJI,n;arneBa. A.n;anT11BHbii1 anrop11TM Bb1q11CJieH11H 
q>yHKIJ;IIII Ha JIIIIIIIIIIIJ;eBolt rpaH11ii;e TpexMepHoro TeJia no 3a,n;aHHOMY rpa.n;11eHTY II ero 
np11MeHeH11e B MarHIITOCTaTIIKe. )KypHaJI BblqllCJIIITeJibHOll MaTeMaTIIKII II MaTeMaTll­
qecKolt q>11311K11, T.42, N 12, 2002, c.1854-1869. 

28 

4. E.P.Zhidkov, O.1.Yuldashev, M.B.Yuldasheva. A projection method for solving linear prob­
lems with the divergence, curl operators and its application in magnetostatics. BecTHIIK 
Pocc11i1CKOro YHIIBepc11TeTa .n;py)K6bl Hapo,n;oB. CeplllI I1p11KJia,n;HalI II KOMIIbIOTepHaH 
MaTeMaTIIKa, N 1(1), 2002, c.79-86. 

5. E.I1.)K11,n;K0B, O.11.lOJI,n;arneB, M.B.IOJI,n;arneBa. HOBhle npoeKIJ;IIOHHbie q>opMyJI11poBK11 
0THOCIITeJibHO BeKTOpOB IIOJilI )];Jill perneHIIH HeJIIIHellHbIX 
BecTHIIK Pocc11llcKoro yH11Bepc11TeTa .n;py)K6hl Hapo,n;oB. 
KOMIIbIOTepHalI MaTeMaTIIKa, T.2, N 2, 2003, c. 104-115. 

3a,n;aq MarHIITOCTaTIIKII. 
Cep11H II p11KJia,n;HaH 11 

6. E.I1.)K11,n;K0B, B.8.PbIJihIJ;OB, O.H.IOJI,n;arneB, M.B.lOJI,n;ameBa. q11cJieHHoe perneH11e Ja,n;a­
q11 q>OpM11poBaHlllI O,D;Hopo,n;Horo MarHIITHOro IIOJilI 3a cqeT 113MeHeHlllI 3aHIIMaeMoro q>ep­
poMarHeTIIKOM o6'beMa )];Jill HeKOTOpbIX MarHIITHblX CIICTeM 3KCIIep11MeHTaJibHOll q>ll311KII. 
BecTHIIK Pocc11iicKoro yH11Bepc11TeTa .n;py)K6h1 Hapo,n;oB. Cep11H <l>11J11Ka, N 12, 2004, c.17-
25. 

7. E.I1.)K11,n;K0B, O.H.IOJI,n;arneB, M.B.lOJI,n;arneBa. 0 KOHTpoJie TOqHocT11 Bblq11cJieH11ll np11 
MO)];eJI11poBaHIIII npOCTpaHCTBeHHblX MarHIITHblX IIOJieii. BeCTHIIK Pocc11iiCKOrO YHIIBep­
CIITeTa .n;py)K6b1 Hapo,n;OB. Cep11H I1p11KJia,n;HalI II KOMIIbIOTepHaH MaTeMaT11Ka, T.4, N 1, 
2005, c.93-101. 

8. O.H.IOJI,n;arneB, M.B.IOJI,n;arneBa. 06 o,n;HOM KJiacce KOHeqHhix aJieMeHTOB c rapMOH11qec­
KIIMII 6aJIICHblMII q>yHKIJ;lllIMII. BecTHIIK Pocc11llCKOro YHIIBepCIITeTa .n;py)K6b! Hapo,n;oB. 
Cep11H MaTeMaT11Ka. HHq>OpMaT11Ka. <l>11J11Ka, N 2 (2), 2010, c.44-48. 

9. A.Ivanov, S.Ivashkevich, ... I.Meshkov, ... O.Yuldashev. Focusing system of the modified 
betatron: design, technology, manufacturing and test. Nuclear Instruments and Methods 
in Physics Research, section A, v.441, 2000, p.262-266. 

