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'Y'leHhiii ceKpeTaph CoseTa: 

/ KaH,LJ;II,LJ;aT cPII3IIKO-MaTeMaTII'leCKIIX HayK lito< ._ MBauqeHKo 3.M. 

1 OBI.Il;A..H XAPAKTEPMCTMKA PABOThl 

1.1 AKTYaJihHOCTh pa6oTbi 

HOBbie TeH,n;emvm B COBpeMeHHOH HayKe Haii60Jiee HpKO IIpOHBJIHIOTCH B CIIHepre

TIIKe (1),[2). O.n.Hol!: Il3 rJiaBHhiX 3a,n;aq CIIHepreTIIKII - BhiHBJieHIIe o6~IIx rrpiiiiii;IIrron, 

Jie)Ka~IIX B OCHOBe rrporr;eCCOB CaMOOpraHII3aiJ;IIII B CIICTeMax CaMOH pa3HOH IIpiip.D

)J.bl: <lJII3IIqeCKllX, TeXHn:qeCKllX, 6n:OJIOrn:qeCKllX1 COII;IIaJibHbiX. IJpn: BCeM pa3JIIIqiin: TaKHX 

CHCTeM, BCe OHII xapaKTepn:3yiOTCH HCC.KOJibKllMll 06~IIMll IIpll3HaKaMll1 CpC)J.ll J!oTOpb!X 

orrpe)J.CJIHIO~llMll HBJIHIOTCH OTKpbiTOCTh, ,ll;IICCIIIIaTIIBHOCTh II HeJIIIHeHHOCTh (2). 

0TKpbiTOCTh CllCTCMbl 03HaqaeT HaJin:qn:e B Hell: 06MeHa Be~eCTBOM ll 3Heprn:eii C 

OKpy)KaiO~eii cpe,n;oii He TOJibKO qepe3 rpaHHII;bl CIICTeMbl 1 a TaK)Ke qepe3 06'beMHbiC IIC-

TQqHllKll ll CTOKll. 

,li;IICCIIIIaTIIBHOCTh CllCTCMbl 03HaqaeT HaJillqiie B Hell paCCCIIBaiO~ero, pa3MbiBa!O

~ero HeO)J.HOpO)I.HOCTll <iJaKTOpa (TCIIJIO!jpOBO)J.HOCTb1 ,n;n:<lJ<iJy3IIH, )J.IICIIepCHH ll T.,n;.). 

HeJIIIHeiiHOCTh cn:CTeMh! Bb!pa)KaeTCH HCJin:neiiHoii 3ann:cn:MOCThiO )J.IIccn:rrn:pyro~ero 

<iJaKTOpa OT COCTOHHllH cpe)l.b!. B TaKOH cpe,n;e )J.CHCTBllC HeJIIIHeHHbiX 06'beMHbiX IICTQq

HIIKOB II CTOKOB C03)J.aeT ll MO)KeT ycn:Jin:BaTb ee HCO)J.HOpO)J.HOCTb. 83aiiMO)J.CHCTBIIe 3TllX 

)J.BYX HCJIIIHeHHbiX <iJaKTOpOB ( C O)J.HOH CTOpOHbl CrJia)KHBaHIIe HeO)J.HOpO)J.HOCTeii 6Jiaro

,n;apH )J.IICCIIIIaii;III11 a C ,n;pyroii - IIX YCIIJieHn:e 06'bCMHb!Mll IICTQqHIIKaMII II CTOKaMII) MO

)KeT rrpiiBO)I.IITh K JIOKaJIII3aiJ;IIII rrporr;eccon Ha orrpe,n;eJieHHhiX yqacTKax cpe,n;h! - T.e., K 

B03HIIKHOBeHIIIO cTpyKTyp, K B03HIIKHOBCHIIIO caMoopraHII3aiJ;IIII •. t.ho6h! OTpa3I1Th 

BJIIIHHIIe )J.IICCIIrrarr;IIII Ha <iJopMIIpoBaHn:e crpyKTyp, IlpiirO)KIIH BBM rroHHTIIe ,ll;IICCIIna

TIIBHOii CTpyKTyphl (3]. )J;eiiCTBIIe CTOKOB IIpiiBO)J.IIT K BOJHIIKHOBeHIIIO CTaiJ;IIOHapHbiX 

)J.IICCIIrraTIIBHhiX CTPYKTYP (cTosqiie BOJIHhi, sqeiiKII BeHapa), a .n.eil.cTBIIe IICTOqHIIKOB

K HecTan;IIoHapHhiM, 3noJiron:pyro~n:M )J.IICCIIrraTIIBHhiM crpyKTypaM (TerrJIOBh!e CTpyK

TYPhi, B qacTHOCTn: T-CJioii (4], 6ery~IIe II crriipaJibHh!e BOJIHhi, BIIXpii). 

BJiaro.n.apH HeJIIIHCHHOCTII B O,LJ;HOil: II TOll )KC cpe.n.e 6e3 II3MeHeHIIH ee rrapaMeTpOB 

MoryT B03HIIKaTh pa3Hbie crpyKTYPhi. Ho He rrpoi13BOJihHbie cTpyKTYPhi, a cnoil:CTBeHHhie 

TOJihKO 3TOii cpe,n;e. O,n;Ha Il3 Ba)!(Heiimiix II aKTYaJihHh!X 3a,n;aq cn:HepreTIIKH - onpe,~~;e

JieHIIe CIIeKTpa CTpyKTyp, KOTOphie MOryT B03HIIKaTb II CaMOIIOMep:lKIIBaThCH 

B OTKpbiThiX HeJIIIHeHHhiX CIICTeMax. 

Ba)!(Hhiii KJiacc .n.n:ccn:rraTIIBHh!X cTpyKTyp o6pa3yiOT ·ciiJihHO HeCTan;IIoHapHLie 

CTPYKTYPLI (5]. 0HII B03HIIKaiOT B pe3yJihTaTe cnepx6hiCTpb!X rrporr;eccon B HCJIIIHeil:HbiX 

OTKpb!TbiX CllCTeMax C.06'heMHb!Mll llCTQqHn:KaMII (TaK Ha3hiBaeMhie CIICTeMhl. C IIOJIO

:lKIITeJibHOH HeJIIIHeHHOH o6paTHOH CBH3b10). XapaKTepHbie BCJillqiiHb! B TaKIIX rrpo

rr;eccax (TeMrrepaTypa, KOHrr;eHTparr;IIH, 3Heprn:s) B03pacTaK>T Ha HeCKOJihKO rrops,n;KOB 3a 

KOHeqHOe BpeMH. chO BpeMH IIp!fHHTO Ha3b!BaTb BpeMeHeM 060CTpeHIIH1 a CaM rrporr;ecc 

- pe:lKIIMOM c o6ocTpeHIIeM (blow-up). ._- i. 
IIpo6JieMa pe)KIIMOB c o6ocrpeHneM rroCTanJieHa B 1940-x n: 50~x ro.n.ax n CBH3II c Teo

pilei!. rr;errHh!X peaKrr;IIfi CeMeHoBa n: c TeOpiieil: ropeHn:s (3CJih,n;onn:q, BapeH6JiaTT, J1I16po

nn:q). Hx,nHTeHCIIBHoe n:3yqeHIIe B 70-x ro.n.ax Haqanoch 6Jiaro.n.aps rrpe)J.JIO)KeHHOMY Ha 

OCHOBe qn:CJieHHbiX 3KCrrepi1MeHTOB (6] rrporr;eccy CBepXC)KaTHH rr;eHTpaJibHbiX qaCTefi Kaii

JIII Il3 ,n;efiTepn:H ll TpiiTIIH IIYTeM ee o6JiyqeHIIH rrpoqmJIIIpOBaHHbiM BO npeMeHII Jia3epHb!M 

IIMrryJihCOM. Pe)KIIMhi c _ o6ocrpeHIIeM paccMaTpn:naroTCH B o6Jiacrn: <Pn:3n:KII- IIJia3Mhi (7], 

Jia3epHoro TepMos,n;epHoro CIIHTe3a [8], MarHHTHoil: rn:.n.po,n;n:HaMIIKII (9], acrpo<lJII3IIKII. 

MeTO)J.OJIOriiH pemeHn:H ''3a,n;aq Ha o6oC!.E_eHn:e" rro3BOJIHeT c HeTpa)J.IIII;HOHHOil: TOqKII 3pe-

l 06'Le.l{HHeHH£IH HHCTHTJT · 

S,lleplmx Hccne,qoaaa.HH 
BI1Bni10TEI\A 



HII.H paccMoTpeTb pa,n;.KJiaccuqecKnx 3a,n;aq~ Oua OTKpbmae'l' uoah!e'rr!J,li;XO,ll;hi K 3a,n;a'laM 
KOJIJiarrca (6biCTpoe C)!(aTIIe neru;ecTna), XIIMII'IeCKoii KUHeTnKu, MeTeopo;roruii (KaTacrpo
cPII'IecKue .HBJieHU.H B aTMOCcl>epe 3eMJIII), 3KOJIOriiU (poCT II BbiMIIpaHIIe 61IOJIOrii'IeCKIIX 
IIOIIYJI.IIIJ;IIH), 3IIII,ll;eMIIOJIOrHII ( BCIIbllllKa IIHcPeKIJ;IIOHHblX 3a6o;:;enauufi) 1 3KOHOMIIKII ( cl>e
HOMeH 6ypHQrO 3KOHOMU'IeCKOro p83BIITIIH) II T.,n; .. IJ03TOMJ pa3pa60TKa H3,ll;e:>KHbiX H 

a!IJ!IJeKTHBHbiX MeTO)l;OB "'HCJieHHOrO pemeHH.H 33,ll;a"' Ha 060CTpeHHe RBJIReTCR 

aKTYaJibHOH npo6JieMoii, BbiXO)l;.HIIJ;eii 3a pRMKH KOHKpeTHoro KJiacca 33,ll;a"'. 
Mexauii3Mhi caMooprauu3an;nii MO)!(HO rrpoCJie,li;IITh, u3y'la.H cpaBHIITMhHO rrpocrhre 

ua rrepnhrii B3rJia,n; MaTeMaTII'IeCKIIe Mo,n;e.rru.. Bca cuuepreTuKa pa60TaeT c uecKOJihKIIMII 
TaKIIMII MO,ll;eJIHMII- 3TO HeJIHHeHHble ypaBHeHHR (HJIH CHCTeMbi.ypaBHeHHH) THna 

peaKD;HR-)l;HlPtPY3HR C HeJIHHeHHbiMH HCTO"'HHKaMH H CTOKaMH. · . 

O.n;ua u3 caMbiX 6oraTbiX Mo,n;e.rreii - MO)l;eJib TenJIOBbiX CTPYKTYP· B o6ru;eM nu.n;e 
oua BhirJI.H,li;IIT TaK: 

N 

Ut = L)k;(u)u,Jx,+ Q(u), t > 0, X ERN (1) 
i=l 

8Ta Mo,n;eJib OIIIIChiBaeT rrpou;ecchr pacrrpocTpaueuii.H Terr;ra II ropeuii.H n cpe.n;e c K03cPcPII

IJ;IIeHTaMII TeiiJIOIIpOBO,li;HOCTII k;(u) ~ 0 II IICTO'IHIIKOM Q(u) ~ 0, KOTOpbie .HBJI.HIOTC.H 

ueJIJIHefiHbiMII cPYHKIJ;li.HMII TeMrrepaTypbi u(t, x) ~ 0. 
Mo,n;eJIII BH,ll;a (1) B p83JIH'IHOM KOHTeKCTe H3Y'IaJIHCb MHOrHMH HCCJie,li;OBaTeJI.HMII. 

BoJiblllee KOJIII'IeCTBO pa60T IIOCB.HIIJ;eHO IIOJIYJIHHeil:HbiM ypaBHeHH.HM: k;(u) =:= 1, Q(u) = 
>.eu (ypanueuHe ll>pauKa-KaMeueu;Koro), Q(u) = uf3, f3 > 1. IloCJie rrHouepcKoii pa6oThr 

H. Fujita (1966 r.), OHM H HX o6o6ru;euH.H H3Y'IaJIHCh HHTeHCIIBHO MHOriiMH anropaMH. Cpe

,n;H HHX: J. Bebernes, A. Bressan, H. Brezis, D. Eberly, A. Friedman, B.A. ra.naKTHOHOB, 

I1.M. feJibcl>au.n;, M.A. Herrero, R. Kohn, JI.A.' JierrHH, C.A. IIocalllKOB, A.A. CaMapCKIIii, 

J.L. Vazquez, L.J.L. Velazquez. Mouorpacl>n.H [28) co.n;ep)!(HT o6lllHpuyro 61I6JIIIOrpacl>Hro 
II OTpa)!(aeT 'JaCTb 3TliX IICCJie,li;OBaHHii. 

Kn83HJinueiiuoe ypanueuHe H3yqa.nocb B pa6oTax D.G. Aronson, A. Friedman, H.A. 

Levine, S. Kaplan, L.A. Pelitier n .n;p .. BoJibmofi BKJia,n; yqenhrx pyccKOfiJIIKOJihl. Heo6br'I

Hhrii 3cPcPeKT JIOKaJIH3aiJ;Hli rpaHH'IHbiX pe)!(liMOB C 060CTpeHHeM 06Hapy)!(eH 'lliCJieHHbiM 

aKcrrepnMeHTOM n pa6oTe A. A. CaMapcKoro H M. I1. Co6oJi.H 1963 ro.n;a [10). IIpo6JieMa 

JIOKaJIH3aiJ;HII B KBa31IJIHHeiiuhrx ypanueunax c HCTO'IHIIKOM rrocran;reua C.II. Kyp.n;ro

MOBhiM B 1974 r .. Pa6oTbi I1.M. fe.rrhcl>au.n;a, A.C. Ka.nalllHHKOna, yqenbrx JIIKOJihl A.A. 

CaMapcKoro n C. II. Kyp,n;roMona (Hx pa60Thi u;nTnponanhi HH)!(e) rrocnaru;eubr HCCJie,n;ona

HHIO liHTepecueiiJIIHX rrpo6JieM cPli3H'IeCKOro li MaTeMaTH'IeCKOrO xapaKTepa, CB.H3aHHbiX C 

MO,li;MhiO (1) nJin ee o6o6ru;eun.HMH. Cpe.n;n unx: JIOKaJin3aiJ;H.H (cTpora.H II acl>cl>eKTHBnaa) 

rrpou;ecca ropemm B rrpOCTpaHCTDe, pa3BliTHe pa3HblX THIIOB pe)!(HMOB C o6ocrpeHHeM, 

B03HHKHoneune CTPYKTYP - 6eryru;ne n CTO.H'Ine DOJIHhl, CJIO)!(Hble crpyKTJphr c pa3JIH'I

uoii cTerrenbro CHMMeTpnn. CeKpeToM ycrrexa 3Tnx HCCJie,n;onauHii .HBHJIOCh co"'eTaHHe 

Bbi"'HCJIHTeJibHOro 3KCnepHMeHTa C npHMeHeHHeM H pa3BHTHeM Ka"'eCTBeHHbiX 

H .aHaJIHTH"'eCKHX MeTO)l;OB TeOpHH 06biKHOBeHHbiX H B "'aCTHbiX npOH3BO)l;HbiX 

)l;HtP!IJepeHD;HaJibHbiX ypaBHeHHH, Teopnii rpynn JIM H Jln-B3KJIYH)l;a. 

Oco6oe MecTo B 3Tnx ncCJie,n;onaunax 3annMaeT n3yqeune p83Hhlx THrron anroMo,n;e.rrh
HhiX li liHBapnaHTHD-rpyiiiiOBblX peJIIeHHii ypaBHeHH.H (1) CO CTeneHHbiMH HeJIHHeHHQ-
CTRMH: 

.... ~ 

k;(u) = u"', Q(u) = ufl 
:i. \ 5; ., . .f 

• ~ < ~ ~ t } : t, 
~ j 

2 

(2) 

TaKoii Bhr6op ue CJiyqaeu. 3amiCIIMOCTII BII,n;a (2) OT TeMnepaTyphl ncrpeqaroTca n MIIO

rn:x pea.nbHhiX npon;eccax [11). HanpiiMep, B CJiyqae a; = a = 2.5, f3 :S 5.2, ypanueuiie 
(1) Mo,n;e.rrupyeT TepMo.H,n;epuoe ropeuiie c :meKTpouuofi Temronpono.n;uocrbro il mr83Me 

(7); 3Ha'lei!II.H a = 0 1 2 :S, j3 :S 3 COOTBeTCTBYIOT MO,ll;eJI.HM aBTOKaTaJIJIIITU'IeCKIIX 'npo

n;eCCOB C ,li;IIcPcPY31Ieii B XIIMII'IeCKIIX peaKTOpax; a ~ 6.5 COOTBeTCTBYeT pa,n;IIari;IIOHHOii 

TeiiJIOIIpOBO,li;HOCTII BbiCOKOTeMIIepazypHOii IIJla3Mbl B 3Be3,ll;ax II T.,ll; .. 
Ycrauon;reuo (31),[17), 'ITO ua KJiacce CTerreuublx cPYHKn;nfi cnMMeTpu.H ypanueuii.H (1) 

B Orrpe,n;e.rreHHOM CMbiCJie MaKCIIMaJlbHa, OHO ,li;OIIYCKaeT 6oraTblfi Ha6op IIHBapiiaHTHQ
rpyiiiiOBblX pellleuufi. HecTaiJ;IIOHapubre ,li;IICCIIrraTUBHhre crpyKTyphi: pe:lfmMoB c o6ocrpe

uueM, 'pacc~aTpunaeMhre B rrpe,n;JiaraeMoii pa6oTe, CB.H3aHbi co cTerreHHhiMU aBTOMO,li;Mh

HhiMU pellleHII.HMII IIJIII C 6oJiee 06IIJ;UMII IIHDapiiaHTHbiMII pellleHII.HMII1 KOr,n;a IIO pa,n;IIyCy 

aBTOMO,li;MhHOCTh crerreuua.H, a rro yr;ry - 6eryru;a.H BOJIHa. I1cCJie,n;onaHII.H B o6JiaCTII .n;uc

CIIrraTIIBHhiX CTPYKTYP .n;aroT ocuonauiie C'IIITaTh, 'ITO IIMeuuo uunapiiaHTHhle pellleHif.H 

orriiChmaroT "aTTpaKTOphr" 3BOJIIOIJ;IIII ,li;IICCIIrraTnBHhlX cTpyKTYP II TeM caMbiM xapaKTe

p1I3YIOT Ba)!(Hhie BHyTpeHHIIe CBOHCTBa HeJIIIHeiiuoii ,li;IICCUIIaTIIBHOii Cpe,n;bl. 
8TOT 6oraTblH 3aiiaC IIHBapUaHTHbiX pellleHUfi ypaBHeHII.H (1) CO CTerreHHbiMII HeJIII

ueiiHOCT.HMII ueo6xo,n;uM .n;JI.H ycrrellluoro rrpiiMeueuii.H MeTo,n;on IICCJie,n;onauua Toro )!(e 

ypanueuii.H n CJiyqae 6o;ree o6ru;IIx 3aBIICIIM:ocTel1 k(u), Q(u). C rroMOIIJ;hiO Mero.n;on o~e
paTopuoro cpanueHII.H II cTan;IIouapuhrx coCTO.HHIIii y,n;aeTc.H IICCJie,n;onaTb cnoficrna pellle

HIIii (TaKIIe KaK JIOKaJIII3aiJ;U.H1 ueorpaHII'IeHHOCTb1 aCIIMIITOTII'IeCKOe IIOBe,n;euue) IJ;eJibiX 

KJiaccon 6o;ree o6ru;IIx ueJIIIHeiiuhrx ypanueuiifi. , 

HaKOHen;, n CJiyqae CTerrenHhiX Koacl>cl>nu;IIeu~on ecrh HY)!(Hbre cooTHOllleHII.H Me)!(.n;y 

,li;IICCIIIIaiJ;IIeii II IICTO'IIIIIKOM, IIpii KOTOpbiX rrpOIICXO,li;IIT !IX COrJiaCOBaHUe. B pe3yJihTaTe 

aToro B03HnKaiOT CJIO)!(Hhre cTpyKTyphr, 6o;ree Toro, B03HIIKaeT cneKTp CTPYKTyp, KOTo

pbre rop.HT cor;raconauuo, c o,n;HIIM M:oMeUTOM o6ocTpeHII.H. ~ITo6br ycTauoniiTh B CIICTeMe 

3TJ CJIO)!(I!JIO opraui13aiJ;IIIO II BbiBeCTII ee Ha O,li;IIH II3 B03MO)!(HblX rryTeii 3BOJIIOIJ;ll!I1 Hli.,n;o 

3HaTh 'ITO 3aJIO)!(euo n ueii u crrponou;uponaTb aToT rryTh 3a.n;auneM ua'laJihHhiX .n;auuhrx 

Il3 o6JiaCTII rrpiiT.H)!(eHII.H aTTpaKTOpOB-CTPYKTyp. IIoaTOMY HaxO)K)J;eHne aTTpaKTopoB 

npon;eCCOB B CHCTeMax pa3JIH"'HOH npHpO)l;bl RBJIReTCR O"'eHb aKTYaJibHOH npo-

6JieMOH TeOpHH CaMOOpraHH3aiJ;HH. 

1.2 IJ;en:u: pa6oTbi 

0CHOBHaR n;eJib pa60Tbi .- liCCJie,li;OBaHne yCJIOBHii B03HliKHOBeHH.H li 3BOJIIOIJ;Hli CliJib

HO uecTau;nouapuhlx TerrJIOBhix CTPYKTYP n cpe.n;e, ·orrHChmaeMoii ypanueuHeM HeJIHHeiiuoii 

Terr;rorrpono.n;uocrn co crerreHHhiMn ue.rrHueiiuoCT.HMH~ H H~KOTOpbiMn ero MO,li;IIcP~Kan;II.H
MH. B q·aCTHOCTII, aTo Bhi.HBJieHHe n. IICCJie,n;onauiie B03Mok<uhrx crroco6on CJIO)!(HOfi op

raHH3au;nn HeJIHHeiiHOH ,ll;liCCIIIIaTHBHOfi Cpe,n;hl. I1 TaK K~K ;ncCJie,li;OBaHH.H 'rrpOBO,li;.HTC.H B 

OCHOBHOM 'IIICJieHHbiM 3KCrrep1IMeHTOM1 TO Da)!(HOii 3a,n;aqefi .HBJI.HeTC.H TaK)!(e C03,ll;aHIIe 
li arrpo6HpOBaHHe 3cPcPeKTHBHbiX Bbl'lliCJIHTeJibHblX a.nropJiTMOB ,n;JIH paCCMaTp·u~aeMbiX 
KJiaCCOB 3a,n;aq: 

- HeJIHHeiiHbiX rrapa60JIH'IeCKIIX 3a,n;aq C CHHrJJI.HpHbiMII IIO BpeMe.HII pellleHHHMli - 3a

,n;aq KorirH n Kpaenhrx 3a,n;aq .n;JI.H KBa3nJinueiiuhlx rrapa6i:lJlnqecKnx ypanueuHii, CIICTeMhr 

TaKux ypanueuufi u rroJiyJIHHefiHhlX ypar:iueunii; · 
- anToMo,n;e.rrbnhrx ue.rrHueiinhlx 3a,n;aq - Kpaenhlx 3a.n;a<l .n;JIH KBa3nJiunel1uhrx o6blKHo

neuuhlx ,n;Hcl>cPepeun;HaJihHbiX ypanueunfi (O.[(Y), cncreMhl' TaKii:x ypanueunfin KB83IIJIH-
ueiiuhlx aJIJIHIITII'IecKnx ypanueunii. · ' · · · 
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1.3 Hay•maSI HOBH3Ha pa6oThi 

BnepBbie peaJin3oBaHbi 'IHCJieHHO nHBapnaHTHbie pemeHna, KOTOpbie onncb!BaiOT na

npaBJieHnoe pacnpocTpaneHne TenJia n ropeHna B .D;ByMepnoii neJinneiinoii aHn3oTponHoii 

'cpe.zie ~0 CTeneHHb!Mll K03<l><l>nu;neHTaMH TenJIOnpOBO.LJ;HOCTll ll CTeneHHbiMll HCTO'IHHKa

Mll. TaK KOHCTPYKTHBHbiM o6pa3oM .D;OKa3aHo nx cyxu;ecrBoBaHne. 

