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061.QMI XAPAKTEPHCTHKA PAGOTbl 

A1nyaJibHOCTb npo6JieMbl 

Bo MHOfHX !pH3HqeCKHX ycTaHOBKax HCIIOJih3yioTCJI MafHHTHbie CHCTeMbl 

pa3JIHqHOH KOHcpHrypaIJHl1. ITp11MepoM MOryT CJIY)KHTh ycKop11TeJIH, B COCTaB 

KOTOpbIX BXO,l.lJIT ,l.111IIOJibHhie (IIOBOpOTHbie) 11 KBa.LIPYIIOJihHbie (cpoKyrnpy10II.111e) 

MarHHThl. C rrpaKTHqeCKOH TQqKH 3peHl1JI, oqeHh Ba)KHO peIIIHTh 3a.z:1aqy 

MO.UCJI11pOBaHl1JI KOHcpHrypaIJHH MarHHTHOH Cl1CTeMbl, C IjeJiblO rronyqeHHJI 

He06XO.UHMoro BH,Ua MarHHTHOro IIOJIJI (o6paTHaJI 3a.z:1aqa), a TaK)Ke yMeTb C xopoIIIeH 

TQqHQCThlO HaXO,!lHTh pacrrpe.ueneHHe MarHHTHOro IIOJIJI, C03,l.laBaeMoro TaKOH 

CHCTeMOH. 

PeanbHO rrpo6neMa CBO,l.lHTCJI K IIOCTaHOBKe 3a.z:1aqn MarHHTOCTaTl1KH 0 

HaxO)K,!lCHHH pacrrpe.ueneHHJI MafHHTHOro IIOJIJI paCCMarp11BaeMOH Marn11THOH 

CHCTCMhl. B HaCTOJIII.1ee BpeMJI CYII.ICCTByeT MHO)KeCTBO MeTO,!lOB peIIIeHHJI TaKHX 

3a.z:1aq. Cpe.uu Hl1X ycJIOBHO MO)KHO Bhl,l.leJIHTh TP" T11rra IIOCTaHOBOK no BM.UY 

HCIIOJih3YCMhIX B HHX ypaBHCHHH .UHcpcpepeHIJHaJihHhIX, UHTerpaJibHbIX, 

.UHcpcpepeHijHaJihHhlX H rpaHHqHblX HHTerpanbHhIX (KOM6HHHpOBaHHaJI IIOCTaHOBKa). 

BoT Ha3BaHUJI HeKOTOpbIX 113 HHX: IlOCTaHOBKa OTHOCHTCJlhHO BeKTOpHoro 

IIOTCHJ..IHaJia, IIOCTaHOBKa OTHOCHTCJihHO 0.UHOro H .UBYX CKaJilipHbIX IIOTe~IjHaJIO,, 

IIOCTaHOBKa OTHOCUTeJibHO MO.UH!pHIJHpOBaHHOro CKaJilipHoro IIOTCHIJHaJia H T . .U. l-h-

3a CJIO)KHOH KOHcpHrypaIJHH MarHHTHOH CHCTCMhl pe11IeH11e 3a.z:1aqu 06h1qHo Hll.leTCJI 

qHcJieHHh!MU MeTO,l.laMl1. QqeHb qacTO rrpH pacqeTe KOHKpeTHOll MafHHTHOH CUCTeMbl 

o6naCTh, B KOTOpOH peIIIaeTCJI KpaeBaJI 3a.z:1aqa, UMeeT BCIO.UY rJia.LIKYIO rpaHHIJY, 3a 

UCKJIJOqeHHeM KOHeqHoro q11cna yrnoBbIX ToqeK, B OKpeCTHOCTU KOTOpblX rpaHUija 

o6pa30BaHa rrepeceqem1eM .UByx rJia,LIK11X KpHBblX. B TaKUX cnyqa,:ix pe11IeH11e 3a.z:1aq11 

HJIU np0113BO,l.lHbie peIIIeHHJI MoryT UMeTb oco6eHHOCTb. ITpuMepoM MO)KCT CJIY)KHTb 

KpaeBaJI 3a.z:1aqa ,nupHxne .un,:i ypaBHeHHJI Jlarrnaca B o6nacTH, H3o6pa)KeHHOH Ha 
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r2 

0 rl 

PHc. 1 

!
flu =0, pen, 

ulr =0, 

ulr: = sin 2rp/3. 

( r, <p )- nom1pHWI CHCTeMa K00p,LIHHaT; 

o6nacn, 

n={(r,rp): 0<r<l, 0<<p<3tz/2}, 

rpaHHI.{a r 1 = r'ur·, 

(1) 

r.r1e 

r'={(r,rp): o:s;r:s;l, <p=0}, r•={(r,rp): 0:s;r:s;l, <p=3n/2}, a rpaHHUa 

r 2 ={(r,rp): r=l, 0<<p<3n/2}. 

3a.r1aqa (1) HMeeT pellleHHe u = r 213 
sin2rp/3. 3anHllleM np0H3B0,lJ.Hble u, H Uy. 

