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TpycKoaa H .4>. 11- 11m-! 
MaTpH'IHble aneMeHThi JlHCKpeTHoro cneKTpa aana'IH nayx ueHTpoa 

KBSHTOBOH MeXBHHKH 

11ano)l(eH anropHTM Bbi'IHCneHHH pa3flH'IHblX MBTpH'IHblX aneMeHTOB JlHCK

peTHOrO CITeKTpa 38Jl8'1H .UBYX UeHTpOB KBBHTOBOH MeXaHHKH: .UHITOnhHbJX H 

KBBllpynOllbHbiX aneKTpH'IeCKHX H MarHHTHbJX nepeXO.[IOB B llBYXBTOMHbiX MOne

Kynax; 34$eKTHBHbiX noTeHUHBnOB 38ll8'1H Tpex Ten, B38HMOlleHCTBYIO!UHX ITO 

38KOHy KynoHa; MBTpH'IHbiX aneMeHTOB Bpa!UaTerrhHOH H pa.auanbHOH CBH3eH 

H np. C llOMO!UhJO KOMMYTBilHOHHbiX COOTHOllleHHli nony'leHbl 6onee npOCTbJe 

Bbipa)l(eHHH nnH HeKOTOpbiX MaTpH'IHbiX aneMeHTOB, Bee ueo6xonHMbie HHTe

rpupoaaHHH BbinOnHSIJOTCH auanHTH'IeCKH. LlnSI HHTerpanos no ,; ualineHbi pe

KyppeHTHbie COOTHOWeHHH. npellCTaaneHHbiif Cll0C06 Bbi'IHCrreHHH MaTpH'IHbJX 

aneMeHTOB npu peanH38UHH HB 38M Tpe6yeT cpaBHHTenhHO He6onbwoe KOnJi-

'leCTBO C'leTHOrO BpeMeHH, 

Pa6oTa BbiiTOnHeHa B na6opaTOpHH Bbi'IHCflHTenhHOli TeXHHKH 

H 8BTOM8TH38UHH 011 Hl1. 

Coo6weaae 061oeJUIBeHHOrO RBCTRTYT& a.llepHWX RCCJie.IIOB&HRi. ,lJ,y6Ha 1978 

Truskova N.F. 11 - 11218 

Matrix Elements of Discrete Spectrum of the Two-Centre 
Problem in Quantum Mechanics 

An algorithms for the calculation of different matrix elements 
of discrete spectrum of the two-centre problem in quantum mecha
nics is described: dipole, quadrupole electric and magnetic transi
tions in diatomic molecules; effective potentials of the Coulomb 
three-body problem; the rotational coupling matrix elements; the ra
dial coupling matrix elements etc. Using commutation relations more 
simple expressions for some matrix elements have been obtained. 
.All the necessary integrations are performed analytically. Recurrent 
relations have been found for integrals by ,; • The calculation 
method presented requires comparatively little computing time. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubha 1978 
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BBE,l!EHHE 

B pa6oTe HJno:>KeH anropHTM Bbi'IHcneHH.fl c Heo6xo

.D.HMOB TO'IHOCTbJO pa3nH'iHbiX MaTpH'IHbiX 3neMeHTOB 

,D.HCKpeTHOro cneKTpa Ja,D.a'IH .D.BYX IJ,eHTpOB KBaHTOBOB Me

XaHHKH. 