10. P.G. Akishin, E.V. Arkhipov, ... A.S.Vodopianov, ... 0.1. Yuldashev. Superconducting 
dipole magnet for ALICE dimuon arm spectrometer. KpaTKlle coo6IIJ;eH11H 0115!11, N 1, 
1997, p.81-94. 

11. 9.A.AltpHH, E.I1.)K11,n;KOB, B.H.XopoMcK11i1, O.11.lOJI,n;arneB. AJirop11TM yqfaa ycJI0B11ll 
Ha 6eCKOHeqHOCTII B ,D;ByMepHblX 3a,ri;aqax MarHIITOCTaTIIKII. OH5IH, Pll-87-49, ,lfy6Ha, 
1987, 15c. 

12. E.I1.)K11,n;K0B, 8.8.)KypaBJieB, B.C.KJia,n;H11ii;K11i1, H.M.MaTopa, A.B. <l>e.n;opoB, O.H.IOJI­
.n;arneB. 0 q>OpMllpOBaHIIII O)];HOpO,n;Horo MarHIITHOro IIOJilI Ha IIH)KeKTOpHOM yqa­
CTKe JIHY-30. OH5IH, P9-88-508, ,ify6Ha, 1988, llc.; http://ccdb4fs.kek.jp/cgi­
bin/img_index?8811447. 

13. E.I1.)K11,n;KOB, A.B.<l>e.n;opOB, O.11.lOJI,n;arneB. AJirop11TM q11CJieHHoro Mo,n;en11poBaH11H 
q>oKyc11pyIOIIJ;elt Marn11THoi1 c11CTeMhI Jll1Y. Te311chl ,n;oKJia,n;oB BcecoI03Hoi1 KOHq>epeHii;1111 
"8blq11cJI11TeJihHaH q,11J11Ka II MaTeMaT11qecKoe Mo,n;eJI11poBaH11e", BoJirorpa.n;-1989, YJJ;H, 
M., 1989, c.46-47. 

14. E.I1.)K11,n;K0B, 8.8.)KypaBJieB, B.C.KJia,n;H11ii;K11i1, H.M.MaTOpa, A.B. <l>e.n;opOB, O.H.IOJI­
.n;arneB. 0 q>OpM11pOBaHIIII 0)];HOpO,n;Horo MarHIITHOro IIOJilI Ha IIH)KeKTOpHOM yqacT­
Ke JIHY-30 c 11cnoJib30BaH11eM q>eppoMarHIITHhlX KOJieii;. Tpy)];bl XI Bcecol03Horo 
coBeIIJ;aH11H no ycKop11TeJIHM 3apH)KeHHhIX qacT11ii;. OH5IH, JJ:9-89-52, ,lfy6Ha, 1989, T.l, 
c.381-383. 

29 



15. E.A.Ayrjan, E.P.Zhidkov, A.V.Fedorov, O.I.Yuldashev. A Galerkin Method for Solving 
the Magnetostatic Nonlinear Potential Integral Equations. Proceedings of International 
Symposium on Numerical Analisis (ISNA'92). Part III, Contributed Papers. Prague, 
August 31-September 4, 1992, p.20-32. 

16. E.A.Ayrjan, A.V.Fedorov, O.I.Yuldashev, E.P.Zhidkov. One approach for coupling FEM 
and BEM. Proceedings of International Symposium on Numerical Analisis (ISNA'92). 
Part III, Contributed Papers. Prague, August 31-September 4, 1992, p.12-19. 

17. P.G.Akishin, A.S.Vodopianov, I.V.Puzynin, Yu.A.Shishov, M.B.Yuldasheva, O.I.Yulda­
shev. Computing Models of the 13 Magnet and Dipole Magnet for the ALICE Ex­
periment. CERN-ALICE 96-06, Int. Note/Mag, 4 April, 1996, 21p. 

18. P.G. Akishin, E.A. Arkhipov, ... A.S.Vodopianov, ... O.I. Yuldashev. Conceptual design 
of the warm dipole magnet for the ALICE forward muon spectrometer. CERN-ALICE 
96-26, Int. Note/Mag, 1996, lOp. 