Haii.LJ;eHhi .LJ;Ba IIOBbiX Tnna pemeHnii aBTOMO.D;eJiblloii 3a,IJ;a'In (TaK Ha3biBaeMhiX co6-

CTBe~HbiX q}yHKIJ;HH ropeHUH HeJIUHeHJIOH Cpe~bl) - "c nepeTH:lKKOii" H C nOJIOCTbiO OKOJIO 

u;eHTp·a CllMMeTpHH, B IJ;llJIHH.LJ;pH'IeCKll- H c<l>epn'IeCKH-CHM¥eTPH'IHOM CJiy'IaHX npH na

paMeTpax cpe.D;hl f3 > a + 1 . Ha ocHoBe ,ll,eTaJxbHoro 'InCJieHHoro ncCJie,ll,oBaHna npe,ll,Jio

JKeH cu;enapnii IIOBe,ll,eHHH CJIO:lKJihiX C06CTBeHHbiX <l>YHKIJ;HH ('IeTHbiX H He'IeTHbiX) npn 

{3-:-+a+1+0. 
· 0TKpbiT HOiihiii MHp CTPYKTYP npn napaMeTpax cpe,ll,hi f3 < a + 1 . 8TO Y.ll.aJIOCb 

6Jiaro,ll,apa: 

- H3MeHeHnH H,ll,eoJiornn - ncKaTb CTPYKTYPhi, "JKnByxu;ne" n pa3BnBaiOxu;neca He Ha 

HyJieBOM <l>oHe, a Ha rOMOTepMH'IeCKOM <l>oHe (T.e. H3MeHeHHH MaTeMaTH'IeCKOH MO,ll,eJIH 

TenJIOBbiX CTpyKTyp nOCTaHOBKOH HOBbiX yCJIOBHH Ha 6eCKOHe'IHOCTH); 

·,:_ HaXO:lK,ll,eJIHH nO,ll,XO,ll,HIIJ;ero (KOMITJieKCH03Ha'IHOro) pa3,ll,eJieHHH nepeMeHHbiX B mme

apH30BaHHOH aBTOMO,ll,eJibHOH 3a,ll,a'!e H TeM CaMbiM HaxO:lK,ll,eHHH JIHHeHHbiX npn6JIU:lKeHHH 

~ cnnpaJibHbiM c.<l>.; 

- .D;eTaJibHOro a!laJIHTU'IeCKOro H 'IHCJieHHOrO HCCJie,ll,OBaHHH JIHHeHHbiX npn6JIH)KeHHH, 

KOTOpOe nOKa3aJI01 'ITO HX aCHMnTOTHKll aBTOMO,ll,eJihHbie. 

· Bee 3TO ,ll,aJIO B03MO:lKHOCTh 3aMKHYTh aBTOMO,ll,eJihHYIO 3a,IJ;a'Iy B CJiy'Iae f3 < a+ 1 no,ll,

XO,ll,HIIJ;IIMH KpaeBhiMn ycJIOBHHMH, KOHCTpynpoBaTb Ha'IaJihHbie npn6Jin:lKeHna K pa3JIH'I

HbiM pemeHmiM n pemnTh ee 'IHCJieHHO. TaKnM o6pa3oM BnepBbie nOKa3aHo, -'ITO yCJIO:lKHe

Hne OpraHH3aiJ;Hll Cpe,ll,bl MO:lKeT npOHCXO,ll,llTb He TOJibKO 3a C'IeT JIOKaJill30BaHHhiX BO BHe 

n CXO,ll,HIIJ;HXCH K u;eHTPY CTPYKTYP , HO n 3a C'!eT pacxO,ll,HIIJ;HXCH BOJIH ropeHna CJIO:lKHOii 

CTPYKTYPhi, B TOM 'IHCJie pacKpy'InBaiOxu;nxca cnnpaJihHhiX BOJIH. 

1.4 ,lJ;OCTOBepHOCTb pe3yJibTaTOB 

II poBe,ll,eHo ,ll,eTaJibHOe ncCJie,ll,OBaHne noBe,ll,eHna pemeHnii npn n3MeHeHnn KaK <l>n3n'Ie

CKnx, TaK ll Bbi'IllCJIHTeJibHb!X napaMeTpOB ,ll,JIH Ka)K,ll,OrO ll3 paCCMOTpeHHb!X KJiaCCOB 

3a,ll,a'I. B '!aCTHOCTn, pac'!eThi npOBO,ll,HJIHCh Ii:a noCJie,ll,OBaTeJibHOCTHX BJIO:lKeHHhiX ceTOK 

H TaKHM 06pa30M HCCJie,ll,OBaJICH HX nOpH,ll,OK TO'IHOCTH; KOr,ll,a 3TO 6b!JIO B03MO:lKH01 'IllC

JieHHhie pe3yJihTaTbl CpaBHHBaJIHCb C H3BeCTHb!Mll aHaJIHTH'IeCKHMll llJill Ka'!eCTBeHHb!Mll 
pe3yJihTaTaMn. . 

HoBbie, HeOJKH.LJ;aHHhie pe3yJihTaThi nO,ll,TBep)K,ll,eHbi. pa3Hb!MH MeTO,ll,aMn. 

.Pa3pa6oTaHHbie MeTO,ll,bi ll aJirOpllTMbl ,ll,JIH napa60JIH'IeCKHX H ,ll,JIH 3JIJIHnTH'IeCKHX 

3a,IJ;a'I HMeiOT BHyTpeiiHHit KpHTepnii TO'IHOCTH: 

- BOCCTaHOBJieHne B napa60JIH'IeCKOH 3a,IJ;a'!e BpeMeHH o6ocrpeHHH1 3aJIO:lKeHHOM B CD

OTBeTCTBYIOIIJ;eii aBTOMO,ll,eJihHOii 3a,IJ;a'Ie, eCJin Ha'IaJihHbie ,ll,aHHble aBTOMO,ll,eJihHble; 

- COXpaHeHne aBTOMO,ll,eJibHOCTll BnJIOTb .D;O MOMeHTa o6ocrpeHHH npn llCIT<?Jib30BaHHll 

TO'!Hb!X aBTOMO.LJ;eJibHbiX Ha'IaJibHbiX .D;aHHbiX. , . 

. IIoJiy'IeHHbie HOBble Tnnhl pemeHnit aBTOMO,ll,eJihHOit 3a,IJ;a'In B. PMHaJihHo-cnMMeTpn'I

HOM CJiyqae HHHIJ;HHpOBaJill HCCJie,ll,OBaHHH .LJ;PYrHX aBTOpOB [12)-[14).LJ;PYrHMll MeTO.D;aMll 
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(MeTO,ll:OM .LJ;HHaMH'IeCKOH aHaJIOrnn, 6mpypKaiJ;HOHHbiM aHaJill30M). IJ.nTnpOBaHHbie' llC

CJie.LJ;OBaHHH nO.D;TBep.D;HJill cyxu;eCTBOBaHne 3THX HOBbiX pemeHHH. 

1.5 IIpaKTH'IecKaSI n;eHHOCTb pa6oThi 

MaTeMaTH'IeCKaH MO,ll,eJib TeiTJIOBbiX CTpyKTyp B0311HKJia B CBH3H C pemeHHeM aKry

aJibHbiX TeXHOJIOrH'IeCKHX npo6JieM <l>n3HKH nJia3Mbl1 Jia3epHOrO TepMOH,ll,epHOrO CllHTe3a, 

MarHnTiioii rn.LJ;PO,ll,HHaMnKn n .LJ;P .. KaK 6biJIO OTMe'!eHo Bhime, pe)KHMbi c o6ocrpeHneM 

BCTpe'IaiOTCH TaK:lKe BO MHOrHX .D;pynix. 06JiaCTHX. Pa3pa60TaHHaH 3,ll,eCb H TIIJ;llTeJI~HO 
anpo6npoBaHHaa MeTO,ll,HKa pemeHHH 3a,IJ;a'I Ha o6ocrpe11ne npnMennMa .K MO,ll,e;IHM .<l>n-

3HKH nJia3Mbl 1 MO,ll,eJIHM aBTOKaTaJIJIHTU'IeCKIIX peaKIJ;HH, B TeOpHH ropeHHH (MO,ll,eJIH BOC

nJiaMeHeHHH TBep,ll,oro n :lKH,ll,KOro ropiO'Iero). 011a JierKo MO)KeT 6hiTb · nepeHeceHa n na 

.LJ;Pyrne KJiaCCbl 3a,IJ;a'I. 0TMeTHM OC060 MeTO,ll, nOCTpOeHHH a,IJ;anTHBHbiX CeTOK no npo

CTpaHCTBeiiHbiM nepeMellllb!M1 COrJiaCOB!lllllbiX C ll3BeCTIIb!MH aCHMnTOTUKaMH npou;eCCOB 

B cpe,ll,e. 

1.6 Arrpo6an;HSI pe3yJILTaTOB ,n;HccepTan;HH 

OcHOBHhle pe3yJibTaTbl .D;nccepTau;nn ,ll,OKJia,ll,hiBaJIHCb · n o6cy:lK,ll,aJIHCb Ha ceMnnapax 

B JU1T (JIBTA), Ol15Il1, )J,y6na; B l·UIM nM. "M.B. KeJI,ll,hima", PAH, MocKila; B BU. 

PAH, MocKBa; B <DMI1 Co<l>niicKoro yHnBepcnTeTa "CB. KJI. Oxpn,ll,cKoro"; B l1ncrnTyTe 

MaTeMaTnKn n nn<l>opMaTnKH BoJirapcKoii AH; B .YHnBepcuTe~e B JlnH<l>HJI,ll,, Operon, 

CIIIA; B )J.enapTaMenTe no llpnKJia,IJ;noii MaTeMaTnKe YnnBepcnTeTa B KoJIJiopa,ll,O, Bo

YJI,ll,ep, CIIIA; na KOJIJIOKBnyMe <DaKyJihTeTa MaTeMaTnKn YHnB~pcnTeTa B Kaii3epCJiay

TepHe, repManna; B "MaKe IIJianK'? llHCTHTyTe no <l>n3HKe nJia3Mbi, MIOHXen, fepMaHna; 

B Texnn'IeCKOM YmmepCHTeTe B reTe6opre,Jl.l;Beu;na, ll Ha CJie,ll,yiOIIJ;HX Me:lK,ll,yHapO,ll,Hb!X 
KoH<l>epenu;nax: · . . 

Numerical Methods and Applications, 1988, 1994; 1998, Co<l>na; 2002, BopoBeu;, BoJI

rapna; 
Qualitative Theory of Differential Equations, MapT 1989, Pnra, JlaTBna; 

International IMACS Conference on Mathematical Modelling and Applied Mathema-

tics, niOHh 1990, MocKBa; 
International Colloquium on Differential Equations, aBrycr 1991, ilJIOB,ll,HB, BoJirapna; 

Elliptic Boundary Value Problems; March 1992, PocToK, fepMaHna; 

International Colloquium on Numerical Analysis, aBrycT 1992, 1996, 1997, IIJIOB,ll,HB, 

BoJirapna; 
International Conference on Programming and Mathematical Methods for Solving 

Physical Problems, niOHh 1993, )J,y611a; ·. 

· International Conference "Criteria of Self-organization in Physical, Chemical and 

Biological Systems, niOHh 1995, MocKBa-CJ3.ll.aJih; .; 
IMA Minisymposium "Mathematical Investigations of Models in Combustion", Hoa6ph 

14-17, 1999, MnHeanoJinc, CIIIA; 
International Congress on Mathematical Modelling, OKTH6ph 2002, )J,y6na. 

l1cCJie,ll,OBaHnH npoBO,ll,HJIHCh B coOTBeTCTBnn c TeMaTn'IeCKnMn ITJiaHaMn J1l1T Ol15Il1, · 

l1Ml1 BoJirapcKoii AH, <DMH Co<l>niicKoro YHnBepcnTeTa n 6hiJIH noMep:lKaHbl rpaHTa

Mn MnnncrepcrBa o6pa3oBaHna, HayKu n TexHoJiornii BoJirapnn, n Hay'IHOro <l>on,ll,a 

Co<l>niicKoro ynnBepcnTeTa. 
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1. 7 IIy6miKaii;HH 

ITo MaTepiia.rraM )l.neeepTaJJ;IIII ony6JIIIKOBaHo 22 pa6oTbi, II3 KOTOpbix 5 pa6oT B poe

eiifieKIIX Be,ll,yiiJ;IIX HaJ'lHbiX )KJpHaJiax. 

1.8 CTpyKTypa 11 o6'heM .n;HccepTan;HH 

tJ:IIeeepTaJJ;IIH eOCTOIIT ll3 BBe)l.eHIIH, 'leTbipex rJiaB II 3aKJIJO'leHIIH. ilOJIHblfi 06'heM 

,n;IIeeepTaJJ;IIII - 211 CTpaHIIJJ;, BKJIJO'laH 65 piieyHKOB, 22 Ta6Jillll;bi II enneOK JIIITepaTypbi, 

eo)l.ep)KaiiJ;IIfi 138 HaiiMeHOBaHIIH. 

_.,J 

1.9 JlH"<IHbiM BKJia)J; aBTOpa 

ABTOp )l.neeepTaJJ;IIII, pa6oTaH B KOJIJieKTIIBe eoaBTOpOB II3 11HeTIITyTa llpiiKJia)I.HOii: 

-MaTeMaTIIKII, PAH, MoeKBa, n3 11HcrnzyTa MaTeMaTIIKII II nH<l>opMaTIIKn BAH, Co<l>IIH, 

II3 <l>aKyJihTeTa MaTeMaTIIKII II IIH<l>opMaTIIKII Co<Pnii:eKoro YHIIBepeiiTeTa, B 6oJibliliiH

eTBe CJiyqaeB 6hiJI l!HliJJ;llaTOpOM )l.aHHbiX HeCJie,ll;OBaHIIH. tJ:Boe H3 eoaBTOpOB - tJ:aHIIeJia 

BaeiiJieBa II MIIJiena KoJieBa - 6biJIII aeniipaHTKaMII aBTopa )I.IIeeepTan;HII (BTopaH py

KOBO,IJ;HMaH eoBMeeTHO e npo<P. M. KaeqiieBbiM) II 3aiD;IITHJIII yenernno KaH)I.II,n;aTeKIIe 

)I.IIeeepTaJJ;IIII. Bee aHaJIHTII'leeKHe IIeCJie,n;oBaHIIH, npiiBe,n;eHHble B ,n;HeeepTan;IIII, HBJIHJOT

·eH JIII'lHbiM BKJia,n;oM ainopa. ABTop nenoepe)l.eTBenno yqaeTBOBa.rra B MaTeMaTH'leeKoii: 

noeTaHOBKe 33.)1.a'l, B pa3pa60TKe 'liiCJieHHbiX MeTO)I.OB II aJirOpiiTMOB, B IIX nporpaMMHOH 

peaJIII3aJJ;IIII, a TaK)Ke B 'liiCJieHHOM perneHIIII nOeTaBJieHHbiX 3a,n;aq, B o6pa60TKe, aHaJIII3e 

II IIHTepnpeTaJJ;IIII pe3JJibTaTOB 'lHCJieHHbiX 3KenepiiMeHTOB. 

2- OCHOBHOE CO,II;EP)KAHME PABOTbi -

Bo BBe,n;eHHH o6oeHOBaHa aKTJaJibHOCTb npo6neM, ueCJie,n;oBaHHhiX B )I.IIeeepTaJJ;HOH

Hoii: pa6oTe, n e<PopMyJIHpoBaHbi JJ;eJIH pa60Thi. BBe.n;enhi Heo6xo,n;IIMble noHHTna, nepe

'lHCJieHhi OeHOBHbie 3a)l.a'lu ll e,n;eJiaH 0630p II3BeeTHbiX aBTOpy pe3JJibTaTOB, eml3aHHbiX e 

HHMII. KopOTKO u3JIO)KeHhi n npoKOMMeHTHpoBaHbi noJiyqeHHhie B ,n;IIeeepTaJJ;HH pe3yJih

TaTbi. 

0eHOBHble IIenOJih3JeMble nOHHTHH BBe)l.eHbl Ha eaMOH npOCTOH MO)I.eJili Bli)l.a (1), KOr)l.a 

npe)l.noJiaraeTeH pa,n;IIaJihHaH eHMMeTpuH. B 3TOM CJiyqae 3a)l.aqa Kornii e· <l>HHIITHhiMu 

Ha'laJihHhiMH ,n;aHHbiMII <l>opMJJIHpyeTeH TaK: 

Ut = x1-N (xN-1u" Ux)x + uf3, x E R+, t > 0, CJ > 0, f3 > 1, (3) 

u,(t, 0) = 0, u(O, x) = u0(x) 2: 0, 0:::; x < l, u0 (x) = 0, x 2: l. (4) 

ECJIH Ha'laJihHhle )l.aHHhie y,li.OBJieTBOpHJOT )I.OnOJIHIITeJihHbiM yCJioBIIHM: u0 (x) E C(JR+), 

(ugu~)(O) = 0, TO eym;eCTBJeT e)l.uHeTBeHHOe JIOKaJihHOe (no BpeMeHII) o6o6m;eHHOe pe

lileHHe U = u(t,x) 33.)1.a'III (3)-(4), KOTOpOe HBJIHeTCH HeOTpHJJ;aTeJihHOH HenpepbiBHOH 

<l>YHKJJ;Hefi B JR+ x (0, T0), r)l.e To E (0, oo) - KOHe<JHoe HJIH 6eeKOHe'lHOe BpeMH eym;e

CTBOBaHHH perneHHH (eM. enHeOK JIHTepaTypbi B 063ope (15]}. ilpH 3TOM u(t, x) HBJIHeTCH 

K.JiaceiiqeeKHM perneHIIeM B OKpeCTHOCTH JIJ06oii: TO'IKH (t, X), r)l.e u(t, x) HBJIHeTCH CTpo

ro nOJIO)KIITeJihHbiM. B TO'lKax BbipO)K)I.eHIIH OHO MO)KeT He IIMeTh neo6XO)I.IIMOfi rJI3.)1.

KOCTII, H!l TenJIOBOfi nOTOK -XN-1u"Ux )I.OJI)KeH 6biTh nenpepbiBHbiM. 8TO 03Ha'laeT, 'ITO 
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U17Ux = 0 BeJO,n,y, r.n;e u = 0. Kor.n;a BpeMH To KOHe'lHOe II limt~T.- SUPxeJRN u(t, x) = +oo, 
0 

T0 Ha3biBaeTeH BpeMeHeM o6ocTpeHHH HeorpaHII'leHHOro·(eiiHry;IHpHoro no BpeMeHII) 

perneHIIH. 
HeorpaHII'leHHOe perneHIIe Ha3biBaeTCH JIOKaJIH30BaHHhiM ( B cTporoM CMhiCJie), 

ee;m MHO)KeCTBO ~h = {x E JRN: iu(T0-,x) := limt-r.- u(t,x) > 0} orpaHII'leHo B JRN. 
0 

HeorpaHII'leHHOe perneHIIe Ha3biBaeTeH aQ>Q>eKTHBHO JIOKaJIH30BRHHhiM, ec;m MHo-

)KeeTBO WL = {x E JRN: iu(T0 ,x) = oo} orpaHII'leHO. 

YpaBHeHIIe (3) .n;onyeKaeT aBTOMO,ll;eJihHOe pemeHHe (a.p.) (16]: 

' I 

ua(t,x) = 1/J(t)O(~) = (1- t/To}-fl-1 0(~), 

~ = xj<p(t) = x (1- tjT0 )- fl-::_ 1 , m = (/3- u- 1}/2. 

(5) 

(6) 

0Ho eooTBeTeTBYeT naqa.rrbHbiM )l.aHHbiM ua(O,x) = O(x). <l>yHKJJ;IIJO 0(~) 2: 0, onpe.n;e

JIHJOIIJ;YJO npocrpaHCTBeHHD-BpeMeHHJIO>CTpJKTypy aBTOMO,ll;eJibHOrO perneHIIH, eorJiaeHO 

npiiHHTOH TepMIIHOJIOriiii (18] Ha3biBaJOT C06CTBeHHOH cPYHKIJ;HeH ( c.Q>.) ropeHHil 

HeJIHHeHHOH cpe,D;hl, ODHChiBReMOH ypaBHeHHeM (3). tJ:a.rree ,ll;JIH KpaTKOeTII IIenOJib-

3yeTeH Ha3BaHIIe eo6eTBeHHaH <l>YHKJJ;IIH. Ona J,li.OBJieTBopaeT B JR+ BbipO)K)I.aJOm;eMyeH 

OtJ:Y: 
1 ( N-1 u ')' j3- CJ- 1 0' 1 0 0(3 --~N-1~ OO +?(R-l)Tn~ +(8-l)Tn- -O (7) 

II KpaeBbiM yCJIOBIIHM: 

0'(0) = 0, O(oo) = 0, 0"0' = 0, ec,rrii 0 = 0. (8) 

YpaBHeHIIe (7) IIMeeT ,IJ;Ba perneHIJH, HBJIHIOIIJ;IIMIIeH KOHeTaHTaMII: 0(~) =: 0 II 0(~) =: 
OH = (T0(j3- 1)}-1/((3-1). 0HII IIrpa!OT eym;eeTBeHHJIO pOJib npii aHaJIII3e pa3JIII'lHbiX pe

lileHIIH ypaBHeHIIH (7). Ec'.Jm 3a,n;aqa (7), (8) IIMeeT perneHIIe .n;m1 neKOToporo To ~ To,1, 
TO oHa IIMeeT perneHIIe II npH JIJ06oM .n;pyroM T 0 = T0 ,2 , npii 3TOM perneHIIH 'eBa3aHhi 

npeo6pa30BaHIIeM nO)I.06IIH [19]. 8TO )l.aeT B03M0)KHOeTb 6e3 orpaHII'leHIIH 06IIJ;HOeTli nO

JIO)KIITh 
T0 = l/(/3- 1), n TeM eaMbiM, OH = 1. 