3HaHHe MaTpH'IHbiX 3neMeHTOB 3neKTpH'ieCKHX H Mar

HHTHbiX ,D.HnOnbHbiX H KBa,D.pynonbHbiX nepeXO)J.OB B ,D.Byx

aTOMHbiX MOneKynax B HaCTO.fiiiJ,ee BpeM.fl HHTepeCHO He 

TOnbKO C TO'IKH 3peHH.fl cneKTpOCKOnHH TaKHX MOneKyn, 

HO TaK:>Ke B CB.fi3H C npOBO)J..flllJ,HMHC.fl B nocne,D.HHe rO)J.bl 

3KCnepHMeHTaMH no pacce.fiHHJO T.fi:>KenbiX HOHOB H, B 'iaCT

HOCTH, B CB.fi3H C Ha6nro,D.aeMbiM B 3THX 3KCnepHMeHTaX 

KBaJHMoneKynspHbiM y -uJny'ieHHeM I 1.21. CyiiJ,eCTBOBaHHe 

B KBa3HMOneKynax BpaiiJ,aTenhHOB CB.fi3H Me:>K,D.y ypOBH.fiMH 

c paJnH'iHbiMH MarHHTHbiMH KBaHTOBbiMH 'IHcnaMH I 3-51 npu

BO.D.HT K He06XO)J.HMOCTH pac_,CMaTpHBaTb MaTpH'illble 3ne

MeHTbl yrnosoro MOMeHTa <L > , KOTOpble no aHanorHH c 

MaTpH'IHbiMH 3neMeHTaMH B aTOMHOB !lJH3HKe MO:>KHO HaJbi

BaTb MaTpH'iHbiMH 3neMeHTaMH ,D.HnOnbHbiX MarHHTHbiX nepe

XO,D.OB. BenH'IHHbl <x .L >, TaK:>Ke BOJHHKaJOIIJ,He npH paccMoT

peHHH spaiiJ,eHH.fl KB~3~MoneKyn, ssnsroTcs, no cymecTBY, 

MaTpH'IHbiMH 3neMeHTaMH MarHHTHbiX KBa,D.pynonhHbiX nepe-

XO,D.OB. 

.... .... .... a 
BenH'IHHbl <r> /HnH <p> =-i<-> I npe,D.cTasnsroT ar 

C060B MaTpH'IHble 3neMeHTbl 3neKTpH'ieCKHX ,D.HnOnbHbiX 

nepeXO)J.OB, a BenH'IHHbl <Xi X j - r 2 > - Ma TpH'iHble 3neMeHTbl 

3neKTpH'ieCKHX KBa,D.pynonbHbiX nepeXO)J.OB. 
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AnropHTM, peanH30BaHHbiB B BH,IJ,e nporpaMMbl Ha Jl3b1Ke 

~PTPAH I CDC-6500/, no3BOnJieT Bbi'IHCnHTb KpoMe ua-

3BaHHbiX TaK)Ke MaTpH'IHble 3neMeHTbl 34lc~JeKTHBHbiX nOTeH

UHanoB, B03HHKaiO~He npH peweHHH KBaHTOBOMeXaHH'IeCKOB 

3a,IJ,a'IH Tpex Ten, B3aHMO,IJ,eii:cTayro~x no 3aKoHy KynoHa. 

llpH ManbiX CKOpOCTJIX ,IJ,BH)KeHHJI JI,D,ep B a,IJ,Ha6aTH'Ie

CKOM npe,D,CTaBneHHH 3a,IJ,a'IH Tl>eX Ten He06XO,IJ,HMO Bbi'IHC-

~+1 H 1\ (+) 1\ (-) Q(+) (-)K* v 
nJITb MaTpH'IHble 3neMeHTbl ,Hij ,Hij ,Kij ,Kij , ij ,Qij , ... ij' ij 

/B 0603Ha'leHHJIX pa6<?Tb1/6/j. 3HaHHe 3THX BenH'IHH n03BO

nJieT pewHTb pJI.IJ. cy~ecTBeHHbiX 4IH3H'IeCKHX npo6neM B 

aTOMHOB H rMe30aTOMHOB «iiH3HKe f 7,Bf, 

llpH yaenH'IeHHH CKOpOCTH ,!J,BH)KeHHJI JI,D,ep a,IJ,Ha6aTH'Ie

CKOe npH6nH)KeHHe cTaHOBHTCJI uenpHMeHHMbiM. O,IJ,HaKo 

ecnH 3Ta cKopocTb ace e~e Mana no cpaaHeHHJO co CKo

pocTbiO CBeTa H ,IJ,nJI paCCMOTpeHHJI ,!J,BH)KeHHJI JI,D,ep MO)KHO 

HCnOnb30BaTb KnaCCH'IeCKHe TpaeKTOpHH, peWeHHe Kyno

HOBCKOB 3a,IJ,a'IH Tpex Ten B 3TOM cnyqae npHBO,IJ,HT K He

o6XO,IJ,HMOCTH Bbi'IHCneHHJI MaTpH'IHbiX 3neMeHTOB Bpa~a-

TenbHOB H pa,D,Ha1IbHOB CBJI3eB /3-5/. . 

