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1. 06U{aJI xapa1-.,mepucmu,,.,,a pa6ombi 

a €.11,b10 HaCT05IW:CH ouccepma14uo'/i'/iOU pa6ombi JlBJl,JICmCJI: 

-pa3pa6om-x:a 2euepamopoB np51MhIX npe,nC'ta.sneHntt 6notJHo-Tpex

nuaroHaJihHhIX (H HM o6paTHhrx) MaTpuu o6w:ero s11na 

q1 r2 

P2 q2 r3 

C=I 
p3 q3 r4 

1, (1) 
- -

Pm-1 qm-1 rm 
Pm qm 

rne { qdt=l - n11aronaJihHhre 3JieMeHThI - 6noKn MaTp11UhI C, 5IBJI5IJOW:11ec5I 

B o6w:eM cJiyqae KBanpaTHhIMH MaTp11uaMH pa3JIJ1lIHhIX pa3MCj)HOCTeii, a 

{P(, rd~~2 - non (nan) n11aroHaJihHhre 3JJeMeHThI - 6noKH MaTp11UhI C, 
5IBJI5IIOW:HCC51 B o6w:eM cnyqae Tij)5IM0yroJib~hIMl1 MaTpnuaMH, pa3MepH0CTl1 

K0T0j)hIX onpeneJI5IJOTC51 pa3MCj)H0CT5IMH C00TBCTCTBYJOW:HX KBaJJ,paTHhIX 

MaTp11u {q(-1 u qdf~2; 
-pa3pa6omx:a 3q.>qJCKTl1BHhIX 1./,UC.!1,C'/i'/iblX '/ienapa.MempU'l{CC'X:UX .Memo-

006 -x:pumU'l{CC'X:UX 'X:0.Mno'l-te'lim peIIIeHH5I TIJI0X0 o6ycJIOBJICHHhIX CHCTCM Jil1-

HCHHhIX anre6pa11qecK11x ypaBHettuii s11na 

AZ=F, (2) 

rne A = ( a;j) KBanpaTHa51 TI0j)5IJJ,Ka m HJil1 IIJ)5IM0YI'0Jihfia51 pa3MepH0CTH 

m X n BCW:CCTBCHHa.51 Ma.Tpnua. o6w:ero BHJJ,a., i = 1, ... , m, j = 1, ... , n, 
Z = (z1, ... , Znf - HCKOMhIH 11 F = (Ji, ... , !ml - 3a.JJ,a.HHhIH n 11 m

MCj)Hbie BCKT0j)hI C00TBCTCTDCHHo; 

-pa3pa6om-x:a :Jgjgjex:muo'liblX aJt2opum.MoB Ha octtose .Memooa -x:pu

mu'l{ec-x:ux no.Mno'lie'lim u co3oa'/iue MaIIIHHH0 - tte3asuc11Moro naKeTa npo

rpa.MM JINRLINPACK JJ,nH qucnettnoro peIIIeHH51 nnoxo 06ycnosneHHhIX 

CHCTCM JIHHCHHhIX anre6pautJeCKl1X ypaBHCHHH. 

A nmya.11,buocmb npo6Jte.u, paccMaTpnsaeMbIX B 11acT0Hw;ei1: nuc

cepTau11u, o6ycnosnetta cneny10w:uM: 

Bo-nepBblX, no-npe.JKHeMy DbIC0K HCCJICJJ,OBaTCJibCKHH lIHTepec B BbI

'111CJil1TCJihHOH MaTeMaTHKe K arrrrapaTy H MCT0JJ,aM Jil1HCHHOH anre6pbl 11 

Teopuu MaTpuu H3-3a TI0CT05IHH0 TIOJJ.KpennHeMOH H0BhIMH pe3yJibTaTaMH 
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yBepeHHOCTlI B cyru;eCTBOBaHlilI HelICIIOJlb30BaHHbIX eru;e 3,necb 6oJibW11X pe-

3epBOB IIOBbIIlleHlIH 3cpcpeKTlIBHOCTlI •rncJieHHhIX MeTO.lJ:OB pellleHlIH Ha 8BM 

pa3JilitJHbIX 3a,naq TeopeTHtieCKOH II MaTeMaTHtieCKOH !plI3lIKlI, o6pa6oTKI! 

3KCIIepttMeHTaJibHbIX ,naHHhIX, MO,nenupoBaHIIH CJIO)KHbIX !pII3IItieCKIIX 5!B

JieHIIH II ycTaHOBOK, yrrpaBJieHlI5! .lJ:IIHaMHtieCKIIMlI rrpoueccaMII II T .,n. B 

qaCTHOCTII, rrorrynHpHOCTb rrpe,no6ycnoBJieHHbIX BapttaHTOB IITepaunoHHbIX 

MeTO.lJ:OB ( HarrpnMep, corrpH:lKeHHbIX rpa,nueHTOB) pellieHIIH 60JibllilIX cnc

TeM ypaBHeHlIH CJIYMIIT .lJ:OIIOJIHlITeJibHbIM CTIIMYJIOM II3yqemrn CBOHCTB 

MaTpuu, o6paTHhIX K 6notIHO - Tpex.n:naroHaJibHhIM C(l). O6IImre HaKo

IIHBWHXCH B HaCTOHI.IJ;ee BpeM5! B crrpaBOtIHOH lI opnrnHaJibHOH mITepaType 

pe3yJihTaTOB CBH.n;eTeJibCTByeT O He,nocTaTOtIHO IIOJIHOH eru;e H3ytJeHHOCTI1 

npo6Jte.M nocmpoeHUJI BCeB03MO)KHbIX THIIOB rrpe.n:cTaBJieHHH ( He HCIIOJib-

3YIOI.IJ;l1X, B qacTHOCTH, rrepecTaHOBKH) u ux cucme.Mamu3av,uu .n:nH MaT

puu C(l) II B = c-1
, a TaK:lKe .I(J15! lIX (6JIOtIHo)yrJIOBbIX MlIHOpOB 6-i, 

ti.T n orrpe.n:ennTeneii KaK rrpn Bcex OTJIIItIHhIX OT HYJIH, TaK n HeKoTophrx 

paBHhIX HYJIIO yKa3aHHhIX MnHopax. PellieHne 3Toii 3a.n:aqu II03BOJI5!eT rro

cTponTh Han6onee 3cpcpeKTlIBHbie MeTO.I(bI BhltIHCJieHIIH Ha 8BM MaTplII.1, 

B, MIIHopoB ti.i, ti.T n det( C), a TaK)Ke pellieHtte cucTeM JIIIHeiiHhIX an

re6panqecKnx ypaBHeHnii. B HaCTOHII.J,ee BpeM5! IIMeeTC5! orpOMHOe KOJilI

qecTBO MOHorpacpnii, c6opHHKOB, ofoopoB u opIIrIIHaJihHhIX rry6n11KaUIIii, 

B KOTOpbIX JIH6o pacCMOTpeHbI MeTO.I(bI pellieHI15! yKa3aHHbIX 3a,I(atJ, JIH6o 

rrplIBO.I(5!TC5! IIpIIMepbI 3a)._(aq lI3 pa3JilitIHbIX o6nacTeii HayKH II rrpaKTlIKII 

K HlIM IIplIBO.I(HI.IJ;lIX. 

Bo-6mopblx, BTOpa5! II3 IIOCTaBJieHHhIX B .I(lICCepTaI.J,IIlI 3a.n:aq peUiaeTC5! 

.I(OCTaTOtIHO rrpocTo, eCJilI MaTpnua ClICTeMbI xopollIO o6ycJIOBJieHa II, CJie

.I(OBaTeJibHO, pellleHne CIICTeMbI ycTOHtIIIBO OTHOClITeJibHO rrorpellIHOCTeii. 

B HaCT05!I.IJ;ee BpeM5! rrpo6neMe pellieHIIH ClICTeM JIIIHeHHhIX anre6pan'-Iec

KIIX ypaBHeHIIH II HCCJie.I(OBaHIIIO CBOHCTB MaTpHU CIICTeMbI, a TaK)Ke pa3-

pa6oTKe u OIIIICaHlIIO rraKeTOB rrporpaMM y.n:eneHO 6oJibllIOe MeCTO B cpyH

,I(aMeHTaJibHhIX MOHorpacpHHX, o63opax, crrpaBOtIHlIKax lI MHOrOtilICJieHHbIX 

opIIrnHaJibHbIX rry6JIHKaI.J,II5!X. II po6JieMa pellleHHH Cl1CTeM JllIHeHHhIX aJI

re6paIItieCKlIX ypaBHeHlIH (2) 3aHIIMaeT 0.I(HO II3 I.J,eHTpaJibHbIX MeCT B BbI

tilICJllITeJibHOH aJire6pe. IIpn tilICJieHHOM peUieHIIlI 3TOH 3a.n:aqn TOtIHhIMlI 

no cyTH MeTO.LJ:aMlI IIMeeTCH HeCKOJibKO lICTOtIHlIKOB II05!BJieHJrn rrorpeurnoc

TlI peUieHIIH. O.n:IIH lI3 HlIX o6ycJIOBJieH OKpyrneHIIeM Beru;ecTBeHHhIX tIIICeJI 

B rrpouecce BhitincneHnH Ha 8BM. BTopoii - neTOtIHOCThIO 3a.n:aHn5! caMnx 

IICXO.lJ:HhIX .n:aHHhIX 3a.I(aqn (2). TpeTlIH - OllIII6KaMlI co6CTBeHHO MeTo.n:a, 
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rrpHMeH5!eMoro .I(J15! pellleHII5! 3a,naq (2). IIpu 3TOM K qncJieHHOMY MeTo.n:y 

rrpe.I('b5!BJ15IIOTC5! MeCTKIIe Tpe6oBaHII5! K ycTOHtIHBOCTII rronyqaeMoro HM 

pellieHlI5! OTHOCHTeJibHO yKa3aHHbIX rrorpeIIIHOCTeii. 

'c..JucJieHHOe pellienne ClICTeM (2) c IIJIOXO o6ycJIOBJieHHhIMH MaTplII.1,aMn 

CBO.I(HTC5!, KaK H3BeCTHO, K rrpo6JieMe ycTOHtilIBOro "pellieHII5! pe.n:yunpoBaH

HhIX CHCTeM BlI.I(a 

C3X =·Y, 
C2X = Y, 

(3) 

(4) 

r.n:e C3 lI C2 cooTBeTcTBeHno Tpex.n:IIaronanhHa5! n .n:Byx.n:naronanhHaH MaT

pnuhr 

I q1 T2 I 
c

3 
= P2 ~2 : · .. 

·. ·. Tm 

Pm qm I q1 T2 _ I 
C 

q2 ·. 
2= 

· .• Tm 

qm 

(5) 

X - ( )T x' _ (, , , )T y _ a - X1, X2, ... , Xm lI - X1, X2, ... , Xm - lICKOMbie, -

(Y1, Y2, • • • , Ymf n Y = ('fh, Y2, ... , Ymf _: m-Mepnhre BeKTOphI, { qi}~1 -
.n:naroHaJihHhre II {Pi, Ti}~2 - rro.n:(Ha.n:).n:naroHaJihHhle 3JieMeHThI MaTpnu 

C3 lI C2. 
B-mpembux, Tpex.n:naroHaJihHbre, nenTotIHhre II 6noqno - Tpex.n:naro

naJihHhre MaTpHI.1,bI nrpaIOT II caMOCT05!TeJibHYIO poJib rrpn peUieHIIlI MHO

rnx 3a.n:aq BhltilICJIIITeJibHOH MaTeMaTIIKII II MaTeMaTntieCKOH !pII3lIKH . B 

caMOM .n:ene, tIHCJieHHOe pellieHne KpaeBbIX 3a,naq MaTeMaTntieCKOH !plI3lI

KlI rrpnBo.n:nTcH, B o6ru;eM cnyqae, K peIIIennm anre6panqecKIIX 3a.n:aq c 

Tpex.n:naronaJibHbIMII, JJeHTOtJHbIMlI · n 6J10tIHO-Tpex.n:IIaroHaJ1bHbIMlI MaT

pnuaMII. KaK lI3BeCTHO, HarrpIIMep, tITO IICCJ1e.I(OBaHIIe rrpoueccoB 5I.I(ep

HbIX B3anMo.n:eiicTBIIii n cTpyKTYPhI aTOMHoro H.n:pa II rrpoueccoB 3JJeKTpo

cpn3IIKn rrpnBo.n:nT K peIIIeHIIIO IIOJJHOH anre6panqecKoii rrpo6neMhI co6cT

BeHHhIX 3naqennii MaTpnu Bn.n:a C3(5). TaKMe II3BeCTHo ( CM., HarrpnMep, 

[11,12]),qTo cpaKTOpII30BaHHOe npe.n:cTaBJJeHne MaTplII.1,bI OllIII60K C yqeTOM 

MHOrOKpaTHOro KYJJOHOBCKoro pacce5IHII5!, 3HepreTntieCKlIX IlOTeph, a TaK

)KC arrrrapaTypHbIX norpellIHOCTeii II rrpOII3BOJ1bHOro pa36neHII5I TpeKOB rrpn 

o6pa60TKe lIH!pOpMaunn B 3KCrrepnMeHTax no !plI3IIKe BbICOKlIX 3Heprnii 

co.n:epMnT Ma TpnUhI - coMHOMnTeJIII Bn.n:a C ( 1). II pn 3TOM crroco6bl rro

cTpoeHnH II 3cpcpeKTIIBHOCTb BbltilICJ1IITeJ1bHhIX anropnTMOB .Zl:J15I pellieHII5! 

yKa3aHHhIX BbIUie OCHOBHhIX 3a,naq J1lIHeHHOH anre6pbI ( C TaKIIMlI MaTpn

uaMn) BO MHOrOM orrpe.n:eJI5!IOTC5I xapaKTepHbIMlI .I(J15I HIIX n HM o6paTHbIX 
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MaTpuu; rrpe.n:cTaBnemrnMu, a TaK2Ke rrpe,n:cTannemrnMu .n:m1 nx ne,n:yr_u;nx 
yrJIOBhlX MUHOpOB II orrpe.n:emITeJiett. MeTo,n:aM pernemrn CHCTeM JIUHett
HhIX anre6pau-<IecKUX ypaBHeHIIH c Tpex,n:naroHanbHhIMU MaTpnu;aMU IIO
CBHLI.l;eHa o6rnupHa5I JIIITepaTypa . 3Tu MeTO.D:hI B 3Ha'-IUTeJihHOH CTerremI 
CB5I3aHhI C IIOCTpOeHIIeM 3KOHOMll'IHhIX anropUTMOB .D:JIH xapaKTepHbIX TU
IIOB ClICTeM, B03HUKaror_u;ux rrpu perneHUH 3a,n:aq MaTeMaTU'leCKOH qJII31IKII. 
OcHOBHaH 3a,n:aqa IIpII nx pa3pa60TKe 3aKJIIO'laeTC5I B MIIHIIMH3aUHH 'llICJia 
apHcpMeTH'leCKUX .n:ettCTBIIH c yqeToM crreu;HcpUKH ypaBHeHIIH HJIH n o6ec
rreqeHIIU Ha,n:e2KHOCTU, T.e. JCTOH'lUBOCTU K HaKOIIJieHUIO rrorpernHocreir 
OKpyrJieHUH rrpn peanu3auuu Ha 3BM. 