Tor.n;a ypaBneHIIe (7) npnHHMaeT BH)I.: -. 
L(O) =: -e-N(~N-10"0')' + ~0' + 0- Of3 = 0. (9) 

Ana.rrii3 perneHnil: 33.)1.a'III (9), (8), (eM. (17], (16], fJiaBa IV, II eehiJIKII B niix), )l.aeT CJie

,n,yJOm;IIe pe3yJihTaTbi: 
./ilpii JIJ06hiX 1 < j3 ::5 CJ t 1 eym;eCTBJeT <l>HHIITHOe perneHIIe 0(~) 2: 0 . 
./llpn f3 < u + 1, N 2:' 1 II f3 = u + 1, N > 1 sa)J,aqa ne IIMeeT n~MOHOTOHHbiX 

perneHIIH. E,li.IIHCTBeHnoeTh perneHIIH )I.OKa3ana ,li.JIH CJiy<m'sl f3 < u + 1, N = 1. 
./llpii f3 > u + 1, N 2: 1 3a,n;aqa He IIMeeT <l>IIHIITHbiX pemeHIIii. 
./ECJIII CJ + 1 < j3 < {38 = (u + 1)(N + 2}/(N- 2}+, TO 3a,n;aqa IIMee'l' no Kpaii:Hefi 

Mepe O,IJ;HO perneHHe 0(~) > 0 B ~, KOTOpOe CTpOrO MOHOTOHHO y6biBaeT no ~ H HMeeT 

aeHMnTOTIIKY 

0(~) = CaC2/(f3-u-l)[1 +w(~)], w(~)--'+ 0, ~--+ oo, (10) 

Ca = Ca(u, /3, N) - noCTOHHHaH. ITo3)Ke (27]-IIHTepBa.rr no f3 6biJI paernHpeH. 
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,(I1pn: N = 1, /3 > a+ 1 3a,n:a'la HMeeT He Menee '!eM 

K = -(-a]- 1, [.]- n;ena.H 'IUCTh, a= (/3- 1)/(/3- a- 1) > 1 (11) 

pemeHIIii, pa3Jill'IUIOin;IIXC.H no 'lllCJIY 3KCTpeMyMOB Ha noJiyOCII € E (0, 00) (20). 06o-

3Ha'IIIM n:x '!epe3 Ba,i(€), i = 1, 2, ... K. Ha OCHOBe JIIIHeiiHoro aHci.JIII3a II HeKOTOpbiX 

'!IICJieHHbiX pe3yJibTUTOB B pa6oTe (21]6b!JIO BbiCKa3aHO npe_n:nOJIO)KeHIIe, 'ITO 'IIICJIO pa3-

JIII'IHbiX pemeHIIii Ba,i(€) npii /3 > a +1 n: N 2: 1 paBH.HeTC.H K + 1. B CJiy'!ae N = 1 

sTaT pe3yJibTaT 6biJI yTO'IHeH He,n:aBHO (14] 61I<l>JpKan;n:oHHbiM aHaJIII30M: 'IIICJIO peme

Hllii ,n:aerc.H <l>opMyJioii K = (a], eCJIII a - Hen;enoe, n: K = a - 1, eCJin: a - n;enoe. 

,IV!.H N = 2, 3 6n:<l>ypKaD;IIOHHhiii aHaJIII3 ,n:aer TY *e on;eHKY 'IIICJia pemeniiii, HO npii 

f3 ~a+ 1, f3 >a+ 1 aHa HapymaeTc.H (cr./"p33,D;eJI 2.2 II [14]). 

Ha ocHoBe 3Tn:x pe3yJihTaTOB ycraHaBJIIIBaJOTC.H 6a3HCHbie pe)KHMbl ropeHII.H cpe

,n:hi, OniiCbiBaeMbiMll a.p. (5),(6) . .IJ:JI.H IIX xapaKTep1I3aD;IIII BBO,U:.HTC.H TaK)Ke CJie.n:yJO:rn;n:e 

nOH.HTll.H: DOJIYIIIHpHHa X8 = X8 (t), KOTOpa.H ,n:JI.H MOHOTOHHbiX no X pemeHIIH C e,U:IIH

CTBeHHbiM MaKCIIMJMOM B TO'!Ke X = 0 onpe,n:eJI.HeTC.H ypaBHeHIIeM u(t, X8 ) = u(t, 0)/2, 

II TOqKa cPPOHTa Xf: u(t,XJ) = 0, u"ux(t,XJ) = 0. 

HS-pe)KHM c o6ocTpeHHeM, 1 < /3 < a+ 1. <I>opMIIpyeTC.H men.~~oea.R. BOII'Ha, 
KOTopa.H 3a speM.H T0 oxBaTbmaer sce npocTpaHCTBO. IIpon;ecc c o6ocTpeniieM He JIOKa

JIII30BaH: mes OL = mes W£ = oo, Xs ---+ oo, x f ---+ oo, t ---+ T0-. 

8 -pe)KHM C 060CTpeHHeM, /3 = a+ 1. .IJ:n:<l><l>J31I.H TenJia ll llHTeHCIIBHOCTb narpesa 

cornacyJOTC.H TaK, 'ITO npiiBO,U:.HT K JIOKaJIII3an;n:JO npon;ecca B o6nacTn: ,n:IIaMeTpOM L., Ha-

3b!BaeMoii "ifiy'Haa.Me'HmaJI'b'HOU aJiu'Hoil" s -pe)KIIMa: OL = W£ = {lxl < L./2}. BHyTpll 

OL cpe,n:a narpesaerc.H ,n:o 6ecKoHe'!Hoii TeMnepaTyphi 3a speM.H T0 ; x. = canst, x1 = 
L./2. 

LS-pe)KHM c o6ocTpeHHeM, a+ 1 <, f3 < 131 = a+ 1 +if. HnTeHCIIBHOCTb 

n:CTO'IHIIKa CIIJibHee, '!eM .n:n:<l><l>Y31I.H. Cpe,n:a narpeBaeTc.H ,n:o 6ecKOHe'!HOil: TeMnepaTyphl 

3a BpeM.H T0 TOJihKO B o,n:Hoii TO'IKe: mes W£ = 0, x8 ---+ 0, t ---+ T0. B cooTBeTCTBIIII 

cpa3JII!'IHhiMII pemeHII.HMn: Ba,i(€), i = 1, 2, •.• , cpe,n:a ropiiT B Bn:,n:e npocThiX (i = 1) n: 

CJIO)KHbiX CTPYKTYP (i > 1) c o,n:HIIM II TeM *e MOMenTOM o6ocTpeHII.H., 

qTOQbJ nOKa3aTb 3Ha'!IIMOCTb aBTOMO)l:eJihHbiX pemeHIIH KaK UTTpaKTOpOB IIIHpOKllX. 

KJiaCCOB _n:pyrn:x pemeHIIH TOrO )Ke ypaBHeHII.H, BBe,D:eM em;e HeCKOJibKO nOH.HTIIii. 

B cny'!ae npOII3BOJibHbiX ifitmum'H'b/,X Ha'!aJihHhiX ,n:aHHbiX u0(x) (4) BBO,D:IITC.H B pac

.~MOTpeHHII aemoMoaeJI'bHoe npeacmaeJieHue pemeHH.H u(t,x) 3a_n:a'!II (3), (4), onpe,n:en.H

eMoe B Ka)K,U:blH MOMeHT BpeMeHII B COOTBeTCTBIIII C BII,U:OM a.p. (5), (6): 

8(t,€) = (1- tjT0)13'-• u (t,€(1- tjT0)13:,) = .,p-1(t)u(t,€tp(t)) (12) 

ABTOMO,U:eJihHOe.pemenne ua(t,x) lla3hiBaeTC.H acHMDTOTnqecKH ycTofiqHBhiM, ec

JIH cym;eCTBJeT )l;OCTUTO'IHO IIIHpOKHH KJiaCC pemenn:ii u(t,x) 3a_n:aqn (3), (4) C Ha'!aJib

HbiMH ,n;aHHbiMH Uo '¥= B(x) ' aBTOMO)l;eJibllbie npe,n:CTaBJieHH.H e( t, €) KOTOpbiX crpeM.HTC.H 
B neKOTopoii nopMe K B(€) Kor.n;a t ---+ T0-: 

ll8(t,€)- B(€)11---+ 0, t---+ T0. (13) 

B onpe,n;enennn aBTOMO)l;eJibHOro npe,n;CTaBJienn.H (12) yqacrsyer nen3Becrnoe Bpe

MH o6ocrpenn.H T0 n ono nenpnro.n;no .D:JI.H 'IHCJiennoro ncCJI~,n:osann.H acnMnTOTH'!ecKoii 

ycroii'lnllocrn a.p. B pa6oTe [19] 6hlJI npe,n:no)Ken n qn:CJienno peaJin3oBan (npn N = 1) 
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.n:pyroii nO,li,XO,U:, no3BOJI.H10In;llll llCCJie,U:OBaTb "cTpyKTypHyJO", yCTQHqHBOCTb HeOrpa

Hll'leHHbiX a.p. B cneD;llaJibHOii "aBTOMO,D;eJibHOH" HOpMe, COrJIUCOBUHHOll .npll; KU)K

,U:OM t C reOMeTpH'!eCKOii <l>opMOii crpyKTJpbl ll He HCnOJib3JIOID;eii B .HBHOM Bll,U:e BpeMe

Hll o6ocrpeHH.H To . BBO,U:llTC.H HOBOe UBTOMO,U:eJibHOe npe,U:CTaBJieHn:e B COOTBeTCTBIIII CO 

crpyKTypoii a.p. ua(t,x): 

8(t,€) = u(t,€('Y(t))-m)Jr(t), -y(t) = maxxu(t, x) 
IIIUX{B(€) • 

(14) 

ABTOMO,U:eJibHOe pemeHne ua(t,x) Ha3b!BaeTC.H cmpy~CmypHo ycmoil'lUBtt.M, eCJin: cxo,n:II

MOCTb (13) IIMeeT MeCTa .D:JI.H 8(t, €), 3a,n:aHHOii '1~pe3 (14). 
.IJ:JI.H aBTOMO)l:eJibHbiX pemeHHH CO CJIO)KHOii npocrpaHCTBeHHD-BpeMeHHOH CTpJKTJ

poii, OTBe'laJO:rn;IIX HeMOHOTOHHbiM COQCTBeHHbiM <l>JHKD;H.HM ropeHH.H HeJIIIHeiiHOH cpe

)l:bl, BBO,U:IITC.H nOH.HTIIe MeTUJCTOii'IIIBOCTII. ABTOMO,U:eJibHOe pemeHHe Ua ( t, X) na3hiBaeT

C.H MeTaycTofiqHBhiM, eCJIH .D:JI.H KU)K_n:oro c: > 0 cym;ecrByeT KJiacc na'laJibllbiX ,n:anHbiX 

u0 ( x) ~ t9 ( x) II speM.H T , To - T « To TaKIIX, 'ITO .D:JI.H aBTOMO,U:eJihllhiX npe,n:craBJieniiii 

COOTBeTCTBJIOin;IIX pemeHnii BblnOJIH.HJIOCb 

II e(t, €) - B(€) llc(fl):=:; c:, 0 :=:; t :=:; T. (15) 

rJiaBa 1 nOCB.Hm;ena 'IIICJiel!llbiM MeTO,U:aM pemeHII.H OCIIOBllbiX 3a_n:aq - HeJIHllelll!biX 

aBTOMo,n:eJibHhiX 3a_n:aq (pa3,D;eJI 1.1) II lleJIIIneiinhiX napa60JIII'!eCKIIX 3a_n:aq c cn:nryn.Hp

Hb!MII no speMeHII (blow-up)_ pemeHII.HMII (pa3,D;eJI 1.2) . .IJ:eranbnoe oniicann:e II IICCJie

,n:osaHn:e MeTo,n:oB c,n:enano ,U:JI.H cnyqa.H pa,n:uanbnoii CliM¥eTPHH. 
06m;nMH TPY.D:HOCT.HMH · KaK .D:JI.H aBTOMO)l;eJibHhlX, TaK n .D:JI.H napaQOJIII'!eCKHX 3a

_n:aq, .HBJI.HIOTC.H: HeJIHHeiiHOCTbj 3aBHCIIMOCTb OT HeCKOJibKHX napaMeTpOB (KaK npaBHJIO 

- Tpex); He,U:OCTUTO'!Ha.H rJia_n:KOCTb ·pemeHHii Ha noBepXHOCT.HX BblpO)K.D:eHH.H 3JIJIHnTH'!e

CKOrD onepaTopa, r_n:e pemeHH.H o6pam;aJOTC.H B HOJib. B CJiyqae pa_n:HaJibHOii CHMMeTpHH 

npn N > 1 H B ITOJI.HpHbiX KOOp,ll;HHaTax B ,U:BJMepHOM CJiyqae K HHM ,n;o6aBJI.HeTC.H CHH

ryJI.HpHOCTb B TO'!Ke X= 0 (€ = 0). 
qTo Kacaerc.H aBTOMO,U:eJihHhiX 3a_n:aq, TO caMa.H cym;ecrsenna.H Tpy,n:nocrb - 3TO 

nee,U:HHCTBeHHOCTb pemeHH.H, ·qTO cym;eCTBeHHO OTJIH'!aeT HX OT KJiaCCH'!eCKHX 3a_n:aq C 

e,n:nncrseHHhiM pemenneM. Bo3HHKaJOT CJie.n:yJOm;ne npo6neMhi: 

,( naiiTn "xopomee" npn6Jin)Kenne K Ka)K.D:OMY pemennio; 

,( CKOHCTpyn:poBaTb HTepaD;HOHHblil: MeTO)l;, KOTOpbifi: CXO,U:HTC.H BCer,n;a K HCKOMOMJ 

pemeHHIO (cOOTBeTCTBJIOin;eMy H1l.'!aJibHOMY npii6JIH)KeHH!O)i CXO)l;HTC.H QbiCTpOj o6ecne

'IHBaeT ,U:OCTaTO'IHJIO TO'IHOCTbj 
,( aBTOMUTH3HpOBaTb npon;ecc Bbi'IHCJieHHii TaK, 'IT06hl' e)J;HH006pa3HO H QbiCTpO naxo

)l;HTb BCe pa3JIH'!Hbie pemeHII.H npn .n;annhlx napaMeTPa,?C ~a_n:aqn (a, /3, N); 
,( onpe,n:ennTh anpn:opn Ky,n;a nepenecrn yCJIOBH.H n3 6ecKoneqnocrn, 'IT06hi acnMnTo

TnKa (10) BbiiiOJIH.HJiaCh (OTMeTHM, 'ITO '!eM 60Jibiiie HOMep c.<P., TeM QOJibiiie KOHCTaHTa 

Ca B acnMnTOTHKe). 
.IJ:JI.H npeO,U:OJieHn.H· JKa3aHHhlX npo6JieM 3,U:eCb HCnOJib30BaHbl: 

- nO,li,XO)l; "JIHHeapH3aD;HH" (19] aBTOMO,U:e.'lbHOrO ypaBHeHII.H OTHOCHTeJibHO HeTpH

BHaJibHOrO npocrpaHCTBeHHD-O)l;HOpO)l;HOrD pemeHHH t9H H CIIIHBaHHe pemennii JIHHea-. 

p1I30BUHHOrD ypaBHeHH.H C H3BeCTHOii UCHMnTOTHKOll1 .D:JI.H HUXO)K_n:eHH.H npn6JIH)KeHHii K 

pa3JI1I'!HbiM pemeHH.HMj 
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- IITepaiJ;HOHHhie CXeMhi, OCHOBaHHhie Ha HenpepbiBHOM aHaJIOre MeTO)J;a HblOTQ

Ha (HAMH) )VIR perneHHR HeJIHHeii:HbiX <f>yHKIJ;HOHa.JlhHhiX ypaBHeHHll (35], KOTOpbill 
nMeeT 6oJihrnyro, no cpaBHerrneM c KJiaccnqecKHM MeTo,n;oM HhiOTorra, o6JiaCTh cxo,n;nMo
crn; 

- MeTO)J; KOHe'IHbiX 3JieMeHTOB (MK9) pa:3Horo nopR,n;Ka TOqHOCTH Ha KBa3H

paBHOMepHbiX CeTKax, )VIR pernerrnR JIHHeii:rroro ypaBrrerrnR HAMH rra Ka:lK,n;oM mare 
nTepau;norrrroro npou;ecca; 

- MK9, ocrroBaHHhlii rra HeCHMMeTpH'IHOM MeTo.n;e I'a.rrepKHHa [22], )VIR cnrrry
JIHpHhiX B u;errTpe CHMMeTpHH 3a,n;aq npn N ?: 3. 

B pa3.n;ene 1.1.1 nocTaBJierra pa,n;Ha.JihHD-CHMMeTpnqrraH aBTOMo,n;eJihHaR 3a,n;aqa: 

Haii:m ¢YHKIJ;HIO B(~) ?: 0, y,n;oBJieTBopHionzyro ypaaHeHHIO (9) H KpaeBhiM yCJIOBH
RM (8), KOTOpbie C yqeTOM nepeqnCJieHHbiX ee CBOHCTB H aCHMnTOTHKY (10), yToqrreHhi 
CJie,ll;yiO~HM 06pa30M: 

0'(0) = 0, B(l) = 0, )VIH .B:::; a+ 1, (16) 

r,n;e l Bhi6npaeTCR TaK, qTo6bi Kpaeaoe yCJioBne rre BJIHHJIO rra pernerrne, T.e., l 6biJIO 
6oJihrne rrocnTeJIR ~0 pernerrnR; 

0'(0) = 0, B'(l) + (pfl)B(l) = 0, p = 1/m = 2/(.fl- a- 1), ,n;JIR .fl > a+ 1, (17) 

r,n;e l BhifiHpaeTC.H TaK, qT06hi C XOporneif TOqHOCTbio BhiiiOJIHHJiaCb aCHMnTOTHKa (10). 
)l.eTa.JihHoe H3JIO:lKerrne qncJieHHOro MeTo,n;a c,n;e.narro Ha npnMepe 3Toii 3a,n;aqn. B HhiO

TOHOBCKoii HTepa~HOHHOH CXeMe (pa3)l;eJI 1.1.2) 

L'(Bk)v,. = -L(Bk), 

Bk+l = Bk + TkVk, 0 < Tk :::; 1, k = 0, 1, ... ' 

Bk = Bk(~) = B(~, tk), vk = vk(~) = v(~, tk), 
Bo(~) - rraqa.JihHOe npn6JIH:lKerrne, 

ypaarrerrne (18) HMeeT BH,n; 

1 (t:N-lnu I)' 1 (t:N-1 LJU-lLJI )' t: I 
- ~N- 1 ., ukvk - ~N-l ., auk ukvk + m.,vk+ 

+(1- .aef-1)v" =- [-~;_1 (~N-te~e~)' + ~e~ + ek- of]. 

(18) 

(19) 

(20) 

l-hepau;norrrrhle nonpaBKH vk(~) y,n;oBJieTBOpRIOT o,n;rropo,n;HhiM rparrnqrrhiM ycJIOBHHM 

v~(O) = 0, Vk(l) = 0 )VIR .fl ~ a+ 1, 

v~(O) = 0, vW) + (pfl)vk(l) = 0 )VIH .B > a+ 1. 

(21) 

(22) 

.B Pa3)l;eJie 1.1.3 npoBe,n;erra ,n;ncKpeTH3an;nR no MK9 3a,n;aq (20), (21) n (20), (22) B 
CJia6oii ¢opMe: 

HafiTH ¢YHKIJ;HIO vk(~) E H 1(0, l), y,n;oBJieTBOpHronzyro HHTerpa.JihHOMY TO)K,ll;ecray 

(L'(Bk)vk, w) = -(L(Bk), w), Vw E H~(O, l), (v, w) = l ~N-:-1v(~)w(~)df, (23) 
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H rparrnqrrhiM yCJIOBHHM (21) HJIH (22), r,n;e Bk(~) - 3a,n;arrrraR ¢YHKIJ;HR, 

Bk ED= {B(~): eu+I, dBd+Ijdf, E L2(0,l)}, 
H~(O, l) = { w: ~(N-l)/2w, ~(N-I)f2w' E £ 2(0, l), (1- a)w(l) = 0}. 

3rraqerrne Q = 0 OTBeqaeT yCJIOBHIO (21), a Q = 1 - yCJIOBHIO (22). 

AnnpoKCHMan;nR HHTerpa.nbrroro TO)K,ll;ecraa (23) npoao,n;HTC.H rra ocrroae MK9 c nc

noJih30BarrneM Jlarparr:lKeBhiX (Jinrreii:HhiX n KBa,n;paTnqrrhix) KorreqrrhiX 3JieMeHTOB. TaK 
)VIH aeKTOpa V c KOMnorreHTaMH 3Ha'l'emm HTepau;noHHhiX nonpaaoK B y3Jlax Korreqrro-
3JieMeHTHOii CeTKH nOJiyqerra JIHHeii:HaH CHCTeMa ypaBHeHHfi 

A~V=-B~A ~~ 

c rrecnMMeTpnqrrhiMH JieHTOqHhiMH MaTpnu;aMH A n B. ,lLrrR perneHHR cncTeMhi (24) 

ncnOJih30Barro LU pa3JIO:lKerrne MaTpHJ.thi A , KOTopoe ne. yaennqnaaeT ee npo¢nJIH. 

lliar Tk B (19) onpe,lJ;eJIReTCH 3KCTpanOJIRIJ;HOHHOfi <f>opMyJIOH (23]: 

. ( Ok-1) r " Tk = ffilll 1,Tk-l-;s;;- ,eCJIH Uk < Uk-1> Tk = max (To, Tk-1 °~: 1 ) , eCJIH Ok ?: Ok-1> 

r,n;e Ok = max'IEwn IB(Bk)Bkl· 9TOT BhJ6op Tk npn yMeHbiiieHHH ok o6ecneqnBaeT CTpeM
Jierrne Tk K 1, H CKOpOCTb CXO,li;HMOCTH (18), (19) CTaHOBHTCR KBa,n;paTHqHOll. 

Bhi6op rraqa.nhHhiX npn6Jin:lKerrnfi o6cy)K,ll;aeTCH. B Pa3.n;ene 1.1.5. ,lLrrR .B :::; a+ 1 

npe,n;JIO:lKerro 

ON ~ - {A(N) cos2(1r~/2~~NJ), ~ :::;· ~~N)' 
0 ( ) - • 0 ' ~~N):::; ~:::; [, 

(25) 

r,n;e A(N) ?: 1 - KOHCTaHThi. IIpn6JIH:lKeHHH (25) ocrroBaHhi rra H3BecTHOM (5] ToqrroM 

pernerrnn )VIR S -pe:lKHMa npn N = 1: 

1 

{ 
(

2(a + 1) 2 7r~ ) ;; t: < c(ll = L(I)/2 = 1r../a + 1/a, (26) -'--.,c-COS -. , '>- '>0 S , 
ec~> = · (a+ 2) . 2~a1 > 

o , (?:~a~> 

Ha noJiyqerrrrhlx B [21] npn6Jin)J{errrrhlx ou;errKax )VIH ~0 npn N = 2, 3: . . . 