lhnO)KeHHbiB B pa6oTe anropHTM n03BOnJieT Bbi'IHCnHTb 

ace Ha3BaHHble awwe MaTpH'IHble 3neMeHTbl. C noMO~biO 

KOMMyTaU.HOHHbiX COOTHOWeHHB Bblpa)KeHHJI ,IJ,nJI HeKOTOpbiX 

H3 HHX ynpo~aiOTCJI. Bee HHTerpHpOBaHHJI BblnOnHJIIOTCJI 

aHanHTH'IeCKH H CBO,!J,JITCJI K Bbi'IHCneHHIO HenonHOB raMMa

«iiYHKU.HH H ee nepBOB H BTOpOB npOH3BO,IJ,HbiX, KOTOpble Bbi

'IHCnJIIOTCJI B nporpaMMe C nOMO~biO HenpepbiBHbiX u.enHbiX 

.IJ.po6eii: c ToquocTbiO ,IJ,o 10-12• 

ITo cpaaHeHHIO c MeTo,IJ,oM, Hcnonb3YIO~M 'IHcneuuoe 

,IJ,H4lc~JepeHU.HpoaaHHe aonHOBbiX tbyHKU.HB I 9/ , a TaK)Ke c Me

TO,IJ,OM, OnHCaHHbiM B pa6oTe 76/, npe,D,CTaBneHHbiB 3,IJ,eCb 

cnoco6 Bbi'IHCneHHJI Ma TPH'IHbiX 3neMeHTOB Tpe6yeT npH 

peanH3aU.HH Ha 3BM, no MeHbWeB Mepe, Ha nopJI,D,OK MeHbWee 

C'leTHOe BpeMJI. 
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MATPHqHME3HEMEHTM 
B OPEPOHJ{AHbHOH CHCTEME KOOP,l{HHAT 

3anHCb <A> ,HnH <i\AJj>, 03Ha'laeT HHTerpan ( dfl 'I'~ A 'I'., n 1 J 

r,IJ,e A - HeKOTOpbiB onepaTOp, 'I' i, 'I' j- C06CTBeHHble «iiYHK

UHH ypaBHeHHJI illpe,D,HHrepa C ,IJ,BYXU.eHTpOBbiM noTeHU.HanoM 

cooTaeTcTaeuuo ,IJ,nJI i,j cocToJIHHB I 10-131; 

~ z 1 z 2 (- +- + - +E. )'I'. = 0, 
2 r r J J 

1 2 

/1/ 

E j- 3HeprHJI 3neKTpoua; z1 ' z 2- 3apJI,D,bl JI,IJ,ep; r 1 'r 2-

paccTOJIHHe 3neKTpoua OT JI,IJ,ep Z H Z . CucTeMa e,IJ,HHHU. 

1l=m=e=1 12 
e 

<l>yHKU.HH 'I' .i uopMHpoaaHbl ycnoaueM 

f dll'l' * 'I' . = 0.. . n 1 J 1J 
/2/ 

B c«llepOH,IJ,anbHOB CHCTeMe KOOp,D,HHa T 

R -----
x = 2 y (cf 2 -1)(1- 'r) 2) cos a; 

R 
Y = 2 vc; 2-1)(1-TJ 2)sina, 1 :::_ cf < oo , - 1 _s TJ :::_ + 1, O_sa :::_2rr ; 

R~ z = 2 1) 
/3/ 

nepeMeHHble B ypaBHeHHH /1/ pa3,IJ,enJIIOTCJI, H peweHHJIMH 

/1/, orpaHH'IeHHbiMH B. fl, JIBnJIIOTCJI «iiYHKU.HH 'I' j = 
= N j F j (,;)<1> j (7J)e 1ma = ¢ je ~U: , cooTBeTCTBYIO~e co6cTBeH

HbiM 3Ha'leHHJIM ..\j = ..\ li(:R), Ej =ENLm(R)/1(}-1~ ,\ j -
KOHCTaHTa pa3,IJ,eneHHJI; R - paCCTOJIHHe Me)K,IJ,y JI,IJ,paMH; 

-2E. 
p.= v--J-

J R 
N j - HOPMHPOBO'IHbiH MHO)KHTenb; j ""N,L, m -

Ha6op c«i~epH'IeCKHX KBaHTOBbiX 'IHCen, COOTBeTCTBYIO~B 
KBaHTOBbiM 'IHCnaM 06'be,IJ,HHeHHOrO aTOMa C 3apJI,D,OM 

(Z
1
+Z

2
); Lc,N',L',m'; Nj=Nj(R);Fj(()=Fj(cf,R);<l>/17)=¢j(TJ,R); 

R3 
2 2 dO = S (.; - 1) ) dcf dTJ d a = d T d a • 
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11CKOMble Ma TpH'IHble 3JieMeHTbl B c4JepOH,IJ,aJibHOH CHCTe

Me KOOp,IJ,HHa T llOCJie HHTerpHpOBaHHJI DO a C yqeTOM 

npaBHJI OT6opa DO MarHHTHOMY KBaHTOBOMY 'IHCJIY m paBHbl: 

