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OBI.IJ;MI XAPAKTEPI1CTl1KA PABOTbI 

AKTYaJihlIOCTh TeMbI. 

B npnKJia,lI.HblX 3a.rr.aqax MaTCMaTll'ICCKOfi q>ll3l1Kll qaCTO B03Hl!KaeT noTpe6-

HOCTb B np116JnDKCHHOM perneHJrn C nOMOllJblO 8BM ypaBneuufi 9B0JIIOlJIIOHHOro 

THna x'(t) = A(t)x(t) C JIJIHCfiHhlM ,!l.llq>q>epeHU.llaJibHblM onepaTOpOM C qaCTHblMll 

npOI13BO,lI.HblMH A(t) (ypaBHCHHC lllpe,n.1111repa, BOJIHOBOe ypaBHCHIIC, ypaBHCHile 

TenJionpOBO,!l.HOCTJI, II T. n.). B HaCTO.HllJCC BpCM.H .IJ.JI.H pernemrn TaKoro po,na 3a

,naq na1160Jibll1Ce pacnpocTpaHCHlle HOJIY'IIIJill MCTO.IJ.bI, HMelOllJllC HCBblCOKIIfi no

p.H,!lOK (nepBblfi IIJIII BTOpofi) annpOKCIIMaU.llll no BpeMeHHOfi nepeMCIIHOfi t, B K0-

TOpbIX CyllJeCTBCHHbIM o6pa30M ucnoJib3YCTC.H npe,ncTaBJICHIIC B paCllJCnJieHl!OM 

Bu,ne onepaTopa A(t) = I:a A 0 (t). Ilpu B03M0)KHOCTII y,!l.aqnoro Bb16opa TaKoro 

npe.rr.cTaBJieHll.H qacTO OKa3bIBaeTC.H 9q>q>eKTIIBl!bIM npIIMCHCHile 60JiblllOfi rpyn

nhI MCTO,!l.OB, BKJIIO'falOllJIIX B ce6.a MeTO.IJ.bl .rr.po6Hb!X rnaroB, MeT0,!lbl nepeMeH

!IbIX uanpaBJICHilfi, MCT0,!lbl paCllJCITJICHII.H II MeT0,!lbl q>aKTOpI13aU.IIII. O.rr.HaKo, na 

npaKTIIKC BCTpeqaJOTC.H 3a,IJ,a'III, npII perneHilll KOTOpb!X Hll3Kilfi nop.H,Il,0K annpoK

Cl1Mau.1rn no t yKa3aHHbIX BbllllC MeTO,IJ,OB BblHY)K)laeT BbI6IIpaTb Kpa.fl:ne MeJIKilii 

mar no 9T0.fl: nepCMCHHOfi ,IJ,JI.H npllCMJICMOfi TO'IHOCTII np116JII1)KeHHOro perneHII.H. 

IlpllMCpOM TaKofi CIITyaU.IIII MOryT CJIY)KIITb 3a,IJ,a'III, Tpe6y10llJI1e 'IIICJICHHOrO pe

lllCHII.H HeCTaU.IIOUapHblX ypaBHCHilfi lllpe,II,IIHrepa II ,Il.IlpaKa, onIICb!Ba!OllJIIX B3a

IIMO,IJ,e.fl:CTBIIC aTOMHblX CIICTeM C O'ICHb IIHTCHCIIB!Ib!M 9JICKTpOMarHIITHbIM no

JICM. Tpe6oBaHIIC 06ecneqI1Tb 60JiblllYIO TO'IHOCTb, KaK npaBIIJI0, npIIBO,Il,IIT K 

CJllJeCTBCHHOMY YBCJIIl'ICHIIIO Bbl'{IICJIIITeJihHOfi pa60Tbl. B TaKIIX 3a,IJ,a'fax 6bi

JI0 6b! )KeJiaTCJibHO npm,rnHeHIIC MeTO,Il,OB C Bb!C0KIIM l!Op.H,Il,K0M annp0KCIIMalJIIII 

no t ,Il,JI.H 6oJiee pau.IIOHaJibH0ro IICnOJib30BaHII.H Bbl'IIICJIIITMbHblX pecypCOB. O.rr.

HIIM ll3 nO,IJ,XO,Il,OB, n03B0JI.HIOllJIIX .rr.o6l!TbC.H YBMll'feHll.H l!Op.H,!1.Ka annpOKCl!Ma

lJllll, .HBJI.HeTC.H Henocpe,II,CTBeHuoe npl!MeHeHIIe MeT0,Il,0B BbICOK0ro nop.H,II,Ka ,Il,JI.H 

llHTerpilpOBaHll.H CllCTeM o6hIKHOBeHHbIX ,IJ,llq>q>epeHU.IlaJibHbIX ypaBHeHilfi, noJiy

'feHHb!X ll3 IICX0,Il,HOro ypaBHeHII.H nyTeM TO.fl: IIJill llH0.fl: KOHe'IHOMepHO.fl: annpoK---. 
'
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CIIMaU:HII orrepaTopa A(t). IIpu 9T0M, II0CK0JihKY II0JiyqaeMMI TaKJIM o6pa30M 

Cl!CTel',Ia ypaBHeimfi 5IBJI5IeTC5I KaK rrpaBIIJI0 )KeCTK0fi, Han6oJiee II0)l,X0)l,5IIu:HMH 

MeT0)l,aMII 3)1,eCb 0Ka3bIBaIOTC5I 0)1,HOIUar0Bbie nesBHhie MeT0)l,bl Pynre-KyTTbJ. 