ITonyqHM u, = -(2/3)r-
113 

sinrp/3 ,uy = (2/3)r-
113 

cosrp/3. ITpH r ➔ 0 npoHJB0,lJ.Hbie 

u, H Uy HeorpaHHqeHH0 paCTYT- IT03TOMY, npH pellleHHH TaKHX 3a,[laq qHcJieHHblMH 

MeT0,lJ.aMH He06XO,lJ.HMO yqHTbIBaTh xapaKTep noae.r1eHHH ee pellleHHll B 0KpeCTH0CTH 

yrnoaoif TOqKH. 

QeJJL H 38,lJ.a'IH HCCJie,lJ.0BaHHH 

UenhJO HacTOs:meii pa6oThI 6b1Jlo HJyqeHHe aonpoca o noBe,lJ.eHHH 

MarHHTH0ro Il0JIH B 0KpecTH0CTH yrn0BblX ToqeK H Il0CTP0eHHe 3q>q>eKTHBHblX 

anropHTM0B, ,lJ.aJOIUHX ynyqllleHHe T0qH0CTH npH qffcJieHH0M pellleHHH 3a,[laqH 

MarHHT0CTaTHKH. 

Hay11uaH H0BH]Ha 

IlpH Il0M0IUH HeJIHHeiiHoro npeo6pa30BaHHH JlelKaH,Llpa HCCJie,lJ.0BaHHe 

HeJIHHeilHOH 3MaqH MarHHT0CTaTHKH a o6JiaCTH q>eppoMarHeTHKa 6blJIO CBe,lJ.eHo K 

paCCM0TPeHHIO CB0HCTB Kpaeaoii Ja,[laqH ,lJ.Jill JIHHeiiHoro .LIHq>q>epeHUHaJibHOro 

ypaaHeHHH. IToKa3aHO cymecTBoawrne pellleHHii c HeorpaHHqeHH0 pacrymHM jVuj a 

0KpeCTH0CTH yrJI0BOH T0'IKH q>eppoMarHeTHKa. MccJie,lJ.OBaHbl CBOHCTBa TaKHX 
,,,,;: 

pellleHHH. ',lvui Kpaeaoii Ja,Lla'IH ,l(HpHXJie a o6JiaCTH c yrnoM Il0CTP0eHa pa3H0CTHWI 

cxeMa, ,lJ.aJOIUWI cymecTBeHH0e YJIY'lllleHHe T0'IH0CTH pellleHHll. 
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I1cxo.r1ll H3 HHTerpaJibH0H Il0CTaH0BKH 3a,[la1IH MarHHT0CTaTHKH c,11.eJiaHa aepXHllll 

oueHKa ,lJ.0TIYCTHM0ro pocTa MarHHTH0r0 Il0Jill B6JIH3H yrJI0BOH TQqKH B o6JiaCTH 

qieppoMarHeTHK / BaKyyM. Ha 0CH0BaHHH nonyqeHH0H oueHKH npe,lJ.JI0lKeH MeT0,lJ. 

crymeHHll pa3HOCTH0H ceTKH B 0KpeCTH0CTH yrnoaoii T0qKH. B CJiyqae, Kor.r1a npH 

,lJ.0CTaToqHo 60JiblllHX TI0JillX q>yHKUHll MarHHTHOH np0HHUaeM0CTH npHHHMaeTCH 

paaH0H I ,lJ.0Ka3aHa TeopeMa 06 0rpaHHqeHH0CTH MarHHTH0ro Il0Jill B 0KpeCTH0CTH 

yrnoBOH T0qKH. 

ITpOHJBe,lJ.eHhl pacqen,1 M0,lJ.eJibHblX H npaKTHqecKHX Ja,[laq C HCTI0Jib30BaHHeM 

nonyqeHHblX MeT0,lJ.0B. 

IlpaKTH'ICCKaH ]Ha'IHM0CTL 

ITonyqeHHble pe3yJibTaTbl M0rYT 6h1Tb HCil0Jib30BaHhl npH pellleHHH 

HeJIHHeHHOH 33,ZJ;a'IH MarHHT0CTaTHKH B o6JiaCTH C KYC0'IHO-rna,nKOH rpaHHueii. 

PellleHa npaKTH'leCKWI 33,ZJ;a'la M0,lJ.eJIHP0BaHHH KOHq>HrypaUHH MarHHTHOH 

CHCTeMbl C HCil0Jib30BaHHeM pa3pa6oTaHHblX anropHTM0B. 

OcuOBHLle D0Jl0:iKCHHH, BLIH0CHMLIC na 3a!llHTY 

MccJie,lJ.OBaHHe HeJIHHeHHOH Ja,[la'IH MarHHT0CTaTHKH ,lJ.Jill o6JiaCTH 

q>eppoMarHeTHKa npH Il0M0IUH HeJIHHeHH0ro npeo6pa30BaHHll JlelKaH,Llpa 6hIJIO 

CBe,lJ.eH0 K paccM0TPeHHIO JIHHeHHOH KpaeB0H Ja,Lla'IH. Haii,lJ.eHbl pellleHHH C 
{' 

HeorpaHH'leHH0 pacrymHM jVuj, a TaKJtCe Hccne.r1oaaHbI HX caoiicTaa. ITocTPOeHa 

pa3H0CTHWI cxeMa ,lJ.JIH KpaeBOH Ja,[la'IH .l(HpHXJie a o6JiaCTH c yrnoM. ITpH 

qffcJieHHbIX pactJeTax TaKWI pa3H0CTHWI cxeMa ,lJ.aeT YMeHbllleHHe OTHOCHTeJihHOH 

norpelllH0CTH Ha nopH,LI0K. 