B -'l./,em6 epmux, rrpaKTU'leCKOe UCIIOJih30BaHue cyr_u;ecTBJIOLI.l;UX rraKe
TOB rrporpaMM H cpaBHHTeJibHhIH aHaJIII3 pe3JJibTaTOB pacqeTOB Ha HX oc
HOBe, rroKa3hIBaIOT [23], 'lTO B cnyqae rrnoxoiI o6ycnoBJieHHOCTII ( oco6eHHO 
rraTanoruqecKu rrnoxoir o6ycJIOBJieHHocTu cond(A) > 1/c1, r.n:e €1 - OTHO
cuTeJihHaH rrorpernHOCTb BhI'lUCJieHuir C Ber_u;ecTBeHHhIMU 'lUCJiaMU .n:aHHOH 
3BM) rrocTaBJieHHaH 3a,n:aqa pa3pa6oTKH ::icpcpeKTUBHoro rraKeTa rrporpaMM 
er_u;e He perneHa OKOH'laTeJihHo. 

.Uocmoeepuocmb 0C'IW6'1-lblX pe3y.11,bmamoB, rronyqeHHhIX B .n:uccep
Tauuu, o6ecrrequBaeTcH cTporoCThIO nx MaTeMaTuqecKoro .n:oKa3aTeJihCT
Ba. IlpaBUJihHOCTb pa6oThI co3,n:aHHoro naKeTa nporpaMM JINRLINPACK 

.D:JIH peweHUH 3a,n:aq ( 1 )-;-( 4) npoBepeHa Ha xapaKTepHhIX 3a,n:aqax, ucnonb-

3yeMhIX B MUpOBOH npaKTUKe .D:JIH TeCTUpoBaHUH no.n:o6HbIX CTaH,n:apTHbIX 
nporpaMM. IlpuBe.n:eHHhie 'lUCJieHHhie pe3JJibTaThI xoporno cornacyroTcH c 
U3BeCTHbIMU TO'lHhIMU pe3JJibTaTaMu TeCTOBhIX npuMepoB. 

Hay""ua.u uoeu311,a: 

1. Pa3pa6oma'l-lb! 2e'l-lepamopbi npHMhIX npe.n:cTaBJieHuir (6noqHo )Tpex
.n:uaroHaJibHhIX (u UM o6paTHux) MaTpuu o6r_u;ero Bu.n:a. 

2. Pa3pa6oma'/-lb! ::icpcpeKTIIBHbie 'lUCJieHHhle MemoJbi KpUTU'leCKUX 
KOMTIOHeHT perneHIIH TIJIOXO o6ycJIOBJieHHhIX ( cond( A) 2:: 1 / £1) CUCTeM JIII
HeirHbIX anre6pauqecKux ypaBHeHuir. 

3. Pa3pa6oma'l-lbi Ha ocHoBe MemoJa 1,;pumu'l./,ec1,;ux 1,;o.¼no'l-le'l-lm ::icp
cpeKTUBHhie a.11,2opum.Mb! pellleHUH TIJIOXO o6ycJIOBJieHHhIX CUCTeM JIUHeHHhIX 
anre6pauqecKux ypaBHeHuir. 

Ilpanmu""ecna.u 3Ua"l,u.M.ocmb HacToHr_u;eir .n:uccepTau;uoHnoir pa-
6oThI onpe.n:enHeTCH C03.D:aHHbIM Ha OCHOBe HOBhIX pa3pa60TaHHhIX an
ropuTMOB MaIIIUHHo - He3aBUCUMhIM naKeToM nporpaMM [24,25] JINR
LINPACK (INIT, CHEXP, CTEXP, LinsysccmSolver, Lin2dsysccmSo!ver, 
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Lin3dsysccmSolver, PseudsysccmSolver) [24,25]. MHoroqucneHHhie ::iKcne
puMeHThI TIOKa3anu, 'lTO H0Bbie nporpaMMhI o6na,n:aIOT B cpe;:iHeM nyq

llllIMU OCHOBHhIMU noKa3aTeJ15IMU, qeM no.n:o6Hbie nporpaMMhI U3 Hau6onee 
U3BeCTHhIX rraKeTOB CERNLIB, NAG, LIBJINR, LINA. 

HoBbilI MalllUHHO-He3anucUMhiir rraKeT rrporpaMM JINRLINPACK Tec
n1poBaH u rrocTanneH B 6u6nuoTeKy LIBJINR 6a30BhIX 3BM JI11T 

(JIBTA) 0115111 [24]. EMy rrpucnoeH ,uH,n:eKc F499 no KJiacrncpnKau11u 
CERN. <l>opTpaHHhIH TeKcT ncex nporpaMM rraKeTa JINRLINPACK Ha
xo.n:uTcH B cpairne f 499.f Ha cepnepe Convex u .n:ocTyrreH qepe3 WWW no 

a,n:pecy http://www.jinr.ru/~tsap/Koi/jinrlib. 
BbrcoKaH ::icpcpeKTUBHOCTh nporpaMM rraKeTa JINRLINPACK rro.n:

TBep2K,n:eHa [26] npu 'lUCJieHHOM perneHUU IIJIOXO 06ycJIOBJ1€HHhIX CUCTeM 
JIUHeirHhIX anre6pauqecKux ypaBHeHuir B 3a,n:aqe pacceHmrn c napnauuoH

HbIM cpyHKUUOHaJIOM IIIBHHrepa. 
A npo6av,u.u pa6omu. OcHOBHhie pe3JJibTaThI .n:nccepTauuu ,n:oKna.n:o

nanucb Ha Hay'lHbIX ceMUHapax: no MeTo.n:aM BbI'llICJlIITeJibHOH u rrpUKJia,n:
HOH MaTeMaTUKII JI11T (JIBTA), no rrpuM. Bhi'l. TeXH. B Hayq. uccne.n:. JI11T 
(JIBTA) 0115111, a TaK)Ke Ha Me2K,n:. KOHcp-UHX: "Me)K,n:. coner_u;. no rrporp. n 

MaT. MeTo,n:aM pern. cpu3. 3a,n:aq" (P& MM'93, lly6Ha, 14-19 uroHH 1993 r.), 
"Yuen. Mo,n:enup. u BhI'lUCJieHUH B cpm." (CMCP-96, lly6Ha, 16-21 ceHT. 

1996 r.), "AKTyan. rrpo6n. BhI'l. cpu3." (MTCP-98, lly6Ha, 15-20 HIOHH 1998 
r.), "AKTyan. npo6n. Bhl'l. cpn3." (MTCP-2000, lly6Ha, 24-30 UIOJIH 2000 
r.), III Hayq_ KoHcp. Mono,n:. yq. u cneu-ToB (lly6Ha, 15-19 cpen·p. 1999 r.), Ha 
ceMUHape l1Hc-Ta BhI'l. MaT. P AH (MocKBa, 17 anp. 2001 r.), Ha cer..nrnape 
"MeTO.D:hI BhI'l. MaTeM-Kn" oT.n:ena MaTeM-KUX 3a,n:aq cpu3. u xnM. l1BM u 

Mr CO PAH (HoBorn6., 19 cpeBp. 2002 r.), Ha ceMuHape no BhI'l. cpH3UKe 
JI11T 0115111 (lly6Ha, 26 cpeBp. 2002 r.). 

J/U"l,UbtU B'N-.ltaa a6mopa. ABTOp .n:uccepTaunu, pa6oTa5I B KOJIJieK
TUBe coaBTopon, Bo3rJiaBnHeMOM ,n:.M.-M.H., rrpocpeccopoM r.A.EMeJib}!HeH
Ko, 061,e,n:HHHIOLI.l;eM coTpy,n:HHKOB JI11T ( JIB TA) 0115111, 1151 <I> AH PY 
(AKa,n:eMnH HayK Pecrry6nnKu Y36eKncTaH, r.TawKeHT), BMK MrY (r. 
MocKBa), ymrnepcuTeT "lly6Ha", BHec 6onhrnoir BKJia,n: B pa3pa6oTKY reHe
paTopoB rrpHMhIX rrpe,n:cTaBJieHnir 6JIO'lHO-Tpex,n:uaroHaJibHhIX (n HM o6paT
HhIX) MaTpuu, B pa3pa60TKY 'lHCJieHHhIX MeTO.D:OB KpUTU'l€CKHX KOMIIOHeHT 
perneHUH IIJIOXO o6ycJIOBJieHHhIX CUCTeM JIHHeHHhIX anre6panqecKIIX ypaB
HeHuir, a TaK)K€ B pa3pa60TKY anropHTMOB II OCHOBHbIX Mo,n:yneir MallllIHHO 
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- He3aBl1CIIMoro naKeTa JINRLINPACK [24,25). 
Ilo TeMe .n:11ccepTau1111 aBTopoM ony61111KoBaHo 24 pa6oTbI [1-24]. lfa 

HBX B .n:nccepTaumo BOIIIJI11 Jil1lllb pe3JJibTaTbI pa6oT [14-24). 
Cmpynmypa u cmpoeuue auccepma1.4uu. 1I11ccepTaumr cocTOBT 113 

3 rnaB, KOTOpbie cocTo5!T 113 pa3,n:e110B 11 naparpaq.ioB. B naparpaq.iax HMe

IOTrn pncyHKH I1 Ta6mIUbI. O6beM .n:nccepTaQ1111 261 CTpaHBQa. 

B .n:11ccepTau1rn npHH5!Ta c11e.n:y10ma51 ( a.6) - .n:BJ3Ha,rna5! HJMepaUB5! 

q.iopMyn, neMM, TeopeM, 3aMetiaHnii:, cne,n:cTBBH 11 npe,n:cTaBJieH11ii:, r.n:e a -

HOMep naparpaq.ia, 6 - HOMep COOTBeTCTBJIOll.{HX q.iopMJJI, JieMM, TeopeM, 

3aMetiaH11ii:, c11e,n:cTB11il: 11 npe.n:cTaBJieHnii: B 3TOM naparpaq.ie ,n:aHHoro pa3-

.n:ena. HanpnMep, TeopeMa 3.1 - ecTh nepBa5! TeopeMa TpeTbero naparpaq.ia 

,n:aHHoro pa3,n:e11a B COOTBeTCTBJIOll.{eii: rJiaBe. EcJIB no TeKCTY .n:enaIOTC5! 

CCbIJIKB Ha ( a.6), TO nepe.n: 3TOH ( a.6) CChIJIKOH ,n:o6aBJI5leTC5! K - HOMep 

rJiaBbI. HanpnMep, CCbIJIKa Ha TeopeMy (2.3.1) 03HaqaeT, 'ITO 3TO ecTh 

cchmKa Ha nepBJIO TeopeMy TpeThero naparpaq.ia BTopoii: rnaBhI .n:nccep

Taunn. 

06be.M aBTopeq.iepaTa o6ycAOBAeu oco6eHHOCT5!MI1 a11re6pa11qecKI1X 

npe,n:cTaBJieHBH, no3TOMY C ueJibIO 3KOHOMI1l1 MeCTa, B peq.iepaTe np11B0-

,U5!TC5! JIHIIIb HeKOTOpbie 113 noJiytieHHhIX B .n:11ccepTaQl1l1 npe,n:cTaBJieHl1H. 

2. Kpamnoe coJepJtCanue Juccepma4uu 

Bo aaeoeuuu o6cy.JK,n:aeTc5! co.n:ep.1KaH11e npe,n:MeTa Hcc11e,n:0BaH11ii:, 

o6ocHOBbIBaeTC5! HX aKTJaJibHOCTb 11 npHBO,U11TC5! KpaTKl1H aHaJil13 cocT·o-

5!Hl15! npo6JieMbI. Cq.iopMJJIHpOBaHa TaKJKe uenh, HaytIHa5! HOBl13Ha H npaK

Tl1tiecKa5! 3Hatil1MOCTb pa6oTbI. YKa3aHhI OCHOBHhie pe3JJibTaTbI , BhIHOCl1-

Mbie Ha 3all.{HTY. 