O)1,HaKo, B MeT0)l,aX Pyure-KyTTbl BMeCTe c yBeJIH'IenneM rropa)l,Ka arrrrp0KCIIMa

U:HII no t cyiu:eCTBeHHbIM o6pa30M yBeJIWIHBaeTca pa3MepH0CTb MaTpIIU:, KOT0pbre 

Heo6XO)l,IIMO o6paiu:aTb Ha KaJK)l,0M rnare no t. 2ho '!aCT0 5IBJI5IeTC5I rrpaKTII'IeCKIIM 

rrpenaTCTBHeM )l,JI5I llIIIp0Koro l!CIT0Jlb30Bal!H5I neaBHhIX MeT0)l,0B Pynre-KyTTbl 

B paccMaTpIIBaeM0M CJiy<Iae. TaKIIM o6pa30M, C03)],am1e 9K0H0Mll'IHblX MeT0)l,0B 

BbIC0Koro rropa)l.Ka )l,Jia ypaBuen11fi SB0JIIOU:IIonnoro Tima II 11x na)l,e:llrnoe o6ocno

BanIIe 0CTaeTC5I BeCbMa aKTYaJibHbIM narrpaBJieIIHeM Te0pl!ll 'IlICJieHHblX MeT0)l,0B. 

B pa6oTe pa3mrnaeTC5I IT0)l,X0)l, K rrpH6JIH)KeHHOMY IIHTerpIIpoBaHHJO ypanne

HIIfi BH)l,a x'(t) = A(t)x c nepeMeHHbIM orrepaTOp0M A(t) n rHJib6epTOBOM npo

CTpaHCTBe, OCHOBaHHblfi Ha COBMecnIOfi arrnp0KCHMaU:IIII 9B0JII0U:l!0IIH0ro onepa

T0pa C Il0M0iu:bIO 9KCII0HeHU:l!aJibl!0ro rrpe)l,CTaBJieHII5I I! A-rrpneMJieMblX pau:no

HaJibHbIX cpyHKU:Hfi r(z), OT06paJKaIOiu:nx JieByIO II0JIYIIJI0CK0CTb Rez::;; 0 B e)l,H

Hll'IHblfi Kpyr lr(z)I ::;; 1 n nMeIOiu:ux 3a)l,aHHhifi nopa)l,0K Kacamrn c ez B T0'!Ke 

z = 0. IIpe)l,JIO)KeHHblfi 110)],X0)l, 1103B0JI5IeT II0JIY'IHTb na6op 0)1,H0lllaroBblX neaB

HbIX onepaTopno-pa3H0CTHbIX cxeM C II0BbillleHHblM 110p5I)l,K0M annpoKCIIMaU:mI 

110 t, npHB0)l,5IIu:IIX K 6oJiee 9K0H0MII'IHbIM pa3H0CTHblM cxeMaM 110 cpaBHeHHJO 

C IT0)l,X0)l,0M, 0CH0BalIHbIM Ha HCIT0Jlb30BaHHH MeT0)l,0B Pynre-KyTTbl BbIC0Koro 

nopa)l,Ka )l,Jla JIIIHefiHhIX ypaBnennfi. 

U:eJibIO pa60Tbl 5IBJI5IeTC5I Il0CTp0eHIIe II TeopeTII'IeCK0e o6ocHOBaHIIe MeTO

)l,0B a1111p0KCUMau:nn BbIC0Koro 11opa)l,Ka T0'IH0CTII )l,Jl5I JIUHefiHbIX 9B0JIIOU:II0HHbIX 

011epaT0p0B B rIIJib6epTOBOM npocTpaHCTBe, a TaK)Ke 11pnMenenue 9THX MeT0)l,0B 

K 'IllCJieHH0MY perueHHIO HeCTaU:II0Hapnoro ypaBnenua lllpe)l,IIHrepa, 0illlCb!BaIO

iu:ero 11pou:ecc Ha)l,nopor0B0fi II0HII3au:nn 0CH0BH0r0 C0CT05IIIII5I aT0Ma B0)l,0po)l,a 

Jia3epHbIM IIMITYJibC0M. 
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)lJia )l,0CTU)Kemrn 9T0fi u:eJIII peruaIOTC5I CJie)l.yIOiu:IIe 0CH0BHbie 3a)l,a'III: 

• BbrnCHem1e ycJIOBHfi YCT0fi'IIIB0CTII 11 CIIJibHOlt CX0)l,l!M0CTII COBMeCTHOlt a11-

np0KCI!Mau:un 9B0JIIOU:II0HH0ro 011epaTopa C II0M0iu:blO 9KCIT0HeHU:llaJibH0ro 

npe)l,CTaBJiemrn II paU:II0HaJibHbIX cpyHKU:JIHMfi B rHJib6epTOBOM 11p0CTpan

CTBe; 

• II0CTpoem1e 0)1,l!0lllaroBblX 11eaBHbIX a6COJIIOTHO-YCTOfi'IHBbIX pa3H0CTHbIX 

cxeM II0Bh!lllen11oro rropa)l,Ka T0'III0CTl! na 0CH0Be 11pe)l,JI0)Ke1111oro MeT0)l,a 

a11rrp0KCl!Mau:nlt 9B0JIIOU:l!0HH0ro onepaTopa II MeT0)l,a K0He'IHbIX SJieMeH-

Ton; 

• cpam,enne scpcpeKTIIBHOCTl! 11pe)l,JI0)KeHH0r0 MeTo)l,a II HeaBHblX MeT0)l,0B 

Py11re-KyTTbI 11a 11pnMepe necTau:11onap11oro ypanHemrn lllpe,IJ,11Hrepa. 