1. ,lJ;HDOJibHble 3JieKTpH'IeCKHe nepeXO,!J,bl 

6 

<x> = ±i<y> =~fdr¢.y(~ 2-1)(1-71~¢. ,m-m'=±1, 4 1 J 

2 2) a . a 1 v<~-1)(1-77 a a _ 
<-· -> = ±1<-> =- fdr¢.[ (~-- 71--) + 

Jx ay R 1 <~ 2_ 71 2) a~ a71 

- m 
+----===--=-J ¢ . . y(~2-1)(1-712) J , m- m = ±1; 

< z > = B.. f d r ¢ . ~71 ¢ . , m = m ' ; 
2 1 J 

<jj_> 
az _g_ f _i.e_¢. [~(1- 77 2) j}_ + 77 ( ~ 2-1)-.L l¢. ,m=m '. 

R <~ 2- 772) 1 a77 a~ J 

/4/ 

2. KBa,IJ,pynoJibHble 3JieKTPH'IeCKHe nepexo,IJ,bl 

2 R
2 r <c2 2 ) •. < r > = - d rrl.. . <, + n - 1 ¢ . , m = m , 4 . 'f' 1 ., J 

-<r 2 > , m = m 
< xy- r 2 > l 2 

± g_ f d r¢ . (~ 2- 1 )( 1 - 71 2) ¢ . , m- m ' = + 2 
16i 1 J 

- <r2> 
' 

m=m 
< zy -r 2 > l 

2 -------

± ~ fdr¢ -~77v(~ 2 -1)(1- 71 2)¢., m-m'=-1 
81 1 J + 

<zx -r 2 > = 2 -l
-<r 2 >, m=m' 

R ~ z 

8 f dr¢i ~71 v<~ - 1)(1- 71 )¢j, m-m'=± 1. 

/5/ 

3. ,lJ;HDOJibHble MarHHTHble nepeXO,!J,bl 

< L z > = m, i = j ; 
2 2 

v<~ -1)( 1-11 ) a a 
< L > = ±i<L > = V2 fdr¢ .[± ------(77- -~-)-

x Y 1 <~ ~ 71 2) a~ a71 

m-m' + 1. 

- mc;71 ] ¢. ' 
J 

y(~ 2-1)(1-772) 

4. KBa,IJ,pynoJibHble MarHHTHble nepexo.IJ.bl 

- y<z>, m = m 

/6/ 

<xL > 
X <~ 2 1)(1 

2
) a a ~ f dr¢ [ + _-___ :!.1._(71- -~-)-m~71]¢ j' 

8 i - <~~ 712) a~ aTJ 

<yL > 
y 

<-iyL > 
X 

m-m'=+2 

r <xL >. 

-L -<xL: >, 

m=m 

m = m' + 2 

2 2 
R <~ -1)(1-77 ) a a , 

-fdr¢. [ ----(7Jv_- -~-)]¢ ., m=m 
4 1 <e-71~ a~ a71 J 

R <~2-1)(1-772) a a , 
-- fdr¢. [-----(~-c;.-h: ~71]c:p ·· 

8 1 (~lL 71 2) a~ a71 J 

m-m '=:;:: 2 
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{ 

+ < iyL x > , m = m 

<-ixL > = 

Y <- iyL x > , m- m' = + 2 

<zLx> = ±i<zL >= ~ Idrcp .[± ~7Jy(~2-1)(1-7]2) j}_ a 
y 4 1 2 2 <77ac -~-)-

(~ -7] } s a7J 

y(~ 2 -1)(1 2 ]¢ j' m-m'=- 1 -7] ) + ' 

c-2 2 
ms 7J 

<xLz > = m<x> = ± i<yL z>; m- m' = + 1 , 

<zL z> = m<z>; 
, 

m=m. /7/ 

5. MaTpH'IHble 3neMeHTbl spa~aTenbuoii: H paJJ;uanbHOii: 
CBS3eH, COOTBeTCTBeHHO: 

D . . = < iL > + R (E . - E . ) < f 1 ¢ 1 x> , m - m' = +- 1 , IJ y J I 

T .. = <.i__> + (E -E )<f ,.~.. z>, 
1J aR i j 2 "'2 

m = m ', /8/ 

f1 , f 2- HeKOTOpble nonHHOMbl no ~ ; cp 
1 

, cp 
2

- HeKOTOpble 
nonHHOMbl no 71, 

6. 3cWleKTHBHble noTeuu;uanbl 3aJJ;a'IH Tpex Ten B aJJ;ua-
6aTH'IecK.OM npeJJ;cTasneuuu/&-8/ /o6o3Ha'leuus pa6oT/6,14/j: 