ITonyqeHa aepxHU oueHKa ,lJ.0ilYCTHM0ro p0CTa MarHHTH0ro Il0Jill B6JIH3H 

yrnoaoii ,TO'IKH a o6nacTH q>eppoMarHeTHK / BaKYYM. Mcxo.LIH HJ c.r1eJiaHHoii oueHKH 

npe,lJ.JlolKeH MeT0,lJ. crymeHHH pa3HOCTHOH CeTKH B 0KpeCTH0CTH yrJIOB0R TO'IKH. B 

cnyqae, K0r,lJ.a npH ,lJ.0CTaT0'IH0 6oJihlllHX Il0JillX q>yHKUHH MarHHTHOH 

np0HHUaeM0CTH npHHHMaeTCH paBHOH 1, ,lJ.0Ka3aHa Te0peMa 06 orpaHH'leHH0CTH 

MarHHTH0ro Il0Jill B 0KpeCTH0C:H yrnoaoii ToqKH. 

ITpOH3Be,[leHO M0,lJ.eJIHpoBaHHe KOHq>HrypauHH cneKTpoM~H'leCK0ro 

MarHHTa CIT-94, HCil0JihJyeMoro B 3KcnepHMeHTe .l(eJihTa-CHrMa (01-UIH). 
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Anpo6a11HH pa60Tbl 

OcHOBHb!e pe3yJihTaTbl H noJIOJKeHH.11 .uuccepTaUHOHHOH pa60Tb1 .UOJIOJKeHbl H 

o6cyJK.ueHh1 Ha: 

qeTBepTOH MelK.!lyHapo.uHoH KoH4>epeHUHH "Beam Dynamics and Optimization", 

,ny6Ha, PocCH.11, 13-17 OKT.116p.11 1997 r.; nepBOH MelK.!lyHapo.uHoH KOH4>epeHUHH 

"Modern Trends in Computational Physics", ,ny6Ha, Poccu.11, 15-20 HJOH.11 1998 r.; II 

OTKpb!TOH HayqHOH KOH4>epeHUHH MOJI0.!lh!X yqeffb!X H cneuHaJIHCT0B OIUl:H, 

,ny6Ha, Poccu.11, 2-6 MapTa 1998 r.; n.11T-OH MeJK.!IYHapo.uHoH KoH4>epeHumi "Beam 

Dynamics and Optimization", CaHKT-IleTep6ypr, Poccu.11, 29 HJOH.11-3 HJOJI.11 1998 r.; 

XXXV BCepoCCHHCKOH HayqHOH KOH4>epeHUHH no npo6neMaM lpH3HKH, XHMHH, 

MaTeMaTHKH, HH!pOpMaTHKH u MeTO.UHKe npeno.uaBaHH.11, MocKBa, PocCH.11, 24-28 Ma.II 

1999 r.; HayqHh!X ceMHHapax no BhJqHCJIHTeJihHOH MaTeMaTHKe B 2000, 2001, 2002, 

2003 r. (JI:HT OIUl:H, ,ny6Ha); BOChMOH MelK.!lyHapo.uHoH KOHipepeHUHH "Beam 

Dynamics and Optimization", CapaTOB, Poccm1, 25-30 HJOH.11 2001 r.; 

MelK.UYffapO.UHOM KOHrpecce no MaTeMaTnqeCKOMY MO.UeJIHpOBaHHJO, ,ny6Ha, PoccH.11, 

OKT.116pb 2002; VII OTKpbITOH HayqHQH KOHipepeHUHH MOJIO.Uh!X yqeffh!X H 

cneuuanucTOB OIUl:H, ,ny6Ha, Poccu.11, 2-6 4>eapan.11 2003 r.; 06-be.UHHeHHOM 

HayqHoM ceMHHape JIB3-JI<l>4 OIUl:H, _ny6Ha B 2003 r. 

no TeMe ,!IHCCepTauHH ony6JIHKOBaHO 8 pa6oT. 

CTpyicrypa u o6'beM .uuccepTa11nu 

,nuccepTaUH.11 COCTOHT H3 BBe,neHH.11, ,nayx rnaB (TeopeTHqecKHe 

HCCJie,noBaHH.11, qucneHHb!e pacqeTb!), 3aKJIJOqeHH.11 H cnHcKa JIHTepaTypb!. 

,nuccepTauH.11 co,nepJKHT 118 MaIIIHHOnHCHblX crpaimu, 5 Ta6JIHU, 17 rpaipHKOB, 24 

pHCYHKa. CnHCOK JIHTepaTypbl co,neplKHT 103 pa60Th1, H3 HHX 88 Ha PYCCKOM H 20 Ha 

HHOCrpaHHblX .113b1KllX. 