19. rr.r.AKIIIIIIIH, A.C.Bo,n;orrhHHOB, l1.B.I1y3b!HIIH, IO.A.lliIIIIIOB, M.B.IOJI,n;aIIIeBa, O.11.IOJI­
,n;aIIIeB. Mo,n;MI1pOBaHI1e rroJIH MJOOHHoro ,n;eTeKTopa ycTaHOBKII ALICE. XV CoBem;aHile 
no ycKOpIITeJIHM 3apmKeHHbIX "laCTIIIJ;, c6opHI1K ,ll;OKJia)l;OB. rHU: P<l> 11<1>B9, I1pOTBIIHO, 
1996, T.2, C.182-185. 

20. A.S. Vodopianov, Yu.A. Shishov, M.B. Yuldasheva, O.I. Yuldashev. Computer models of 
dipole magnets of a series "VULCAN" for the ALICE experiment. JINR, Ell-98-385, 
Dubna, 1998. 18p.; http://cdsweb.cern.ch/search?sysno=000328897CER 

21. P.11 . .Il:aBJieTIIIIIH, E.I1.)Kil,n;KOB, B.B.KyJIIIKOB, B.B.PhlJihIJ;OB, O.11.IOJI,n;aIIIeB, M.B.IOJI­
,n;aIIIeBa. KoMIIb!OTepHaH MO)l;eJih MarHIITa ,ll;JIH rrpoeKTa 3KcrrepI1MeHTa C IIOJIHpI130BaHHOli 
MIIIIIeHhlO B l1T9<l>. Pac"!eT OCHOBHbIX BapilaHTOB 6e3 IIOJIHpI13YIOIIJ;IIX HaKOHe"!HIIKOB. 
omrn, Pll-98-351, fu6Ha, 1998, 18c. 

22. J.Ritman, O.I.Yuldashev, M.B.Yuldasheva. An algorithm for construction of dipole mag­
nets computer models with quality control and its application for the PANDA Forward 
Spectrometer. JINR, Ell-2005-49, Dubna, 2005, 19p. 

23. O.11.IOJI,n;ameB, M.B.IOJI,n;ameBa. HoBhlli rrpoeKIJ;IIOHHo-ceTO"IHhili rro,n;xo,n; ,ll;JIH MO,ll;Milpo­
BaHIIH rrpOCTpaHCTBeHHbIX HeJIIIHeliHbIX MarHIITHbIX IIOJieli CJIO:lKHbIX MarHIITHbIX CIICTeM 
3KCrrepI1MeHTaJibHOl! qm3IIKII. Me:lK,n;yHapo,n;HaH KOHq>epeHIJ;IIH "TIIXOHOB II COBpeMeHHaH 
MaTeMaTIIKa", Te3IICbl ,ll;OKJia)l;OB ceKIJ;IIII MaTeMaTil"!eCKOe MO,n;em1poBaHI1e, c.189-190. 
M., MrY, 2006. 

24. O.11.IOJI,n;aIIIeB, M.B.IOJI,n;aIIIeBa. rapMoHI1"!ecKI1e 6a3IICHhie q>yHKIJ;IIII ,n;JIH KOHe"!HhIX 
3JieMeHTOB BhlCOKoro rropH,n;Ka arrrrpoKCI1Mau;I1I1. JINR LIT Scientific Report 2006-2007, 
JINR, Dubna, 2007, c.317-320. 

25. O.11.IOJI,n;aIIIeB, M.B.IOJI,n;aIIIeBa. 0 KOHe"!H0-3JieMeHTHOM rro,n;xo,n;e OTHOCIITeJibHO BeK­
TopoB IIOJIH ,ll;JIH paC"leTOB CJIO:lKHblX MarHIITHbIX CIICTeM 3KCrrepI1MeHTaJihHOl! q>Il3IIKII. 
JINR LIT Scientific Report 2006-2007, JINR, Dubna, 2007, c.234-238. 

26. O.I.Yuldashev, M.B.Yuldasheva. 3D finite elements with harmonic basis functions for 
approximations of high order. JINR, Ell-2008-104, Dubna, 2008, 24p. 