L~NJ /2 = ~aNr ~ 1r.ja + 1 +L84(N "'- 1)a/7r/a, 
.• ,. l• 

H Ha yCTaHOBJieHHOM HaMH B qnCJieHHOM 3KCnepHMeHTe COOTHOIIIeHHH ~~';iS < ~aN). 
)l.JIR .fl > a + 1 "JIHHeHHhle 'npH6JIH:lKeHHR" HCKa.JIHCb. B .BH,ll;e: • 

0 . = { 1 + aiy(~), 0:::; ~ < {i 
o •• (~) ci~-p' ~-:::; ~ :::; l.' ' (27) 

r,n;e y(~) = F(-(.B-1)/(.fl-a'-1), N/2; (.B-a-1)e/4) -Bhlpo)K,ll;errrraRrnnepreoMeT
pnqecKaR ¢yrrK~HH. Orra HBJIHeTCH pemerrneM JIHHeapn3oaarrrroro OTHOCHTeJihHO Bn. = 1 

aBTOMO,ll;eJihHoro ypaarreHHR ( B(~) = 1 + c:y(~), I c:y(~) I« 1 ): 

-,e-Nc~N-ly')'+m~y'- (.B :-:-1)y = o. (28) 
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IlapaMeTpbi ~;, o:;, C; onpe,11;eJUIJIHCh H3 yCJIOBHfi 00,;(~) E 0 2[0, l] ( C2 
- npn6JIH)KeHn.H) 

HJIH 00,;(~) E 0 1 [0, l] ( C1 - npn6JIH)KeHH.H). B o6onx CJ!yqa.Hx · 

0:; = -pj[p y(~;) + ~i y'(~;)], C; = ~;+1 y'(t;)j[p y(t;) + t; y'(t;)]. (29) 

,Il;JI.H C1 -npi16JIII)Kellnfi ToqKa t; .HBJI.HeTC.H KopneM ypaBHel!H.H y(~) = 0 (Bcero K + 1 

KOpHefi), a ,ll;JI.H C2 - npn6JIH)KeHHfi - KOpHeM ypaBl!el!H.H 

(p + 1)y'(~) + ~y"(~) = 0. 

Ha ocHoBe H3JIO)KeHHOfi MeTO,ll;HKH c03,ll;aH KOMnJieKc nporpaMM 11a .H3b1Ke FORT RAN . 
OH ,11;aeT B03MO)Kl!OCTh BhJqiiCJI.HTh pe111enn.H ~TOMO,ll;eJihHOfi 3a,11;aqn ,ll;JI.H Bcex BII,ll;OB pe

)KIIMOB c o6ocTpeHIIeM. B CJ!yqae LS -pe)KHMa BhJqnCJienne "JIIIHefiHhiX npn6JIH)KeHIIfi" H 

· ClllHBaHIIe C aCIIMTITOTIIKOfi peaJIII30BaHO nporpaMMHO, TaK qTO npon;eCC TIOJIHOCTbiO aB

TOMaTH3HpOBaH - 3a,ll;aeTC.H TOJibKO HOMep HCKOMOfi C.tP·· 9TO C,ll;eJiaJIO B03MO)K!IbiM T~a
TeJibHOe IICCJie,ll;OBaHHe CXO,ll;IIMOCTII II TOql!OCTH qnCJieHIIOrD MeTO,ll;a (Pa3,D;eJI 1.1.6). 0110 

npoBO,ll;IIJIOCb nocpe,ll;CTBOM cpaaHel!H.H c II3BeCTllhiM ToqnhiM pelllel!neM (26) S- pe)KHMa 

npii N = 1 .II MeTO,ll;OM Pynre Ha nocJie,ll;OBaTeJibHOCT.HX BJIO)Kel!l!hiX CeTOK ,ll;JI.H H S
II LS- pe)KIIMOB. HccJie,ll;OBaHIIe noKa3aJIO: B Tofi qacrn o_6JiaCTII, r,11;e pe111enne HMeeT 

l!e06XO,ll;HMYIO rJia,ll;KOCTh, npii HCTIOJib30BaHHH JIHHeHHbiX 3JieMeHTOB HMeeT MeCTO on

THMaJibHbiH nop.H,D;OK TO<JHOCTH O(h2), a npn ucnoJib30BaHIIII KBa,n;paTH<JHbiX 3Jie

MeHTOB- cBepxcxo.n;uMoCTh nop.H,n;Ka O{h4
) B y3Jiax pa36HeHH.H. 

MlloroqnCJieHHbie 3KcnepnMeHThi, npoBe,ll;eHHble B 111npoKOM ,ll;Hana3oHe II3Menenn.H 

3Haqennfi napaMeTpOB a II f3 npn N = 1, 2, 3, yKa3biBaiOT Ha 6biCTPYIO CXO,ll;HMOCTh 

·nTepan;IIOHHoro npou:ecca {18), {19). 3aMeqenhi O,ll;HaKo CJie,ll;JIO~He oco6ennocTn: 

- npii f3 --+ a + 1 + 0 rnnoTe3a o MaJihiX KOJie6aHH.HX c.<P. OKOJIO roMoTepMnqecKoro 

pemeHII.H, na KOTopofi no,ll;XO,ll; JIHHeapii3an:nn ocHoBaH, He BhlllOJIH.HeTC.H. Upn N = 2, 3 

6hiJIH o6Hapy)KeHhl c.<P., 3HaqeHII.H KOTOpb!X paBl!bl IIYJIIO B KOJibU:eBOfi o6JiaCTH OKOJIO 

U:eHTpa CIIMMeTpiiH. 9TO o6yCJIOBIIJIO He06XO,ll;IIMOCTb ,ll;eTaJibHOrO HCCJie,ll;OBaHII.H CJiyqa.H 

f3--+a+1+0. 
- npn N = 2, 3 B ciinryJI.Hpnofi TOqKe ~ = 0 nop.H,ll;OK Toqnocrn mi)Ke ( o: :::::: 1. 7 ,ll;JI.H 

JIHHefiHbiX II 0:::::;: 3.7 ,ll;JI.H KBa,ll;paTHq!IbiX 3JieMeHTOB). 

,Il;JI.H npeO,ll;OJieHII.H nOTepH TOqHOCTII B OKpeCTIIOCTH ~ = 0 6biJia HCTIOJib30BaHa MO,ll;II

tPIIKaU:H.H MeTO,ll;a faJiepKIIl!a 11a CIIHryJI.Hpllhifi CJ!yqafi. Ona npe,ll;JIO)Kella n TeopeTIIqecKH 

HCCJie,ll;oBana ,ll;JI.H JIIIHefiHhiX CIInryJI.HpHbiX npii x = 0 3a,11;aq B pa60Te [22] II Ha3Bana 

HeCHMMeTpH<JHbiM MeTO,D;OM fanepKHHa. J1,11;eH HeCIIMMeTpiiqHOrO MeTO,ll;a - npiiMe

HHTb MeTO,ll; faJiepKIIHa K cnen;IIaJibHOfi, lleCIIMMeTpHqliOfi tPOpMe OpHrHHaJibHOfi (caMOCO-

. np.H)Kennofi) 3a,11;aqn. IlpnMeHIITeJihHO K aBTOMO,ll;eJibHOfi 3a,11;aqe on H3JIO)KeH B Pa3,n;eJie 

1.1. 7. BhiqiicJIIITeJibHa.H cxeMa nocTpoena na ocnoBe aJihTepHaTHBHOH <!JopMbi 3anH

cu ypaBHeHH.H {9): 

L(B) = -((18178')'- i(N- 2)81781 + rn{1-h(}' + (YB{1- 813..:.1 ) = 0 (30) 

·r,11;e i=O npii N=1, 1=1 npn N=2,3.Ilpn N=1,2 onacoBIIa,ll;aeTc{9). 

MnoroqiiCJieHl!bie 3KcnepiiMeHThl 11a noCJie,ll;oBaTeJibHOCT.HX BJIO)KeHl!hiX CBTOK, npoBe

,ll;eHnhle ,ll;JI.H S- , H S- n LS- pe)KIIMOB, N :::: 3, noKa3biBaiOT onTIIMaJihHhifi nop.H,ll;OK 

TOqHOCTII 3TOfi BblqHCJIHTeJibHOfi CXeMhl BTIJIOTb ,11;0 n;eHTpa CIIMMeTpHH. 

Pa3,n;eJI 1.2 nocB.H~en qiiCJieHHhiM MeTO,ll;aM pemenn.H ~apa6oJinqecKIIX 3a,ll;aq. 

/ 
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OcnoBHa.H TPY,ll;HOCTh qnCJiennoro pe111eHH.H napa6oJinqecKHX.3a,ll;aq- neorpannqen

HOCTb pellleHHfi, TipH 3TOM HeorpannqeHHOCTb B H30JIHpOBaHHbiX TOqKaX, B KOHeqnofi o6-

JiaCTH HJIH BO BCeM TipOCTpaHCT)3e. J1 e~e CB.H3aHHbie C Hefi: UO,D;BH:>KHru:I rpa.HHD;a, Ha 

KOTOpOfi pellleHHe He BO BCeX CJ!yqa.HX ,ll;OCTaTQqHo rJia,ll;KOej HeyCTOH<JHBOCTb Heorpa: 

HHqeHHbiX · pellleHHfi. 

HeorpannqeHHbie pellleHH.H pe)KHMOB c o6ocrpeHHeM HeycrofiqnBhi B TOM CMbiCJie, qTo 

MaJibiM B03My~eHH.HM naqaJibHbiX ,ll;aHHbiX COOTBeTCTBYeT Ma.ime ( anpHOpHO HeH3BeCTHOe). 

H3MeHeHHe BpeMeHH 060CTpeHII.H, II CJie,ll;OBaTeJibHO - CKOJ!b yro,ll;HO 60JibniHe II3MeHeHII.H 

B pe111ennn B6JIH3H MOMeHTa o6ocrpeHH.H.: HMeHHO ,ll;JI.H ycrpanenn.H npo6JieM c neycrofi

qiiBOCThiO B6JIH3H MOMeHTa o6ocrpeHII.H BBe,ll;eHbl TIOH.HTII.H CTpYKTypiiOfi ycrofiqHBOCTII H 

MeTayCTofiqHBOCTH. 0HH OTpa)KaJOT cy~HOCTb pe)KHMOB C o6ocrpeHHeM. IlpOCTbie CTpyK

Typbl ycrofiqHBbl B 3TOM CMbiCJie BTIJIOTb ,11;0 MOMeHTa o6ocrpeHH.H, CJIO)KHhle CTpyKTyphl 

BblpO)K,ll;aiOTC.H B npOCTbie B6JIH3H MOMeHTa o6ocrpeHH.H. Ilpii 3TOM HblpO)K,ll;eHHe MO)KeT 

npOHCXO,ll;HTb pa3Hb!M o6pa30M - CJIO)KHa.H CTpyKTypa MO)KeT BblpO,ll;HTbC.H B O,ll;Hy IIJIH 

HeCKOJibKO npOCTbiX. 9Ta HeyCTOfiqHBOCT; CTOXaCTnqecKa.H. 

0,ll;Ha H3 3a,ll;aq 3TOfi pa60Tbl - IICCJie,ll;OBaHIIe crpyKTypaofi ycrofiqHBOCTII H MeTa

ycrofiqHBOCTH pa3JIHqHbiX HHBapHaHTHbiX pellleHHfi - HaKJia,ll;biBaeT cy~eCTBeHHble Tpe-

6oBaHH.H Ha MeTO,ll;bl pellleHH.H napa60JIHqeCKIIX 3a,ll;aq - peaJIH30BaTb MeTO,ll;bl, BbiqHc

JIHTeJibHa.H HeycrofiqnBOCTh KOTOphlx cy~eCTBeHHO "MeHbllle" miycrofiqnBOCTII pe111enu.H. 

KaK TIOKa3aHO ,ll;aJibllle, pa3pa60TaHHble MeTO,ll;bl ,ll;a!OT B03M0)KH0CTb, Bo-nepBbiX, BbiqHC

JI.HTb aBTOMO,ll;eJihHhle pe111eHI1.H BnJioTb ,11;0 MoMeHTa o6ocrpenn.11, KOr,ll;a MaKCIIMYM pellle

HH.H napacraeT na 3-15 nop.H,ll;KOB (B 3aBIICHMOCTH OT napaMeTpOB 3a,11;aqn) c coxpaneniieM 

aBTOMO,ll;eJihHOCTH, n BO-BTOpbiX; BoccranaBJIHBaTb BpeM.H o6ocTpeHH.H T0 , 3aJIO)KeHnoe 

B aBTOMO,ll;eJihHOfi 3a,ll;aqe (To = 1/(/3- 1)), C TOqHOCTb~ ·~0 10-5 7 10-7• 9TO ,ll;aeT 

B03M0)KH0CTb nporH03HpOBaTb C 60JiblllOfi TOqHOCTbiO B03HHKHOBei!He KpHTIIqeCKHX pe

)KHMOB B cpe,11;e. 

,Il;JI.H npeO,ll;OJieHH.H YKa3aHHbiX np06JieM II ,ll;JI.H y,ll;OBJieTBOpeHH.H TIOCTaBJieHHbiX Tpe6o

BaHHfi, 3,ll;eCb IICTIOJib30BaHbi: 

- TpaHc<!JopMaD;H.H Kupxro<Pa ,ll;JI.H JIHHeapn3aU:IIH 3JIJIHnTIIqecKofi qacTH ,ll;II<P<Pe

penn:naJihHOro onepaTopa; 

- MK9 ,ll;JI.H ,ll;HCKpeTH3aU:IIH no npocrpaHCTBeHHhiM nepeMeHHhiM c IIHTepnoJIIIpOBa

nneM HeJIHHefiHbiX K03tPtPHU:HeHTOB no 6a3IICY KOHeqiiOMepnoro npocrpaHCTBa H KOHU:eH

TpalJ;nefi MaTpiiiJ:bl MaCCblj 

- .n;nHaMH<JeCKHe a.n;anTHBHbie ceTKH B LS -pe)KHMe. (cry~aiO~nec.H CeTKII) u B 

H S-pe)KHMe (pa3pe)KUBaiO~HeC.H CeTKH c coxpanenneM qiiCJia Y3JIOB), corJiacoBaHnhle c 

aBTOMO,ll;eJibllbiMH (n npu6JIII~eHHbiMII aBTOMO,ll;eJibHb\..MH B ~IOJIYJII!Hefi~OM CJ!yqae) 3aKo

HaMHj 

- HeCHMMeTpH<JHbiH MeTO,D; fanepKHHa B pa,!~;HaJibl!Q-CJiMMeTpiiqHOM CJ!yqae npH 

pa3Mepllocrefi npocrpaHCTBa N :::: 3 ; • ' 

- .HBHbiH MeTO,D; THna PyHre-KyTTa BTOpOro nop.H,ll;Ka TOqHOCTII C paClllHpeHHOfi 

o6JiaCTbiO ycrofiqiiBOCTII II c aBTOMaTnqecKIIM Bbl6opoM 111ara, o6ecneqnBaiO~IIM BhiTIOJI

nenne CJia6oro npHIIU:IITia MaKCIIMyMa n, B CJiyqae rJio6aJihHhiX · pe111eniifi, ,ll;OCTH)Kel!ne 

3a,ll;aHl!Ofi TOqHOCTII € B KOIIU:e HHTepBaJia Hl!TerpupoBal!H.H. 

B pa3,n;eJie 1.2.1 nocraBJiena pa,!~;HaJibHo-cuMMeTpuqna.H napa6oJIIIqecKa.H 3a,11;aqa: 

- 1 ( N-1 u ) /3 0 R 0 Tr Ut-rN-lr UUrr+.u,, <r< '· <t.<o, {3l) 
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u,.(t,O) = 0, 0 < t < T0 , u(t,R)=O, O<t<To, 

u(O, r) = uo(r) 2: 0, 0::; r::; R, 

(32) 

(33) 

Benu'lnHa R Bhr6upaerca TaK, 'lT06hr rpaHH'lHOe yCJiosue B (32) He BJIHHJIO Ha pemeHne 

u(t, r). Ilpu f3 2: u + 1 3TO B03MO:lKHO H3-3a JIOK8JIH3aquu 11poqecca, 11pu f3 < u + 1 
aeJIH'lHHa R = R( t) MeHHeTCH aBTOMaTn'leCKH s 11poqecce C'leTa. 

CuMMeTpH'lHhiil MeTO,ll, raJiepKHHa H3JIO:lKeH B pa3.n;eJie 1.2.2. IlpuMeHeHue TpaHC

¢opMaiJ,HH Kupxro¢a 

1
u uu+I 

p(u) = wudw = --, (34) 
0 u+1 

HBJIHeTCH cyiiJ,eCTBeHHhlM ,li,JIH IIOCJie,ll,y!OIIJ,ero rtHTepiiOJIHpOBaHHH HeJIHHeil:HblX K03<lJ<lJu

IJ,HeHTOB H OIITHMH3aiJ,HH llpOIJ,eCCa Bhl'lHCJieHHH. 

3a.n.aqa (31)-(34) B CJia6oil ¢opMe ¢opMynupyerca TaK: 

Hail:TH <PYHKIJ,HIO u(t,r) ED, D = {u: u, auu+1j8r E £2}, KOTOpaH J,!I,OBJieTBOpHeT 

HHTerpaJihHOMY TO)K,ll,eCTBY 

(ut, v) = A(t; u, v), Vv E HJ(O, R), 0 < t < T0 , 

Ha'laJlhHOMY yCJIOBll!O (33) H rpaHH'lHh!M yCJIOBHHM (32). 3,ll,eCb 

(35) 

{R {R [8p(u) 8v ] 
(u,v)= Jo rN-1u(r)v(r)dr, A(t;u,v)= Jo rN-r a:;:-ar+q(u)v dr, q(u)=u/3, 

HJ(O, R) = { v: r(N-l)/2v, r(N-I)f2v' E £ 2 (0, R), v(R) = 0}. 

)J;JIH ,li,HCKpeTH3aiJ,Hll (35), (33) HCIIOJlb30BaHbl JlarpaH:lKeBhi (JIHHeilHhle H KBa.n.paTH'l

Hble) KOHe'lHhie 3JieMeHThi. 

. IIycTb { cp; }f=1 - CTaH.n.apTHhiil y3JIOBDil 6aJuc JlarpaH:lKa llpOCTpaHCTBa S h. 11HTep

IIOJiupyeM u(t,r), Uo(r) H HeJIHHeHHhie <lJyHKIJ,HH p(u), q(u) 110 6a3HCJ Sh: 

n n 
uh(t, r) = L u;(t)cp;(r), Uo(r) = L uo(r;)cp;(r), (36) 

i=l i=l 

n n 
p(u) '""PI= LP(U;)cp;(r), q(u) '""QI = Lq(u;)cp;(r). (37) 

i=l i=l 

11CIIOJih30BaHHe allllpOKCHMaiJ,Hfi (36),(37) H KOHIJ,eHTpaiJ,HH MaTpHIJ,hl MaCChi ,ll,a!OT CJie

,ll,y!Ollzy!O cucreMy O,ll;Y (3allucaHIIOil B HOpMMbiiOil: ¢opMe): 

u = -M-1 Kp(u) + q(u), u(O) = u0. (38) 

;3.n.ecb. u = [ur(t), ••• , Un(t)JT, p(u) = [p(ur), ••• ,p(un)JT, q(u) = [q(ur}, •.• , q(un)JT, 

... n R R 

M=diag{m;;},m;;=l:m;;, m;;= r rN-lcp;cp;dr, K={k;;},k;;= r rN-rcp;cp~dr. 
~ h ' h 

0TMeTHM CJie.n.yJOIIJ,He .n.sa 11peuMyiiJ,ecrsa 3TOro IIO,li,XO,ll,a: MaTpnqa :lKeCTKOCTH K IID

CTOHIIHaa; MaTpuqa Macchi M .n.uaroHaJibiiaH, TaK 'ITO 11pOn3se.n.eHRe :M:-1 K nMeer TY 

:lKe pa3pe:lKeuuyJO crpyKTypy, KaK u MaTpuqa K • 
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HeCRMMeTp:IPIHhlfi. MeTO,ll, raJiepKHHa o6o6IIJ,e~ ,li,JHI He.mmettHoil: riapa60Jill'leCKOfi 3a

,ll,a'lll (31)-(33) a Pa3AeJie 1.2.3. IloCJieTpaHc¢opMaiJ,Rll KRpxro¢a (34) ypaaHeHRe (31) 
3aiiHChiBaeTCH B CJie,ll,y!OIIJ,eil HeCHMMeTpH'lHOil <lJopMe: 

r'Tut = (r'Tp~)r + 1(N- 2)Pr + r'Yq(u), ')' = 0, N = 1; 1 = 1, N> 1. 

Ha OCHOBe KOTOpOil: ,ll,eJiaeTCH ,li,HCKpeTH3aiJ,HH. fipHMeHHH BCe CJie,ll,y!OIIJ,He maru KaK B 

CHMMeTpH'lHOM MeTO,ll,e, IIOJiyqaeM CHCTe~y Q)J;Y: 

u = :M:-1
( -Kp(u) + 1(N- 2)Bu) + q(u), u(O) = uo, (39) 

m;; = 1R r'Tcp;cp;dr, k;; = 1R r'Tcp;cp~dr, B = {b;;}f.;=I• b;; = 1R r'Tcp;cp;dr. 

MaTpRqa B HeCHMMeTpH'lHaH. 

Mo.n.u<lJuKaiJ,HH HBHOro MeTO,ll,a PyHre-I(yTTa BTOpOro IIOpH,lJ,Ka TO'lHOCTH C pacnmpeH

HOil: o6JiaCTb!O JCTOH'lHBOCTll, HCIIOJib30BaHHaH ,li,JIH pemeHHH CHCTeM Q)J;Y (38) H (39), 
llpRse.n.eua B pa3.n;ene 1.2.4. PeaJiu3osau asToMaTH'leCKHil: Bhr6op mara TaK, 'lT06br o.n.

uoapeMeHHO BbiiiOJIHHJIRCb yCJiosua ycToil:'lHBOCTH u .n.ocTu:lKeHHH 3a,ll,aHHoil: TO'lHOCTH t: 

B KOHIJ,e HHTepBaJia llHTerpupOBaHHH. )J;JIH CllHrJJIHpHh!X 110 BpeMeHll pemeHRH HCIIOJlb-

30BaH cToii-KpnTepuil r < 10-16 u Tor.n.a T0 - sp.eMa, .n.ocTurnyToe s C'leTe.-

Bhr6op HBHoro Mero.n.a pemeuua cucTeMhi O,ll;Y o6yCJiosneu CJie.n.yJOIIJ,HMH llpH'lHHaMu: 

- HCCJie,li,OBaHHe 'lHCTO HeHBHOil HeJIHHeil:HOil: pa3HOCTHOil: CXeMhl ,li,JIH pemeHHH 3a,ll,a'lH 

(31)-(33) 11pu N = 1, 11pose.n.euuoe B [16J, §5, rnasa V! I, IIOKaJaJio, 'ITO ee o.n.uo-

3Ha'lnaa pa3pemHMOCTb Ha BpeMeHHOM CJIOe HaKJia,lJ,hlBaeT 3aBHCHMOCTb Me:lK.n.y maraMH 

110 11pOCTpaHCTBy H 110 BpeMeHH TaKQBa IIOpH,lJ,Ka, KaK H YCJIOBHH JCTOH'lHBOCTH HBHOil: 
CXeMhlj 

- B6JIH3H MOMeHTa o6ocrpeHHH, KOr,ll,a 3Ha'leHHH pemeHJm Ha BpeMeHHOM CJIOe pa3JIH

'la!OTCH Ha HeCKOJibKO IIOpH,lJ,KOB, CBH3hlBaTh HX B CHCTeMe ypaBHeHHil: He060CHOBaHHOj 

- llpH O,li,HHaKOBhlX OrpaHH'leHHHX Ha maru 110 BpeMeHH, HBHh!e MeTO,ll,hl HaMHOrO 3KO

HOMH'lHee HeHBHhlXj OHH ,li,OIIJCKa!OT H pacllapaJIJieJIHBaHHej 

- HBHhle MeTO,ll,hl JIJ'lme IIpHCIIOC06JieHhi K JIOK8JlhHOMJ cryiiJ,eHHIO llpOCTpaHCTBeH

HOfi CeTKH, KOTOpOe a6COJIIOTHO He06XO,li,HMO B CJiyqae 060CTpH!Olll,HXCH B H30JIHpOBaHHhiX 

TO'lKax pemeHuil:. 