IJ ep6 ax 2.ttaa a, COCT05!ll.{a5! l13 tieTbipex pa3,n:eJIOB, noCB5!ll.{eHa: U3-
y'tieUU'/O CBOHCTB q_iaKTOpl13aUHl1 6JIO'IHO - Tpex,n:HaroHaJibHhIX ( l1 BM 06-

paTHbIX MaTpHU) np11 HaJIH'Il1l1 HJJieBhIX 6JIO'IHO yrJIOBbIX MlIHOpOB*); pa3-
pa6omne reHepaTopOB npe,n:cTaBJieHHH 6JIO'IHO - TpeXAHarOHaJibHhIX (H HM 

o6paTHhIX) MaTp11U npH HaJIH'IlilI pa3Jil1tIHhIX KOM6HHau11ii: HyneBbIX Be

.n:ymHx 6JIO'IHO - yrJIOBbIX MlIHOpOB; pa3pa6omx;e reHepaTopoB np5!MbIX Me

TO,UOB .n:eKoMn03l1UlIOHHOro THna peIIIeHl15! Cl1CTeM JIHHettHhIX anre6pa11qec

Kl1X ypaBHeHHH C 6JIO'IHO - Tpex,n:HaroHaJibHbIMlI MaTpHUaM11 o6mero BH,n:a; 

•'Ilo.11 Be.!IYIIIHMH {~1}~1 - BepXHHMH H {~{n~l - HHJKHHMH 6JIO'IHO - YrJIOBI,IMl'l MHHOpaMH C(l), 
KaK H n (1,9,14], IIOHHMaIDTCX orrpe.rteJIHTeJIH ne.a;ymux yceqeHHbIX no.n:MaTpuq, HatiHHaIOIUHXC.S: c Ql u Qm 

COOTDCTCTBCHHO. 
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nocmpoeuu'/0 MHO.IKeCTBa MaTp11tIHO - q_iaKTOp1130BaHHbIX npe,n:cTaBJieHl1H 

6JI0'1HO - Tpex,n:aroHaJibHhIX MaTpHU o6mero BII.n:a npn HaJilI'IlIH HyJieBbIX 

Be.n:ymux 6JIO'IHO - yrJIOBbIX MHHOpOB Ha OCHOBe KBa3no6o6meHHhIX npo-

ueccoB . 
B pa3aeAe l rnaBbI 1 o6o6w,eub! pe3yJihTaThI

0

[l + 10,12] pa6oT no pa3-

JIH'IHbIM np5!MbIM q_iaKTOpH30BaHHhIM npe,n:cTaBJiemrnM :meMeHTOB - 6JIOKOB 

MaTpHUhI o6paTHoii: K C(l) npn HaJIHtil1H y Hee JIHIIIh o,n:Horo BepxHero (nH-

60 H11.IKHero) HyJieBhIX Be.n:ymux 6JIO'IHO - yrJIOBbIX MlIHOpOB, JIH60 nJIOXOH 

o6ycJIOBJieHHOCTH COOTBeTCTBYIOll.{HX yce'leHHhIX rro,n:MaTpHU. Ilpn 3TOM 

HCIIOJih30BaHhI, BBe,n:eHHbie HaMH B pa6oTaX [1 + 10,12] B CJiyqae o6pame

HH5! B HYJib HeKOTOpbIX HX Be.n:ymHx BepXHHX (HH.IKHHX) 6JIO'IHO - yrJIOBbIX 

MHHOpOB HeBbipOJK,n:eHHbIX Ma TpHU C ( 1), o6o6meHHbie Ma TpHtIHbie ( rrpo

ueccbI) - IIOCJie,n:oBaTeJibHOC'.I'lI B11.n:a 

{ 

EcJIH det(A() =I= 0, TO AHl = q( - PcAz1re, A2 = q1, 

(det(q1) =/= 0),t = 2, ... , m. 
EcJin: <let (Al)= 0 ,n:JI5! JI106oro t 113 (3 ~ t ~ m - 1), 
TO Au1 =?, HO Au2 = q(+l, r.n:e det(qu1) =I= 0. 

{ 

EcJIH det(G() =/= 0, TO G(-1 = qe - ru1Gz1P(+1, 
Gm-1 = qm, (det(qm) =/= 0), t = m - 1, ... , 1. 
Ernu <let ( Gt,) = 0 ,n:JI5! 11106oro t H3 (2 ~ t ~ m - 2), 
To Ge-i =?, Ho G(_2 = qe-1, r.n:e det(qe-1) =I= 0. 

(6) 

(7) 

B napa2pwjje l pa3,n:eJia 1 ycTaHOBJieHo ( TeopeMa l. 1), 'ITO, ecmI ,n:JI5! 

rrocJie,n:OBaTeJibHOCTeii: MaTpnu {A}( 6) n { G}(7) BhIIIOJIH5!eTc5! o,n:Ho H3 cJie-

.n:y10mHx ycJionuii:: 

I. 

{

[det(Ak+1) = 0 ,n:JI5! JII06oro k H3 (2 ~ k ~ m - 2), 

Ho {det(Ac) =I= 0}~=2, {det(Ad =I= 0}2=~~3] ➔ 
[L\t = 0 ,n:JI5! JII06oro km (2 ~ k ~ m - 2)]; 

II. {[det(Gk) = 0 ,n:JI5! JII06oro k H3 (2 ~ k ~ m - 2), 

HO {det(Gµ) =/= o};~l+11 {det(Gµ) =/= 0}!:iil --t 

[L\,.n+ 1 = 0 ,n:JI5! 11106oro k H3 (2 ~ k ~ m - 2)]; 

· III. {[det(Gk) = 0 ,n:115111106oro k H3 (2 ~ k ~ m - 2), 

HO {det(G() =/= 0}e'~1c~i, {det(G() =/= 0}~:~] u [L\t = 0 
H Llk+l = 0 o,n:HoBpeMeHHo ,n:1151 11106oro k m (2 ~ k ~ m - 2)], 

TO o6paTHa5! MaTpHUa B = c-1 HMeeT CJie,n:yIOll.{JIO CTPYKTYPY 
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l 
Bik Bi k+l 

[ 
[B,i]u B2k B2 ••+i [B,jl12 

Bk-1 k Bk-1 A:+l 

Bk 1 ···Bk k-1 (Bk k = Xk k)(Bk k+I = Xk k+1) Bk k+2 ···Bk m 

B=I 
Bk+! 1 · · · Bk+I k-1 (Bk+I k = Xk+I k)(Bk+I k+I = Xk+I HI) Bk+I k+2 · · · Bk+I m 

[ 
l B,-+2 k Bk+2 k+l 

[Bijl21 Bk+3 k B,,+3 ••+I I [BijJn 

I Em,, Bm .1.:+1 

(8) 
Ilpu 3TOM ,n;JI.H Bij - 3JieMeHTOB 6noKoB B (8) uMeIOT MecTo cne,n;yIOmue 

rrp5IMbie q>aKTOpU30BaHHble rrpe.n;cTaBJieHU5I: 

Ilpeocma6.!le'H,UH 1.1 ( rrpu JCJIOBUU I) 

[Bii(J\)]ll = 

[Bii(J\)]22 = 

.Bij(J\) + TiXkkzj, 
emu 1 ~ i < j ~ k - 1, 

.B;i(J\) + TiXkkZi, 
ecnu 1 ~ ( i = j) ~ k - 1, 

Bij(J\) + TiXkkZj, 
ecnu 1 ~ j < i ~ k + 1; 

Bij(J\) + ~iXk+l k+lh 
ecnu k + 2 ~ i < j ~ m, 

.Bii(J\) + ~iXk+l k+lh 
ecnu k+2 ~ (i =j) ~ m, 

B;j(J\) + ~ixk+i k+1h 
ecnu k + 2 ~ j < i ~ m; 

{ B, ; = X.,z;; 
Bk+l j = Xk+l kZj, 

{ B, ; = X, •+if;; 
Bk+l j = Xk+l k/i, 

ecnn 1 ~ j ~ k - 1. ecnu k + 2 ~ j ~ m. 

{ B; k = T;Xkk; { B, , = l,Xw ,; 
B; k+l = T;Xk k+l, B; k+l = ~ixk+1 "+1, 
ecnu 1 ~ i ~ k - 1. ecnn k + 2 ~ i ~ m. 

8 

(8') 

(9) 

(10) 

{ 

[B; j(A)L1 = ~;Xi-.+l k Zj, { [B; j(A)L2 = T;Xk k+l /j, 
ecmi k + 2 ~ i ~ m, ecnu 1 ~ i ~ k - 1, 

1 ~ j ~ k - l; k + 2 ~ j ~.m, 

(10') 

r.n;e 

{ 

{ rr
k }k-1 { rrk (3 }k-l 

T, = (=i+l Ct_. i=l .' _Zj = t.=. j+l t. j=l' 
{c = -B;JJ\) rr~=,·+3 ,et.Pk+2t:,.+2, 
{f; = -7'1,;+2 I1i=k+3 Ct_Bjj(J\)};'~k+2· 

( 11) 

3.n;ecb ( n cooTBeTCTBUU c [3]) B;j ( J\) - 3JieMeHThI-6JioKu yce'IeHHhIX 
o6paTHbIX rrorrMaTpun i:J!:-l - [C''-1(1\)J-1 u .B"' - [C"' (G)J-1 COOTBeT-'"' "-' 1 - 1 !:+2 - k+2 
CTBeHHO MoryT 6bITb rrpe,n;cTaBJieHbI B nu.n;e 

B;j(J\) = C;+1B;+1 j(J\), 

.Bij(J\) = 

ecnu 1 ~ i < j ~ k - l; k + 2 ~ i < j ~ m, 
- -1 - . 

B;;(J\) = A;+1 + Ci+lBi+l i+1(J\),8;+1, 
ecnu 1 ~ (i = j) ~ k - l; k + 2 ~ (i = j) ~ m, 

Bij(J\) = B; i+1(A),8;+1, 
emn 1 ~ j < i ~ k - 1; k + 2 ~ j < i ~ m. 

Ilpeocma6.!le'H,UH 1.2 (rrpu ycJIOBUU II) 

[B;j(G)] ll = 

[ B;i ( G)J22 = 

B;:;(G) + ];XulJ, 
emn 1 ~ i < j ~ k - l , 

B;i( G) + ];Xu,t;, 
emu 1 ~ (i = j) ~ k - l, 

B;j(G) + jixkl.,tj, 
ecnu 1 ~ j < i ~ k - 1; 

B;j(G) + z;Xk+1 k+1f-j, 
ecnu k + 2 ~ i < j ~ m, 

.B;;(G) + z;X,,+1 ,,+1f-;, 
emu k + 2 ~ ( i = j) ~ m, 

B;j(G) + i;X1,;+1 k+JTj, 
emu k + 2 ~ j < i ~ m; 
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(12) 

( 12') 

(13) 



r.uc 

{ 

B" j = x"ii; 
Bk+l j = Xk+l dj, 
ccntt 1 ::; j ::; k - 1. 

{ 

Bi k = f;Xkk; 
Bi k+l = ];Xk k+l, 
ccntt 1 < i < k - 1. 

{ 

B" j = x" k+1+j; 
Bk+1 j = xk+1 k+j, 
ccm1 k + 2 ::; j ::; m. 

{ 

B; k = z;Xk+1 k; 
B; k+I = z;X1,;+1 k+l, 
ccntt k + 2 ::; i ::; m. 

{ 

[B; AG)Ji2 = f;X" k+l +j, { [B; j(G)L1 = z;Xk+1 "tj, 
ccntt 1::; i::; k - 1; ccntt k + 2::; i::; m; 

k + 2 ::; j ::; m; 1 ::; j ::; k - 1, 

{ 
{2 IT"-2 jj (G)}"-1 { ITi ?.i }m c,,j = -P__k (=j+l C( jj, j=l' Tj = _c=k+2 /Jc j=k+2' 

{! B (G) ITk-l (.I }k-1 {, IT' ' }m i = - ii (=i+l JJ(Tk i=l , Zi = c=k+2 Cc i=k+l · 

(14) 

( 15) 

(16) 

3.uccb ( B COOTBCTCTBHH C [3]) jjij ( G) - 3J1CMCHThI - 6J10KH yccqcHHhIX 

o6paTHhIX TIO,UMaTpl-IU fJf-1 = [cf-1(G)J-1 
I-I fJ,:~2 = [CZ~2(G)J-1 

COOTBCT

CTBCHHO MOryT 6bITh npc.ucTaBJJCHhI B Bl-I.UC 

B.;i(G) = Bi i-1(G)/Ji, 
ccnI-I 1 ::; i < j ::; k - 1; k + 2 ::; i < j ::; m, 

Bij(G) = B;i(G) = G;_\ + ciiJi-1 i-1(G)/Ji, 
crnI-I 1::; (i = j)::; k -1; k + 2::; (i = j)::; m, 

B;i(G) = ciB;-1 j{G), 
ccJJI-I 1 ::; j < i ::; k - 1; k + 2 ::; j < i ::; m. 

Ilpeacma0Jte11,wr 1.3 (rrpI-I ycnoBHI-I III) 

[Bi1(A,G)]u = 

Bij ( A, G) + f;X kkZj' 
CCJ1l-I 1 ::; i < j ::; k - 1, 

B;j(A, G) + ];XkkZi, 
ccnI-I 1 ::; (i = j) ::; k - 1, 

B;j(A, G) + f;XkkZj, 
CCJ1l-I 1 ::; j < i ::; k - 1; 
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(17) 

(17') 

( 

:1 

[ Bij(A, G)] 22 = 

Bij(A,G) + ZiXk+l k+dj, 
ccntt k + 2 ::; i < j ::; m, 

jjii(A, G) + ZiXk+l k+lh 
crnI-I k + 2 ::; ( i == j) ::; m, 

Bij(A, G) + ZiXk+l k+1h, 
ccmr k + 2 ::; j < i ::; m; 

{ 

Bk j = X1,;kZjj 
Bk+1 j = xk+i kzj, 
ccnI-I 1 ::; j ::; k - 1. { 

Bk j = x" k+1h 
Bk+l j = Xk+l k+lh, 
ccntt k + 2 ::; j ::; m. 

{ 

B;" = Jixkki 
Bi k+l = f;Xk k+l, 
ccntt 1 < i < k - l. 

{ 

Bi k = ZiXk+l k; 
Bi k+l = ZiXk+l k+l, 
ccntt k + 2 ::; i ::; m. 