Hayquaa H0BH3Ha II 11paKTll'IeCKaa u:enH0CTb 

Pa3pa6oTaH l! 06oc110BaH H0Bbifi a6COJIIOTHO ycTOfi'IIIBblfi MeT0)l, BbIC0K0ro 110-

pa)l,Ka T0'IH0CTH np116JI11)KeHIIOro HHTerpnpoBa11na 3a,IJ,a'In Kornn )l,Jla JI1111elt110-

ro 9B0JIIOU:II0HH0ro ypaB11e11na C nepeMeHHblM 011epaTopoM B rllJib6epTOBOM npo

CTpaHCTBe. TeopeMbl 06 ycT0lt'IIIB0CTII II CX0)l,l!M0CTII 11pe)l,JI0)KeHH0rO MeT0)l,a, 

)l,0Ka3aHHbie 11enocpe,n:CTBe11110 )l,Jl5I a6cTpaKTHOro )l,llq>cpepe11u:11aJibHOrO ypaBHe

Hll5I, C03)l,aIOT Ka'IeCTBeHHYIO 0CH0BY )l,Jl5I 11pl!Me11e1111a pa3pa6oTaHHOro MeT0)l,a K 

ypaB11e1111aM 9B0JIIOU:l!0HH0ro THria B K0HKpeTHbIX cpyHKU:IIOHaJibHbIX 11pocrpa11-

CTBax. 

IIpe)l,JIO)KeHHbifi MeT0)l, a11np0KCIIMab;1111 9B0JIIOU:l!0HHbIX onepaT0p0B 1103B0JI5I

eT CTp0IITb ceMefiCTBO HeaBHbIX 0)l,H0mar0BblX a6COJIIOTHO ycT0fi'IIIBbIX pa3H0CT

Hb!X cxeM np0l!3B0JibH0ro nopa,n:Ka TO'IH0CTII 110 BpeMeHII )l,Jl5I 60JibllIOrO KJiaC

ca JIIIHefiHbIX ypaBne1111il: MaTeMaTII'IeCK0il: q>II3l!KII 9B0JIIOU:l!0HH0ro Tllna. TaKl!e 

pa3H0CTHbJe cxeMbl Tpe6yIOT MeHblllero o6beMa Bbl'IIICJIIITeJibllbIX 3aTpaT, 'IeM 

pa3H0CTHbie cxeMbl Toro :lKe 11opa,n:Ka T0'IHOCTII no BpeMeHII, II0Jiy'IeHHbJe nyTeM 

np11MeHeHl!5I He5IBHbIX MeT0)l,0B Py11re-KyTTbl K CIICTeMaM JIIIHeil:HbIX o6bIKHO

BeHHbIX ,n:11cpcpepe11u:11aJibHblX ypaBHeHHil:. 
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Pa3HOCTHbie cxeMhI, IlOJiyqeHHhie Ha OCHOBe npe,!J)JO)KeHHOro MeTO,lla annpoK

CIIMaIJIUI 9BOJIIOIJIIOHHhIX onepaTOpOB npnMemIJIHCh ,!IJIH qncJieHHOro pernemrn 

TpexMepHoro HecTaunonapHoro ypaBnemrn lllpe,llnnrepa B 3a,lla'Ie o q>0Tonom13a

u1rn aTOMa BO,l!OpO,lla Jia3epHbIM HMITYJibCOM 60JibIIIOti HHTeHCIIBHOCTH. IIpn 9T01\I 

6hIJI npocJie:lKen pa,ll 3aKonoMepnocTefi B ,rnepreTIPieCKOM pacnpe,lleJiemm ¢o

T09JieKTpOHOB, CBH3aHHbIX C aHrapMOHIIqHOCTbIO nepeMeJIHOro 9JieKTpll'IecKoro 

ITOJIH, OITIICbJBaeMero MO,lleJiblO ,llBII:lKYJn:erOCH 3epKaJia npn OTpa:lKemm Jia3epno

ro IIMITYJibCa OT IIOBepxHOCTll TBep,IJoro TeJia. 

J:l:Jia Bb1qncJiemrn 9HepreT1IqecKoro pacnpe,IJeJiemrn q>OToa11eKTpoHoB 6bIJI npe,ll

JIO:lKen II IICITOJih30BaH HOBhlfi MeTO,ll, OCHOBaHHhifi Ha npoue,IJype CIIIIIBaHIIH qlI

CJieHHOfi BOJIHOBOfi q>YHKI!llll C aCIIMITTOTIIqecKIIM perneHIIeM Ha cq>epe orpann

qeHHOro pa,!11Iyca B KOHq>nrypaIJIIOHHOM npocTpaHCTBe. OTO Il03BOJIHeT cyiu:e

CTBeHHhIM o6pa30M yMeHbIIIIITb o6JiaCTb KOHq>IIrypaIJIIOHHOro npocTpaHCTBa, B 

KOTOpofi Tpe6yeTCH 3nan1Ie qlICJieHHOfi BOJIHOBOfi q>YHKIJIIII, no cpaBHe!lllIO C Tpa

,lllllJIIOHHbIM cnoco6oM noJiyqeHHH 9TOfi xapaKTeplICTIIKII npouecca llOHII3aIJHII. 