11,ll,eOJIOrHH ,li,HHaMH'leCKHX a,ll,aiiTHBHhiX CeTOK, COrJiaCOBaHHhlX C aBTOMO,ll,eJihHhiMH 

(u 11pH6JIH:lKeHHhlMH aBTOMO,ll,eJihHhlMH) 3aKOHaMH, ll3JIO:lKeHa B CaMOM 06IIJ,eM CJiyqae B 

pa3.n;ene 1.2.5. 
ECJiu .n.u¢¢epeHIJ,HaJibHOe ypasHeHue Ut = Lu .n.o~ycKaer aBTOMO,ll,eJihHOe pemeHue 

~a(t, x) = cp(t)O(~), ~ = xj?j;(t), ;ro CBH3b Me:lK,ll,y x u ~ .n.aeT ii.n.eJO KaK a.n.aiiTnposaTb 

11pOCTpaHCTBeHHJIO CeTKJ. ,ll;JIH 3a,ll,a'lH (31)-(33) 3Ta CBH3b ".n.aErr: 

~ = rr(t)m, Ll~ = Llrr(t)m, r(t) = maxru(t,r), 
maxruo(r) 

m = (/3- u- 1}/2. (40) 

Ha OCHOBe COOTHOmeHHil: (40) Bhlpa60Taiia CJie,IzylOUJ;rui CTpaTerng a,IJ;anTaiJ;HH. fiyCTh 

Llr(k) -mar 110 llpOCTpaiiCTBJ (,li,JIHHa KOHe'lHOro 3JieMeiiTa) BMOMeHT BpeMeHH t = tk; 

B LS- pe*HMe, m > 0 mar Llr(k) Bhl6upaeTCH TaK, 'lT06hl mar Ll~(k) 6blJI orpa

HH'leH csepxy: Ll~(k) = Llr(klr(t)m ::; >.h0• Kor.n.a yCJiosue Hapymaerca, .n.enaerca CJie.n.y

JOIIJ,ee: 
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- Ka:lK,ll,blfi 9JieMeHT ,n;eJIHTCH IIOIIOJiaM H 3HaqeHHH pemeHHH B HOBbiX TOqKaX HaXO,li,HTCH 

"JIHHefiHOfi HJIH KBa;:ij)aTlfqHOfi HHTepiiOJIHqHefi IIO CTapb!M 3HaqeHHHMj 

- qT06bi He JBeJilfqlfBaTb ll3JIHmHe qHCJIO TOqeK, cryiqeHHe CeTKH ,ll,eJiaeTCH TOJibKO B 

TOil: qaCTH o6JiaCTH, r,n;e pemeHHe MeHHeTCHj TOqKH CeTKH, r,n;e < OHO J:lKe JCTaHOBHJIOCb C 

3a,ll,aHHOfi TOqHOCTb!O Ou (B pacqeTax 06bJqHO Ou = w-7 ), oT6paCb!BaiOTCH. 

0TMeTHM OC060, qTQ yCJIOBHe ,li,JIH Ll€(k) IIpOBepHeTCH Ha Ka:lK,li,OM BpeMeHHOM mare, HO 

CeTKa cry~qaeTCH TOJibKO TOr,n;a, KOr,ll,a OHO HapymaeTCH. Tor,n;a IIpOH3BO,li,HTCH H IIpOBepKa 

,ll,JIH OT6paCbiBaHHH TOqeK CeTKH H3-3a JCTaHOBJieHHH pemeHHH. 

B H S- pe:>KHMe, m < 0 mar Llr(k) Bbr6npaeTCH TaK, qTo6bl mar Ll€(k) 6biJI orpa

HnqeH CHH3y: h0 j)..::; Ll€(k) = Llr(k)f(t)m. kor,n;a yCJIOBHe 'HapymaeTCH, ,n;enaeTCH CJie,ll,y

101qee: ".1 

- TOqKH CeTKH, HaqnHaH C BTOpOfi, oT6paCb!BaiOTCH qepe3 O,li,HJj 

- ,li,JIHHa R(t) HHTepBana HHTerpnpoBaHHH yBennqnBaeTCH B,!J,BOe ,n;o6aBJieHneM HD-

BbiX 9JieMeHTOB: R(tk) = 2R(tk-l). A,n;anTaiJ,HH CeTKH B 9TOM CJiyqae npon3BO,!J,HTCH c 

coxpaHeHneM qncJia 9JieMeHTOB. 

"cha H,ll,eH - BJIO:lKeHHe CTpJKTypHbiX CBOfiCTB (reoMeTpHH, pa3HbiX Bll,li,OB CHMMeT

pnfi, 3aKOHOB COXpaHeHHH) HenpepbiBHbiX 3a,n;aq IIpH pa3pa60TKe ,li,HCKpeTHbiX MeTO,li,OB 

- Jie:lKHT B OCHOBe HOBOrO Ba:lKHOrO HanpaBJieHHH B BbJqlfCJIHTeJibHOfi MaTeMaTUKe - reo

MeTpHqeCKOe HHTerpHpOBaHHe, KOTOpOMJ IIOCBHiqeiiO MIIOrO pa60T H MOIIOrpa<Pufi ( CM. 

naiipHMep (25],(26]). jJ,OCTOHIICTBO IIpe,li,JIO:lKeHIIOrO IIO,li,XO,ll,a IIO cpaBHeiiHIO C IIpHMeiiHe

MbiMH 06blqiiQ MeTO,ll,aMH IIO,li,BH:lKllbiX CeTOK (26] B TOM, qTQ ,li,JIH CeTKH 3,ll,eCb He pemaeTCH 

,li,OIIOJIHIITeJibHaH ,!J,H<l><l>epeiiiJ,HaJibHaH 3a,n;aqa. 

Ha ocnoBe H3JIO:lKennoro MeTO,ll,a c03,n;an KOMIIJieKc nporpaMM na H3biKe FORTRAN 
,!J,JIH pemeHHH 3a,n;aqlf {31)-(33) Ha MHO:lKeCTBe BCeX ,li,OIIJCTHMbiX <l>H3HqeCKHX napaMeT

pOB. C03,ll,aiia TaK:lKe KOMIIbiOTepHaH CHCTeMa ,li,JIH BH3YaJIH3aiJ,HH OC06eiiHOCTefi HeJIHHefi

HbiX IIpOIJ,eCCOB. KoMIIJieKC nporpaMM H CliCTeMa BH3JMH3aiJ,HH HCIIOJ!b3JIOTCH B IIpOIJ,ecce 

o6yqeHHH IIO KJpCaM "HeJIHIIefiHbie MaTeMaTnqeCKHe MO,!J,eJIH" H "MaTeMaTHqecKHe MO,ll,e

JIH n BbrqncmneJibHbifi 9KcnepnMeHT" B CI>MI1 Co<PnficKoro ynnBepCHTeTa. 

B pa3,n;eJie 1.2.6 npnBe,n;eHht pe3yJihTaThi qnCJieHHOro ncCJie,n;oBaHHH cxo,n;nMOCTH H 

TOqHOCTH MeTO,ll,a pemeHHH 3a,n;aqlf {31)-(33) KaK C aBTOMO,!J,eJibHbiMH, TaK H C HeaBTOMD

,!J,eJibllblMH' HaqllJibHblMH ,n;aHHbiMH. 

IIpnMep 1. cho CJiyqafi f3 = (J + 1, N = 1, Kor,n;a H3BeCTHO 'I'oqnoe pemenne 

(c.q,.) (26) aBTOMO,ll,eJibiiOfi 3a,!J,aqu. Ono ncnoJib30Bano B KaqecrBe naqaJibHbiX ,n;aHHbiX 

,ll,JIH IIapa60JIHqeCKOfi 3a,n;aqH IIpH pa3HbiX BblqlfCJIHTeJibHbiX IIapal.!eTpax H aHaJIH3.HpD

BaJIHCb ero aBTOMO,!J,eJibHbie npe,n;craBJieHHH. KaK 6i.rJio CKa3ano, )l;JIH o6ocTpHIDID;HXCH 

pemeHHH CXO)l;HMOCTb H on;eHKa OmH6KH B aBTOMO)l;eJibHOH HOpMe HMeeT CMbiCJI 

< BIInOTb ,11,0 MOMeHTa o6oCTpeHHH. 3aBHCHMOCTb 9TOfi OmH6KH OT ,!J,HCKpeTH3aiJ,HH IIO IIpD

CTpaiiCTBJ H no BpeMenn IIOKa3ana B Ta6Jinqe 1. TaM co,n;ep:lKaTCH TaK:lKe: BhlqnCJieHHOe 

BpeMH o6ocrpenHH T0 , qnCJio maroB no BpeMeHH, MaKCHMYM pemeHHH 3a 9TO BpeMH, H 

OTHOCHTeJibHble OmH6KH e(t, €) = l8(t, €)- (}(€)1/max{ (}(€) aBTOMO,!J,!lJibHbiX IIpe,n;CTaB

JieHHfi pemennH ua,h(t, r) ,ll,JIH t = T0 B Tpex roqKax no r. KaK IIOKa3biBaiOT 9TH n Bee 

npoBe,n;ennble 9KcnepnMeHThl, BOCCTaHOBJienne (B npoiJ,ecce pemenHH napa6oJinqecKofi 3a

,n;aqn) ,BP.eMeHu o6ocrpennH, 3aJIO:lKeHHOM B aBTOMO,ll,eJibHOii 3a,ll,aqe, ·KaK H coxpanenne 

aBTOMO,!J,eJibHOCTH, 3aBHCHT 60Jibme BCero OT ,li,HCKpeTH3aiJ,HH IIO IIpOCTpaHCTBJ. 
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h 
0.1 
0.05 
0.05 
0.05 
0.025 

E 

10-2 
10-2 
10-4 
10-6 
10-4 

Ta6n. 1. S- pErnrnM: a= 2, {3 = 3, N = 1; To= 0.5 < 

To NSTEP u(To,O) e(To.l.8) e(To,2.7) 
0.507910 1262 0.13E+8 O.llE - 2 0.33E - 2 
0.507077 "5266 0.62E+7 0.28E - 3 0.44E - 3 
0.499976 5870 0.54E+7 0.28E - 3 0.44E - 3 
0.499958 9057 0.50E+ 7 0.28E - 3 0.44E - 3 
0.499998 21737 0.31E+7 0.70E- 4 O.llE- 3 

e(To,2.8) 
0.18E- 3 
O.llE- 7 
O.llE- 7 
O.llE- 7 
0.0 

IIpnMep 2. B Ta6Jinqe 2 IIOKa3aHbi HeKOTOphle pe3yJibTaTbi qnCJieHHoro ncCJie,n;oBa

HHH 9BOJIIOqHH BTOpofi c.q,. (}2(€) IIpH ct = 2,/3 = 3.25,N = 2,T0 = 1/{/3-1) ~ 0.(4). 
OHM IIOKa3biBaiOT, qro H ,li,JIH HeMOHOTOHHbiX c.q,. npn yMeHbmeHHH mara h BpeMH ta , 
,n;o<KOTOporo aBTOMO,ll,eJibHOCTb coxpaHHeTCH, yBennqnBaeTcH. < · 

Ta6JI. 2 LS- pe)f(HM, ll2(~): a= 2, {3 = 3.25, N = 2, To= 0.(4). 
h To Ua,m ta ta/To 
0.25 0.4421401 10 0.4414948 99.85405% 
0.125 0.4438751 i02 0.4438662 99.99799% 
0.0625 0.4443102 103 0.4443100 99.99996% 
0.03125 0.4444104 2 X 104 0.4444104 99.99999% 

fJiasa 2 IIOCBH~qena ncCJie,n;oBaHHIO aBTOMo,n;eJibHbiX pemennii H nx crpyKTypnoii 

ycrofiqlfBOCTH. B pa,!J,HaJibHD-CHMMeTpHqHOM CJiyqae. 

B pa3,n;eJie 2.1 npoBe,n;eno ncCJie,n;oBanue "mmeiiHhiX npn6JIH:lKennW' K co6cTBeHIIbiM 

<l>YHKIJ,HHM npn f3 -> u + 1 + 0. IIoJiyqeHhi acuMIITOTHim pemennii 

YN(€) = F( -a, N/2, (/3- u- 1)€2 /4), a= (/3- 1)/(/3- u-:- 1) 
JIHneapn3oBannoro ypailneHHH {28) ( N - pa3MepHOCTb npocrpaHCTBa): 

. . ( 1 1/3-1 ) 
Yr(€)= }:,~Yr(€)= }~~F -a, 2;c;-4-e ;=cos(va€) 

. ( ·1/3-1) . 
Y2(€) = lim Y2(€) = lim F -a, 1.0; --

4
-e = Jo( va€) 

a-+00 . a-+oo a 

y (") _ r (") _ r F ( 3. 1 /3 - 1 ~:2) · sin( va€) 
3 '> - a:,~Y3 '> .-a:.~ -a, 2' (;-4-., = ,f(i€ . 

r,n;e .J0(x) - <l>YHKIJ,HH BecceJIH. OTciO,n;a ,li,JIH paccroHnHii Me:>KJIY C1 -ToqKaMH cmnBaHHH 

(i ( 27) (a B ripe,n;ene f3 -> o: + 1 + 0 H Me:lK,!J,y C 2 -ToqKaMH cmnBannH) noJiyqeno 

(i+l- (i:.... 7r/vfa, f3 ~ (J + 1 + 0. 

I1cCJie,n;oBaiio TaK:lKe noBe.n;enne ToqeK nepeceqennH c.q,. (}; c npocrpaHCTBeHHo-o,n;nopo.n;

HbiM pemenneM (}(€) = 1 n noBe)J,enne KOHCTaHT ai B (27~,(29) npn f3-> u + 1 + 0. Ha 

OCHOBe pe3JJibTaTOB ,n;aHbl peKOMeH)J;aiJ,HH IIO HCIIOJib30BaHHIO' "JIUHefiHbiX IIpH6JIH:lKeHHfi". 

B pa3.n;ene 2.2 ncCJie,n;oBana n yToqnena crpyKTypa c.q,~ LS -pe:lKHMa npn nepexo,n;e 

K 8 -pe:lKHMJ. . . , 

1. I1oKa3aHo, qTo crpyKTypa c.q,. npn N > 1 H f3"' u+ 1, f3 > u+ 1 cy~qecrBeHHO OT

JinqaeTCH OT crpyKTYPhl c.q,. npn N = 1. IIpu N = L MaKCHMJMhl c.q,:·.yBennqnBaiOTCH 

c y,n;anenneM OT qeHTpa CHMMeTpnu [20], a npn N > 1 BhlqlfCJIIITMbHhlM 9KcnepnMeH

TOM 6b!JIO o6napy:lKeHO, qTO IIpH {3-> U +'1 + 0 nepBbiH, qeHTpaJibHbifi MaKCHMJM c.q,. 

CTaHOBHTCH 60Jibme .n;pymx (TaKHe c.q,. 6b!JIH Ha3BaHbl IIOTOM (12] c.q,. "c nepeTH:lKKOii"). 
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2. Pa3Jmqerr II rrepexo~ LS -pe)KnMa K S -pe)KIIMy. llpii N = 1 rrepexo~ {3 -+ u+ 1 +0 
"rrenpepbiBeH"- c.¢. 8k(€) LS-pe)KIIMa CTpeMIITCJI K c.¢. S-pe)KIIMa, 'cocTaBJieHHOii Il3 
k 3JieMeHTapHbiX pemerrnii {26) {Pile. 1a). llpii N > 1 TaKoro "rrenpepbiBHoro" rrepexo~a 

HeT. 
2.1. ,lljlx tPIIKCIIpoBarrrroro u II rreKoroporo f3j = f3j(u, N) u;errTpaJibHhlii (rrepBbiii) 

MHHIIMYM C.¢. C qeTHbiMII HOMepaMII 8~~), j = 1, 2, ... , CTaHoimTCJI paiiHbiM HYJIIO II 
MH {3 < f3j(u, N) Bee c.¢. 8~(€) arrrryJinpyiOTcH B rreKOTopoii o6JiaCTII OKOJIO rraqana 
KOOp~IIHaT {Pnc. 16): 

8~~>(~;) = o, 

8 

e, 

10 

e 

0::; I;::; l;j = l;j(u, {3, N), · . j = 1, 2, ... ; (8~~))"(8~~l)'(€j) = 0, 
• .J 

e. 11•2; }!•3.0002 

N•3, CS•2: 

a. 

0 

~ 

~ 

IS \ 

cs. 2: I>· 3.0(3) 
N•3 

9 
~ 

1A4I -- .u •. , ':r':.:\v;: 
l,. .• ,,.,.c :::JJI: 

1.2 

0.8 

~ 
0.4 

1.5 

1.0 

~ 
0.5 

0.0 v I I I I ,) ' '),. ., , • 

1.2 SICUA•2.5 BETA•l.~J 

0.8 

0.4 

Pnc. 1. lloBe,~J;errne c.cf>. rrpn {3 -+ u + 1 + 0 

.18 

e 

0 

1 
i 

'l 

1 
I 

!1 

npH 3TOM ~;; pacryT npn {3 '-+ u+ 1 +0. Bee MaKCliMYMbl 8~~) (€) crpeMHTCH K MaKCli~YMY 
c.¢. S-pe)KHMa npu ~M )Ke u u N ~ 1. TaKllM o6pa30M c.¢. 8~~)({), ''y:lCoM ~a 
6ecKorreqrrocrh" npn {3 -+ u + 1 + 0, crpeMIITCH K c.¢. S -pe)KHMa npu N = 1 n Toro 
)Ke u, cocromu;eii U3 j 3JieMerrTapHbiX pemerruii {26) (Puc. 1e). . . . ' 

2.2. ,lljlx '¢nKcupoBaHrroro u cym;ecrByeT TaKoe 3rraqerrue f3j* = f3j* ( u, N) , qro rrpu 

u + 1 < {3 <. f3j* c.¢ .. 8~~11 { {), j = ~, 2, . . • pacna,n.aeTCJI rra ~Be qacrn: u;errTpaJibHa~, 
KOTOpaH CTpeMHTCH K c.¢. 8 -pe)KUMa MH COOTBeTCTBYIOID;ero 3HaqeHIIH N ( 8(N)({) ), 

U BTOpaH, KOTOpaH COBIIa~aeT C c.¢. 8~~)({), ''yxo~xm;eii Ha 6eCKOHeqHOCTb" IIpii {3-> 
u + 1 + 0. ,lljlx <PuKcnpoBaHHbiX u, N · Bcer~a f3j* < f3j (Puc. 1B-1~). 

CorJiacrro onncarrrroMy "ctierrapn10" nepexo~a LS- K S-pe)KHMy, npn {3 -+ u + 1 + 0 
ocraeTCH TOJibKO rrepBaH c.¢. LS -pe)KUMa, KOTopax crpeMUTCH K e~nHCTBerrrroil c.¢. 
8 -pe)KHMa. -9TOT "cu;errapnii" HBJIHeTCH pe3yJihTaTOM ~eTaJibHOrO BblqUCJIHTeJih.HOrO 3KC
nepuMeHTa. 

TaK B npou;ecce 3TOro HCCJie~oBaHHH "rraii~eHbl c.¢. HOBoii CTPYKTYPhi - c.q,. "c ne
peT.H:lKKoii" H c.q,. C JieBbiM <PpOHTOM. 

Cym;ecTBoBarrue c.¢. c JieBblM ¢poHTOM 6hiJIO no~TBep)K~erro acHMIITOTnqecKnM arra
JIH30M - IIOJiyqerra aCUMIITOTIIKa c.¢. B OKpeCTHOCTII JieBOrO tPPOHTa { -> {* + 0: 

8({) "'C{{- {*)'', a= 1/u, C = (({3- u- 1)u{* /2)
1
'". 

3. Co6cTBeHrrble tPYHKD;UII c JieBhiM ¢poHTOM npe~craBJIHIOT co6oi1 TeJia Bpam;errux c 
"nycTOToii" a u;errTpe. l.JuCJieHHble 3KcnepnMeHThi noKa3hiBaiOT, qro npu {3 -+ u + 1 + 0 
pa~uychl "nycrOT" YBeJIIIqiiBaiQTCJIU qeTHbie c.¢. 8~~) ,j =·1, 2, ... "BbiCTpanBaiOTCH" TaK, 
qTo pa3HOCTU 3TUX pa,n.uyCOB CTpeMHTCH K O~HOii U TOll )Ke BeJIUqUHe. runoTe3a aBTOpa 

o neil: p = p(u) = 2Ju + 1/u = Lsi7r (Puc. 1)!(- 1n). 
lloJiyqeHHbie HOBbie TUIIbl pemerruii UHUD;UUpOBaJIII UCCJie~OBaHHH ~pyrux aBTOpOB 

[12)-[14) ~yruMu M~o~aMu {MeTO~OM ~nrraMuqecKoii arranornu, 6n¢ypKau;uoHHbiM arra
JIU30M). Hx ucCJie~oBarruH no~TBep~HJiu cym;ecTBOBarrue 3Tux HOBbiX pemerriiii, n B qacT-
rrocTu [14) orrucarrrroro Bhlme cu;errapnH. . 

B pa3,1J;eJie 2.2.3 ucCJie~oBaH arranuTnqecKu rrpe~eJihHhiii CJiyqaii · u-+0 , f3=u+ 1 . 
lloKa3arro, qTo npu u -+ .0+ ·aBTOMO~enhrroe pemeHire S-pe)KIIMa cTpeMIITCH K aBTo
MO~eJihHOMY pemeHUIO C KOHeqrroii ;meprueii COOTBeTCTBYIOip;ero JIUHeilHOrO ypaBHeHUH 

Ut = Uxx + U, X E JR+, t > 0. 
B pa3)J;eJie 2.3 ucCJie~oBarro cym;ecrBoBarrue c;.¢. u CTPYKTyprraH ycroiiquBOCTh a.p. 