{ 

[Bi j(A, G)] 12 = Jixk k+I Ji, { [Bi /A, G)L1 = ziXk+1 k zj, 
ccnI-I 1 ::; i ::; k - 1; ccnI-I k + 2 ::; i ::; m; 

k + 2 ::; j ::; m; 1 ::; j ::; k - 1, 

r.uc 

I 
' - k-l ' k-1 

{f; = -B;i(A, G) rr(=i+l ,B(rk};=l' 

{ ' rri ' }m z; = c=k+2 C( i=k+2' 
{ ITk }k-1 

Zj = (=j+l /3( j=l' 
{fj = -Tk+2 ITi=k+3 C(Bjj(A, G)}j=k+2· 

(18) 

(19) 

(20) 

(21) 

3.uccb (B COOTBCTCTBHI-I C [3]) jjij(A, G)- 3J1CMCHThI - 6J10KH yccqcHHhIX 

o6paTHhIX rro.uMaTpHU fJt-1 = [Cf-1(A, G)J-1 
H Bf+2 = [Cf+iA, G)J-

1 

COOTBCTCTBCHHO MoryT 6bITh rrpc.ucTaBJJCHhI B BM.UC . I ITi=i+l C(Bjj(A, G), 
jjii(A, G) = c_rnI-I 1 ~ i <; j ~ k - 1; k + 2 ~ i < j ~ m, 

Bii(A, G) ITt=j+l /3(, 
ccntt 1 ~ j < i ~ k - 1; k + 2 ~ j < i ~ m; 

{ 

Bi;(A, G) ITi=i+i /J(, 

B;j(A, G) = cc~tt 1 ~ i_ < j ~ k - 1; k + 2 ~ i < j ~ m, 

rr(=j+l C(Bjj(A,c), 
ccnI-I 1 ::; j ::; i ::; k - 1; k + 2 ::; j ::; i ~ m; 
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(21') 

(22) 



{ II/ai+I c,B;;(A, G), 
iJ--(A G)= ecnII1$i_$j$k-1; k+2$i$j<Sm, 

'
1 

, n~=j+l 2(s11 (A, G), 
eCJrn 1 Sc j Sc i Sc k - 1; k + 2 Sc j < i Sc m; 

[ Hii(A, GJIIi~i+I t,' 
Bij(A, G) = e_cnII 1 Sc i i' j Sc k - 1; k + 2 Sc i Sc j Sc m, 

si/A, G) n(=j+l /3(, 
ecJIII 1 $ j $ i $ k - 1; k + 2 $ j $ i Sc m, 

r.[(e, B (8') 7 (23), 

/3,+1 = -(Pu1Ai1), cu1 = -(Ai]1ru1), 

1 ~ t ~ k - 1; k + 2 ~ t ~ m - 1; 

/Jui= -(ru1Gi1), 2u1 = -(Gi1Pu1), 
1 ~ t ~ k - 2; k + 1 ~ t ~ m - 1; 

B~( = (Au1 + G(-1 - qd-1, 1 ~ t ~ k - 1;. k + 2 ~ t ~ m, 
a nocJie.[(oBaTeJibHOCTII MaTpIIU {A} II { G} onpe.[(eJieHbI B 

COOTBeTCTBIIII C (6) 7 (7). 

(22') 

(23) 

(24) 

A TaK.IB:e npe.[(cTaBJiemrn 1.4 ( npII ycJIOBIIII III) ( CM. pa1.[(eJI 1 rJiaBbI 1). 

llpu 3mO.M, HeII3BeCTHble {[Xkk(A), xkk+1(A), Xk+lk(A), Xk+lk+1(A)], 
[Xkk(G), xkk+1(G), xk+lk(G), xk+1k+1(G)], [xkk(A, G), xkk+1(A, G), 
Xk+lk(A, G), Xk+lk+1(A, G)]} - 3JieMeHThI - 6JioKII B(8), npII cooTBeTcTBy

IOJUIIX JCJIOBII5!X, MoryT 6bITb Hatt.[(eHhI II3 MaTpIIqHbIX ypaBHeHIIM, yKa-

3aHHhIX B pa3.[(eJie 1 rJiaBbI 1. 

B pa30e.lle 2 rJiaBhI 1 cTaBIITC5! II pewaemcH 3aoa'l{a nocmpoeuuH ze

uepamopoa MaTpIIqHo - !paKTOpII30BaHHhIX npeocma6.Jleuuii pa3HbIX TIInOB 

.[(JI}! C II B = c-1 U ux cucme.Mamu3a'll,UU npII HaJIIIqIIII BCeBO3MO)KHhIX 

KOM6IIttaUIIH y C(l) ttyJieBbIX Be.[(JIUIIX 6Jioqtto - yrJIOBhIX MIIHopoB. Ha oc

ttone MaTpIIqHbIX npoueccOB {A}( 6) II { G}(7) 6bmII paccMoTpeHbI cJie.[(yIO

ruIIe (yqIITbIBaIOIUIIe IIHqJOpMaUIIIO O HJJieBbIX Be.[(JIUIIX 6JioqHo - yrJIOBhIX 

MIIHopax C(l)) ycJIOBII5!: 
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f 
I 
:1 

I 

I. I EcJIII {[.6.}-1 = o] .JlU6o [.6.l'.' = o]} - paBHhI ttymo TOJibKO 

no O.[(HOMY MHHopy Ka.IB:.[(oro TIIna, TO { [ <let (Ak) = 0 

.[(JI5! mo6oro k 111 (3 $ k $ m - l), 

HO { <let (Ad =/= 0 }~;;;L { det (Ad =/= 0}~~~~2] 

.llu6o [det (Gk-I)= 0 .[(JI5! mo6oro k n1 (3 $ k $ m - l), 

HO {det (Gd =f 0}~~~,1, {<let (Ge) =f O}~:,~]}, 
II. I Ecnn {[.6.t-1 = o] U [.6.1'.' = O]} - paBHbI HJJIIO 

O.[(HOBpeMeHHO TOJibKO no O.[(HOMY MHHOPY o6onx THnOB, TO 

{[ <let (Ak) = 0 .[(JI5! JI106oro k H3 (3 ~ k $ m - 1), Ho 

{det (Ad =f o}~:~, {det(Ad =/= or~:1+2] U [det(Gk-1) = 0 

.[(JI5! Toro .IB:e k,Ho {det(Gd =f o}~~-k1, {det(Gd =/= 0}~;:5]}. 
B pa3.[(eJie 1 rJiaBbI 1 noJiyqeH 5!BHbIM BH.[( MHO)KeCTBa pa3JIHqHbIX MaTpnq

HO - !paKTOpH3OBaHHbIX npe.[(CTaBJieHIIM 6JioqHo - TpeX.[(HaroHaJibHbIX MaT

pnu BH.[(a C(l) npn ttaJinqnn y ttnx JIHWb rio o.[(HOMY pa1Horo nma (nmi 

o6onx THnOB) HyJieBOMY 6JioqHO - yrJIOBOMY MHHopy. 3To napaMeTpnqec

Kne no CJTH npe.[(CTaBJieHH5!, napa.MeTpaMH B KOTOpbIX CJIJ)I(a.T Ma.TpHUbI 

H3 MaTpuqHbIX noCJie.[(oBa.TeJibHOCTeiI {A}(6) u {G}(7). Ernn .IB:e qncJio 

Be.[(yrunx HJJieBbIX 6JioqHo - yr JIOBbIX MHHOpoB y C ( 1) OKa3bIBaeTC5! .[(Ba II 

6oJiee, TO pernettne npo6JieMbI npe.[(cTaBJiettniI C(l) n nx cncTeMaTn1aunn 

npn yKa3aHHOM Bbillie napaMeTpH3aUHll cTaHOBHTC5! npaKTnqecKn 3a.Tpy.[(

HIITeJibHbIM. 
Ilo3TOMY cmauoaumcH O'lf,eauoNoii Neo6xoou.1.tocmb BBe.[(emrn 6oJiee 

o6rueii: ( cmpyr.mypuo - wrnapua'Hm'Hoii*)) napa.1i-tempu3a4uu !paKTopu1O

BaHHbIX npe.[(cTaBJieHIItt C ( 1), KOTopa5! no1BOJinJia 6br 6oJiee npocTo crrpa

BHTbC5! C peIIIeHIIeM yKa3aHHOM npo6JieMbI. 

B napazpagje l pa1.[(eJia 2, eCJin .[(JI5! {.6.l}, {.6.t} - Be.[(yrunx 6JioqHo -

yrJIOBbIX MIIHopoB C(l) BhIITOJIH5leTc5! O.[(HO H3 ycJioBHM I1i, I2i, II, rroJiyqe

HO (TeopeMa 1.1) CJie.[(yIOruee e.[(IIHCTBeHHOe CTpJKTYPHO - HHBapnaHTHOe 

MaTpuqHo - cpaKTOpH3OBaHHOe npe.[(CTaBJieHHe 

*)3.acch 11 ,llaJICC no.n; CTJ>JKTypHoii HHDapm-\.HTHOCThl() npc.ncTaDm)HHll Mbl TIOHHM.LCM. no- nq>DbIX. 

q>opMaJihHOC conna,ncHHC CTpyKTJJ>hI MH.TfHPIHbIX COMHO)KllTCJicH TIJH'.n;C:Tannr-HIUI 1.1 n TI}ll".ll,CTO\Dm~HHH 

1.0.3- 1.0.4 (cM. pa3JlC.Il 1 rnanw 1). Do- DT<Jpb!X. II]lCJll'.Ti\DJICHIIC 1.1 MOJl(CT CJIYJl(IITh rcHC]lilTO]lOM D!"t"

DOJMOJl(HblX (n TOM •mcnc 11 1.0.3-1.0.4) npc.ncTanncHIIH C (1.0.1) np11 ycnon11lIX 111: 121: II. rrocKOJihKY 

n oTnlP-rn:c OT npe.a;cTanneHRH 1.0.3- 1.0.4 OHO IlOCTJ)OCHO {KaK Ha. rrn.paMCTpax) Ha ~JICMt'HTaX rwcnC.llHCH 

cTpOKll H nocne..n;Hero CTOJifiu;a MH.TJ>HIJ;bl Bt- 2 = [ct- 21- 1 n nepnoH CTJ)OKH H ncpnoro CTOJIGu;a. MaTJ>llUhl 

i.JL"+
1 

= [Ck:'+ 1]-
1 6c3 yKaJaH1u1 cnocofion HX DbltJHCJICHll51 (npc.z:ccTanncn1111). 
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llpeocma6Jte1iUe 1.1 ( ITPII YCJIOBIUIX I, II) 

C= 

[ E1 E2 - - Ek-2] 

Pk-iEh-21•-•P!•-iEh-2 k-2 
[ Ek-1 l 

Ek [~/+'/h+11-+~-~·1-+1JJ,+1m ] 

Em 

Co 

[ 

q, ,., ] 
P2 <J2 r3 =Ck-2 

- - - 1 

Pk-2 qk-2 

[
(q1--1-P1--113k-2k-2rk-1)(r1-) ]- I X 

(pk)(q1--rk+1.Bk+lk+1Pk+d -w,. 

[ E, E2 - - E1--2] 

cm = Pk+2 qk+2 rk+J 
[

qk+l rk+2 ] 

k+l ---

flk 

illk-2,.k-1 

il2k-2'"k-1 

jjk-2k-2Tk-1 

[Ek-1 EJ 
ilk+lk+lPk+l 

ilk+2 k+lPk+l 

ilmk+lPk+l 

c, 

Pm <Jm 

[

Ek+l ] 
Ek+Z 

Em 

X 

(25) 

IlpII 3TOM ,[(JUI cf-2 
II Ck~l - Be.[(ylUIIX yce'!eHHhIX 6JIO'IHO -

Tpex.nIIaroHaJibHhIX ITO,[(Ma TpIIu; IIMeIOT MeCTO ( ITPII COOTBeTCTBYIOIUIIX 

ycJioBmrx) O,[(HO II3 ITpe.[(CTaBJieHIIH cf-2(A), Cl,'-'t-1 (A); cf-2
( G), Cl,1.'i-1 ( G); 

c}-2(A, G), cri-1 (A, G) BII,[(a (1.0.17)-(1.0.18), (1.0.14)-(1.0.16), (1.0.10)-
- k-2 

(1.0.11) (cM. pa1.nen 1 rnaBhI 1). A .nmr {Bk-2j}i=l - (k - 2) - CTpoKII, 

{~ik-2}:;1
2 

- (k - 2) - CTOJI6u;a o6p~THOH mMaTpIII.J;bI fJf-2 = [cf-2J-1 
II 

{Bik+di=k+l - (k + 1) - cTon6u;a, {Bk+ti}j=k+l - (k + 1) - cTpoKII 06-

paTHon MaTpIIu;hr B'['+1 = [C41J-1 
IIMeIOT MecTo ITpe.ncTaBJieHmr (1.1.2) -

(1.1.4) (cM. pa1.nen 1 rnaBhI 1). 
llanee IToJiy'leHo ( CM. ITpe.ncTaBJieHIIe 1.2 TeopeMhI 1.2) ITpe.ncTaBJieHIIe 

TIIITa 1.1 .nmr C ( 1) ITPII cne.nyromIIx KOM6IIttau;IIHX O.L\HOTIIITHhIX ( IIJIII o6onx 

THITOB) HyJieBbIX Be.nymnx 6JIO'IHO - yrJIOBbIX MHHOpOB: 

14 
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III. EcJIH { [.6.i-l = 0 H .6.~-l = o] ,11,u60 [.6.;;' = 0 H .6.i = o] }- paBHhI 

Hymo TOJibKO ITO ,[(Ba OT.[(aJieHHbIX Mirnopa Ka:iK.noro TIIITa; 

IV. ECJIII {[.6.i-l = 0 H .6.i+2 = o] ,11,u60 [.6.,: = 0 II .6.k+3 = O]} -
paBHbI Hymo TOJibKO ITO ,[(Ba coce,[(HIIX MHHOpa Ka:lK,[(Oro Tlma; 

V. ECJIII {[.6.i-l = 0 = .6.i-1] u [.6.k = 0 ~ .6.1]} - paBHhI ttynro 

O,[(HOBpeMeHHO TOJibKO ITO ,[(Ba OT,[(aJieHHhIX MHHOpa 06011x TIIITOB; 