Anpo6au11a pa6oThI. Pe3yJihTaThI pa6oThI ,llOKJia,IJhIBaJIHCh Ha I 11 II Interna

tional Conferences "Modern Trends in Computational Physics", Dubna, Russia, 

June 15-20, 1998; July 24-29, 2000, a TaK:lKe Ha ceMHHapax Jia6opaTOp111111Hq>op

Mau110HHhix TexHoJior11fi, OlUIM, JJ:y6Ha. 

Ily6JI11Ka1Jllll. OcHOBHbie pe3yJihTaTbl ,llllCCepTaIJllll ony6m1KOBaHbl B IlHTll Ha

yqHbIX pa6oTax. 

CTpyKTypa II o6'beM ,llllCCepTaIJIIll. JJ:1IccepTaIJIIH COCTOIIT 113 BBe,lleHHH, Tpex 

rJiaB, 3aKJIJOqeHIIH, npHJIO:lKeHHH II CilllCKa JIHTepaTyphI. Co,llep:lKHT 103 CTpam1-

I!hI, BKJIJOqaa 1 Ta6JI11ey, 9 p11cyHKOB II CITHCOK JIHTepaTyphI U3 91 HaHMeHOBaHUH. 

COJJ:EP)KAHME PABOTbI 

Bo BBe,llCHllll noKa3a
0

Ha aKTYaJibHOCTh TCMhI, q>OpMaJibHO ll3JIO)KCH rrpe,llJiara

CMhifi MCTO,ll nocTpoeHHH annpOKCl!MaIJnfi rrpOH3BOJihHOro nopH,IJKa TOqHOCTll ,!IJIH 
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anoJI101U1011noro onepaTopa U(t, s), pa3perna10iu:ero 3a,IJaqy Korn11 ,!IJIH ypaBnemrn 

x'(t) = A(t)x(t), t E [0, T] (I) 

B rl!Jib6epTOBO!\I npocTpaHCTBe X C 3a,IJaI!Hbll\l Jill!lefiHhIM IIOJiyorpan11qe11Hb!M 

onepaTopol\1 A(t) : X ➔ X, o6cy:lK,IJaeTCH CBH3h npe,IJJiaraeMoro MeTo,IJa c neaB

HhIMII !\leT0,IJal\111 Pynre-KyTTbl lll1Terp11pona111rn o6bIKHOBeHHblX ,IJIIq>q>epenu11-

aJibHbIX ypam1en11fi II KpaTKO nepe<IIICJiellbl IlOJIY'leHHbJe pe3yJihTaTbl. 

B nepnoii mane nno,IJIITCH KJiacc K7([0, Tl) onepaTOpHhIX Koa¢¢11u11e11Ton A(t) 

ypan11c111rn ( 1) B rlIJib6epTOBOM npocTpallCTBe X' 11rpaIOIUJIX pOJib onepa-rop

q>ynKIJJlfi ITOBhilllellHOli rJia,IJK0CTII, ll o6cy:lK,llaIOTCH CBOfiCTBa onepaTOpOB 9Toro 

KJiacca. TToKa3hmae-rca pa3penmMOCTh 3a,lla•rn Kornn ,llJIH ypannemrn (I) c TaKn

MH onepa-ropaM11 e,ll1rncTne1111b1M o6pa30l\l. Hl\teHHO ,llJrn onepaTopon a-roro KJiacca 

B ,llaJib1IetiI11eM npOBO,llllTCH ,llOKa3aTeJibCTBO CXO)]Jll\lOCTII annpOKCIIMaIJHfi 9BO

JIIOIJIIO!IIIOro onepaTopa ypaimeHHH ( 1)' IIOCTp6emihIX C IIOMOJn:bIO 9KCIIOHem~H

aJiblIOro npe,llcTaBJiemrn onepaTopa 9BOJIIOIJIIII II A-npneMJiel\lbIX paIJl!OHaJihllblX 

q>yHKIJlliL 

Onpe,n.eJieHne. 3aMKHYThifi Jil!HefiHhifi onepaTop A(t) : X ➔ X, ,IJei-lcTBy10iu:nfi 

B rHJib6epTOB01\I IIpOCTpaHCTBe X H 3aBHCHiu:Hfi OT napaMeTpa t E [O, T] npnHa,ll

Jie:lKHT KJiaccy K7([0, Tl), ecm1 Bhmom1enhI cJie,IJy1oiu:ne ycJioB1rn: 

(a) ,!IJIH KroK,lloro t E [0, T] onepaTOp A(t) HBJIHeTCH npon3BO,llHiu:HM onepaTO

poM C:lKHMa10iu:efi noJiyrpynnh1; 

(b) ,!IJIH k = l, 2, ... , l o6JiacTn onpe,lleJienna cTeneHefi Ak(t) ne 3aBHCHT OT t, 

D(Ak(t)) = Dk; 

(c) onepaTOphI Bk(t, s) = [/ - A(t)Jk[I - A(s)J-k paBHOMep110 orpam1qeHhI no 

HOpMe npn t, s E [o, T]; 

(d) orrepaTOpbi Bk(t, s) l!MCIOT q 11errpepb!BllblX CllJibllbIX npOH3BO,llHblX no t 

XOTH 6bl ,!IJIH O,llHOro 3Ha'ICHIIH s E [0, T]. 
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B pa3;::i:eJie 1.1 ;::i:a10Tc.a HeK0T0phie orrpe;::i:eJiemrn Teopm1 .n:ucpcpepem111aJihHhlX 

ypaBHeHIJli B 6attaXOBOM II rIIJih6epTOBOM rrp0CTpancTnax, CB.H3aHHhJe C II0II.HTII