LS -pe)KUMa npu nepexo~e rrapaM~pa {3 qepe3. HeKOTOpble rroporoBhie 3rraqerruH, rroJiy
quBmue Ha3BaHUe "KpUTUqecKUe 3KCIIOHeHTbi" {eM. [27)u 'ccbiJIKU TaM), KOr~a CBOiiCTBa 
pemeHUfi KaK aBTOMO~eJibHOfi, TaK U napa60JIHqeCKOH 3a)J.aqu, MeHHIOTCH cym;eCTBeHHO . 
.LJ.o cux rrop o6rrapy)KeHbl CJieMiom;ue KpnTuqecKue 3KcnorreHThl: 

f3t = U + 1 + 2/N {3KCIIOHeHTa <I>y~)KHTa); .. : 
{3. = (u + 1){N + 2)/(N- 2), N ~ 3 {3KCnorrerrTa Co6oJieBa); 
f3u =(u+ 1){1+4/(N -4- 2JN-:-: 1)), N ~ 11; f3u = oo, N < 11; 

f3v ~ 1+ 3{u+ 1)+ (u
2
(N -10? +2~(5a_~ 1)(N -10) +9(u+ 1?)

112
, N ~- 11. 

B pa3,1J;eJie 2.3.1 ucCJie~oBarra crpyKTyprrM ycrofiquBOCTh rreorparruqerrrrhrx peru~ 
HHii cKorreqrroii 3Heprneii MH napaMeTpOB {3 > {31 = u+i'+2/N, Kor~a aBTOMO~eJihHoe 
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pellleHne (5) ua(t, r) r:f; L1(JRN). B 3TOM CJiy'Iae Ka'IecTBeHHaa Teopna HecTan;noHapHo

ro ocpe.n;HeHHa "aMIIJIHTy,D;a __: IIOJIYII1HpHHa" rrpe,D;CKa3b!BaeT aBTOMO)J;eJibHOe IIOBe)J;eHne 

aMIIJIHTY)J;hi pelllenna 3a,D;a'In (31)-(33) n B03MO)!(Hoe HeaBTOMO)J;eJihHoe rroBe.n;eHne rroJiy

IllHpHHhi (16). TaM 6biJI rrocraaJieH aorrpoc: KaKoe nnaapnaHTHOe HJIH ITAP orrnchmaer 

acnMrrTOTH'IecKyiO (t -:-+ T0 ) CTa)J;HIO rrpon;ecca? ·~uCJieHHoe ncCJie.n;oaanne crano B03-

MO)!(HhiM 6Jiaro.n;apa a)J;aiiTaiJ;HH CeTKH. IlOKa3aHO, ~TO a.p. (5), COOTBeTcrByiOIIJ;ee 81({), 

crpyKTypHO yCTOll'IHBO: BO BCeX 3KCIIepHMeHTax C <iJHHHTHbiMII Ha'IaJibHbiMII ,D;aHHbiMII, 

o6eCIIe'IIIBaiOIIJ;IIMII HeorpaHH'IeHHOCTb pellleHHll, Ha aCHMIITOTII'IeCKOll CTa)J;IIII OHH CTpe

MaTCa K aBTOMO)J;eJibHOMy. 

B pa3)l;eJie 2.3.2 KOHCTpyupOBaHbi 'IHCJieHHO pellleHHa a.3. rrpn COOTHOilleHIIaX rra

paMeTpOB 3a KpiiTII'IeCKHMII 3KCIIOHeHTaMu,.~ ,8 2: .Bs, N. 2: 3; ,8 2: f3u N 2: 11; 
,8 > ,Bp, N 2: 11. TaKIIM o6pa30M KOHCTPYKTIIBHO ycmnoBJieHo cyiiJ;eCTaoaaHne pe

IlleHnii a.3. rrpu ,8 2: .Bu N 2: 11, 'ITO aBJiaeTCH OTKpbiTOii rrpo6JieMoii (27). 11oKa3aHo 

TO)!(e, 'ITO COOTBeTCTBJIOID;He liM aBTOMO)J;eJibHbie pellleHIIa CTpyKTypHO yCTOM'IIIBbie, 'ITO 

IIO)J;TBep)!(,D;aeT riiiiOTe3y II3 (27). 

B pa3,n;eJie 2.4 pa3pa6omHHbie AJia pa.n;uanbHD-CIIMMeTpii'IHbiX 3a.n;a'I (9), (1~),(17) II 
(31)-(33) MeTO)J;bi 0606IIJ;eHhi Ha CJiy'Iall CIICTeMbi HeJIHHeHHbiX ypaBHeHHll C HCTO'IHIIKaMII, 

KOTOpaa OIIHCbiBaeT IIpOD;eCCbi TeiiJIOIIpOBO)J;HOCTH H ropenna ,D;BYXKOMIIOHeHTHOll cpe,D;bl: 

1-N( N-1 u, ) + {3, 'Y2 ult = x x u1 u1x x u 1 u2 , X E R~, N = 1, 2, 3, 

U2t = x1-N (xN-1u~2u2x)x + u]•ug,, U; > 0,,8; > 1,-:y; 2: O,i = 1,2. 

CncTeMa .n;miycKaeT neorpanu'IeHHbie aBTOMO)J;eJibHbie pellleHna Ua = ( u 1a, u2a) 

U1a = 91(t)81({) = (1- t/To)m'81({), { = x/(1- t/To)n, 

U2a = 92(t)82({) = (1- t/To)m2 82({}, m; < 0, i = 1, 2, 

m; = a;jp, a; = 'Yi + 1- ,8;, i = 1, 2, p = (,81 - 1)(.82- 1) - 'Yl'Y2, 

(41) 

(42) 

n = (mxu1+1)/2 .= (m2u2+1)j2, u1('Y2+1-,82) = u2('Y1+l-,81), 0 < Nn < -m;, i = 1,2. 

I'I>yHKIJ;HII 81({), 82({) Y,D;OBJieTBOpaiOT CHCTeMe aBTOMO)J;eJibHbiX ypaBHeHIIll 

L1(8b 82) = -e-N (€N-18r'8~)' + n€8~ - m1(Jr - 8f'8'f = 0, 

£2(81, 82) =: -e-N ({N-18~28~) 1 + n€8~- m282- 8]'8g> = 0 

II KpaeBbiM yCJIOBIIaM 

ff(€) = (m;jn) (/;({)/€), € = l » 1, i = 1, 2 

(43) 

(44) 

B ypaanenuax ( 43) 6e3 orpaHII'Ienua o6IIJ;Hocrn rroJIO)!(eHo T0 = 1. Iloae.n;enue aaToMo

)J;eJihHhiX pelllenuii rrpu t-:-+ T0 3aBIICIIT oT 3HaKa rrapaMerpa n: n < 0 - HS pe)!(IIM c 

o6ocrpeHIIeM; n = 0 - S pe)!(IIM c o6ocrpeHneM; n > 0 - LS pe)!(IIM c o6ocrpenneM. 

CucreMbi (41) II (43) Ha3biBaiOTCH cucTeMaMH c CHJII>Hoii o6paTHoii CBli3I>IO, eCJIII 

p < 0 , II CIICTeMaMII C CJia6oii o6paTHOJi CBa3biO, eCJIII p > 0 . 

B CJiy'Iae N = 1 aBTOMO,D;eJibHoe pellleHIIe (42) II 3a,D;a'Ia (43), {44) paccMaTpnaannch B 

pa60TaX Kyp,D;IOMOBa c.rr., KypKIIHOll E. C., Manunen;Koro r:r. II TeJibKOBCKOll O.B .. Ilpii 
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'IHCJieHHOM IIOCTpOeHHII c.<lJ. AJia KOHKpeTHbiX IIapaMeTpOB IICIIOJib30BaHbi pa3HOCTHble 
MeTO)J;bi H MeTO)J; CTpeJib6bi. 

.[VIa ~OCTpOeHHa c.<lJ. II )J;eT3JibHOrO HCCJie~OBaHna crpyKTYPHOll YCTOll'IIIBOcTH aBTD

MO)J;eJibHbiX pellleHIIll rrpn N = 1, 2, 3 3,D;eCb IICIIOJib30BaHbl o606IIJ;eHu"H MeTO)J;OB, II3JID-
)!(eHHbiX a fJiaBe 1. C<PopMyJiupyeM ocnoBHble pe3yJihTaThi: . 

-· crpyKTypHO YCTOll'IHBbiMII aBJiaiOTCa TOJibKO a.p. C )J;ByMa KOMIIOHeHTaMII rr'poCTOll 
· CTPYKTYPhi cncreM c CHJihHoii o6paTHoii caa3hiO; 

- BCe.n;pyrue a:p. MerayCTOll'IIIBbi. . . 

TaKnM o6pa30M rroKa3ana rrpiiHIJ;IIIIII!l.JlbHaa B03MO)!(HOCTh rrpiiMenenna pa3pa6omH

HbiX MeTO)J;OB AJia HCCJie,D;OBaHIIa rrpon;eCCOB caMoopraHII3aiJ;IIII B IlliipOKIIX KJiaccax HeJIII- ' 

HellHbiX )J;IICCHIIaTIIBHbiX Cpe.n;, OIIIIC.biBaeMbiX CIICTeMaMII TIIIIa peaKIJ;IIa-;-,D;II<lJ<lJy3na. 

B rJiaBe 3 ucCJie.n;yerca aciiMIITOTII'IecKoe rroae.n;enue CIIHiyJiapHhiX no npeMenn pe,. 

IlleHIIll Tpex KJiaCCOB IIOJIYJIHHeMHbiX rrapa60JIH'IeCKIIX ypaBHeHHll C IICTO'IHHKaMH 

u1 = r1-N.(rN~1 ur)r + Q'(u), r E JR+, t > 0, N = 1, 2, 3 (45) 

Q(u) = (1 + u) lni3(1 + u),_ ,8 > 1, Q(u) = ui3, ,8 > 1, Q(u) = eu. 

YCJioana cyiiJ;eCTBOBaHIIa neorpaHII'IeHHbiX pellleHIIii TaKIIX ypaaHeHnli II3y'IaiOTCa c 

1966 r. H 3TOJi IIp06JieMe IIOCBaiiJ;eHO 60JiblllOe KOJIH'IeCTBO pa60T ( CM. 0630p B KHHre 

(28)). CJiy'Iaii rroJiyJinHeiiHhiX ypaaHeHnii, r.n;e II3-3a He.n;ocraTO'IHOCTII .n;u<P<lJy3IIII He B03-

HIIKaer CJIO)!(Hhix CTPYKTyp, OKa3anca 6oJiee TPY,D;Hbiii AJia nccJie.n;oaaHna, 'IeM KBa3HJIII

HeiiHbiM CJiyqafi. 11pH'IHHa 3TOMY - HeCyiiJ;eCTBOBaHne TO'IHb!X IIHBapii:aUTHhiX pellleHIIll 

(KpoMe TpiiBIIaJihHhiX roMoTepMH'IeCKIIX) aoo6IIJ;e IIJIH All~ neKOTOphlx pa3Mepuocreii N 
rrpocTpaHcraa. B 3THX CJiy'Iaax aciiMIITOTH'IeCKOe rroae.n;enne ueorpauu'IeHHbiX pellleHIIii 

OIIHCb!BaeTCa npu6JIH:>KeHHhlMH aBTOMO)l;eJII>HI>IMH peweHHliMH {IIAP), KOTOpble 

aBJiaiOTCa TO'IHbiMH a.p . .n;pyrHX ypaimeHHll- ypaBHeHHll THIIa faMHJibTOHa-5JK06II. 9TO 

03uaqaer, 'ITO .ua acnMIITOTn'IeCKOii cTa.n;nn, rrpn t -:-+ T0 , rrapa6oJIII'IeCKoe ypaaueune 

Bbipo)!(.n;aerca B ypaaHeHIIn rrepaoro rropa.n;Ka. CTporne pe3yJihTaTbi o BbipO)!()J;eHnn na 

aCIIMIITOTH'IeCKOll CTa)J;IIH ypaBHeHHa (45) IIOJiy'Iellbl B OCHOBHOM AJia N '= 1 II IIpH 

OrpaHII'IeHIIaX Ha Ha'IaJibllbie B03MyiiJ;eHIIa. IT03TOMY 'IHCJieHHOe HCCJie)l;OBaHHe, OCQ-

6eHHO npu N > 1, liBJiseTcs aKTyaJII>Hoii 3a,z:J;a'Ieii. 

B pa3,n;eJie 3.1 ncCJie.n;yerca ypaauenne c IICTO'IHIIKOM Q(u) = (1+u)lni1(1+u), KOTo

poe He nMeer ueTpHBIIaJihHhiX HHBapnaHTHbiX pellleunli c o6oCTpeuneM (16,17). 9To e.n;nH

CTBeHHOe rroJiyJinHeiiHoe ypaaHeHne, AJia KOToporo .n;o cnx rrop Haii.n;enhi auanorn Tpex 

pe)!(HMOB c o6ocTpeHneM: HS- pf!)!(HM: 1 < {3 < 2; 8- pe)!(HM: ,8 = 2; LS- pe)!(HM: 

,8 > 2. B naqane [16) Ka'IecraeHHhiMII Mero.n;aMn 6biOO rroKa3aHo, 'ITO acuMrrTOTII'IeCKoe 

rroae.n;eHne ero HeorpaHII'IeHHhiX pemennii orriiCbiBaeTCH aBTO~O)J;eJihHhiMII pemenuaMn 

v(t, r) = exp{(T0 - t)-I/(13-1)0({)}- 1, { = r(T0 - t)~m~(J3-1), m = (,8- 2)/2, (46) 

m 1 13 (8')2 - ,8 _ 
1 
8'€- ,8 _ 

1
8 + 8 = 0, 8({) = cos

2
({/2), 0::; {::; 11', rrpn {3 = 2 (47) 

ypaaueuna rrepBOrO II~pa,D;Ka THIIa faMHJibTOHa-5JK06H Vt = v;/(1 + v)+(1+v) ln13(1+v). 

Y)!(e IIMeiOTCH crporue pe3yJihTaTbl (29] o6 acHMIITOTII'IeCKOli ycroii'IIIBOCTII ITAP (46). • 

IlpH )J;OCTaTO'IHO OrpaHH'IIITeJibHbiX rrpe)J;IIOJIO)!(eHIIaX (29]ua Ha'IaJibHOe B03MyiiJ;eHIIe )J;D

Ka3aH01 'ITO rrpu ,8 = 2, N = 1 o6JiaCTb 3<P<PeKTIIBnoii JIOKaJIII3an;uu LsL = [-11', 11']. 
.[VIa . ,8 = 2 H N > 1 uer TaKOro TO 'In oro pe3yJihTaTa - ,D;OKa3auo TOJihKO, 'ITO pemenue 
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pacreT HeorpaHH"'IeHo B c4>epe B 2 {r :5 1r }. Ha.MH nOKa3aHa "'IHCJieHHO. (pa3~eJI 3.1.3) 
crpyKTypHaH yCTOH"'IHBOCTb flAP (46) npH npaKTH"'IeCKH npOH3BOJibHbiX Ha"'laJibHb!X .n;aH

. Hb!X BO BCeX TpeX pe:HmMax. B S- pe:nmMe ( {J = 2 ) BCe "'IHCJieHHble 3KCnepHMeHTbl 

ITO,!J;TBep:lK,ll;aiOT CXO,li;HMOCTb aBTOMO,!J;eJibHb!X npe.n;CTaBJieHHH K TO"'IHOMY pemeHHIO (47) 

)J..1IH npoH3BOJibHbiX Ha"'laJibHb!X .n;aHHbiX npH N = 1 H )I..1IH .n;ocraTO"'IHO 6onbmHx npH 

N = 2,3 ("'IT06bl o6ecne"'IHTb HeorpaHH"'IeHHOCTb pemeHHH, CM.(16)). IloKa3aHo TaK)!(e, 

'ITO npH fJ = 2, N > 1 HeorpaHH"'IeHHoe pemeHHe 34>4>eKTHBHO JIOKaJIH30BaHo B c4>epe 

pa.u,Hyca 1r : WL = {r :5 1r}. KpoMe Toro noKa3aHo: eCJiu Ha'laJibHOe B03Mym;eHue 

Hen;eHTpaJibHOe, ~OCTaTO'IHO ~aJieKO OT D;eHTpa· CHMMeTpHH H C ~OCTaTO'IHO 

6oJibmo:ii aHeprue:ii, TO TeiiJIOBrul aHeprus He pacrrm>IBaeTCH u ropeHue Jio

KaJIH30BaHO a!l>!l>eKTHBHO B KOJibD;eBOH OGJiaCTH TOJIID;HHOH 27f, 'ITO HBJIHeTCH 
HOBbiM pe3yJibTaTOM (PHC. 2). 

... 
- ...... J 

., .. 
;1,1011 I 

PHC. 2. fJ = 2, N = 3 

' :::E:5 
• l.i11U71 

:::= 
n~s 

KSI 
·a--rc 

' ·-~ '·"""" ···-•. JD.l".W,; 
l.l01412 
·-2"111'91 ·---· ·-·~ '·"""' I.OVSIIS ·--

MeTO,li;OM KOHe"'IHbiX 3JieMeHTOB c KOH

n;eHTpan;Heii MaTpHD;bi MaCCbl, HHTepnOJIH

poBaHHeM HeJIHHefiHbiX K034>4>HIJ;HeHTOB H 

,li;HHaMH"'IeCKOH a.n;anTaqHeii CeTKH pema

JIHCb "'IHCJieHHO KaK OpHrHHaJibHaH 3a,ll;a"'la 

(MH nepeMeHHOH U ) , TaK H TpaHc<i>opMH

poBaHHaH, )I..1IH U(t, r) = ln(1 + u(t, r)) 
(pa3~eJI 3.1.2). 

B pa3~eJie 3.2 HCCJie.n;oBaHo acHMnTo

TH"'IeCKOe llOBe.n;eHHe pemeHHfi ypaBHeHHH C 

HCTO"'IHHKOM Q(u) = uf3; flpH 1 < {J :5 
1+2/N, Uo ;f;_ 0, 3a.n;aqa KomH HMeeT TOJibC 

KO HeOrpaHH"'IeHHble pemeHHH, HO HX aCHMII

TOTHKa CyiD;eCTBeHHO OTJIH"'IaeTCH OT TOfi, 

KOTOpyiO CJie.n;yeT 0)!(H,ll;aTb UO aHaJIOrHH C 

KBa3HJIHHefiHb!M CJiyqaeM. ABTOMO,li;MbHaH 

3a.n;aqa, KOTopaH noJiy"'laeTCH no 3TOfi aHa

JIOrHH, He HMeeT pemeHHH llpH 1 < {J :5 
{J, = (N + 2)/(N- 2)+. 

Ka"'leCTBeHHbifi aHaJIH3 (16) noKa3aJI, 'ITO npocrpaHCTBeHHo-BpeMeHHaH crpyKTypa 
u(t,x) npH t -t T0- onHCb!BaeTcH flAP 

, r 
u:(t, r) =(To- tpr=r9*(TJ), TJ = J(To- t)lln(To- t)l, (48) 

9*(TJ) = {fl- 1 + ((fl- 1)TJ)2 /(4{1)} -~ (49) 

KOTOpoe HBJIHeTCH TO"'IHbiM a.p. ypaBHeHHH Vt + XVx{2(T0 - t)lln(To- t)l} - 1 = vf3. 
CTporoe .n;oKa3aTeJibCTBO 3Toro Pe3YJibTaTa .n;aHo B (30) )I..1IH N = 1 H npH orpaHH"'Ie

HHHX H-a Ha"'laJibHble .n;aHHble. ):VIH N-> 1 crpororo .n;oKa3aTeJibCTBa HeT. qHCJieHHb!M 3KC

nepHMeHTOM Ha.MH noKa3aHa crpyKTypHaH ycrofi"'IHBOCTb flAP (48),(49) )I..1IH N = 1, 2, 3 
npH. npaKTH"'IeCKH llpOH3BOJibHb!X Ha"'laJibHb!X .n;aHHbiX • 

. -· B pa3~ene 3.3 HCCJJe,li;OBaHO acHMITTOTH"'IeCKOe IIOBe,ll;eHHe pemeHHfi ypaBHeHHH C HC

TO"'IHHKOM Q(u) = eu (MO,ll;eJib BOCITJiaMeHeHHH TBep.n;oro I'Op!O"'Iero). 3a.n;aqa KomH HMeeT 
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B pa3~eJie 3.3 HCCJie,li;OBaHO aCIIMITTOTII"'IeCKOe none.n;enne ypannemm C HCTO"'IHHKOM 
Q(u) = eu (Mo.n;enb BocnnaMeHemm TBep.n;oro rop!O"'Iero). 3a.n;aqa Komn nMeeT·TOJib-c 

KO HeorpaH!I"'IeHHbie pemeHIIH, HO ypaBHeHne (45) npn N = 1, 2 He HMeeT TO"'IHbiX HH

napnaHTHbiX HeOrpaH!I"'IeHHbiX pemeHIIH, KpOMe rDMOTepM!I"'IeCKOrO UH = -ln(To - t). 
KaqecrneHHbiH aHaJIH3 (16) nOKa3aJI, 'ITO acnMnTOTn"'leCKoe none.n;eHne neorpaHn"'leHHbiX 

pemennfi OIIHCbiBaeTCH flAP 

r 172 

u:(t, r) = -ln(T0 - t) + 8*(17), 17 = J(To _ t)lln(To _ t)l, 8*(17) = ln((1 + 4 )-1
) (50) 

KOTOpOe HBJIHeTCH TO"'IHb!M a.p. ypaBHeHIIH Vt +xvx{2(To- t)lln(To- t)l}-1 = ev. 
CTporoe .n;oKa3aTCJibCTBO )I..1IH N · = 1 H npn orpaHn"'leHHHX Ha Ha"'laJibHbie .n;aHHbie 

.n;aHo B (30); )I..1IH N = 2 HeT cTporo .n;oKa3aTenbCTna. qnc.aeHHb!M 3KcnepnMeHTOM Ha

Mn noKa3aHa CTPYKTypHaH ycTOH"'IIIBOCTb flAP (50) )I..1IH N = 1, 2 npn npaKTnqecKn 
npOII3BOJibHb!X Ha"'laJibHb!X .n;aHHb!X. • . . 

0TMeTHM, 'ITO flAP (48), (50) CyiD;eCTBeHHO OTJIII"'Ia!OTCH OT a.p., paCCMaTpnBaeMbiX 

,!1;0 CIIX HOp. 8TO OTJIII"'IIIe, BD-nepBb!X, B 3aBHCHMOCTH aBTOMO,ll;eJibHOfi, nepeMeHHOH 17 
OT npOH3Be.n;eHHH (To - t)[ln(To - t)l, H, BD-BTOpbiX, B CTpyKType flAP (50), KOTOpOe 

HBJIHeTCH cyMMOii roMoTepMH"'IecKoro pemeHHH H 4>YHKD;HH 8*(17). Pa3pa6oTaHHbie "'IHC

neHHbie MeTO,!J;bl (OTMeTHM OC060 a.n;anTaD;HIO CeTKH, COrJiaCOBaHHYIO C flAP) pa6oTaiOT 

,li;OCTaTO"'IHO XOpOIDO H npH HaJIH"'IHH 3THX oco6eHHOCTeH H .n;aiOT B03M0)!(HOCTb ycTaHo

BHTb cTpyKTYPHYIO ycroiiqmiocrb IIAP (48), (50) Ha .n;ocTaTO"'IHo 6oni,mnx l<oMria~Tax 
1171 :5 77* . . 

rJiaBa 4 UOCBHID;eHa HCCJie,li;OBaHHIO HOBbiX CITOC060B opraHH3aD;HH B ~ByMepHOH 
HeJIHHeHHOH TennonpOBO~HO:ii CP,e~e. . 