VI. Ecnn { [ .6.i-l = 0 = .6.~+2
] u ·[ .6.'!: = 0 = .6.'!:+3]} - paBHhI ttynro 

TOJibKO ITO ,[(Ba coce,[(HIIX MHHOpa 06011x TIIITOB. 

llanee ITony'leHhI ( TeopeMa 1.3) MaTpH'IHO - cpaKTopn3oBaHHhie ITpe.n

cTaBnettmr THITa 1.1 ,[(JIH C ( 1) ITPH cne.nyIOIUIIX KOM6HHaI.J;HHX O,[(HOTHITHbIX 

( HJIII 06011x THITOB) ttyneBhIX Be.nyIUIIX 6JIO'IHO - yrnOBhIX MHHOpOB: 

VII. Ecnn {[.6.i-l = 0 II .6.~-i-l = OJ ,11,u60 [.6.k = 0 II .6.t_,-l = O]}-
paBHhI HYJIIO JII06oe KOHe'IHOe 'IHCJIO OT,[(aJieHHbIX MIIHOpOB Ka:iK.noro TIIITa; 

VIII. ECJIH {[.6.t-1 = 0 H .6_~-i-l = OJ ,11,u60 [.6.k = 0 H .6.r_,-1 = O]} -
paBHbI HYJIIO JII06oe KOHe'IHOe 'llICJIO OT,[(aJieHHhIX MIIHOpoB Ka:lK,[(Oro THITa; 

IX. EcnII {[.6.i-1 = 0 = .6.~-i-l = OJ ,u [.6.'!: = 0 = .6.t_,-1 = 0]} -
paBHhI HYJIIO O,[(HOBpeMeHHO JII06oe KOHe'II_IOe 'IIICJIO OT,[(aJieHHbIX MHHOpOB 

o6onx THITOB; 

X. Ecnn {[.6.i-1 = 0 = .6.~-i-l = OJ u [.6.j,n = 0 = .6.r_
1

_ 1 = 0]} 
- paBHhI HYJIIO O,[(HOBpeMeHHO JII06oe KOHe'IHOe 'IHCJIO coce,[(HIIX MHHOpOB 

o6onx TIIITOB. 

llpeocmaaJte1iue 1.3 (ITPH ycnoBnHx VII, VIII, IX, X) 

E, ] 

Ek-2 

- jj [Ek-1 ] B. rB , , 
B

1 

... p k-2 E1.[~::: ~ '] • 

k'-2 

IX · ii [Ek, 1 ] • iJ 
pBk+l ... p k

1

-

2 
- Ek,[ r!:::: ···~ : 1-2] 

Ek,,-2 
PB ···P k" 2 - E rB ... r m · ii [Ek,, 1 ] • iJ 

k
1

+1 - k" k 11+1 

[

Ek 11+1 _ 

Em 

Co 
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c~-2] 
(qk_,-pBr)_(rk)] 0 [ 9 o] 
(pk)(qk-rBp) (-1·Bk+1r) 0 

0 [ k' ' 1 -Ck+-;·. J 0 

[o (-pBk'-2P)] 0 [(qk,_,-pBr)~rk,)] O [ _o o] 
0 0 (pk')(qe-rBp) (-rBk'+ 1r) 0 

Q [ck"-z ] 0 
J.·'+1 

[g (-pBi'-zP)] 

0.k,k',k 11 

0 [(1Je1 _,-pJJr)(rk 11 ) 

(pe, )(qe,-rBp) 

=wk.k'.k" IX 

[ C{'!,+1 l 

E, l B,r 

Ek-2_ i:_21· 
[ Ek-1 

Ek 

Bi:._+.!_P [Ek+l _ _ ] Ih+1r 
• E -B,..,_ 2p k 1-2 Bk1_ 2r 

[ Ek'-1 
Ek, 

=C, 

~~!_1P [ Ek'+l~ _ ] 

Be,_zp Ek"-1 

B::":..'p[Ek"+'_ -
. E 

BmP m 

c, 
r.ue 

! 
P_Bj: P1,-1Bp-2 ~' B_iP ~ Bi P::lPp+l.' 
B;r - B; p-2rp-1, rBj - rp+1Bp+1 j, 

pBr = Pp-lBp-2 p-2rp-1, 
rBp = rp+1Bp+l p+lPp+l, p: k; k'; k". 

II Ck-2 Ck'-2 Ck"-2 cm p11 3TOM .umi: 1 ' k+2 ' k'+2 ' k+l - Be.uyw;11x ycetieHHhIX 6noq-

HO - Tpex.u11aroHaJJhHhIX ITO,llMaTpllU o6w;ero Bll,lla (1) np11 COOTBeTCTByI0-

1.UllX ycnoBllllX VIII), VII2), IX 11MeeT MeCTO o.uHo 113 npe.ucTaBJ1eH11H Bll.Ua 

(1.0.17)-(1.0.18), (1.0.10)-(1.0.1),(1.0.14)-(1.0.15) (CM. pa3.uen 1 rnaBhI 1). 
3.uech TaK2Ke B(µ- cToJ16UhI ( cTpoK11) cooTBeTCTBYIOI.UllX o6paTHhIX no.u

MaTp11u B'r,' = [CtJ-1 np11 ycnoB11.srx VII1), VIl2), IX MoryT 6hITh npe.u

CTaBJJeHhI B Bll,lle (1.1.6)-(1.1.8) (cM. pa3,lleJ1 1 rnaBhI 1). 
B napa2paefie 2 pa3.uena 2, no.uo6ttall 3a.uaqa KaK H naparpacpe 1, pewa

eTc.sr ,llJ1ll B = c-1 np11 Tex )Ke ycnoBH5IX Ha MllHOpbr. Ilp11 3TOM 113 coo6pa-

2KeHl1H ,llaJ1bHeJ:iwero npaKTlltieCKOro l1CTIOJ1h30BaHl1ll nonyqeHHhIX B 3TOM 

16 
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naparpacpe TeopeT:WieCKllX pe3yJihTaTOB .um1 perneHllll Cl1CTeM ypaBHeHllH 

CX = Y nocmpoe'Hbl HOBbie npeocmaB.!le'HUH ,llJ1ll B = c-l aooumUB'HO -

J.tY.!lbmun.!lu1wmuBuo20 muna u uaiioe'Hbl ux 2euepamopbZ ( CM. npe.ucTaB

nett11e 2.1 TeopeMhI 2.1 11 npe.uCTaBJ1eH11e 2.3 Teop~MhI 2.3). 
llpeocmaB.!le'HUe 2.2 (T11na n = iJ + b..B, np11 ycnoBl1llX III. IV. V. VI) 

[ 

q1 rz ]-1 
1'2 ~ '.:3 = f3}-2 

/Jk-2 <Jk-2 

[ 
(J._, ] 

(h 

_ [IJk+l 1'k+2 ]-J Bl-2 = Pk+2 1/k+Z 1'k+J 
k+l - -

Pl-2 lJl-'2 

[ 
o,_, ] 

o, 

[

l/1+1r1+2 ]-1 
Pl+2 <J'!_2 1'J~3 

Pm <Jm 
BI~1 -

(), . ] ( -JJ1k-21•,--1) 
0, 

()~-2 (-JJ,--2k-27'k-1) 

c1

~

2E;_J 

Ek [ 
Ek-1 ] 

(-Bk+lk+ll',-+1) [ (h+i l (-Ih-+11-21·,_,) 
Ok+2 -- --

(-JJ1-2k+ll'k+il (),_z (-JJ/-2/-21'/- 1) 

[ E,_, E,] 
(-JJ'.+~":_ll'l+l) [ (}~1 _ ] 

(-B.,,1+1JJ1+1l 0.,, 

[ 
0 ()] 

(-1·k+1Dk+11-2r1-il 0 

-1 

+ 

X 

[

(IJk-1-JJk-l}]k-2,--z1'k-1)( 7•k)] 0 

(JJk)(qk-1'k+li1k+1k+1J)k[+l1k+l l 
Q E".__+2 - Q - -1 = Wk,1 IX 

E,_z 

[
() (-p1_,fJ1_ 2k+tl'k+i)] Q [ (1J1-,-1,1-1D1~21-2 1·,_,)(r1) t 
() () (p, )(q,-1·1+1B1+11+11'1+1) E1+1 l 

E1+2 

Em 
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[

o, 
02 o;_J 

_ - [ Ek-1 ] -
(-Pk-1Bk-21)-(-Pk-1Bk-2k -2) E[ ~k~Tk+1Bk+lk +1 ).(-rk+l1Bk+11-2) 

01..+'.? 

_01-2 [E,_, ] 
(-P1-1B1-2k+l ).(-p,_,B,-

21
-

2
) E, [ o,~~1·1+1B1+1lm) 

01+2 

Om 

=B. 

Ilptt 3TOM .UJUI [.B}-
2
]ij, [.Bt~_;]ij, [.Bl~ilij - 3JieMeHTOB - 6noKoB 06-

paTHbIX Be,UyI..UHX yce'-IeHHbIX IIO,UMaTpI1U ..8}-2 = [Cf-2J-1
, .Bt~.; 

[Cf~;J-1, .Bf:.1 = [Ci~1J- 1 crrpaBe,UJillBbI (rrp11 COOTBeTCTBY10I..UI1X ycJIOBI151X 

l l Iii, l l 12), V) n106ue H3 rrony'-IeHHhIX HaMH B ([12, 14], CM., TaK2Ke, pa3-

,ueJI 1 rJiaBbI 1) pa3Jill'-IHbIX IIp51MbIX cpaKTOpll30BaHHbIX rrpe,ucTaBJieHHH. 

3,uecb Hen3BecTHbie {[.Bk-lk-1, Bk-lk, Bkk-1, Bkk, Bk-11-1, Bk-11, Bkt-1, Bk1; 
Bt-lk-1, Bt-lk, Bik-1, B1k] - cpyHKUHH OT {A} rrptt yrnoB11n l II1); cpyHKUHH 

OT { G} rrptt ycnoBI1l1 II 12) HJIH KaK cpyHKUHH OT {A, G} rrp11 ycnoBHH V} 
- 3JieMeHTbI - 6JIOKll MaTpHU Wkj MoryT 6bITb HaH,[\eHbI JI106bIM MeTO,[(OM C 

y'-IeTOM OCHOBHbIX MaTpI1'-IHbIX ypaBHeHI1H (2.2.4) (cM. pa3,UeJI 2 rnaBbl 1). 
B pa30e.!le 3 rJiaBbI 1 peIIIalOTC51 BOIIpOCbI 3ifjifje1,;mU61l020 npa1,;mu"-lec-

1,;020 6bZOe.!le1lUJl rrptt pac'-IeTaX Ha 8BM oe1,;o.Mn03U'l.{U01l1lbZX 06.!lacmeu u 

nocmpoe1tuJI eou11,cmBe1t1tb!X onepamopoB rrepexo,ua Me2K,uy Bbi,neneHHhIMH 

rro,urrpocTpaHCTBaMH. 

B napa2paifje 1 pa1,uena 3 rroKa3aHo, '-ITO rrpe,ucTaBJieHH51 rrony'-IeHHbIX 

B pa1,uene 2 3TOH rnaBbI cyw,ecmByiom (u BUO ux 11,e U3.Me1lJiemcJI) ma1,;J1Ce, 

ec.!lu yc.!loBue BbzpoJ1Coe11,11,ocmu 3a.Me1tumb yc.!lOBUJI.M.U n.!loxou 06yc.!lOB.!le1t-

11,ocmu COOTBeTCTBY10I..UI1X yce'-IeHHbIX IIO,UMaTpttu. 

B napa2paifje 2 pa1,uena 3 nocmpoe1lbZ ( rrptt yKa3aHHhIX BhIIIIe ycnoBH

ax I - VI) Ha ocHoBe pe1ynhTaToB rrepBoro rraparpacpa, rro cyTH rrocBHI..UeH

Horo MeTo,uaM npaKTH'-IeCKOH ,ueKOMTIO3HUllll Ha 8BM 6JIO'-IHO - Tpex,nttaro

HaJibHbIX MaTpHU o6mero Btt,ua C(l), pa3.!lU"-l1lbZe .Memoobz (11,e umepa'l.{uo11,-

11,020 muna) pewe1tuJI Ha 8BM cucme.M .!lU1tei11tbZX ypaB11,e11,ui1 c MaTpttuaM11 

yKa3aHHoro Btt,ua ( CM. npe,ucTaBJieH11e 2.2 TeopeMbI 2.2 H npe,ucTaBJieHtte 

2.3 TeopeMhI 2.3 pa1,uena 3 rnaBbI 1 ). 
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llpeocma6Jle1tue 2.1 (T11na X = X + (B,t:,,,X =< iJ, >< ,6,,X >), nptt 

ycJIOBI151X I, II) 
x, [ql r2 rl [!~2] X2 P2 q2 T3 

X 

Xi--2 Pk-2 qk-2 

[Xt-1 l 
Xi- = [ok-1 ] 

Ok I+ 
Xk+l [ qk+l 1'k+2 ]-l [yk+l ] Xk+2 Pk+2 :?!:_ Tk+3 X i~2 --
x,,, Pm qm 

~ 
X 

[ O, !!:_ Ok-2 ] 

(-.iJu-2rk-1) 
(-B2k-21'k-1) 

(-./]k-2k-2Tk-l) 

[ Ek-1 EJ 

0 

X 

(-.l]k+lk+lPk+i) 

( -.Bk+2 k+lPk+i) 

( -Bmk+1Pk+1) 
[

(}k+l ] 
ok+2 

• Om 

ii, 

[

(-.B1k-2Tk-1) o, l 
(-B2k-2Tk-1) 02 

(-iik-2 k-2Tk-1) Ok-2 

[ Ek-1 EJ [xk-1 ] x xk 

[ 

Ok+l ( - ~k+lk+lPk+il l 
Ok+2 (-Bk+2 k+!Pk+il 
-- --

Om (-Bmk+1Pk+1) '--v---" 
- <l:,,X> 

<B,> 

o, 
02 

()k-2 

[ x;:' ] 
Ok+l 

Ok+2 

Om 
~ 

t:,,X 

(26) 

Ilptt 3TOM, ecm1 BhI,ueneHtte uc"-lepnbwaiow,ux ( CM. naparpacp 1 pa1,uena 3) 
TIO,UMaTpI1U Cf-2 

II Cr:+-1 6bIJIO ocymeCTBJieHO C llCTIOJib3OBaHHeM o6o6w:eH

HbIX MaTpll'-IHbIX npoueccoB {A} (6) ll { G} (7), TO ,[(JIH .B;r3JieMeHTOB -

6 6 B- k-2 [ck-2]-l B-m [Cm i-1 JIOKOB O paTHbIX TIO,UMaTpllU l = l ll k+l = k+l HMeeT 

MeCTO O,[(HO H3 npHMbIX cpaKTOpll30BaHHbIX npe,ucTaBJieHHH Bll,Ua (1.1.5), 
(1.1.10) llJill Bll,[(a (1.1.15), (1.1.16) (cM. pa3,UeJI 1 rnaBbl 1), eCJill COOTBeT

~TBYlOI..Ulle MaTpHUhI {A} H { G} xoporno 06ycnoBJieHb1*l. 