.HMIJ Co-IIOJiyrpyrrrr II orpaHll'I_eHHhJX 3B0JIIOJJIIOHHhIX orrepaT0p0B. OmJCbJBaeTC.H ,,, 
IJCIIOJlh3YeMhlfi B HaCT0.HIJJefi pa6oTe crroco6 KaTO II0CTpoemrn 3B0JIIOJJl!OIIH0ro 

orrepaTopa. B 3T0M )Ke pa3;::i:eJie JJ:0Ka3hJBaeTC.H p.a.n: BCII0M0raTeJihHhlX YTBep)K.n:e

Hllfi, B qacTH0CTII 06 oT06pa)KeHirn C 0-rroJiyrpyrrnott exp{ tA} o6JiaCTett onpe.n:e

Jiemrn cTerreHefi cnoero rrpo113no.n:.aIJJero orrepaTopa A B ce6.a. B pa3;::i:eJie 1.2 3T0 

yTnep)K.n:em,e o6o6IJJaeTC.H Ha cJiyqali 3aB11C.aIJJero OT t onepaTopa A, np1111a;::i:Jie

)KaIJJero KJiaccy K7([0, Tl): 

TeopeMa (I). Ilycm1, 3a.M-x:'Hym'btti onepamop A(t) 6 zu111,6epmoeo.M npocmpa'H

cmee X npu'HaaJle;JfCUffi K7([0, Tl), q, l ~ I. To2aa npu k = 1, 2, ... , l 360Jl10'1{UO'H,

'H,'btti onepamop U(t, s) ypae'He'Hwt (1) omo6pa:J1Caem Dk e Dk, npu'l/,e.M aNI onepa

mopoe Wk(t, s) = [I -A(t)JkU(t, s)[I -A(s)J-k cnpaeea11uea O'l{e'H-x:a IIWk(t, s)II $ 
exp{K(t - s)} c 'He-x:omop'bt.M -x:o'He'l/,'H'bt.M K npu ecex O $ s $ t $ T. 

,1J;oKa3aTeJihCTBO TeopeMhl rrpoB0JJ:IITC.H C II0M0IJJhlO o6ocHOBaHirn cyIJJeCTB0-

BaHII.H CIIJlhH0ro rrpe;::i:eJia y pa3H0CTHhlX ypaBHeHIJfi, anrrp0KCIIMIIPYJOIJJIIX orre

paT0phl wk ( t, s). '.:ha TeopeMa o6ecrre'IIIBaeT BhIJJ0JIHeHne ycJIOBIIli ycT0li'llIBO

CTll arrrrp0KCIIMaJJIIli 3B0JIIOJJII0HHh!X onepaTop0B JJ:JI.H ypaBHeHIIli C nepeMeHHh~M 

orrepaTOp0M KJiacca /C7([0, Tl). B pa3;::i:eJie 1.3, ncxo.n:.a II3 o.n:noli TeopeMhI H. Hett

Matta, II0JiyqeHhl 0JJeHKll JJ:JI.H H0pM A-npIIeMJieMhIX paJJII0HaJihHhJX cpyHKJJIIli OT 

MaKCUMaJihHhJX .n:uccurraTUBHhJX u II0Jiyorpanu'leHHh!X orrepaT0poB n flIJih6epTO

B0M rrpocTpaHCTBe, a TaK)Ke II0JiyqeHhl 0JJeHKH, cpaBHHBaJOIJJHe ,n:ucKpeTHYIO lI 

HerrpephIBHYIO IIOJiyrpyrrIIhI, lI rrplIB0,II:.HTCa HeK0T0pbie rrpn:Mephl A-rrpn:eMJieMhJX 

paJJH0H!UihHhlX cpyHKJJHfi. 

Bo BT0poli rJiaBe rrpoB0JJ:lITC.H II0CTpoeHIJe II o60CHOBaHIIe CX0,II:lIM0CTH rrpe,n:

JI0)KeHH0ro MeTo;::i:a, o6IJJa.H cpopMa K0T0poro M0)KeT 6hITh rrpe,n:cTaBJieHa n BH,n:e 

p-cTa;::i:uliuoli o,n:ttomaronoli ue.anuott orrepaTopuo-pa3uocTuott cxeMhl, 

(I - µmF?')Ym+I = (I - vmF?')Ym, m = 1, 2, ... ,p, (2) 

6 

; 

) 

) 

B KOTOpott Ka)KJJ:0MY mary j IJ0 t C00TBeTCTBYIOT orrepaT0pHhie ypaBHeHII.H ,II:JI.H 

IJ0CJie,n:onaTeJihH0ro orrpe.n:eJiemrn 3JICMeHT0B Yi E X 9JieMeHThl Ym UMeJOT BCIJ0-

M0raTeJibH0e 3Ha'leHUe, rrpII'IeM ua j-OM mare Y1 E X C00TBeTCTByeT rrpu6Jiu

)KeHH0My peIIIeHIIIO lJCX0JJ:H0ro ypaBHeHII.H B T0'!Ke tj, a Yp+l E X pemem,10 B 

T0'!Ke tj+l· qepe3 I 3;::i:ech o603Ha'leH TO)K,II:eCTBeHHhlli orrepaTop, a K03cpq>IIJJUeH

Thl llm " µm orrpe.n:eJI.HIOTC.H Il0JI0)KeHI,eM HyJieli u TI0JIIOC0B BhI6paHHOli paJJII0-

HaJihH0li arrnp0KCUMaJJIIll 3KCil0HeHThl r(z). OnepaTOpHhJe ypaBHeHH.H (2) M0)KH0 

IICII0Jih30BaTh KaK 0TrrpaBHYIO T0'IKY JJ:JI.H II0JiyqelJU.H 0K0H'laTeJihllhIX CIICTeM 

aJire6pa11qecKIIX ypanneunli rrpu K0He'IH0MepHhIX arrrrpoKCIIMaJJII.HX IICX0,II:H0ro 

cpyHKJJIIOHaJihHOrO rrp0CTpaHCTBa, ttarrpuMep B paMKax MeT0,II:0B faJiepKIIHa IIJIU 

K0He'!HhIX 3JieMeHT0B. 