B pa3~eJie 4.1 ITOCTpOeHbl "'IHCJieHHO HHBapnaHTHble pemeHHH, KOTOpbHi OUHCbiBaiOT 

HanpaBJieHHOe pacnpOCTpaHeHHe TeiTJia H ropeHHH B HeJIHHeHHOH aHH30TpOn

HOH Cpe~e CO CTeneHHblMH K034>4>nn;HeHTaMH TeUJIOllpOBO,li;HOCTH 

Ut = (uu'ux.)x,+ (uu2 Ux2 )x2 +u.B, x = (x1,x2) E R2
, a1 > 0, a2 > 0, fJ > 1. (51) 

B pa6oTe (31), (eM. TO)!(e (17)) MCTO.n;aMn rpy~nonoro aHaJIH3a ycTaHOBJieHo, 'ITO ypanHe-
Hne (51) .n;onycKaeT HeorpaHH"'IeHHoe · HHBapnaHTHOe. pemeHne_ · 

Ua(t,xbx2) = (1- t/To)-~9(f,), f, = (6,6) E R2 , f,; = x;(1- t/To)-m;/(,8-!) 

m; = ({3- a;- 1)/2, i = 1, 2. <l>yHKD;HH 9(f,) Y,li;OBJI~BOp~eT HeJIHHeHHOMY 3JIJIIIITTH"'Ie

CKOMY ypaBHeHHIO (B HeM llOJIO)!(eHO To= 1/({J- 1)): 

L(9) = t (-~ (•9u' 89 ) + {3- a; -
1f,; a-o ). + 9-9.8 = 0. (52) 

i=1 8f,; 8f,; 2 8f,; 

XapaKTep pacnpOCTpaHeHHH TenJia onpe,ll;eJIHeTCH COOTHOilleHHeM MC)!(,!J;Y BeJIH"'IHHaMH 

{3, (a1 + 1), (a2 + 1). ITo aHaJIOrHIO c pa.n;nanbHD-CHMMeTpH"'IHb!M CJiyqaeM B Ka:lK)J;OM 

HanpaBJieHHH f,; paCCMaTpHBaeM TpH THna COOTHOilleHHfi: 

1 < {3 <a,+ 1 - HS -pe)!(HM c o6ocrpeHneM;' 

1 < {3 = a;+ 1 - S -pe)!(HM c o6ocrpeHneM; 

a; + 1 < .B - LS -pe)!(HM c o6ocrpeHneM. 
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B pa3,D;eJie 4.1.1 nocraBnena KpaeBafl 3a,n;aqa )J.Jlfl ypaBnennH (52), npnBe,n;ena HTe

pan;nonnaH cxeMa na ocnoBe HAMH n KoncrpynpoBaHbi na'laJihHbie rrim6nmKennH. 

.[(.n:H LS - S- ( LS - H S- ) pe:lKHMOB ncnoJib30BaJIHCh na'laJibHbie npn6JIH:lKemm 

- - (I) . -0;(6, 6) - O;,o (6)0o(6), l- 1, 2, ... , k~o 

KOTOpbie HBJifiiOTCfl npon3Be,n;enneM o,n;noMepnhlx npn6nn:lKennii (27) )J.JIH LS- n (25) 
)J.Jlfl S- ( H S- ) pe:lKHMOB. 

MeTo,n; pernennfl napa6onnqecKoii 3a,D;a'ln o6cy)K,ll;aeTCH B pa3,D;eJie 4.1.2. l1 3,n;ecb 

ocnoBnoil: MOMenT npn peann3an;nn MK9 - aTo TpanccpopMarvm Knpxrocpa: 
' . 

Pa(u) =lou Aa (w)dw, 
. J 

Aa(w)=w"a, a=1,2. 

Onn, BMeCTe c noCJie,n;yiOrn;eli HHTepnoJIHIJ;Heii nennneliHhiX cpynKn;nli Pa(u) H q(u) = uf3 
no3BOJIHIOT nepenecTH nennneil:noCTb 3a,n;aqn na BeKTOpbi Pa (0) H ij (0) B cnCTeMe 

O)J,Y 

~~ = £1-I { KIPI (U) + K2P2 (U)} + ii(U), U (0) = Uo (53) 

OTHOCHTeJibHO U (t) = {UI (t), ... , Un (t)}T, 'ITO oqenh Ba:lKHO )J.Jlfl acpcpeKTHBHOCTH MeTD

,n;a B ,n;ByMepnoM cnyqae. 
MeTO,ll; peaJIH30BaH B BH,ll;e KOMIIJieKCa nporpaMM, KOTOpbiil: npe,n;cTaBJifleT co6oil: pa3-

BHTHe ITaKeTa npHKJia,n;nhlx nporpaMM TERMO )J.Jlfl pern~nHH TenJIOBbiX 3a,n;aq MeTO,li;OM 

Kone'IHbiXSJieMeHTOB, co3,n;annoroB l1Ml1 BAH n npe,n;na3Ha'lennoro ,li;JIH pernennfl ,n;By

MepnbiX cran;nonapnbiX n necTan;nonapnbiX 3a,n;aq TennonpoBo,n;nocTn (aneKTpo- u Mar

HHTOCTaTHKH, ,li;Hcpcpy3HH, cpHJibTpaiJ;HH) )J.Jlfl KJCO'IHD-HeO,li;HOpO,li;HbiX Cpe,n;. 

Pnc. 3. HS- S- pe:lKnM: <7I = 3, <12 = 2, fJ = 3. 

Puc. 4. HS- LS- pe:lKHM: <7I = 3, <12 = ·1, fJ = 3. 
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B pa3,D;eJie 4.1.3 npnBe,n;enbi Tpn Tnna pernennil:, OTBe'laiOrn;ne o,n;nnM n TeM :lKe na
'laJihHbiM ,n;aHJibiM: 

{ 
1, (x~o x2) E !li 

u(O, XI, X2) = Uo(X~o x2) = 0, (x~o X2) rf_ !li ' !li = {0::; XI ::; bi, 0::; X2 ::; b2}; 

- HS- S- pe:lKnM: <7I = 3, u2 = 2,{3 = u2 + 1 = 3 (Pnc. 3). ITo nanpaBJieHniO 

XI TennoBoii cpponT 3a Kone'IHoe BpeMH T0 ,n;oCTHraeT 6ecKOHe'IHOCTn ( S- pe:lKn~). a· B 
nanpaBJieHnn x2 Tenno pacnpocrpaHHeTCfl JIHIIIh ,n;o neKOTopoil: rny6nnhi. Ls , noci:Ie q.ero 

nponcxo,n;nT ocraHOBKa cppOHTa ( S- pe:lKnM). HocnTenb pernennH npe,n;craBJifleT BhiiiYK-
JIYIO o6naCTb. . . . . 

- HS- LS- pe:lKnM: ui = 3, u 2 = 1,{3 = 3 (Pnc~ 4). ITo HanpaBJieHHIO .xi TennoBoii 

cppOHT 3a KOHe'IHoe BpeMH T0 ,D,OCTH~aei 6ecKOHe'IIIOCTn ( S- pe:lKnM), a B nanpaBJie

nnn x2 nponcxo,n;nT coKparn;eHne acpcpeKTHBHOii rny6imi.1 nporpeBa · ( LS-:-:pe:lKnM). Ha 

cpnHaJibHoii cra,n;nn perneiine npe,n;CTaBJIHeT co6oil: 6ecKOHe'IHO nporpeTyiO nniiniO, Bne 

KOTOpOil: TeMnepaTypa KOHe'IHa. . 

)J,nH cpaimeHnfl TaM npnBe,D,en TaK:lKe S- pe:lKnM: ui = u2· =· f3 - 1 = 2. 
B Pa3,D;eJie 4.2 HCCJie,n;yiOTCfl aBTOMO,ll;eJibllbie pernennfl ,li;ByMepnoil: MO,n;enn TeiiJIOBbiX 

CTPYKTYP B IIOJIHpHbiX Koop,n;nHaTax: 

- 1( <T ) 1 ( <T ) {3 
Ut-- ru Ur r + 2 u u'l' "'+ u , t > 0, 0 < r < oo, 0::; <p < 27r. r r (54) 

MeTo,n;oM mmapnaHTHo-rpynnoBoro a11ann3a C.P. CBnprn;eBCKnM 6biJIO yCTaHOBJieno, (eM. 

TO:lKe [17)), 'ITO 0110 ,n;onycKaeT nHBapnaHTHhie perneHnH cile,n;yiOrn;ero Bn,n;a: · 

t 1 ' · t -m • Co · t 
Ua(t,r,<p) = (1-,.,., P 3-•B(E,,cp), f.= r(1-,., )13-•, cp = <p+ -{3 ln(1- rr ), (55) 

.lO .lO - 1 .lO 

3,n;ecb C0 - napaMeTp ceMeiiCTBa perneiinii. <I>yHKIJ;Hfl B( t;, cp) 2: 0 y,n;oBJieTBOpHeT Henn

Heil:noMy SJIJIHIITH'IeCKOMY ypaBilenniO (KaK n paiihiiie, nono)KeHo T0 = 1/(/3 -1) ): 

= -~ "ae _ _!_~ "ae ae _ ae _ /3 _ . 
L(B) - t;at; (t;B at;) t;2 acp (B acp) + mt; at; Co acp + B B - 0. (56) 

l13 (55) npn C0 # 0 Henocpe,n;CTBeniio CJie,n;yeT 

t;e•4> = re""' = const, s = ({3 -·u- 1)/2C0 = mfC0 . (57) 

9TO 03Ha'laeT, 'ITO TpaeKTOpnn HeO,D,HOpO,D,HOCTeil: B Cpe,n;e (HanpnMep, JIOKBJibllbiX MaKCif

MJMOB) 6y,n;yT JIOrapHcpMH'IeCKifMH CIIHpaJIHMH npH {3 # 0" +'I lfJIIf OKpy:a{HOCTHMif npn. 

f3 =· u + 1. HanpaBnenne ,n;Bn:lKennH )J.Jlfl cpHKcnpoBaHHoro Co, HanpnMep C0 > 0, 3aBn

cnT oT cooTnorneHnfl u n f3: npn f3 > u + 1 - K n;eHTpy.'(cKpyqnBaiOrn;neCH cmi:pann), 

npn '{3 < u + 1 - OT n;enTpa (pacKpy'lnBaiOrn;necH cnnpann). 

Cnyqail: C0 = 0 paccMaTpnBanrn B pa60Tax [32],[33). TaM BnepBbie KOHCTpynpoBa

Hhi pa,n;nanhno-HecnMMeTpn'lnhie c.cp. ropennH cpe,n;hl B LS- pe:lKnMe. B HS- pe:lKnMe 

,!1;0 CHX IIOp 6hiJIIf IIOJiy'leHbl TOJibKO pa,D;HaJibl!Q-CifMMeTpH'IIIble C.cp .. Ilpn'IUI!a STOMY -

perneH!ffl aBTOMO,ll;eJibHOii 3a,D;a'llf BCer,n;a HCKaJIHCb IIpli JC..'IOBlllf 

lim B(t:,,cp) = B~ = 0. 
{-oo 
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J13MeHeHHe H)l;eOJIOrHH- HCKa.Tb pemeHHH a.3. 1 KOTOpbie na 6eCKOHeqHOCTH CTpeMHTCH He 

K TpHBHaJibHOMY pemeHHlO (} = 0, a K rDMOTepMnqeCKOMY (} = (}H = 1 ': 

lim O{t;, if>) = (}H = 1. 
{-co 

.n;ano B03MO:lKHOCTh rroJiyqnTh ~a HOBhiX KJiacca c.cp. B H S- pe)f(HMe - pa.n;HaJih

no necHMMeTpnqnble c.<f>. CJIO:lKHOil: CHMMeTpHH rrpn Co = 0 H crrnpaJibHhie c.<f>. rrpn 

Co =f 0 . 113Menenne n.n;eoJiornn 6hiJIO rro.n;cKa3ano B rrpon;~cce Tin;aTeJihHoro ncCJie.n;oBa

HHH ( aHaJIHTHqeCKOrO H qnCJieHHOrD) peme~Hll JIHHeapH30BaHHOrO OTHOCHTeJibHO (} H = 1 
aBTOMO)I;eJibHOrO ypaBHeHHH H HX 3BOJIIOIJ;HH BO BpeMeHH. 

Pa3.n;e.n 4.2.1 rrocBHID;en pa.n;nanhno-necnMMeTpnqnbiM c.<f>. B LS- pe:lKHMe rrpn 

Co = 0. Ha ocnoBe MeTO.n;a Jinneapn3an;Im H cmnBaHHH c acnMIITOTHKOil: B pa6o

Tax [32),[33) rrpe)I.Jio:lKeH 3<P<f>eKTHBHblil: crroco6 onpe.n;enennH naqaJihHhiX rrpn6Jin:lKennil: 

(EiMm) )I.JIH pemeHHH aBTOMO)I;eJibHOil: 3a.n;aqn HTepan;nOHHhiM MeTO)I;OM. IlpoBe.n;eHHble 

TaM 3KCnepnMeHThi nOKa3aJIH: crpyKTypa c.<f>. ne Bcer.n;a CJie.n;yeT CTPYKType naqanbHhix 

.npn6JIH:lKeHnit; HTepaD;HOHHblll rrpon;ecc CXO)I;HTCH He rrpH BCeX naqaJibHbiX npH6JIII:lKeHHH. 

TaM 6biJI noCTaBJieH Bonpoc o c03.n;annii 6oJiee 3<f><f>eKTHBHoro nTepan;nonnoro MeTo.n;a n 

3TO o6yCJIOBHJIO name HCCJie)I;OBaHHe. 

• 
0 

0 

0 

Pnc. 5. u = 2, f3 = 3.25: CJieBa: E1Mm, m = 2, ... , 7; cnpaBa: E2Mm, m = 2, ... , 7 

11cnoJib3YH o6o6In;ennh!e .na CJiyqail: noJIHpHbiX KOop.n;nnaT MeTO)I;bi H3 Pa3.n;e.na 4.1 
H cnoco6 noJiyqeHHH JIHHeHHbiX npH6JI~:lKeHHil: H3 [33), HaMH 6hiJIH CKOHCTpyHpOBaHbi 

/ 
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c.<f>. )I.JIH pa3llbiX 3HaqeHHH napaMeTpOB U H f3 H pa3HOU CTerreHH CHMMeTpHH. B HeKo

TOpbiX CJiyqaHX O)I;HaKO HTepan;HOHHbiH rrpon;ecc CXO)I;HJICH K pll.)I;HaJibHD-CHMMeTpHqHbiM 

c.<f>. BnoCJie.n;cTBHH B .n;nccepTan;nn M. KoJieBoit 6biJIH npe)I.Jio:lKeHbi n peann3oBaHbi na

qaJihHble npH6JIH:lKeHHH, qHCJIO H noBe)l;eHHe KOTOpb!X B 06JiaCTH HeMOHOTOHHOCTH TO:lKe 

CaMoe, KaK y npe)I.JIO:lKeHHbiX B [33), HO pa3JIHqaiOIIJ;HeCH OT HHX npon;e.n;ypoit CmHBaHHH C 

aCHMnTOTHKOil: - CmHBaHHe rrpOBO)I;HJIOCb no OKpy:lKHOCTH, a He no JiyqaM. C HX nOMOIIJ;blO 

y.n;anocb noJiyqnTh pa.n;nanhno-necHMMeTpnqnble c.<f>. B Tex CJiyqaHx, Kor.n;a npe:lKHHMH. 

npn6Jin:lKeHHHMH 3TO ne y.n;aBaJIOCb. Ha Pnc. 5 CJieBa noKa3aHbi H30JIHHHH c.<f>. E1Mm )I.JIH 

m = 2, 3, 4, 5, 6, 7, a cnpaBa - H30JIHHHH c.<f>. E..Mm , m = 2, 3, 4, 5, 6, 7. )I.JIH 3naqennit 

napaMeTpOB u = 2, f3 = 3.25. 
0TMeTIIM CJie.n;yiOIIJ;ee: 

- KaK H B pa6oTe [33), IIpH m > 1 Ha6JIIO)I;aJIOCb pa3)1;BOeHHe HeKOTOpbiX MaKCHMYMOB 

naqaJibHbiX npn6JIH:lKeHHH1 npH 3TOM )I.JIH .n;annoro 3HaqeHHH m OHO rrpOHCXO)I;HJIO )I.JIH 

.n;Byx BH)I;OB naqaJibHbiX npn6Jin:lKennit {na.Pnc. 5. 3TO E2M2 n E2M3 ); 
- IIpH O)I;HOM H TOM :lKe Ha6ope napaMeTpOB HaM y)l;aJIOCb noJiyqHTb 60Jibmee KOJIHqe

CTBO C.<f>., qeM B pa60Te [33). 
- ncCJie.n;oBanne 3BOJIIOIJ;HH BO BpeMenn pa.n;nanhno-necnMMeTpnqnbiX c.<f> .. LS- pe:lKH

Ma nOKa3aJI01 qTO COOTBeTCTByiOID;lle HM aBTOMO)I;eJibHbie pemeHHH MeTayCTOH'IHBble. 

OnH coxpaHHIOT CBOIO CTPYKTYPY (B CMhiCJie {15)) .n;o BpeMenn T, oqenh 6JIH3KOe K Bpe

Menn o6ocTpennH T0 • IloCJie 3Toro CJIO:lKHaH TenJioBaH CTPYKTypa Bbipo:lK.n;aeTCH B o.n;ny 

HJIH neCKOJibKO npOCTbiX CTpyKTyp, COOTBeTCTBYIDIIJ;HX CaMOH npOCTOil: (B 06ID;eM CJiyqae 

pa)I;HaJibHO-CHMMeTpHqHOil:) C.<f> •. C TeMH :lKe napaMeTpaMH U 1 /3. 
Pa3,n;eJibi 4.2.2-4.2. 7 IIOCBHIIJ;eHhl KOHCTpyHpOBaHHlO pa)I;HaJibHO-HeCHMMeTpHqHbiX 

c.<f>. B HS- pe:lKHMe. 

3a.n;aqa o qnCJiennoit peann3an;nn "cnHpanbHhlx" nnnapnaHTHbiX pemennil: 6biJia no

CTaBJiena B 1984 r •. KaK OTMeqaJIOCb B [34), Ha nyTH K ee pemeHHlO 6biJIH cyiD;eCTBeHHbie 

Tpy.n;nocTn. Bo nepBhlx, cqnTaJIOCh, qTo JIHHeapn3an;nH anTOMo.n;eJihnoro ypaBnennH 3.n;ech 

He .n;aeT :lKeJiaeMOrO pe3yJibTaTa, nOTOMY qTO B noJiyqeHHOM JIHHeUHOM ypaBHeHHH HeJib3H 

c.n;enaTh pa3.n;eJieHHH nepeMeHHbiX. Bo BTOpbiX, ne 6biJia H3BeCTHa acHMIITOTHKa pemennit 

aBTOMO)I;eJibHOrO ypaBHeHHH {56) Ha 6eCKOHeqHOCTH. 

,li.JIH npeo.n;oJiennH 3THX npo6JieM c.n;eJiano CJie.n;yiOID;ee. 

1. Ilpe)I.JIO:lKeHO (Pa3,n;eJI 4.2.3) IIO)l;XO)I;HIIJ;ee {KOMIIJieKCH.0,3Haqnoe) pa3.n;eJieHHe ne

peMeHHbiX 

Yk(t;,t/>) = Rk(t;)eik4J, ~~ 0, k-n,enoe (.n;JIH rrepno.n;nqnocTn) (58) 

B JIHHeapH30BaHHOM OTHOCHTeJibHO rOMOTepMHqeCKOrQ pemeHHH aBTOMO)I;eJibHOM ypanne-

HHH 
1 1 '/3-u-1 ·' 
€(t;y{){ + f!Y4J4J- 2 /;y{ + CoY4J + (/3 ~ 1)y = 0. 

.LJ:JIH <f>yHKIJ;HH Ri,(t;) rroJiyqeno ypaBnenne: 

(
1 f3- u- 1 ) ( k2 < ·). I(~ + € - . 

2 
t; I(k + - €2 + Coki + f3 - 1 Rk = 0 

2. PaccMoTpenbi orpannqennble B T. t; = 0 pemennH ypaBnennH {60) npn k > 0: 

f3 = u + 1: Rk(t;) = Jk(z), z = (u + C0 ki)112t;, 
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{59) 

{60) 



Jk(z) - ¢yHKU:IIH BecceJia nepaoro po,n:a nopa,n:Ka k, 

R (
") k F ( ) f3 - 1 + Coki k {3 - a - 1 

{3=fa+1: k'> =~ 11a,b;z, a= +- b=1+k z= c2 {3-a-1 2' ' 4 ..,, 

1 F1 (a, b; z) - Bbtpo:>K,n:ennaa mnepreoMeTpii'lecKaa <l>YHKIJ;IIH. 

3. Ha OCHOBaHIIII CBOllCTB tPYHKll;IIll Jk(z) II 1F1 (a, b; z) yCTaHOBJieHO: 

- MO:>KHO paccMaTpiiaaTb TOJibKO CJiy'laii k > 0, C0 > 0; 

- eCJIII {3 =a+ 1 (II C0 k =f 0) IIJIII {3 > a+ 1, TO IRk(~) I --+ oo Kor,n:a ~--+ oo; 

- eCJIII {3 <a+ 1, TO IRk(~) I-+ 0, Kor.n:aJ--+ oo. 

, 4· 060CHOBaHO, 'ITO 6e3 orpaHII'leHIIH 06IIJ;HOCTII MO:>KHO IICITOJlb30BaTb TOJibKO peaJib-

ny10 qaCTh 
Yk(~. cp) = IRk(r)l cos(arg(Rk(~) + kcp)) 

qaCTHbiX pemeHIIii (58) JIIIHe:llnoro ypaaneniia (59). 