CO.LJ:EPJKAHHE PA60Thl 

Bo aapneHHH npuae,neHa ipopMynupoaKa pewaeMoH 3a,naqu, ,naH ofoop 

JIHTepaTyphl no ,!laHHOii TeMaTHKe H npliae,neHhl OCHOBHble pe3yJihTaTb1 pa60Thl. 
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B § 1 rnaBbl J npHae,neHO onucaHHe noCTaHOBKH 3a,naqu, l•fayqeHHe noae,neHH.11 

MarHHTH0ro Il0JI.11 a OKpecTHOCTH yrnoBOH TOqKH Q 6hIJIO cae.ueHO K paCCMOrpeHHIO 

KpaeBOH 3a,naqu (2) B o6JiaCTH n (CM. puc.2). 

Q 

r;1,r_ 

Puc.2 

div[µ(IVui)Vu(p)] = 0, p E n2 , 

~u(p)=0, pen,, 

uir. =ulr_' 

µ:Ir.= :Ir · 
ulr, = 'P, 

(2) 

r,ne n = n2 u n, u r' n C IR2' n,, n2 - o6JiaCTH BaKyYMa H ipeppoMarneTHKa 

COOTBeTCTBeHHO; f O - rpaHHUa Q ; 0603HaqeHH.II f + H f _ COOTBeTCTBYJOT rpaHHUe 

r ; µ ( H )- MarHHTHa.11 npOHHuaeM0CTh ipeppoMarneTHKa. <l>yHKUH.11 'P -

«,!I0CTaTOqHO» rna,nKa.11. OTHOCHTeJihHO 'PYHKUHH µ(H) cqnTaJOTC.11 Bh!Il0JIHeHHblMH 

CJie,!IYJOIUHe ycJIOBH.11: 

µ E c(') [0,+oo ), Jim µ'(H)H = 0, Jim µ(H) =l. 
H➔+«> H➔+«> 

(3) 

TaKHM o6pa30M, Heo6XO,!IHMO HCCJie.UOBRTh noae,neHHe lpYffKUHH u(p)' 
f' 

.IIBJI.IIJOIUeiic.11 perneHHeM Kpaeaoii 3a,naqu (2). TaK JKe paccMaTpnaaeTc.11 cnyqaA, 

Kor,na Ha pHc.2 o6JiaCTH n, H n2 MeH.IIIOTC.11 MeCTaMH. 

B §2 rnaBbl I pacCM0TpeH cnyqaj:j 3a,naqu (2), Kor,na ipyHKUH.11 MarHHTHOH 

npOHHuaeMOCTH µ(H) Y.llOBJieTBOp.lleT ycJIOBH.IIM: 

µ(H) E c(') [0,+oo ), 

3H0 >0 VH'>H0 : µ(H')=l, 
(4) 

r,ne Ho- «,!IOCTaTOqHo BeJIHK0» H B yrnoaoii TOqKe Q 3HaqeHHe µ onpe,neJieHO 

O,!IH03HaqHo. B pe3yJihTaTe ,!IOKa3b1BaeTC.II TeopeMa 06 orpaHnqeHH0CTH MarHHTHOro 

IlOJI.11 B 0KpeCTH0CTH yrJIOBOH TOqKH. 

B §3 rnaBhl I HCCJie,!IOBaJIOCh HeJIHHeHHOe ,nu4>1pepeHUHaJihHOe ypaaHeHHe 

div[µ(IVul)Vu] = 0, (5) 
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BXO,!VIIUee B IIOCTaHOBKY 3Ma'IH (2), Ha HaJIH'IHe y Hero perneHHH C HeorpaHH'leHHhIM 

!Vu!. C IIOMOll(hlO HeJIHHeHHOro rrpeo6pa30BaHH.II J1eJKaH.11pa ypaBHeHHe (5) Y.llaJIOCb 

CBeCTH K JIHHeHHOMY ,!IH<p<pepeHUHaJihHOMY ypaBHeHHIO BTOporo rrop.11.11Ka. 

Ilpeo6pa30BaHHe OCHOBaHO Ha TOM, 'ITO HeKOTOpa.11 rroaepXHOCTh u ( x, y) 3MaeTC.II He 

KaK MHOJKeCTBO TO'leK ( u, x, y) , a KaK MHOJKeCTBO KacaTeJibHbJX K HeH IIJIOCKOCTeH. 

TaKoe OT06paJKeHHe OTJIH'laeTC.11 OT rrpocTOfO rrpeo6pa30BaHH.II KOOp,!IHHaT TeM, 'ITO 

OHO CTaBHT B COOTBeTCTBHe He TO'IKe TO'IKY, a :meMeHry rroaepXHOCTH ( x,y,u,u,,uy) 

3JieMeHT rroaepXHOCTH (,;, ", m, li)", li)q ) • 3.11ech crrpaae,!IJIHBhl COOTHOIIleHH.11: 

m( <;,1'/) + u(x,y) = x,; +YT'/, 

,;=u,, 1'/=uy, x=m;, y=mq, 

uxx = pmqq' uxy = -pm{q' uYY = pme{' 

r.11e p = uxxuyy - u~ - .IIK06HaH oTo6paJKeHH.II J1eJKaH.11pa. 

B pe3yJihTaTe ypaBHeHHe (5) rrpHHHMaeT BH.11 

I 

I 

y.11aneHHhJe TO'IKH. PerneHH.11 ypaBHeHH.11 (5), o6nMa!Oll(He HeorpaHH'leHHbJM jv'uj, 

MoryT 6bJTb IIOJiyqeHhl H3 perneHHH ypaaHeHH.11 ( I 0) B o6JiaCTH, He co.11epJKaru:eii 

6ecKOHe'IHO y.11aneHHhie TO'IKH. 