B pa3;::i:eJie 2.1 rrpIIMeH.HIOTCa KBa,n:paTypHhJe IIHTeprr0JI.HIJII0HHhJe rrpaBIIJia 

JJ:JI.H arrrrp0KCIIMaJJIIll KpaTHhlX lllITerpaJI0B xp0H0JI0rII'!eCK0ro p.a,n:a c Heo6xo

,II:IJMhJM rrop.H,II:K0M T0'IH0CTII q B 3KCII0HeHJJ~aJihH0M rrpe,n:CTaBJieHIIII orrepaTopa 

3B0JIJOJJIIlf. O6IJJa.H Kna.n:paTypna.a cpopMyJia ,n:JI.a orrepaTopa F?) rrpe;::i:cTanJiaeTca 

B BIIJJ:e 

q 

Fjq) = L I: wk(i1, ... , ik)gk(A{ ii}, ... , A{ ik} ), (3) 
k=l i1 , ... ,ik=l, ... ,p 

A{i} = (tj+l - tj)A(tj + /3;(tj+l - tj)), 

r ,n:e K03<pq>IIJJIIeHThI wk, k = 1, 2, ... , q n y3JihI /3;, i = 1, ... , p y,n:onJieTB0p.HIOT 

CllCTeMe aJire6panqecKHX ypaBHeHHli 

[1 {{I r'k-1 L wk(i1, ... , ik)f3f: ... f3f! = Jo d(1(f1 Jo d(2(;2 
•·· Jo d(k(i\ 

i1, ... ,ik=l, ... ,p O O 0 

k 

l1,••·,lk=0,l, ... ; Ll;$q-k. 
i=l 

Ilo,n: gk(A1, A2, ... , Ak), k == 1, 2, ... B Bhipa)Kettun (3) no,n:pa3yMeBaeTca HeKo-

Topaa YHHBepCaJihHa.H II0CJie,n:oBaTeJihH0CTh II0JIHH0M0B OT HeK0MMYTHPYIOIIJllX 

rrepeMeHHhlX A;, rrpn'IeM Ka)K,II:hlli II0JIHH0M 9k o,n:nopo,n:eH rrepnott CTerreHII no 
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KruK,llOii cnoett rrepeMeHHOii ll flBJI.aeTC.a KOMMyTaTOpHblM IIOJillJIOMOM, T. e. Bblpa

)KaeTC.a B BH,ne Jll!Heiirrott KOMfornau1rn rrepeMeHHhlX A1, ... , Ak, !IX KOMMyTaTopoB 

[A;, Ak] = A;Ak - AkAi, KOMMyTaTopoB OT ncex rroJiy<Ie!IHhIX ,no paccMaTpnnae

Moro rnara Bbipa)KeHHii II T. ,n. PaCCMOTpeHhl HeKOTOpbie qacTHhie CJIY'Iall npe,n

CTaBJieHH.a (3) ,nJI.a rrop.a,nKOB arrnpOKCl!Mall;l!II q = 2, 4, 6. HanpnMep ,nJI.a q = 2, 4 

orrepaTOpbl F?) MoryT 6bITh Bbr6paHhl n Bn,ne 

1 
/31 = 2' Fj2l = A{l}, p = l, 

Fj4l = ~A{l} + ~A{2} + ~[A{2}, A{l}], p = 2, /31,2 = ! ± y13 2 6 , 

Fj4l = ~A{l} + ~A{2} + ~A{3} + 
1
1
2

[A{3} - A{l}, A{2}], 

p = 3, /31,2,3 = 0, 1/2, 1. 

B pa3,neJie 2.2 cpanmrna10Tc.a TO'lHhiii 9BOJIJOUHOHHhiii onepaTop U(tj+l, ti) n ero 

npH6JIH)KeHne 9KCITOHeHll;llclJihHbIM npe,ncTaBJJeHHeM, nopO)K,nennoe onepaTOpOM 

F}q), a B pa3,neJie 2.3 ,noKa3bJBaeTC.a OCIIOBHa.a TeopeMa o' cxo,nHMOCTH: 

TeopeMa (II). Ilycm'b 3aM-x:H.ymtiu onepamop A(t) e ZUJ!'b6epmoeoM npocmpa'H

cmee X npuHaiJJ!e;JtCum -x:Jiaccy Kr([O, Tl), l = q( q + l), u nycm'b OJI.ii He-x:omopozo 

8 > 0 onepamop'b! F?)' 3ll0ll'H'H'bte 'Ha pa36Ue'HUJIX n = {O = to < t1 < ... < tn = 
T} c wazoM T < 8 ma-x:oett, <imo 

Re(x, F}q)x) :S wTl!xll 2
, x E Dq, w < +oo. 