30 

27. O.11.IOJI,n;ameB, M.B.IOJI,n;aIIIeBa. HoBoe rrpaBIIJIO rrocTpoeHIIH KBa,n;paTil"IHhIX q>YHK­
IJ;IIOHMOB ,ll;JIH peIIIeHIIH MeTO,ll;OM KOHe"!HblX 3JieMeHTOB OTHOCIITeJibHO BeKTOp-q>yHKIJ;lll! 
KpaeBbIX 3a)l;a'1 C CIICTeMol! Il3 ,ll;Byx ypaBHeHill! rrepBoro IlOpH,n;Ka B ,ll;IIBepreHTHOl! II 
BIIXpeBol! q>OpMax. JINR LIT Scientific Report 2008-2009, JINR, Dubna, 2009, c.113-
116. 

28. O.11.IOJI,n;aIIIeB, M.B.IOJI,n;aIIIeBa. KoHe"!H0-3JieMeHTHhie BeKTOpHhie Y3JIOBhle 6aJI1CHh1e 
q>yHKIJ;IIII Il3 crreu;IIMhHhlx mJih6epTOBhIX rrpocTpaHCTB. JINR LIT Scientific Report 
2008-2009, JINR, Dubna, 2009, c.105-108. 

IJ;HTHpyeMaH JIHTepaTypa 

1. ALICE collaboration (N.Ahmad, ... O.I.Yuldashev et al.) ALICE Technical Proposal, 
CERN/LHCC 95-71, 1995, 237p. 

2. ALICE collaboration (S.Beole, ... O.I.Iouldachev et al.) The Forward Muon Spectrometer 
of ALICE (Addendum to the ALICE technical proposal), CERN/LHCC 96-32, 1996, 77p. 

3. ALICE collaboration. (S.Beole, ... O.I.Iouldachev et al.) ALICE technical design report: 
detector for high momentum PID. CERN-LHCC-98-19, 1998, 198p. 

4. ALICE collaboration. (G.Dellacasa, ... O.I.Iouldachev et al.) ALICE technical design 
report: photon multiplicity detector (PMD). CERN-LHCC-99-32, 1999, 134p. 

5. 11.r.AJieKceeB, H.A.Ba:lKaHoB, ... B.B.Pb!JihIJ;OB II ,n;p. l1ccJie,n;oBaHI1e rroJIHPI13au;I10HHh1x 
rrapaMeTpOB B 6IIHapHbIX peaKIJ;IIHX pO:lK,ll;eHIIH CTpaHHbIX "laCTIIIJ; 7rp ---> K A(I:) Ha 
ycKopI1TeJie l1T9<l> (rrpe,ll;JIO:lKeHile 3KcrrepI1MeHTa). l1T9<l> 41-97, MocKBa, 1997, 33c. 

6. 9KC9:APM KOJIJia6opau;IIH ( A.H.AJieeB, ... O.11.IOJI,n;aIIIeB II .n;p.). l1ccJie,n;oBaHI1e IIHKJIJ0-
3IIBHOro o6pa30BaHIIH <p - Me30HOB HeliTpOHaMII Ha ceprryxOBCKOM YCKOpIITMe. 0115!11, 
Pl-96-437, fu6Ha, 1996. 

7. 9KC9:APM KOJIJia6opau;I1H ( A.H.AJieeB, ... O.11.IOJI,n;ameB II ,n;p.). Ha6JIJO,n;eHI1e O"lapo­
BaHHOro 6apIIOHa I:~ B 3KcrrepI1MeHTe 9KC9:APM. KpaTKile coo6m;eHI1H 0115!11, N 3 [77], 
1996, c.31-46. 

8. 9KC9:APM KOJIJia6opau;I1H ( A.H.AJieeB, ... O.11.IOJI,n;ameB II .n;p.). C1ieKTpoMeTp 
9KC9:APM. I1T9, N 4, 1999, c.52-64. 

9. G.G.Gulbekian, Yu.Ts.Oganessian. "DRIBs": The Dubna Project for Radiactive Ion Beams. 
Nuclear Shell - 50 Years: Intern. Conf. on Nuclear Physics, Dubna, Apr. 1999. Proc.­
Singapore etc.:World Sci., 2000. 

floJiy'leHo I I aerycra 20 IO r. 

31 