2-a(t) a(t) 
w,, +--w, +-2-w., . .,. =0, 

t t 
(10) 

r.11e w(t,cp')=m(l/r',cp'), a(t)=a(lfr'). 

HeKOTOpb!e perneHH.11 ypaBHeHH.11 (9) (aHaJIOrH'IHbJe pe3yJihTaThl crrpaBe.llJIHBhl 

H .IIJl.11 ypaaHeHH.11 (10)) MOfYT 6hITh IIOJiyqeHbl MeTO,!IOM pa3,!1eJieHH.II rrepeMeHHhlX 

m(r',cp') = LR,i (r')<I> ,i ( cp'), (11) 
,! 

1 A,2 
r.11e R,i (r') y.11oaneTBop.11er ypaaHeHHJO R; + -a(r')R~ - 2 a(r')R,i = 0, a <I>. (cp') 

r' r' 

y.11oaneTBop.11eT <I>: + J 2<1>. = 0 . 

R, (r') = q 1
) Ri1

) (r')+q2lRf) (r'), 

<1>,i ( <p) = Ci3
) sinJ<p + Ci4

) COSA<p, 

[ 1 + ,;2 f (r') Jmqq -2<;1'/f (r')m;q + [ 1 + 1'/ 2 f (r') Jm"" = 0, (6) Rf) (r') = r'' I:a/*, Rf) (r') = r•-,i f;a*r'*. 

me f(r') = :;~~;~,, r' = J,;2 +1'/2
. 

,nanee He06XO,!IHMO HaHTH perneHH.11, .IIJl.11 KOTOpbIX 

IVm(,;,1'/)l ➔ O npu (,;,1'/) ➔ oo, (7) 

T.K. 3TH perneHH.11 rrpH o6paTHOM OT06paJKeHHH 6y.11yr ,!laBaTb perneHH.11 (5), 

o6JIMaJOIUHe CBOHCTBOM 

jVu(x,y)l ➔ oo npu (x,y) ➔ O. (8) 

TaKHe perneHH.11 a .11aHHOH pa6oTe 6bmH HaH,!leHbl. IlOMHMO perneHHH c 

HeorpaHH'leHHhIM IVul ypaaHeHHe (5) HMeeT perneHH.11 c orpaHH'leHHhIM IVul. 
YpaBHeHHe (6) a IIOJI.llpHOH CHCTeMe KOOp,!IHHaT HMeeT BH.11 

r.11e a(r')=l+r'2f(r'). 
,.,::. 

m,.,· + a(r')(_!_m,. +-h-m., . .,.) = 0, (9) 
r' r 

Cne.11oaaTenhHO, perneHH.11 ypaaHeHH.11 (5) c orpaHH'leHHhIM IVul MoryT 6hnh 

IIOJIY'leHbl H3 pernemlii ypaBHeHH.11 (9) B o6naCTH, He co.11epJKarn:eii 6eCKOHe'IHO 

6 

,) , 

k•O k•O 

EcJIH 2IJI = n, n e N, TO Rfl (r') rrpe.11cTaBHMO B BH.lle 

Rf) (r') = ARi1)(r')lnr' +r'-,iI:b/k. 
k•O ,I' 

HeKOTOph!e 'laCTHble perneHHll HCXO,!IHOro ypaBHeHHll (5) MoryT 6b!Th IIOJiy'leHbl a 

.IIBHOM BH,!le, a TaKJKe HCCJie,!IOBaHbl HX CBOHCTBa. TaK, HarrpHMep, B CaMOM 

rrpocTeHIIleM cnyqae rrpH A= 0 (.IIJ!ll ypaaHeHHll (9)) 'laCTHOe perneHHe HCXO,!IHOro 

ypaBHeHHll (5) rrpHHHMaeT BH.11 

u(r,<p) = C<p. (12) 

lb (12) BH,!IHO, 'ITO a yrnOBOH TO'IKe (Ha'laJIO KOOp,!IHHaT) perneHHe (12) He 

C 
orrpe.11enetto, a 3Ha'leHHe IVul = - HeorpattH'leHHo pacTeT rrpH rrpH6JIHJKeHHH K 

r 

Ha'laJIY KOOp,!IHHaT. 

PerneHHll, COOTBeTCTliyJOrn:He .11pyrHM 3Ha'leHHllM A , MOfYT 6b!Th 

HCIIOJ!b3OBaHbl rrpH perneHHH KpaeBblX 3Ma'I B o6naCTllX C yrJiaMH. TaK, HarrpHMep, 
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3a,uaqa ,[{HpHXJie (I), cqiopMyJIHpOBaHHaJI ,!lJIJI ypaBHeHHJI Jlannaca, MOJKeT 6brrb 

paCCMOTPeHa ,!lJIJI HeJIHHeHHOro ypaBHeHHJI (5). 