Tozila onepamop y(q)(f2), nocmpoe'lt'lt'btU c noM0'U{'b10 Ma-x:cuMaJ!'b'H'btX nOJ!yozpaHu

<ieH.'H'btX pacwupeHuu i'J' ::> F?) u npou3BOJ!'b'HOU A-npueMJ!eMOU pa'l{UO'ltaJ!'b'H.Ou 

,py'H-X:1.jUU r( Z), 

y(qJ(n) = r(F~~1)r(F~~2 ) ... r(FJqJ), 

CUJ!'b'H0 cxoilumCJl -x: 3B0J!101.jU0'H'H0MY onepamopy U(0, T) npu T ➔ 0, npu<ieM npu 

ilocmamo<i'HO MaJ!'btX T cnpaeeiJJiuea 01.je'lt-x:a 

IIY(q)(n)x - U(T, 0)xll :S CTqllA1(0)xll, x E D1, 

zile nocmoJ1H.H.aJl C 11,e 3aeucum om pa36ueH.UJl n. 
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B pa3,neJie 2.4 ocnonna.a TeopeMa npnMen.aeTc.a K rrecTau;1rnnapnoMy ypan

uenmo Illpe,nnnrepa, B KOTopoM onepaTop fal\ll!JihTorra H(t) rrpe,ncTaBJJ.aeT co-

6oti Cal\lOCOIIp.a)KeJIHhlfi ,nncpcpepemuiaJibllhlli onepaTop B 'laCTHblX npOll3BO,!l;HhIX, 

,neticrny101untt B fl!Jih6epTOBOM npocTpancrne L2 (lRm) 

H(t)=(-~)d+ L a/3(x,t)ci3, d?::l, xElRm, tE[0,T), 
l/31:52d-I 

f)/31 f)f3m 
(J = (fJ1, ... ,/Jm), I/JI= fJ1 + ··· + fJm, f)/3 = -/3 ... -/3 · 

OX l 1 OX mm 

3,necb •1epe3 ~ 060311a•1en onepaTop JlanJJaca n ]Rm. IIoKa3aHo, '!TO npn BhIITOJJ-

nemm Tpe60Bam1ii 

sup jfJ"a/3(x, t)I < oo, t H fJ"a/3(x, t) E Cq[0, T], l/31 :S 2d - 1. 
xEJRm 

OTHOCHTeJihHO <pyHKUHti a/3(x, t) npH ncex MyJihTlllrn,neKcax jaj 2: 0, a TaK,Ke 

npll yCJIOBHH paBHOMepnoit Henpepb!BHOCTH o;o0 a/3(x, t) ITO X E ]Rm, i :S q, ,llJifl 

HOpMbl pa3HOCTH npn6JIH)Kel111oro ll TO'IHOro perneHHti ypanHeHHfl Illpe,n1mre

pa iv,'(t) = H(t)v, C Ha'IaJihHhll\l YCJIOBlleM '¢(to) = V'o BblITOJIH.aeTc.a ou;eHKa 

11'¢(tj) - V'ill :S CTqll'¢ollt, l = 2dq(q + 1), r,ne qepe3 II · 111 0603uaqena nop

Ma B npocTpaHCTBe Co6oJiena W? (1Rm), a C ecTh neKoTopafl ne3aBHCflJUaf! OT 

pa36HeHHfl f2 IlOCTOJIHHa.a. 

B TpeTbeit rJiaBe paccMaTpnnaeTc.a npHJJO)KeHne MeTo,na 9KCIIOHeHD;llaJihHblX 

npe,ncTaBJieHHti ,nJI.a annpOKCHMau;Hn 9BOJJIOUHOHHbIX onepaTopOB K 'lllCJieHHOMY 

pernenH10 TpexMepnoro rrecTau;Honapnoro ypannenH.a Illpe,nHnrepa, orrHchrna10-

mero npou;ecc HOHH3aUHH aToMa no,nopo,na JIHnettno-noJif!PH3oBaHHhIM Jia3epnbIM 

HMIIYJihCOM. B pa3,neJie 3.1 npOBO,lllITC.a cpannenne npe,nJIO)KeHHhIX MeTO,!l;OB C He

flBHh!Mll MeTO,naMn Pynre-KyTThl Ha rrpHMepe TO'IHO-pernaeMOti ,nnyxyponrrenoti 

KBaHTOBOti CllCTeMbl C nepHO,llll'leCKHM BO3MYIUeHHeM. B pa3,neJie 3.2 o6cy)K,naeT

c.a MeTo,nHKa ,nncKpeTH3au;Hn onepaToprro-pa3nocTHhix cxeM (2) ,nJI.a ypannenH.a 

Illpe,nHHrepa no npocTpancTBeHHhlM nepeMeHHhIM C IIOMOJUhlO MeTo,na faJiep

KHHa. TI pH 9TOM B Ka'leCTBe 6a3HCHhIX <pyHKUHti L2(1R3) llCITOJih3yeTc.a na6op 
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ccpep11•1eCKIIX <pyHKlU!tl 110 yrJI0Bbll\l 11epeMeH1lbIM II Ky6wieCKIIX B-c11JiatlHOB 110 

pa,11_11an:hH0ii 11epeMeHH0tl. B pa3,IJ,eJie 3.3 paccMaTpnnaeTCR c11oco6 11po.D;0JI)Ke

HIIR BOJIH0BOtl <pyHKIUIJI, 110Jiy'leH11oii 'llICJieHllbll\l HJITerpuponam1eM ypaattelIHR 

illpemrnrepa D orpa1rn'leuuoii 06Jiacn1 KOH<p1Irypau11omwro 11pocTpaucTna. Tipo

,IJ,0JI)KeJ!HaR 11a ace KOllq:>Hrypau110mwe 11p0CTpaHCTB0 D0JIH0DaR cpyHKUHR IIC-

110Jib3YeTCR 3aTeM ,IJ,JIR 110JiytJemrn pac11pe.D;eJiemrn cpoT09JieKTpouon no 911epr11-

aM. B pa3,IJ,eJie 3.4 npoD0,IJ,HTCa 'IHCJieHIIOe 1ICCJie,IJ,0Da11ne BJIJimma al\lfIJIIITY,IJ,IIOtl 

M0,IJ,yJIJJUIIJI Jia3epnoro IIMHYJihCa 60JibllIOii I!l!TeHCHDH0CTII (10 14 - 10 15 \V /cm
2
) 

11a 11pouecc Ha,IJ,110pOrOB0ii IIO!III3aUmI 0CH0BH0f0 C0CT0amrn aT0l\la D0,!1,0p0,!1,a. 