•lEcJm IlO,llMaTpHUhl ct-2 
H Ck+l HJBCCTHhl anpHOpH HJIH Bhl,llCJICHhl KaKHM- JIH6o OTJIH'IHhlM OT yxa

JaHHOro n paJ,llene 2 rnanw 1 cnoco6oM, JIH6o y MaTpHU Cf - 2
, Cf'+i cpe.llH cooTne=Tnyromnx MaTpHU {A} 

H {G} HMCIOTC>I IlJIOXO o6yCJIOBJleHHhle, TO IlO,llBCKTOp X H 3JICMCHThl- 6JIOKH {iiik-2}~:,2, {ii,k+1}:k+l• 
- k-2 ., m 

{Bk-2j }j=l " {Bk+lj }j=k+l MoryT 6h!Th Hall,llCHhl JII06h!M ,llpyrHM 113 HJBeCTHhlX MCTO,llOB, 06Jia,llaI01UHX 

xopOillHMH Bbl't!HCJIHTeJibHbIMH CBOliCTBaMH. 
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3,n;ech [Xk-1,Xkf - KOMIIOHeHThI perneHIUI X, B CBOIO oqepe,n;h, 5IBJUI
IOTC.5I perneHI'.!eM crre.n;y10meii: IIHLIYUHpOBaHHOH COBMeCTHOH CHCTeMhI ypaB

HeHHH: 

[ 

(qk-1-Pk-iih-2k-2rk-1)(rk) l [ xk-1 ] = 

(pk)(qk-rk+1Bk+ik+1Pk+i) ~ 

Wk </:;.X> 

[ 

k-2 _ 
Y._,-p .. _i( I; B,_z1Y1) 

j=l 
m 

Y .. -rk+, ( I; .Bk+1/Y;) 
j=k+l 

<i:;.Y> 

] (27) 

- k-2 - k-2 
r.n;e B (26) H (27) ,n;JI.5! {Bk-2j}j=l - rrocrre.n;Heii: cTpOKH, {B;1,;-2};=1 - no-

-1,; 2 k 2 - m 
crre.n;Hero CTOJI6ua IIO,D;MaTpHUhI B;- = [c1·- i-1 H { Bk+lj} j=k+l - nepBOH 

{B- }m 6 B-m [Cm J-1 CTpOKH, ik+l i=k+l- rrepBoro CTOJI ua rro,n;MaTpHUhI k+l = k+l 
npH HCIIOJih30BaHHH {A} ( 6) H { G} (7) HMeeT MeCTO O,D;HO H3 npe.n;cTaBJie-
HHH BH,D;a (2.1.2) - (2.1.4) (cM. pa3,n;eJI 2 rJiaBhI 1). . 

B pa3ae.ae 4 rJiaBhI 1 HaMH 66eae1lbZ '/Wa3U0606U{e1l1lbLe*) .M,ampU'l{'H,bZe 

npo'4eCCbZ U U3y'l{e1lbZ 11,a UX 0C1l06e npeacma6Jle1lUH 6JIO'IHO - TpeX,D;Haro

HaJihHhIX MaTpnu o6mero BH.n;a C(l) rrpn pa3JIH'IHhIX KoM6ttHau1rnx nx Hy
JieBhIX Be.n;ymn:x 6JIO'IHO - yrJIOBhIX MHHOpOB. 

B napa2paifie l pa3,n;erra 4 no.ay'l{e1lbZ ( c uerrhIO ITOJIHOThI n:ccrre,n;oBaHH.5!) 

n apy2ue (nma (6), (7)) .M,ampu'l{1lbze npo'4eccbz {A} H {G} u npeacmaB

.ae1lUH ,D;JI.5! C ( 1) rrpH pa3JIM'IHhIX KOM6HHaIIH.5IX HyJieBhIX Be.n;ymnx 6JIO'IHO 

- yrnoBh~X MHHOpOB y C ( 1). 
KBa3uo6o6U{e1l1lbZe .M,ampU'l{'H,bZe (npo'4ecCbZ) - IIOCJie,D;OBaTeJihHOCTH 

HMeIOT BH,D;: 

ECJrn det(Ad f= 0, mm Bcex 2 :'.S ~:'.Sm+ 1, 

TO Au1 = qt, - Pt.Az 1rt,, A2 = q1, det (q1) t= 0, ~ = 2, ... 'm. 

ECJrn det (Aµ)= 0, ,D;JI.5! rr106oro µ H3 (3 :'.S µ:'.Sm - 1), 

TO Au1 = qt, - Pt,A-;_lrt,,A2 = q1, ~ = 2,3, ... ,µ- l; 

·_ [Aµ rµl - - --1 -
Aµ+l = , A1, + 2 = qµ+l - Pµ+1A1,+1 r1,+1, 

P,, qµ 
•) - [ l - [ JT r.n;e Pp+l = Oµ+lp-1, Pµ+l , r,,+1 = o,,_1µ+1, r µ+l , 

- - - -1 
det(Aµ+1) f= 0 H At,+1 = qt, - Pt.At, rt,, ~ = µ + 2, µ + 3, ... , m; 

(28) 

•lrro.n KDa3H0606111eHH1,IMll MaTpll'IHh!Mll npoueccaMH Mb! IlOHMMacM npouccch! DH.Ila (28), (29), KO

TOphle CTPYKTypno coarra.naIOT C 060611teHHbIMH MaTpH,:IHbIMH nponeccaMH DH.z:ta (6), (7), HO 2DJUIIOTCll 

HenpepbIBHblMH D OTn:IPUlH OT rroc:.ne.n;HHX. 
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Ecrrtt det(GE.) f= 0, ,n;JIH Bcex OS~ Sm - 1, 

TO Gf.-1 = qf. - rr.G-; 1Pf.+l, Gm-l = qm 
' 

det (qm) f= 0, ~ = m, ... , l. 

EcrrH det (G
1
i) = 0, ,D;JI.5! rr106oro µ 113 (2 :'.S µ:'.Sm - 2), 

TO Gr.-1 = qf. - rr.+1Gi1Pr.+1, ~ = m, m - 1, ... , µ + l; (29) 

- [ q1,. r 1,+1] - _ - -1 -G
1
,_1 = , , G,,-2 = q,,-1 - r1,G1,_ 1p1,, 

P,,.+l c.,,. 
r.n;e f 1, = [r1,,o1,.-11,+i],p1, = [p1,,o1,.+1,,-1JT, det(G1,-1) f= 0 

- - -1 
M Gf.-1 = qf. - Tt,+lGc P(.+l,~ = µ- 2,µ- 3, ... , 1. 

' 
B COOTBeTCTBHH c BBe,n;eHHhIM orrpe,n;eJieHHeM { A, A} (28) 11 { G, G} 

(29) HMeIOT, O'IeBH,D;HO, MeCTO crre.n;y10m11e YTBPp)K,D;eHH.5!: 

I. Ecrr11{[.6.i-l = 0 .au6o .6.r~1 = O]} - ·paBHhI HYJIIO TOJihKO 

no O,D;HOMY MIIHopy Ka)K,D;Oro nma:, 
TO{[det(A1,;) = 0 .n;JIH rr106oro k H3 (3 S k :'.Sm - 1), 

HO {det(Ad t= O}~:~, {det(A.d t= o}z~-t;_~l], 
.au6o [det(Gk) = 0 ,n;JIH rr106oro k 113 (2 :'.S k :'.Sm - 2), 

HO { det(Gd f= O}Z~L1, { det(G(.) f= O}~:lm. 

Ecrrtt ,D;JI.5! rrocrre.n;oBaTeJihHOCTeii: MaTpHU { A, A} (28) rr1160 { G, G} (29) 
BhIIIOJIH.5IeTC.5I o.n;Ho 113 ycrroBHH I, TO ,n;JI.5! C ( 1) lIMeIOT MeCTO ( TeopeMa 1.1) 
crre.n;y10m11e e,D;HHCTBeHHhIC MaTplI'IHO - cpaKTOplI30BaHHhie rrpe,n;cTaBJieH1rn: 

Ilpeacma6.ae11,ue 1.1 (rrpn YCJIOBlIH Iii) 

E1 
(-P2) E2 

(-/h-2) E~-1:_i) [ Ei--1. ] 
( / Oi-k-1 Ei. 

[-ih+1l Ei-+1 
(-iii-+zl Ei-+2 

X 

(-/J,,.) Em 

•)3JlCCh H nc10ny )laJICC O;j- TO)K,UCCTDCHHhIC nyncnhle IlJHIMOyronbHhIC MaTJHlUhI, paJMCJ)HOCTH 

KOTOphIX orrpc.n;cnsnoTCSl p;nMC[>HOCTSIMH COOTDeTCTDYIDI.QHX KDa,llpaTHhIX MaTpnu {q;,qj }: T- ]Hc\K 

TpaHCilOHl:lponaHHSI. 
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A2 
A.3 

A,._, 

[
A,.. r .. ] 
p,. q,, 

Ak+2 

X 

X,,+3 

Am+l 

Ei(-c2) 

k-
2 

Qk-lk 
E (-ck_i) ] 

[E,._, E [-ck+1l _ ) 
k Ek+i(-ck+2 

= C(A,A), 

r.D,e 

E,,._i(-cm) 
Em 

{/3u1 = -(Pu1A(J1), cu1 = -(A(J1r(+1)}~:f, 

{,1\+1 = -(Pe+1A(J1),.ce+1 = -(AZJ1ru1)}}~-k~1, 

[ ]

-! 

- 4 ~ 
[/3k+d = -[Ok+! k-1, Pk+d 

Pk qk 

[ck+d = _ [A" rkl-
1 

[ok-1k+1]· 
Pk qk Tk+J 

Ilptt 3TOM det ( Ak rk]) # 0. 
Pk </k 

llpeocma6.rte'/iue 1.2 ( npM ycJIOBMM f 2)) 

E1(-/J2) 

Ek-2(-/Jk-l). 

Ek_i[-/Jk] 

[
Ek Okk+I] 

Ek+I (-/3k+2) 
Ek+2( -:-/3k+3) 

Em-1(-{jm) 
E,,. 
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X 

r.D.e 

Go 

E1 
(-c2)E2 

Gk-3 

Gk-2 

[ 
qk 

Pk+! 
Tk+J] 
Gk 

X 

Gk+I 

Gm-2 
Gm-I 

(-ck_i)E"_' 

[-ck)[ E. k 

Ok+lk Ek+J 
= C(G,G), 

(-ck+2)Ek+2 
(-ck+3)Ek+3 

'(-c,n)Em 

{ , (a-1 ) /3, ( a-1)}k+1 cu1 = - ( PUl , (+1 = - re+1 ( (=m-1 l 

"" - -1 "" - -1 1 {cu1 = -(G( Pu1), /3u1 = -(r(+lG( )h=k-2, 

[ ]

-! 

o. qk Tk+I 
[,Bk] = -h, Ok-I k+J] G 

Pk+I k 

[
o. .] = _ [ qk Tk+J]-I [ Pk ] 
Ck Ok+t k-1 • 

Pk+I G,, 

IlpM 3TOM det ( [ v!:1 r,ct]) # 0. 

.Ua.rree nonyqeHhI npe.D,CTaBJieHMH ( TMna 1.1 M 1.2) .D,JIH C ( 1) ( CM. npe.D,

CTaBJieHMH 1.3 - 1.6 TeopeMhl 1.2; npe.D,CTaBJieHMH 1.7 - 1.10 TeopeMhl 1.3) 
npM CJie.D,yIOIIllIX KOM6MHaUMHX, B COOTBeTCTBUM c BBe.D,eHHhlM onpe.D,eJieHM

eM { A, A }(28) M { G, G}(29) MaTpttqHhIX nocne.D,oBaTeJihHOCTeii, ttyneBhIX 

Be.D.ymttx 6JioqHo - yrJIOBhIX MlIHOpoB: 

• II. {[6t-1 = 0 M 6i-1 = OJ .au6o [6,;'+1 = 0 M 6~1 = OJ} -
paBHhI HYJIIO TOJihKO no .D,Ba OT.D,aJieHHhIX MMHOpa Ka2K.D,Oro Tuna; 

III. {[6t-1 = 0 M 6t-2 = OJ .au6o [6,;'+1 = 0 M 6,;'+2 = OJ} -
paBHhI HYJIIO TOJihKO no .D,Ba coce.D,HMX MlIHOpa Ka2K.D,oro Tuna; 

IV. {[6t-1 = 0 M 6t-1 = OJ .au6o [6,;'+1 = 0 M 6f.'+1 = OJ} -
J 

paBHhI HYJIIO JII06oe KOHeqHoe qlICJIO OT.D,aJieHHhlX MlIHOpOB Ka2K.D,Oro TMna; 
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V. {[t::..~-l = 0 II !::..~-l = O] .11,u60 [t::..Z~1 = 0 II !::..z:'+1 = O]} -
paBHbI Hymo mo6oe KOHe'-rnoe qIICJIO coce,[(HIIX MIIHOpOB Ka2K.[(Oro TIIIIa. 