5. I1cCJie,n:oaana reoMeTpii'IeCKaa CTPYKTypa pemeniiii Yk(~. ¢) a 3aBIICIIMOCTII OT na

paMeTpoa a, {3, Co II k . CaMbtil. cym;ecTBeHHbiil. pe3yJihTaT: JIHHHH yponHH cl>yuKn;nii 

Yk(~,¢) rrpu {3 <a+ 1 ({3 >a+ 1) u rrpu 6oJII>WHX ~ 6JIH3KH K Jiorapncl>Mn
qecKHM crrupamiM c rrapaMeTpOM s (-s) , orrpe,z:t;eJieHHhiM n (57). 9TOT ¢aKT ,i:J,an 
ao3MO:>KHOCTb BbiBeCTII aciiMITTOTIIKY c.¢. B(~. ¢) Il3 aciiMITTOTIIKII pemeniiii Yk(~. ¢) : 

Yk(~, ¢) "'c/;,({3-
1)/m cos k (¢+~In~) , ~--+ oo, c = c(k, a, {3, Co). (61) 

6. IlpeAJ!o:>KeHI>I "JIIIHeilHbte npi16JIII:>KeHIIa" K c.¢. H S- pe:>KIIMa: 

- { 1+ayk(r,cp), O:Sr<ro, O:Scp:S27r} 
~~~= ' 

1, r 2: ro, 0 ::; <p ::; 21r 
(62) 

a, To - KOHCTaHTbl. B 3KCnepi1MeHTaX _To Bbi6I1paJIOCb TaK, 'IT06bJ' Kpyr lf,.0 (0) 6bJJI 

TeJIOM CITIIpaJIII )l;JIH 0 = 0.01. 
7. 'CfT06bJ ycTaHOBIITb KaK 6JIII3KII "JIIIHefiHhle ITpi16JIII)!(eHIIH" K c.¢., 6hlJia IICCJie,U:O

BaHa IIX anoJIIOIJ;IIH ao npeMeHII II aciiMITTOTIIKa npii t--+ T0 (Pa3,z:t;eJI 4.2.4). I1cnoJib3o

nano aBTOMO,z:t;eJibHOe rrpe)l;CTaBJieHHe 8(t,~,¢) pemeHIIH u(t,r,<p) 1 COOTBeTCTBYJo

m;ero na'laJibHhlM ,n:aHHbiM u0 (r, <p), corJiacoaannoe c anTOMO)l;eJibiihlM 3aKOHOM (55) npii 

Co =f 0: 

e(t, ~. ¢) = u(t, r, cp)jr(t), ~ = rr(t}m, ¢ = cp- C 0 In(r(t)), 

r(t) = III_!l.Xu(t,r,cp)/m_!l.Xuo(r,cp), n = [O,oo) X [0,21r) 
n - n · 

(63) 

l.JIICJieHHbie 3KCnepiiMeHTbl, npoae.n;eHHhle ):VIH IIIIIpOKOro na6opa tPII3II'leCKIIX II Bbi'IIIC

JtiiTeJibHbiX napaMeTpOB1 ITOKa3aJIII, 'ITO ITpii a « 1 ITpi16JIII:>KeiiiiH (62) 6JIII3KII c.¢.: OHII 

coxpaHHIOT cno10 crpyKTYPY p.,o npeMeHII, 6JII13Koe K T0 , npii aToM To o'leHh 6JIII3KO K 

BpeMeHII 060CTpeHIIH a.p., OTBe'laiOIIJ;IIX TeM :>Ke napaMeTpaM a, {3. ll 3TO BITOJIHe eCTe

CTBeHHO- mmeapi13an;IIa ''yHII'ITO:>KaeT'' S II LS -pe:>KIIMbi (JII1Heapi130aannoe ypaaneniie 
IIMeeT JIIIHefiHy!O )l;IItPtPY3IIIO II JIIIHellHblll IICTO'IHIIK, T.e. ):VIH ero pemeHIIH ITOJIYIIIIIpiiHa 

6y,n:eT yBeJIII'IIIBaTbCa, KaK 3TO IIMeeT MeCTo a HS-pe:>KIIMe). 
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8. AciiMITTOTIIKa (61) npe,n:CKa3biBaeT CJie.n;y!Otey!O aciiMIITOTIIKY c.¢. B(~, ¢) = Bk(~. ¢), 
k = 1,2, ... : 

. ( 1 ) . Bk(~,¢)"' 1 +"Y~(fJ-1)/mcos~ ¢+;-In~ , ~--+ oo, "Y ~ ac (64) 

II TaKy!O annpOKCIIMaiJ;IIIO: 

Bk(~, ¢) = 1 + ayk(~, ¢), a= canst. {65) 
) 

9. 113 (64) BbiBe,n:eno rpaHII'IHoe yCJIOime TpeTbero po,n:a np11 ~ = l » 1: 

aok ok - 1 7k . ( 1 ) 
a[ = m•~ - s~(m'-1)/m• sm k ¢+;In~ ' m* = m/({3- 1). (66) 

Ilp11 pemeHIIII 3a)l;a'III o. cniipaJibHbiX c.¢. B03HIIKJia Il,n:ea .noiicKa a CJiy'lae Co = 0 

CJIO:>KHbix neMOHOTOHHbiX BOJIH H S-pe:>KJIMa, Bhtxo,n:am;IIx Iia roMOTepMII'leCKIIii ¢on np11 

~ --+ oo . ,Il;Jia e,n:IInoo6pa3noro paccMoTpeHIIH anToMo,n:eJibHaa 3a)J;a'la CTaBIITCa B o6Jia

CTII n = [0, l] X [0, w], r,n:e w = 1r/k ):VIH Co= 0 II w = 21r/k ll,JIH Co =f 0, c yCJIOBIIHMII 
CHMMeTpiiii npii C 0 = 0 : -

aok aok · 1r 
8¢ (~,0) = 8¢> (~.,) = 0, 0::; ~::; l, 

c yCJIOBIIHMII rrepiiO,U:II'IHOCTII npii C0 =f 0 

27r' 
Bk(~. 0) = Bk(~. k ), aok · aok 21r 

8¢> (~,0) = 8¢> (~. ;;),· 0::; ~::; l, 

(67) 

(68) 

11 c yCJIOBIIeM CIIMMeTpiiii a nyJie. 3a,n:a'la 3aMbiKaeTca KpaenbiM yCJioniieM ( 66) rrpii. C0 =f 0 
II KpaenbiM ycJIOBIIeM 

aok = (}k -1 m* = m/({3 -1)' 
a~ m·~· 

npii C0 = 0. B Pa3,z:t;eJie 4.2.5 II3Jio:>KeH 'IIICJieHHhl:ll MeTO)l; pemeHIIH anTOMO,U:eJibHoii 
3a.n;a'III, a Pa3)l;eJie 4.2.6 - napa6oJIII'leCKoil. 3a,n:a'III. 

Pa3,z:t;eJI 4.2. 7 co.n;ep:>KIIT pe3yiihTaTbi 'IIICJiennoro IICCJie.n;onaniia aciiM:nTOTII'lec~oro 
noae.n;eHIIH pa.n;IIaJibHO neciiMMeTpii'IHhlX BOJIH a H S-:- pe:>KIIM~. O,n:noapeivlenno npo,n:e
MOHCTp1IponaHbi Ha)J;e:>KHOCTb II- XOpomaa TO'IHOCTb MeTO)l;OB- pemeHmi 'KaK 3JIJIIIITTII'le
CKOll, TaK II napa60JIII'leCKOll 3a,U:a'III. 

Bee npone,n:eHHbie 'IUCJieHHbJe 3KCnepi1MeHThl ,n:eMOHCTpi1py!OT BbiCOKy!O TO'IHOCTb BOC

CTaHOBJiem1a npeMeHII o6ocTpeHIIH T0 II MeTaycroii'III!lOCTb _3TIIX BOJIH. 9noJIIOIJ;IIa no 

BpeMeHII ITHTII c.¢., OTBe'la!OIIJ;IIX O,U:HIIM II TeM :>Ke napaMeTpaM a~ 2 -II {3 = 2.4, IIOKa-· 

3ana II aHaJIII3Hponana: Ilepnbte ,n:Iie c.¢. OTBe'la!OT napaMeTpy C0 = 0; OCTaJibHbte TPII 

- C 0 = 1. To'lnoe npeMa o6ocTpeHIIa paanaeTca To= 1/({3 '-- .1) = 0.(714285). 

3,n:ecb rip1Ine,n:ena 3BOJIIOIJ;IIH ,n:ayx c.¢ .. Ha Pile. 6, (t = 0) ,·nOKa3aHhl nonepxHOCTb II 

JIIIHIIII ypOBHH c.¢._ C O)l;HIIM MaKCIIMYMOM, o,n:imM MIIHIIMJMOM II C. O)l;HOll OCb!O CIIMMeT

piiii, Bhl'IIIci:Iennoiiii3 Ha'laJibHOro npn6JIII:>KeHIIH (65), r.n;e k = 1, a= 1. Ilpii t > 0 no

Ka3aHbi JIIIHIIJI ypOl3HH pemeHIIH napa60JIII'leCKOH 3a)J;a'IJI Ha 'leThlpex BpeMeHHhlX CJIOllX. 

BpeMa o6ocrpeniia, nail.,n:ennoe a C'leTe, T0 = 0.714475. ,Il;.na 0::; t::; 0.7108 = 99.49%T0 
)l;BII:>KeHIIe MaKCIIMyMa CJie.n;yeT aBTOMO)l;eJibHOMJ 3aKOHY 

r(t) = r(0)(1- t/T0)/~1 ~ r(O)r(t)-m. 
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t.=0 10 t=O 10 t-0.6122 

5 5 

0 0 

-5 -5 

10 L-v.U717 

5 

0 

-5 

Pnc. 6. 8somOIVI.H CJIO.lKHOii BOJIHhl HS- pe.lKHMa: a= 2, {3 = 2.4, Co= 0, k = 1. 

t=0 lB t 0 

0 

-9 

-1 !ljjj----=9 0 lB 

36 t 0.6686 

. lB 

0 

-lB 

- 3635 lB 0 lB 36 

Pnc. 7. 8soJIIO~H.H ~syxpyKasHoii cnnp3JlhHOii BOJIHhl: a= 2, {3 = 2.4, Co= 1, k = 2. 
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Ha acHMIITOTII'IecKoii ~nn cpoH pemeHn.H 3aMnpaeT, CJIO.lKHa.H BOJIHa BbipO:.lK,ll;aeTc.H 

B pa,D;HaJibHO CHMMeTpHqHyiO, . pa3BHBaiOITzylOC.H Ha 3TOM ¢oW:~. ABTOMO~eJibHhle npe,n;

CTaBJieHH.H 8{t, ~' rft) pemeHH.H u{t, ~' rp) CTpeM.HTC.H K pa,D;HaJibHD-CHMMeTpliqHoii: C.cp. C 

KOHeqHbiM HOCHTeJieM, OTBeqaiO~efi TeM .lKe IIapaMeTpaM a ll {J. 0TMeTHM, qTO ::ITO np0:. 

ncxo~nT npn t > 99.49%T0 • Cne~osaTeJihHO, CJIO:lKHa.H BOJIHa, coOTBeTCTBYIO~a.H ::lTOii 

c.cp., .HBJI.HeTC.H MeTayCTOH'IHBOH. 

,ll.JIH ~ByxpyKaBHoii: cnnpanbHOit BOJIHhi {Puc. 7) T0 = 0.71428579 e~e 6Jin:lKe K Toq- · 

HOMY, To . .IJ:Bn:lKeHHe MaKCHMY,Ma H MHHHMY,Ma CJie~eT aBTOMO,ll;eJibHOMY, 3aKOHY, ~o.spe
MeHH t = 0.7065 = 98.91%T0 • BbipO:.lK,ll;a.HCh Ha acnMIITOTnqecKott cra,n;nn, BOJIHa rrepexo

.n;nT qepe3 CTa,ll;HIO BOJIHbl CJIO:lKHOil CHMMeTpHH, rrepe,n; TeM KaK BblpO,ll;HTC.H B pa,D;HaJibHD

CHMMeTpHqHyiO. 

0TMeTHM, qTQ cy~eCTBOBaHHe KOHTHHY,Y,Ma pemeHHil a.3. B pa,D;HaJibHD-CHMMeTpliqHOM 

CJiyqae n H S- pe:lKnMa, KOTopwe BhiXO~HT Ha I'DMOTepMnqecKoe pemeHne (} H rrpn 

~ -t 00, 6biJIO OTMeqeHO B (16), HO 3TOMY, pe3Y,JihTaTy He 6biJIO Y,,ll;eJieHO ,ll;OCTOitHOe BHHMa

Hlle. 0Ka3biBaeTCH, HMeHHO TaKHe peiiieHH.H a.3. OIIpe,n;eJIHIOT Hait,n;eHHble 3,ll;eCb CIIHpaJib

Hbie BOJIHbl. 

Borrpoc o cy~ecTBOBaHHH crrnpanbHhiX CTPYKTYP B LS-pe:lKnMe ( CKpyqnsaro~necH 
CIIHpaJIH) IIOKa OCTaeTC.H OTKpbiTbiM. XOTH ''xpe6Tbl" JIHHeilHbiX IIpH6JIH:lKeHHH K C.cp. 

LS-pe:lKHMa rrpn ~-+ oo CTpeM.HTCH TO:lKe K aBTOMo,n;eJibHhiM {eM. rr.5. Bhiiiie), HO ux aM

IIJIHTy.n;a crpeMHTCH K 6ecKOHeqHoCTn. OcTaeTc.H He.HCHhiM c KaKofi acHMIITOTHKoii: Ha.n;o 

CIIIHBaTb JIHHeiiHbie IIpH6JIH:lKeHH.H. ABTOp cqnTaeT,. qTo B 3a,n;aqe HaXO)K,D,eHH.H CIIHpaJib

HbiX crpyKTYP B LS -pe:lKnMe Ha.n;o OTKa3aTbCH oT ycJIOBHH orpaHnqeHHOCTH c.cp. rrpn 

~ = 0. HasTy n.n;ero Haso,n;HT .n;pyrne pemeHHH JIHHeapu3osaHHoro ypasHeHHH (Jiorapn<f>

MnqecKoe pemeHne Bbipo:lK.n;eHHOro rnrrepreoMeTpnqecKoro ypasHeHHH c oco6eHHOCThiO B 

HyJie), a TaK:lKe n HeKoTopbie cpu3nqec'lme coo6pa:lKeHHH. 

3 OCHOBHbiE PE3YJibTATbi ,l.J;MCCEPTAll;I1M 

1. Ilpe.n;JIO:lKeHa, HCCJie,ll;OBaHa ll peaJIH30BaHa 06~a.H MeTO,ll;HKa peiiieHH.H HeJIHHefiHhiX aB

TOMO)l;eJibHbiX 3a,D;aq, OCHOBaHHa.H Ha HenpepbiBHOM aHaJIOre MeTO,ll;a HbiOTOHa H MeTO,ll;e 

KOHeqHbiX 3JieMeHTOB. 0Ha ,n;aeT B03~0:lKHOCTb aBTOMaTH3HpOBaTb npon;ecc BblqllCJieHHil 

( BKJIIOqa.H CJiyqatt Hee,n;HHCTBeHHOCTH peiiieHHii) H e,n;HH006pa:mo pemaTb KpaeBbie 3a,D;a

qn .n;JI.H HeJIHHeilHhix O.IJ:Y BTopom rropH,n;i<a, cnCTeM TaKnx: ypasHeHnil n HeJIHHeii:IIhlx 
' . 

3JI;Illi!ITHqeCKHX ypaBHeHHft BTOpOrO llOpH,n;Ka. . . . . , 

Ilpe.n;JIO:lKeHa, 'ncCJie.n;osaHa ll P~aJill30BaHa o6~a.H MeT0,!1;11Ka pe~eHii:fl HeJiimellHbiX rra

pa6oJinqecKHX 3a,D;aq C CHHrY,JIHpHbiMH IT~ BpeMeHH pemeHiiH~H, OCHOB,aHHa.H ~a MEiTo,n;e 

KOHeqHbiX 3JieMeHTOB CKOHD;eHTpa~neft MaTpHIJ;bi MaCChi HllHTepiiOJIHpOBaHHeM HeJIIIHefi

HbiX Koscp<J?nn;neHTOB. Peann3osaHhi a,n;anTHBHhle .n;nHaMnqecKne CeTKH no rrpocrpaHcrsy, 

COrJiaCOBaHHble C aBTOMO,ll;eJibHbiM HJIH npn6JIH:lKi!HHbiM aBTOMO,ll;MbHbiM 3aKOHOM. 

2. B pa,n;uanbHD-CHMMeTpnqHoM CJiyqae ncCJie,n;osaHo rrose.n;eHne co6crseHHhiX cpyHKIJ;Hil 

mpeHHH HeJIHHeilHoil cpe,n;hl rrpn crpeMJieHnn LS -pe:lKnMa K S -pe:lKnMy, ·Kor.n;a opraHn-

3an;nH Cpe,n;bl cy~eCTBeHHO Y,CJIO:lKH.HeTCH. IlOKa3aHO cy~eCTBeHHOe pa3JIHqne llJIOCKOI'O. ll 
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· pa,n.HaJibHD-Cl!MMeTPIPIHoro cJiyqaeB. Hali:.n;enhl .n;Ba HOBbiX Tima co6crBeHHbiX <l>ynKu;nli: 

- "c nepeTRlKKOli:" II C JieBbiM .<l>POHTOM. Ha OCHOBe .D;eTaJlbHOI'O 'IHCJieHHOI'O HCCJie.D;OBaHHH 

npe.n;JIO:lKeH cu;enapHli: nOBe.D;eHHH CJIO:lKHbiX C06CTBeHHbiX <l>YHKIJ;liH ('IeTHbiX II He'leTHbiX) 

npH CTpel\!JleHHH K S -pe:lKHMy. 
McCJie.n;oBano acHMnTOTH'IeCKoe noBe.n;enHe JIOKaJIH30BaHHbiX o6oCTpHIOIIl;HXCH perne

HHH napa6oJIH'1ecKoli: 3a.n;a'1H B LS- pe:lKHMe, Kor.n;a aBTOMO.D;eJibHoe. pernenHe ne npH

na.n;Jie:lKHT £ 1(RN). 't.J:HCJieHHO nOKa3aHO, 'ITO II B 3TOM CJiyqae MOHOTOHHOe no r aBTD

MO.D;eJibHOe pernenHe crpyKTypno ycroli:'IHBO. 

KoncTpyHpoBaHhi 'IHCJienno perneHHH aBTOMO.D;eJibHOli: 3a.D;a'1H npH cooTnorneHHHX na

paMeTpOB 3a KpHTH'IeCKHMH 3KCnOHeHTaMH. IIOKa3aHO, 'ITO COOTBeTCTBYIOIIl;He liM MOHD

TOHHbie no r aBTOMO.D;eJibHb!e perneHHH CTI}YKTypHO YCTOH'IHBble, nO.D;TBep:lK.D;aH TaKHM 

o6pa30M rHnoTeay faJiaKTHOHOBa II Ba3Keca. 

3. KoncrpyHpoBaHbi 'IHCJienno co6CTBeHHhie <l>YHKIJ;HH ropeHHH .n;ByxKoMnoneHTHOli: HeJIH

neli:noli: cpe.n;hi B pa.n;HaJihHD-CHMMeTpH'IHOM CJiyqae II HCCJie.n;oBana CTPYKTypnaH ycToli:

'IHBOCTb cooTBeTCTBYIOIIl;HX aBTOMO.D;eJibHbiX pernenHli:. IloKaaano, 'ITO B LS- pe:lKHMe 

CTpyKTypHO yCTOH'IHBbiMH HBJIHIOTCH TOJibKO aBTOMO.D;eJibHb!e perneHHH npOCTOH crpyK

Typbl (c MOHOTOHHbiMH no T KOMnOHeHTaMII} CHCTeM C CHJibHOH o6paTHOH CBH3bl0. 

4 .. 't.J:HCJieHHO HCCJie.D;OBaHO aCHMnTOTH'IeCKOe nOBe.n;eHHe o6ocrpHIOIIl;HXCH perneHHH noJiy

JIHHeli:HbiX ypaBHeHHH C pa3JIH'1Hb!MH HeJIHHeli:HbiMH HCTO'IHHKaMH B pa.D;HaJibHD-CHMMe

. TpH'IHOM CJiyqae. IIO.D;TBep:lK.D;eHbi pe3yJibTaTbi Ka'leCTBeHHOI'O aHaJIH3a 0 TOM, 'ITO aCHMn

TOTH'IeCKaH CTa.D;HH 3BOJIIOIJ;HH 060CTpHIOIIl;HXCH perneHHH · OnHCbiBaeTCH npH6JIH:lKeHHbiMH 

aBTOMO.D;eJibHbiMH perneHHHMH ( TO'IHbiMH aBTOMO.D;eJibHbiMH perneHHHMH ypaBHeHHH nep

BOI'O nopH.n;Ka THna faMHJihTOHa-5IKo6II}. B CJiyqae HCTO'IHHKa (1 + u)ln2 (1 + u) noKa3a

no, 'ITO 060CTpHIOIIl;HeCH perneHHH a<P<l>eKTHBHO JIOK3JIH30BaHbl B c<l>epe pa.n;Hyca 1f HJIII 

B KOJibiJ;eBOH 06JiaCTH TOJIIIl;IIHOH 21f . 

5. 't.J:HCJieHHO peaJIII30BaHbl IIHBapiiaHTHble perneHIIH, KOTOpbie OnHCbiBaiOT HanpaBJieHHOe 

pacnpocTpanenHe TenJia II ropeHIIH B .n;ByMepnoli: HeJIIIneli:noli: aHH30Tponnoli: cpe.n;e co 

CTeneHHbiMII Koa<l><l>HIJ;IIeHTaMII TenJionpOBO.D;HOCTH. TaK KOHCTpyi<:THBHbiM o6pa30M no.n;~ 
TBep)K.D;eHO IIX Cylll;eCTBOBaHHe. 

6. PacrnHpeHO noHHTHe co6CTBeHHOH <l>YHKIJ;IIII ropeHHH HeJIHHeli:HOH cpe.ii,bi BBe.n;eHIIeM 

B paCCMOTpeHHe IIHBapHaHTHbiX perneHHH, KOTOpbie CTpeMHTCH K HeTpHBHaJlbHOMY I'D

MOTepMHqeCKOMy perneHHIO, a He K HYJIIO Ha 6ecKOHe'1HOCTH. 9TO .D;aJIO B03MO:lKHOCTb 

~oJiy'IIITb pa.ii,naJihHo-necHMMeTpi1'1Hbie CJIO:lKHble BOJIHbi B HS -pe)lmMe 11 'IHCJieHHO pe

a.JIII30BaTb HHBapHaHTHbie perneHIIH, KOTOpb!e OIIHCbiBaiOT pacnpOCTpaHeHHe C!lllpaJibHbiX 

Bomi B HeJIHHeli:Holi: H30TponHoli: cpe.n;e. TaKHM o6paaoM rroKaaano, 'ITO yCJio:lKnenne opra

. HH3aiJ;HH cpe.D;hi MO:lKeT rrpOIICXO.D;IITb He TOJibKO B LS -pe:lK~Me 3a cqe:;- JIOKaJIH30BaHHbiX 

BO. BHe II CXO.D;HIIl;IIXCH K u;eHTpy crpyKTyp , HO II B H S -pe)KHMe 3a C'leT MeTaycroli:'III

. Bb!X pacxO.D;HIIl;HXCH BOJIH ropeHIIH CJIO:lKHOH crpyKTypbi, B TOM 'IHCJie paCKpy'IIIBaiOIIl;HXCH 

CIIHpaJibHbiX BOJIH. 
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