B H])IIJI0)KeHlrn ,IJ,aeTca Bb!D0,IJ, aJibTepuaTJIDH0ii q:>OpMbl 9KCl10!IeHIIHaJlbH0f0 

11pe.D;CTHBJiemrn 011epaTOpa 9B0JIIOIIIIH U(t, s ), D K0T0poM log U(t, s) Bb1pa,Ke11 B 

DH,IJ,e q:>OpMaJibHOfO CTel1eHH0r0 pR,!1,a 110 11apal\IeTpy ( i - S). 

Ha :iaJJIIITY BbI,IJ,BitraIOTCa c_Jie,IJ,yIOil!He pe3yJihTaT1,1_: 

l. Upe.D;JIO)Keu H0Bbiii MeTo.D; a1111poKC1IMa1I1I11 9B0JIIOIIH0HHhIX 011epaTopoB, oc

HoBaHHhiii 11a 11,IJ,ee KOM61IHllpOBaH1Ia pa3JI0)Ke!III8 Maruyca )],Jlfl 9B0JIIOIIll-

0H H0f0 011epaTopa C paIIII0HaJibHblMll a1111p0KCIIMa1I1I8Mll 9KCl10HeHIIIIaJib

HOii <pyHKUllll. 

2. TioJiy'leHbl ,IJ,0CTaT0'lllbie ycJI0BIIR, 06ec11e'l11BaIOJJI1Ie ycTOii'lllB0CTb 11 CllJib

HYIO CX0,!1,llM0CTb 11pe,!1,JI0)Ke!IHbIX a1111p0KCI1Mau11ii B fllJih6epTOBOM rrpo

CTpaHCTDe rrpn yMeHbilleHllll mara no npeMeHH C rrp0!l3B0JibHb!M uarrepe,!1, 

3a,D;aHHb!M rropa,IJ,K0M CX0,11,IIM0CTII. 

3. TioKa3aHo cyJJieCTB0Ban11e CXO,IJ,fllllllXCa arrrrp0KCIIMau11ii rrpe,!1,JI0)KeHH0fO Tll

rra ,11,Jia YHHTapuoro orrepaTopa 9B0JII0Ullll, C00TBeTCTBYIOJJiero KJiaccy ,11,llcp

cpepenuHaJibHbIX orrepaTOp0B illpe,!1,HHrepa B rrp0CTpaHCTBe L2(1Rn ). 

4. Ilpe,n;JIO)Kell pa,11, orrepaTopuo-pa3H0CTHblX cxeM, arrrrp0KCIIMHPYIOJJIHX llC

X0,J;H0e 9B0JIIOUH0HH0e ypanueuHe ,11,0 illeCTOfO rropa,11,Ka BKJIIO'lHTeJibH0. 
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5. Ilponc,ueno cpam1e1111e 11pc.D;JIO)Ke11111,1x ~1eTO,IJ,OD c 11eaD11b111111111eT0,IJ,aM11 Py11-

re-KyTTbI 11a 11p11Mepe 'lllCJiemwro peillemrn necTau11011ap11oro ypanuemrn 

illpe,uunrepa, K0T0poe II0Ka3aJIO npe11MyJJieCTD0 npe,!1,J10)Ke!Illb!X l\leT0,!1,0B C 

TO'IKII 3pemrn 9K0II0Mll'III0CTII. 

6. Ilpe;v1mKen HODbill cnoco6 Dbl'IIICJie!llrn cneKTpaJibll0li llJIOTHOCTII <pOTO

::WCKTp0HOB C IIOl\lOIIIb!O 'IIICJIClllIOro pellICIIlrn 11ecTau11011ap11oro ypan11e111rn 

illpe,a1111rcpa ,IJ,Jla 3a,ua•111 0 <pOTOIIOI!ll3aIIJII! aT0Ma B0,!1,0p0,!1,a Jia3epHblM lIM

IIYJibCOl\l 60Jih1110ii lllITCHCIIBHOCTll. 

7. IlyTei\l •rncJieHHhlX 9Kcrrep11MeHTOD IIOKa3aHo, 'ITO ynCJill'IeJJIIe CTene1111 a11-

rapM0Hll'lH0CTH Jia3epnoro IIMIIYJihCa npu <pOTOlIOIIII3au1m aT0Ma D0,11,0po

,Jia rrpnD0)IIIT K C)IBitry IIIIKOB na,unoporonot! 11011113aUHII B 9HepreTIPieCK0l\l 

pacrrpe,ueJiemrn <pOT09JieKTpOHOB, a TaK)Ke K DTII0CHTCJihH0MY yneJin'le111110 

Dh!X0,Ua <pOT09JICKTpOHOD D o6JiaCTII Dh!C0KHX 911epr11ti. 
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