j
div[~(jVuj)Vu(p )] = 0, 

uir, -0, 

uir, = 'I', 

pen, 

(13) 

r.ne o6nacTh n H3o6paJKeHa Ha pHc.l. 3aMe'laHHe: B §5 rnaBhI I c.nenaHa o.QeHKa 

pocTa BeJIH'IHHbl jVui ,nJIJI 3a,ua'IH (13). BbIJICHHJIOCb, 'ITO BeJIH'IHHa jVuj- r-l/J npH 

r ➔ 0. KaK H3BeCTHO, KpaeBaJI 3a,uaqa (I) ( B 061.QeM cnyqae uir, ='I', r.ne 'I' 

«.!lOCTaTO'IHO» fJiaJlKaJI qiyHK.QHJI ) HMeeT TOT JKe nopl!,!lOK poem jVuj- r-l/J npH 

r ➔ 0. TaKOH pe3yJibTaT CJie,!lOBaJIO OJKH,!laTb, T.K. npH jVui ➔ 00 ypaBHeHHe (5) 

qiopMaJihHO nepexo,nHT B ypaBHeHHe Jlannaca. 

B §4 fJiaBbI I onHCaHO nOCTPOeHHe pa3HOCTHOH cxeMbI ,nJIJI KpaeBOH 3aJla'IH 

(13). IloJiy'leHHaJI pa3HOCTHaJI cxeMa Y'IHTbIBaeT xapaKTep noBe,!leHHJI pemeHHJI B 

OKpeCTHOCTH yrJIOBOH TO'IKH. <l>yHK.QHJI, onHCbIBaIOI.QaJI oco6eHHOCTb pemeHHJI, 

3aBHCHT OT BeJIH'IHHbI yrna B yrnoBOH TO'!Ke, H B 061.QeM cnyqae He BbipaJKaeTCJI 

qepe3 3JieMeHTapHbie qiyHK.QHH. O.nHaKO, C 3a,uaHHOH TO'IHOCTbIO MOJKeT 6bITb 

_nOCTPOeHa Ta6JIH.Qa ee 3Ha'leHHH, KOTOpal! H HCnOJih3yeTCJI B pac'!eTax. IlpHMep 

pacqern 3a,ua'IH (13) npHBe,neH B § 1 rnaBbI 2. 

B §5.1 rnaBbI I paCCMaTPHBaJICJI Bonpoc O B03MOJKHOCTH nOCTPOeHHJI 

pemeHHJI C HeorpaHH'leHHblM jVui 3a,ua'IH (2) H3 perneHHH, nonyqeHHbIX B §3 Ml! 

ypaBHeHHJI div[µ(IVuj)Vu] = 0, H pemeHHH, H3BeCTHbIX ,!lJIJI ypaBHeHHJI /).u = 0 C 

HeOrpaHH'leHHblM jVuj (BH,!l oco6eHHOCTH u(r,tp)=Ar·JnPr<f>(ip)+w, r.ne A.<I, 

p -.Qenoe nOJIOJKHTeJibHOe 'IHCJIO, <l>( tp )- 6eCKOHe'IHO .!lHqJqJepeH.QHpyeMaJI 

qJYffK.QHJI, w - ((,!lOCTaTO'IHO» fJia!lKaJI qiyHK.QHJI, A - noCTOJIHHaJI BeJIH'IHHa, ( r' tp) -

noJIJ1pHal! CHCTeMa KOOp,!lHHaT C .QeHTPOM B yrnOBOH TO'!Ke ). 

B ~JiaBbI HCXO,nll H3 HHTerpanbHOH noCTaHOBKH 3a,ua'IH 

MarHHTOCTaTHKH c.nenaHa BepxHJIJI O.QeHKa .nonycTHMOfO pocTa MafHHTHOfO nOJIJI 

B6JIH3H yrno~oii T0'IKH qieppoMarHeTHKa. IlonyqeHHaJI O.QeHKa HMeeT BH,!l 
,"'. 

I H(s) :5 C0 In-+ w(s), 
r, 

(14) 

8 

r.ne r, - paCCTOJIHHe OT yrnoBOH TO'IKH .no TO'IKH s , B KOTOpo:ii paccMaTPHBaeTCJI none; 

w( s )- ,!lOCTaTO'IHO rna,uKaJI qiyHK.QHJI; Co - IIOJIOJKHTeJibHaJI nOCT0JIHHaJI BeJIH'IHHa. 

Ha OCHOBaHHH O.QeHKH (14) B §5.3 rnaBbl I npe,nnoJKeH MeTO,!l cryI.QeHHJI 

pa3HOCTHOH ceTKH B OKpeCTHOCTH yrnoBOH TO'IKH. CyTb MeTo.na C0CTOHT B BhI6ope mara 

pa3HOCTHOH ceTKH TaKHM o6pa30M, 'ITOfihI BeJIH'IHHa J lln;l2 dx 
x,,._. 

( xm -xm-1 = hm' m = 1,2 .. . M, r.ne hm - mar ceTKH B,!lOJlb KOOp,nHHaTHOH OCH ox HJIH 

OY, xm - KOOp,!lHHaTa Y3JIOBOH TO'IKH no OCH OX HJIH no OCH OY) OCTaBanacb 

nOCTOJIHHOH. 

B §1 fJiaBbI 2 npHBe,!leH rrpHMep paC'leTa 3a,ua'IH (13) C HCnOJih30BaHHeM MeTO.na 

onHCaHHOro B §4 fJiaBbI I. IlpH 'IHCJieHHbIX pac'!eTax TaKaJI pa3HOCTHaJI cxeMa .naBana 

yMeHbIIIeHHe OTHOCHTeJibHOH rrorpeIIIHOCTH Ha nopl!,!l0K. 