B napa2pagje 2 pa3.neJia 4 nocmpoettbl HOBbie .Mampu'IJ,1-lO - (fia1>,mopu-

306attttble npeacma6.11,e1WJI C ( 1) ( II II3yqeHbI HX CBOMCTBa) npu pa3.11,U'IJ,1-lblX 

1',0.M6utta'l4UJIX tty.11,e6blX Be.[(yIUIIX 6JioqHO - yrJIOBbIX .MU1-l0p06 o6oux muno6 

(BepxHHX II HH2KHHX), T.e. rrpII CJie.[(yIOIUIIX ycJIOBII5!X: 

VI. {[t::..~-l = 0 u t::..i,'.' = O]} - paBHbI HYJIIO o.nHoBpeMeHHO TOJibKO no 

O.[(HOMY MHHopy o6oIIX TIIIIOB; 

VII. {[t::..~-l = 0 = t::..11-
1 u t::..7t = 0 = !::..}"]} - paBHbI HYJIIO o.nHoBpe-

MeHHO TOJibKO ITO .[(Ba OT.[(aJieHHbIX MIIHopa o60HX TIIIIOB; 

VIII. {[t::..t-1 = 0 = t::,.~+2 u t::..7t = 0 = !::..'t+1n - paBHbI HYJIIO 0.[(HOBpe

MeHHO TOJibKO ITO .[(Ba coce,[(HIIX MIIHopa o6oIIX TIIIIOB; 

IX. {[t::..t-1 = 0 II t::..~-l = O] u [t::..i,'.' = 0 u t::..t_1 = O]} - paBHbI HYJIIO 

O.[(HOBpeMeHHO JII06oe KOHeqHoe qHCJIO OT.[(aJieHHbIX MHHOpOB o6oIIX TIIIIOB; 

X {[ Ak-1 0 Al;-1-l O] ["m O Am O]} . u
1 

= H u
1 

= u uk = II u 1;_ 1 
= - paBHbI HYJIIO 

O.[(HOBpeMeHHO JI106oe KOHeqHoe qHCJIO coce.[(HHX MIIHOpOB o6oHX TIIIIOB. 

EcJIH paBHbI HYJIIO O.[(HOBpeMeHHO TOJibKO ITO O.[(HOMY Be.nyrueMy 6Jioq

HO - yr JIOBOMY MHHopy o6oIIx TIIIIOB y C ( 1), T .e .. .[(JI5! rrocne.noBa TeJibHoc

TeM MaTpHU {A,.i\}(28) nu6o {G,G}(29) BbmomrneTc5! o.nHo H3 ycJIOBHM 

VI, TO .[(JI5! C(l) IIMeIOT MecTo (TeopeMa 2.1) cne.ny10ruue e.nHHCTBeHHbre 

MaTpHqHo - cpaKTOpH3OBaHHbie rrpe.ncTaBJieHH5! ( CM. rrpe.ncTaBJieHH5! 2.3 -
2.4 TeopeMbI 2.1; rrpe.ncTaBJieHIIH 2.2' - 2.4' CJie,[(CTBIIH 2.1; rrpe.[(CTaBJieHII5! 

2.5 - 2.16 TeopeMbI 2.2; rrpe.ncTaBJieHIIH 2.7' - 2.8' CJie,[(CTBII5! 2.2; rrpe.n

cTaBJieHH5! 2.17 - 2.22 TeopeMbI 2.3): 

IJpeacmaMettue 2.1 ( rrpH ycJIOBIIII VI) 

E1 
(-f32)E2 

(-f3k-2)Ek-2 

( -f3k-il[ Ek-I 
Qkk-1 

Ok-lk] 
Ek (-/Jw) 

Ek+1(-/Jk+2) 

Em_i(-/Jm) 
Em 
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X 

r.ne 

A2 
A3 

A1--1[Ai-

1'1-
1·,. ] 

G,._1 

Er(-c2) 

Ei-_3(-ci--2) 
E,.-2( -c,._1) 

[ 
Ei--1 Oi--Il,] 
Ou--1 E,. 

G .. ( -Ck+! )Ek+! 

Gm-2 

Gm-1 

= C(A,G) = C, 

{ /< ( A-1 ) · (A-1 )}l•-~ 1--'(+1 = - P(+l (+l , C(+l = - 1;+1r(+l t.=l' 
Au1 = qt, - P(Az1rt,,A2 = q1, ( = 1, 2, ... ' k - 2, 

{/3, ( a-1) , (G-1 )}m-1 t,+l = - r1;+l t, , Ct,+1 = - t, Pf.+1 f.=k , 

( -c,.+2 )Ei-+2 

(-Cm)E,n 

Gt,-1 = qi; - ru1Gz1Pu1,Grn-l = qrn, ( = m - 1, ... ' k + 1. 

B 2.11,aee 2, C IICIIOJib3OBaHIIeM pe3yJibTaTOB rJiaBbI 1: U3y'IJ..e1-lbl CBOH

CTBa rrpe.ncTaBJieHIIM mpexaua2ottaJ1,b1-{blX H IIM o6paTHbIX MaTp11U B cny

qae o6parueHII5! B HYJib Be.nyru11x yrJIOBbIX MIIHOpoB; pa3pa6omm1.b/, HOBbie 

:,cpcpeKTHBHbie qIIcJieHHbie MeTo.[(bI 06parueH115! mpexaua2otta.J1.bttb1.:i.: MaT

p11u o6ruero BII.[(a II peweH11H cucTeM mmettHbIX anre6panqecKIIX ypaBHe

HIIM C mpex{ a6yx}aua2ottaJ1,b1-{bl.MU MaTpIIUaMH; o6oc1-l06a1-lbl 3cpcpeKTI1BHOC

TII qucJieHHOro MeTo.[(a KpHTIIqecKHX KOMIIOHeHT Bbipm:K.[(eHHbIX II IIJIOXO 

o6ycJIOBJieHHbIX CHCTeM JIIIHeMHbIX anre6pauqecKl1X ypaBIIeHIIH. 

B pa3ae.11,e I rJiaBbI 2 no.11,y'IJ,e1-lbl MaTpIIqHo - cpaKTOp1130BaHHbie npeo

cma6.11,e1-lUJI HeBbij)O)K,[(eI-IHbIX Tpex,[(HaronaJibHbIX H HM o6pa.THbIX .Atampm.{ 

6 c.11,y'IJ,ae o6paw,euuJI 6 uy.11,b aeayw,ux y2.11,0BblX .Muuopoa. 

B napa2pagie 1 II 2 u3y'IJ,e1-lbl caoiicmaa uuayu,upoammoi:i.: .Atampm4 K 

C3(5) B cnyqae o6parueHH5! B HYJib Be.nyrunx yrJIOBbIX MIIHOpOB II rronyqeHbI 

a..nmITIIBHo - MYJihTHIIJIIIKaTIIBHoe rrpe.ncTaBJieHIIe Ma.TpHU B = C31
. 

B pa3ae.11,e 2 rJiaBbI 2 npea.11,o;J1Ce1-lbl HOBbie '1J,UC.1lC1l1-lblC .Atemoabt 06-

paw,euuJI Tpex.nuaroHaJibHbIX MaTpHU o6ruero BII.[(a. II pew.euuJI cucme.At 

ypaauettuii c TaKHMH MaTpIIuar,,rn. 

B napa2pagie I pa3.nena 2, c IICIIOJib3OBam1eM pe3yJibTaTOB rna.Bbr I H 

pa3,[(eJia I rJiaBbI 2, rroJiyqeHbI rrpe.ncTaBJieHH5! MYJibTHIIJIHKaTHBHOro TIIIIa. 

( TeopeMa I. I). B HIIX ycTaHOBJieno, qTo .[(JI5! Bne.nnaronaJibHbIX 3JieMeHTOB 
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Bij o6paTHOH MaTpHU:bl B = c;-1 ' r.ne C3 - HeBblpO2K,[(eHHaH Tpex,nHa

roHaJibHaH MaTpHu:a BH.[(a (5), HeKOTOpble Be.nymHe yrJIOBble MHHOpbl KO

TOpoii 06pama10TcH B HJJih (T.e . .6.1 = 0 H/HJIH .6.T = 0, ,nJIH n106blx i H3 

1 :s; i < m, II j H3 1 < j :s; m), HMeIOT MeCTO CJie,ny10mHe rrpe,nCTaBJieHHH: 

lJpeacmaB.!leuue J. J J ( MJJibTHIIJIHKa THBHOrO TH II a) 

B;j = 

' w; IT /3(, ecJIH 1 :s; j < i, 1 :s; i :s; m, 
(=j+l 

0 ,nJIH Bcex i H3 j < i :s; m, eCJIH Aj = 0, 
0 ,nJIH Bcex j H3 1 :s; j < i, ecJIH G; = 0, 

j 

W; IT /3,, eCJIH 1 :s; i < j :s; m, 
{=i+l 

0 .[(JIH Bcex i H3 1 :s; i < j, ecJIH Gj = 0, 
0 .[(JIH Bcex j H3 i < j :s; m, ecJIH A; = O; 

IJpeacmaB.!leuUe 1.12 (MJJibTHIIJIHKaTHBHOro T.tma) 

B;j = 

' IT c(wj, ernn 1 :s; j < i :s; m, 
(=j+l 
0 ,nJIH Bcex j n1 1 :s; j < i, ecnn G; = 0, 
0 .[(JIH Bcex i II3 j < i :s; m, ecnn Aj = 0, 

j 

IT c(wj, ecnn 1 :s; i < j :s; m, 
{=i+l 
0 ,nJIH Bcex j II3 i < j :s; m, ernn A; = 0, 
0 .[(JIH Bcex i II3 1 :s; i < j, eCJIII Gj = 0. 

(30) 

(31) 

IlIIaroHaJihHbie 2Ke 3JieMeHThI B ii Ma TPIIU:hI B, a TaK2Ke BeJIWIIIHhI w i B ( 30) 
-;- (31) rrpe,ncTaBIIMbl B BII,ne: 

B 
- { Go1, ecJIII G1 i= 0 II rrpII 3TOM W1 = B11, 

11 - 1 0, ecJIII G1 = 0 II rrpII 3TOM w1 = (-r2p2t ; 
(A;+1 + G;-1 - q;t1

, ecJIII A; i= 0 i= G; 

II rrpII 3TOM W; = B;;, 
0, ecJIII A; = 0 II rrpII 3TOM 

B;; = { Bi-li-1 = G;_1w;, B;+1i+l = Gi
1

, W; = (-p;r;)-
1
, (32) 

0, ecnII G; = 0 II rrpII 3ToM 

Bi-li-1 = Ai1, B;+li+l = A;+1W;, 
W; = (-r;+iP;+i)-1, i = 2, 3, ... , m - 1; 

B - { A;;,~1' eCJIII Am i= 0 II rrpII 3TOM Wm = Bm,n, 
mm - 0 A O ( )-1 , ecJIII m = II rrpII 3TOM Wm = -pmr m . 
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B (30) -;- (31) 3JieMeHTbI A; II G; orrpe,neJIHIOTCH [19-;-23] KaK 

{ 

A;+1 = qi - P;Ai 1r;, A2 = q1, i = 2, ... , m, ecJIII A; i= 0 
,nJIH Bcex 2 :s; i :s; m. 

EcnII A, = 0 .[(JIH n106oro i II3 (2 :s; i :s; m), To 

A;+1- Heorrpe,neJieHo, HO A;+2 = qi+1, A;A;+1 = -P;T;i 

{ 

Gi-1 = qi - ri+lGi1Pi+li Gm-1 = qm, i = m - 1, ... , 1, 
ecmI Gi i= 0 .[(JIH Bcex 1 :s; i :s; m - 1. 
EcnII G; = 0 .[(JIH n106oro i II3 (1 :s; i :s; m - 1), To 

G;-1- Heorrpe,nenetto, Ho Gi-2 = q;_1, G;G;-1 = -r;+1Pi+1 • 

(33) 

(34) 

IlpII 3TOM B (30)-;- (31) CTpJKTJpHbie :meMeHTbI /3,/3,c,c II IIpOII3Be,n:eHIIH 

IT /3(, IT /3(, IT c(, IT c( IIMeIOT BII,n:: 

{ 

-1 . 
-p;A; , ecJIII A; i= 0, 

/3; = -P;, ecJIII ~ = 0, rrp_II 

3TOM /3,+1 - -P;+1W;, 
{ 

-k;1r;, ecJIII A; i= 0, 
c; = -r;, ecJIII ~ = 0, rr~II 

. 3TOM Ci+l - -W;T;+l, 

{

-Gi
1
P;+r, ecJIII G; i= 0, · {-ri+l Gi

1
, ecnII G; i= 0, 

C;+r= -P;+i, ecn~ G; = 0, /Ji+1= -r;+i, ecm-: G; = 0, 
IIpII 3TOM C; = -W;P;i rrpII 3TOM /3; = -r;W;j 

rri /3 = { /3; · · · /3j+l, ecJIII J < i, rrj = { Ci+l · · · Cj, CCJIII i < J, 
. { 1, CCJIH J 2 i; . C{ 1, CCJIII i 2 Jj 

(=y+l {=i+l 

rrj /j = {/Ji+1···/Jj, CCJI~i <_j, rri C = {C;···Cj+l1 CCJIII_j <_i, 

( 1, ecnIIz>J; ( 1, ecJIIIJ>z. 
(=i+l - (=j+l -

B napa2paifie 2 pa3,nena 2, C IICIIOJib3OBaHIIeM rrpIIBe,n:eHHbIX BLIIIIe 

rrpe,n:cTaBJICHHH 1.11 II 1.12 II pe3JJibTaTOB rJiaBbI 1, IIOJIJ'ICHbI MaTpII'IHO 

- cpaKTOpII30BaHHhie rrpe.n:cTaBJICHIIH .[(JIH C3 H rrpe,n:CTaBJICHIIH a,n.[(IITIIBHO 

- MJJibTIIIIJIIIKaTIIBHOrO TIIIIa .[(JIH B = C31 
( CM. rrpe,ncTaBJICHIIH 2.1, 2.2 

JieMMbI 2.1 II rrpe,n:cTaBJICHIIH 2.3, 2.4 TeopeMbI 2.1 ). 
Ilanee, c IICIIOJih3oBaHIIeM rrpe,n:cTaBJICHIIH 2.3 II 2.4, rrpe,n:no2KeHbI II 

o60CHOBaHbI MCTO.[(bI KpIITII'IeCKIIX KOMIIOHCHT peIIIeHIIH CIICTeMbI JIIIHeii

HbIX anre6paIIqecKIIX ypaBHeHHII c Tpex,n:IIaroHaJihHOII MaTpHU:eII o6w:ero 

BH.n:a ( CM. rrpe,n:cTaBJICHIIH 2.5 n 2.6 TeopeMbI 2.2). 
B napa2paifie 3 pa1,n:eJia 2, Ha OCHOBC MCTo,n:a KpHTII'ICCKIIX KOMIIOHCHT 

peIIIemrn CHCTCMbl ypaBHCHIIII C3X = Y, no.fly't(,e11, 't/,UC.1T,e1l,11,biU .Memoa pe

IIIeHHH cncTeMbI c ,n:Byx,n:IIaroHaJibHoii Ma TpIIu;eii C2 ( 5). 
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B pa3Je.fle 3 rnaBhI 2 II3JIO2KeHhI pe3YJihTaThI nccne.noBattni:i:, cBH3aH

HhIX C o60CHOBaHIIeM 3cpcpeKTIIBHOCTII npe,UJIO2KeHHOro B [1,4-6] npHMoro 

MeTO,Ua KpIITWieCKIIX KOMnotteHT ,UJI5I perneHH5I TI.fl0X0 o6yc.fl06Jle11,'H,b!X cnc

TeM JIIIHeHHhIX anre6pauqecKIIX ypaBHeHIIH (2). IloKa3atto, qTo .UJIH cIIcTeM 

TIIna (2) ycTollqIIBhlll K norpernHOCT5IM (h, s, E1, Eu) MeTO.U KpHTIIqecKHX 

KOMnOHeHT no3BOJI5IeT qIICJieHHO HaXO,UIITh e.UIIHCTBeHHOe nptt6Jitt2KeHHOe 

HOpMaJihHOe MIIHIIMaJibHOe no HOpMe pernettne, o6ecneqIIBaIOmee MlIHIIMYM 

HOpMbI HeB5I3KII 

(Z+= A+ F): IIAz+_ FIi =infllAZ - FIi, 11z11 = infllZII, 
ZEZA ZEZA 

r.ue Z A - COBOKynHOCTh Bcex pernettni:i: CIICTeMhI (2), a TaK2Ke e,UIIHCTBeH

HYIO MaTpIIIIY A+, y,noBJieTBopHIOI..UYIO ycnoBIIHM 

0 0 

IIA+A- Ell= inf II A-1A- Ell, IIA11 = inf II A-111,A+A = AA+, 
_A.-1E!1 _A.-1E!1 

A A 

r.ue E - e,nIIHIIqttaH MaTpIIrra II O A - coBoKynttoCTh Bcex A -1
, "nceB,no

o6paTHhIX" K A. IlpII 3TOM ,na2Ke B cnyqae cymecTBeHHO nnoxoi:\: o6ycnoB

JieHHOCTII 3a,naqII ( 1) z+ II A+ ycTOllqIIBhI K MaJibIM II3MeHeHII5IM BXO,UHbIX 

,naHHhIX (A, F). 
IlpIIBe,neHHaH B naparpacpe TeopeMa 1.3 o6ocHoBbIBaeT [23] nonyqe-

ttne qIICJieHHO MeTO,UOM KpIITnqecKIIX KOMnotteHT MIIHIIMaJibHOro no Hop

Me (IIX+ I I = min), e,nIIHCTBeHHoro npII6Jin2Kettttoro perneHHH X cIIcTe

MhI C
3
X = Y, y,noBJieTBOpHIOI..Uero ycnoBIIIO MIIHIIMyMa ttopMhI tteBH3KII 

(IIC3X+ -Yjj = min), ycToi:\:qIIBoro K norp~rnttocTHM (E1,Eo) BhrqIICJieHIIH 

II K MaJihIM II3MetteHII5IM (h, S) BXO.UHhIX ~aHHhIX (C3, Y). 
HII2Ke npIIBO,UlITC5I a.fl2opum.M MeTo.ua KpIITIIqeCKIIX KOMnOHeHT, CJie-

.uyIOI..UIIll II3 TeopeMhI 1.3. 

Ha'lla.flo 6b!'llUC.fle11,ui1: 

k = 1,i = m; 

(1) 0 h = i; 
[k] I. [k] [!.:] { b, ecJIII k = 1, 

(2) 0 X;= I: Bi( Y(, Cf);= · [k] + . 
(=l - B;1k r11.:+lxl1.:+l' ecJIII k > 1, 

ecnII i = l1.:, TO (5)0
, IIHaqe (3)0

; 

[k] 
(3)0 ecJIII I 'Pi I< l/E1, To (4)0

, nttaqe k = k + 1 II (1)0
; 
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[k] 
(4) 0 1· = i + l X = O· , 11.:+l > 

<I>.= IYjl - IPj x j-l +qj x j +rj+l x j+l I, npII IYjl :S: 1, 
{ 

[k] [Ac] [~:] 

J [!.:] [!.:] [k] 
1 - IPj x j-l +qj x j +rj+l x j+l 1/lyjj, npn IYjl > l; 

ernn l<I>jl :S: 2E1, To (5)0
, Jrnaqe k = k + l n (1)0

; 

[k] [~,] 
(5) 0 X+ =X ·+in.· i ,, rn 

eCJIH i = 1, TO KOHerr BhrqncJieHHll, IIHaqe i = i - 1 II (2)0
; 

K 011,e4 6b!'llUC.fle11,ui1. 

[k] 
3.uecb: Bij (h+1 :S: i :S: l1.:, l :S: j :S: h H k = l, 2, ... , n) - 3JieMeHThI no,nMaT-

[i.:] 0 0 0 

pIIII B MaTpIIIIhI B=C 31
,o6paTHOII K xoporno o6yrnoBJieHttoi1: MaTpIIrre C3 

BII,Ua: 

0 

C3= 

[

ql Tz ] [n] 
P2 q2 r3 =CUn+1+l=l) 

ln 

P111 ql, Q 

r 13+1 P13+1 [ql3+lrl3+2 ] [2] 

Pi3+~~'.3.~2- _1~~3 =C 12 

P12 ql2 0 

P12+1 [q12+1r12+2 l 
~12+1 = P12+2q12+2r12+3 

(li=m) ........ . 

Pm q"' 

l,.+1+1=1 /,. t 
l ll!J 

lu. 1 - - - - -

le t 

1,+IIITJ 
Id 

12+1 
[l] 

11=!4 B 
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l1=mt 

0 

=B, 

⇒ 



rne 
(k] 

9.h+l = qlt+l -plt+l B l,.h.r1,.+1, k = 2, 3, .. , n 

[k] 

II Blth 

[k] 

nocJJe}lHIIe }lIIarottaJihHbie :rneMeHTbI nO}lMaTpIIU B' KOTOpbie 

COBnanaIOT C nocJie}lHIIMII }lIIarottaJihHbIMII 3JieMeHTaMII nO}lMaTpIIU, 06-

[k] l +l 
paTHhIX K xoporno o6ycJIOBJieHHbIM IIO}lMaTpIIUaM C 1:+I ' BbI}leJIHeMbIX 

(!.:] 

MeTO)WM, n - '-IIICJIO BhI)IeJIHeMhIX nonnpocTpaHCTB. 8neMeHThI B;j Bbl-

'-IIICJIHIOTCH [23] no cpopMyJiaM (30) IIJIII (31 ). 

B 2Jtaee 3 ( npuJtoJ1Ceuue ): pa3pa6oma'/ibl aA20pum.Mbl ( CM. napa

rpacphl 1 II 2 pa3}leJia 1) }lJIH '-IIICJieHHOrO o6paw:eHIIH MaTpIIU II perneHIIH 

CIICTeM JIIIHeHHbIX anre6paII'-IeCKIIX ypaBHeHIIII c nJIOXO o6ycJIOBJieHHhIMII II 

"CJia6o" Bhlp02K)IeHHbIMII MaTpIIUaMII Ha OCHOBe MeTO}la KpIITII'-IeCKIIX KOM

IIOHettT; npueeJeuu 6.11,on - cxe.Mbl ( cM. naparpacpbI 1 II 2 pa3}leJia 1) npo

rpaMM; npoeeJeuu "iuc.n,euuble 3ncnepu..41,eumu ( CM. rraparpacp 3 pa3nena 1) 

ITO BbI'-IIICJieHIIIO OCHOBHhIX xapaKTepIICTIIK perneHIIH CIICTeMbI JIIIHeHHhIX 

anre6paII'-IeCKIIX ypaBtteHIIii; npueeJeUbl pe3y.11,bmambl '-IIICJieHHhIX 3Kcrre

pIIMeHTOB B cpaBtteHIIII C pe3yJibTaTaMII HaII6onee II3BeCTHhIX nporpaMM 

II3 naKeToB: 

CERNLIB - 6II6JIIIOTeKa nporpaMM CERN; 

NAG - naKeT MaTeMaTII'-IeCKIIX nporpaMM (Numerical Algorithms Group, 

Oxford); 
LIBJINR - 6II6JIIIOTeKa rrporpaMM OIUIM; 

LINA - naKeT nporpaMM; 

6bmo.n,ueu TaK2Ke npamnuu aua.11,u3 ( CM. naparpacp 3 pa3)IeJia 1) rronyqeH

HhIX '-IIICJieHHhIX pe3JJihTaTOB, II3 KOToporo CJie)IyeT, '-ITO MeTO}l KpIITII

qeCKIIX KOMnoHeHT HBJIHeTCH JIJ'-IllIIIM no CBOIIM Ka'-IeCTBeHHhIM noKa3aTe

JIHM II3 HaII6onee II3BeCTHhIX MeTO}lOB perneHIIH IIJIOXO o6ycJIOBJieHHhIX CIIC

TeM JIIIHeHHhIX anre6paII'-IeCKIIX ypaBHeHIIii; nona3aua [26] BbICOKaH 3r;p
r;{>enmueuocmb ( CM., TaK2Ke, naparpacp 3 pa3nena 1) nporpaMM naKeTa 

JINRLINPACK npII '-IIICJieHHOM perneHIIII nnoxo o6ycnoBJieHHhIX cIIcTeM JIII

tteiitthIX anre6paII'-IeCKIIX ypaBHeHIIH B 3a}la'-Ie pacceHHIIH C BapIIaUIIOHHhIM 

cpyHKUIIOHaJIOM lliBIIHrepa. 
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3. Oc1-l061-lble pe3yJibmambl u 6bl60abl 

- Jfay"ieua CTPYKTypa npHMbIX rrpe,lICTaBJie:i_rnii ( 6JIO'-IHO )Tpex.n;IIaro

HaJihHhIX II IIM o6paTHhIX MaTpIIU Ha OCHOBe o6o6w:eHHhIX II KBa3II06o6-

w:eHHhIX MaTpII'-IHbIX npoueccoB. Ilocmpoe'/ibl IIX reHepaTopbI. 

- Ilocmpoeubl reHepaTopbI rrpHMhIX MeTO)lOB neKOMn03IIUIIOHHoro TII

rra II pa3pa6oma'/ibl 3cpcpeKTIIBHbie '-IIICJieHHhie MeTO)IhI KpIITII'-IeCKIIX KOM

IIOHeHT }lJIH pernettIIH nnoxo o6ycJIOBJieHHhIX CIICTeM JIIIHeHHhIX anre6paII

qeCKIIX ypaBHeHIIH. 

- 06ocuoeaua 3cpcpeKTIIBHOCTb MeTo}la KpIITII'-IeCKIIX KOMnoHeHT II 

pa3pa6oma1ibl ero '-IIICJieHHbie anropIITMhI. Co3Jau, Ha IIX OCHOBe, HOBhIH 

naKeT JINRLINPACK [24, 25]. 

- IlpoeeJe'/ibl '-IIICJieHHbie 3KCnepIIMeHThI no Bhl'-IIICJieHHIO OCHOBHhIX 

'-IIICJieHHbIX xapaKTepIICTIIK perneHIIH CIICTeM JIIIHeHHhIX anre6paII'-IeCKIIX 

ypaBHeHIIii. Bbmo.n,ueu KpaTKIIii attaJIII3 nonyqeHHhIX '-IIICJieHHhIX pe3yJih

TaToB, II3 KOToporo CJie)IyeT, '-ITO MeTO)I KpIITII'-IeCKIIX KOMnoHeHT HBJIHeT

CH JIY'-IllIIIM no CBOII Ka'-IeCTBeHHhIM IIOKa3aTeJIHM II3 HaII6onee II3BeCTHhIX 

MeTO}lOB perneHIIH IIJIOXO o6ycJIOBJieHHhIX CIICTeM JIIIHeHHhIX anre6panqec

KIIX ypaBHeHIIH. Ilona3aua [26] BhICOKaH 3cpcpeKTHBHOCTh rrporpaMM rraKeTa 

JINRLINPACK npII '-IIICJieHHOM perneHIIII rrnoxo o6ycnoBneHHhIX CIICTeM JIII

Heiitthrx anre6paII'-IeCKIIX ypaBHeHHH B 3a)Ia'-Ie pacceHHIIH C BapIIaUIIOHHhIM 

cpyHKUIIOHaJim.1 lliBIIHrepa. 
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