B §2 fJiaBbl 2 npo.neMOHCTPHPOBaHO HCnOJib30BaHHe MeTo.na, rrpe.nnoJKeHHOfO B 

§5.3 fJiaBbI 1, npH paC'leTe MarHHTHOH CHCTeMbI, co.nepJKaI.Qe:ii yrnoByIO TO'IKy. ,[{JIJI 

npoBepKH 3qJqJeKTHBHOCTH rrpe,nnoJKeHHOro MeTO,!la npOH3B0,!lHJIHCb CJie,!lYIQI.QHe 

pac'!eThI: 

1-ii BapuaHT. 3a,uaqa Bhl'IHCJIJIJiacb Ha ceTKax: 10*10, 20*20, 40*40, 

80*80, 100*100, 200*200, 400*400. IlpH 3TOM B OKpeCTHOCTH yrnOBOH TO'IKH 

mar CeTKH 6bIJI paBHOMepHbIH; 

2-ii BapuaHT. Ta JKe Ja,uaqa 6blJia pacc'!HTaHa Ha TOH JKe 

nocne.noBaTeJibHOCTH ceTOK, HO B OKpeCTHOCTH yrnoBOH TO'IKH 

HCnOJib30BaJICJI, OnHCaHHbIH BhIIIIe MeTO,!l cryI.QeHHJI pa3HOCTHOil ceTI<H. 

Pe3yJibTaThI, nony'leHHbie H3 BbI'IHCJieHHH no nepBOMY BapHaHTY, C'IHTaJIHCb 

3TaJIOHHbIMH, TaK KaK npH YBeJIH'leHHH 'IHCJia pa36HeHHH npe.nrronaranoch, 'ITO 

TO'IHOCTb Bbl'IHCJIJleMoro pemeHHJI ,!lOJIJKHa yBeJIH'IHBSTbCJI. 

,ll;anee pe3yJihT8ThI, nonyqeHHhle npH Bhl'IHCJieHHH !IO BTOpoMy BapHaHTY, 

cpaBHHBaJIHCb C pe3YJibT8TaMH, nonyqeHHhIMH no nepBOMY BapHaHTY. 

113 nonyqeHHblX ,!laHHblX 6blJIO BH,!lHO, 'ITO TO'IHOCTb paC'leTOB no BTOpOMY 

BapHaHTY (ttepaBHOMepH8ll CeTKa) cyI.QeCTBeHHO BblIIIe aHaJIOfH'IHbIX pac'!eTOB no 

rrepBOMY BapHaHTY (paBHOMepHal! ceTKa). OTCIO,!la MOJKHO 3aKJIIO'IHTh, 'ITO 

rrpe,nnoJKeHHblH MeTO,!l IIOCTPOeHHJI pa3HOCTHOH ceTKH B OKpecTHOCTH yrnoBOH TO'IKH 

onpaB,!lblBaeT CBOe HCIIOJib30BaHHe H .naeT pe3yJihTaTbl no TO'IHOCTH, cpaBHHMble C 
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pe3ynbTaT8MH, nonyqaeMblMH flHUib Ha CeTKax C 'IHCROM Y3R0B no Ka)KJ:IOH OCH B 4 - 5 

pa3 6onb!IIHM, 'leM y HCXO,llHOH CeTKH. 

B §3 rnaBhI 2 npuse.11eHbI pe3ynhTaTbI Mo.11enuposaHH.1I Marnurn CIT-94 

(OIUI:11). Heo6XO,llHMO 6bmo no,llo6paTb KOH<f>Hrypaumo MarHHTa TaKHM o6pa30M, 

'IT06bi nony'IHTb MaKCHMMbHO B03MO)l(H0e npH ,llaHHbIX !pH3H'leCKHX ycnOBH.IIX 

..., 
yaenu'leHue senH'IHHbI f BY (0,0,z )dz (o6paTHaSI 3a,lla'la). B pe3ynbrnre qucneHHoro 

-«> 

MO.!lenupoBaHH.II 6b1Jla HaH,lleHa Heo6X0.!1HMaSI KOH!pHfYPfillH.II MarHHTHOH CHCTeMbl. B 

paC'leTax ucnonb30BMC.II MeT0Ll yqeTa noBe,lleHH.11 pemeHH.11 B yrnoBb!X T0'IKax. 

8bIBOtl;bl 

1. PacCMOTpeHa 3a,lla'la MarHHTOCTaTHKH (2) B o6naCTH C yrnoM, Kor.11a cpyHKUH.11 

MarHHTH0H npoHuuaeM0CTH µ(H) YJl0BneTB0p.lleT ycnoBH.IIM 

µ(H) e c(ll [o,+oo ), 
3H0 >0 ~H1 >H0 : µ(H')=I,' 

r,lle Ho - ,ll0CTaT0'IH0 BeJIHK0 H B yrnoB0H T0'IKe Q !pYffKUH.11 µ onpe.11eneHa 

0,llH03Ha'IH0. ,[{OKa3aHa TeopeMa 06 orpaHH'leHH0CTH MarHHTH0ro noJI.11 B 

0KpeCTH0CTH yrnoB0H T0'IKH Q. 

2. l1ccJie.110BaHO HeJIHHeAHoe ,llHcpcpepeHUHMbHOe ypasHeHHe 

div[µ(IVul)Vu] = 0, 

BX0,ll.lII11ee B n0CTaH0BKY 3a,lla'IH MarHHT0CTaTHKH (2), Ha HMH'IHe y Hero peUieHHH C 

HeorpaHm1eHHo paCTYillHM jVuj. B npouecce uccne.11osaHu.11: 

• H3JI0)l(eH MeT0,ll Hax0)l(JleHH.11 'laCTHbIX pemeHHA; 

• Cpe,llH nonyqeHHblX pemeHHA 6blJIH HaH,lleHbl pemeHH.11 c HeorpaHH'leHH0 

paCTYillHM jVuj B 0KpeCTH0CTH HeKoropott T0'IKH Q; 

• n0Ka3aH0, 'ITO peUieHH.11 M0ryT HMeTb npe,lleJI B yrnosoA TO'IKe Q, H B03M0)l(eH 

cnyqaA, K0r,lla npe,lleJI 3aBHCHT OT nYTH, no K0T0poMy OH 6epeTC.II. Bo3MO)l(eH 

TaKOA CJW<laA, K0r,lla peUieHHe u B yrnosoA T0'IKe He orpaHH'leHo; 
., 
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• c,llenaHa oueHKa pocrn jVuj B yrnosoii T0'IKe. OHa cosna,llaeT c oueHKOH jVvj Ltn.11 

ypaBHeHH.11 Jlannaca ~v == 0. 3TOT cpaKT nOKa3bIBaeT aHanormo a noBe,lleHHH 

pemeHHA ypasHeHHH div [µ(Iv ul) Vu] = 0 u ~ v = 0 npu µ ➔ I ; 

• ,llJI.11 KpaeBOH 3a,lla'IH ,[{HpHXJie C ypaBHeHHeM div[µ(jvul)Vu] = 0 B o6JiaCTH C 

yrnoM 3rt/2 n0CTP0eHa pa3H0CTHaSI cxeMa, YlfHThIBaJOillaSI xapaKTep noBe,lleHH.11 

peUieHH.11 B 0KpeCTH0CTH yrnoBOH T0'IKH. 11cnOJib30BaHHe TaKOA pa3H0CTHOH 

cxeMbl YMeHbIIIaeT 0TH0CHTeflbHYJO norpeIIIH0CTh peIIIeHH.11 «npHMepH0» Ha 

nOp.lIJl0K. 

3. PaCCMOTPeHa 3a,lla'la MarHHT0CTaTHKH (2) B o6JiaCTH C yrnoM, Kor.11a 

µ(H) ➔ I npu H ➔ oo acHMIIT0TH'leCKH. B pe3yJihTaTe: 

• c.11enaHa BepXH.11.11 oueHKa .11onyCTHM0ro pocTa MarHHTH0ro n0JI.11 ii (p) B 

0KpeCTHOCTH yrnoBOH T0'IKH 

I 
H(p) :5; C0 ln-+w(p ), 

rP 

r,lle Co - noCT0.IIHHaSI BeJIH'IHHa, w(p )- orpaHH'leHHaSI cpyHKUH.11, rp - pacCTO.IIHHe 

.110 yrJIOBOH T0'IKH; 

• HCX0,ll.11 H3 C,lleJiaHHOH oueHKH npe,llJI0)l(eH MeT0Ll cryI11eHH.II pa3HOCTHOH CeTKH B 

0KpecTH0CTH yrJI0BOH T0'IKH. IlpH pacqeTe MarHHTHOH CHCTeMbl npe,llJIO)l(eHHhlii 

MeT0Ll ,llaeT CYilleCTBeHH0e YJIY'IUieHHe T0'IHOCTH Bbl'IHCJl.lleMoro peUieHH.11; 

• npHBe,lleHbl pe3yJibTaTbl 'IHCJieHH0ro M0,lleJIHp0BaHH.11 MarHHTH0H CHCTeMbl CIT-

94 (OJUl11) 3KcnepuMeHTa ,[{eJibTa-CHrMa, ocyI11eCTBJI.1IeMoro B paMKax 

TeMaTH'leCK0ro nJiaHa OJUil1 no Me)l(JlyHap0,llH0MY C0TPYLlHH"feCTBy. 

IlpoH3Be,lleHO 2-x H 3-x MepHoe M0.!leJIHpoBaHHe KOH!pHfYPfillHH MarHHTH0ro 

cep,lle'IHHKa H o6MOTOK C T0K0M C ueJibJO nonyqeHH.11 MaKCHMMbHoro 3Ha'leHH.11 

..., 
HHTerpana f BY ( 0, 0, z) dz . 

CnHCOK pa6oT, ony6JIHKOBBHHblX no TeMe tJ;HCCepTBQHH 

I. )l(u,llKOB E.Il., IlepeneJIKHH E.E., I10JI.11K0Ba P.B., IOL{HH 11.Il. qucneHHoe 

M0,lleJIHp0BaHHe HeK0TOpbIX MOJlH<PHKfillHH cneKTP0M~H'leCKOro MarHHTa 
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