vij = - ~I </~77 2/ i[(Z 1 + Z 2)~ + cz 2- z J771¢ j 

H :j = ! [E i o ij - V ij ], 

8 

• 

(~ 3 1 2 2 
H .. = -H~. + --0 .. + -(E .+E.)Idr¢.(~ +7J )¢. + 

1J 1J R 2 11 4 1 J 1 J 

+ 1..[-~-cb (~ 2+172;[(Z +Z )~+(Z -Z )77]¢-
R · (~ 2_

77
2) i 2 1 i! 1 j 

1 d r 2 a¢. a¢. a¢. a¢ . 
- -I--![~<~ -1)(-1 _:...L+-~ _ _!)J + 

R <~ ~77 2) a~ aR aR a~ 

a¢ . a¢ . a¢. J¢. a¢. a¢ . 
+ 7](1- rf)(-1 _ _j + _ _2 _J )! + Idr-1 -~ 

a17 aR aR a17 aR aR ' 

H(-)= _)_(E.+E.)Idr¢ ·~77¢ .-
ij 2 1 J 1 J 

- R2 I dr ¢. ~7][(Z +Z )~ + (Z -Z )7]]¢ .+ 
(~ 2_172) 1 2 1 2 1 J 

1 ct r 2 a¢· a¢ · a¢ . a¢ . 
+ -I [11<~ -1X-1 __ :....1 + _1 _:.J) + 

R <~ 2 _
77 

2) a~ aR aR a~ 

a¢. iJ¢. a¢ . J¢ . 
+ c ( 1 - n2 )( _l _:...J. + _ __..!. _ _J_)) 

s ., a11 aR aR a77 ' 

( +) 1 a¢j a¢ i R 2 2 
Q .. = - - Idr(¢. --- ¢ .-)- -(E .-E .)Idr¢ .(~ +7] )¢., 

1J 2 1 aR 1 aR s 1 1 1 1 

(±) 
Q ii = 0 ' 

(-) 
Q ij = 

1 -R(E. -E
1
.)fdr¢. ~17¢. = 

4 I l J 

(Ei -E.) ____ l<z> 
2 ' 

"(+) 
K ij = 

(+) 
(+) aQij . 

Hij + -aR, 
, aQ{-) 
K~:-)= H(-) + _jj_ 

IJ ij aR 

K: <+) - <+) aQ ~-:) 
J
.i - 1-I . . - IJ lJ ---aR-, 

A(-) (-) 
K = H -

ij ij 

JQ(-:-_} 
_.....=..!L 

aR ' 

m=m' JJ;HS BCeX MaTpH'IHbiX 3HeMeHTOB /9/. 

/9/ 
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fipH Z 1=Z 2 B 3aBHCHMOCTH OT 'leTHOCTH BOJIHOBbiX cl>YHK· 
IlHH no nepeMeHHOH 17 B03HHKaiOT ~OnOJIHHTeJILHble npaBHJia 
oT6opa. llonara.11 n 

11 
= L - rn. 

1 • ecnu n = 2n + 1 
0 I 1/ 

0, ecnu n 
11 

2n. n = 0,1,2, ••• , 

nonyqaeM, 'ITO DPH z1 = z 2 MaTpH'IHLie 3JleMeHTbl He paBHLI 
HYnJO a cne~yJOJ.QHX cny'la.llx: 

10 

< X> , < Y > , < lx > , < a~ > - DpH Ill- Ill '= ±1, 0 = 0 ' ; 

< z >, < _aa > - npa rn = rn' , o ;i o '·. z . 

<r 2 > - npu rn = rn o o' . 

< xy - r 2 > - npu rn- rn' = + 2, 0 ; o = o ' 

<zy- r2 >,<zx-r 2>- npH rn-rn' =:t1, ofo' 

npH rn = rn ', o = o' 

<L x > , < L y> - npu rn- rn ' = + 1 , o I= o ' ; 

<.yL y > ,<xL x>, <yL x>, <xLy > - npa rn '= rn ± 2,rn '=rn, o;io '; 

<zLx>, <zL y> npH rn- rn '= ± 1 • o = o ' ; 

v.. H (+) H * K (+) Q (+) 
IJ ' IJ ' ij ' ij ' ij 

npH rn = rn ', o = o '; 

(-) 1\ (-) (-) ' 0 I 0' 
H . . • K . . • Q . . - npH rn = rn , =f • , 

IJ !J lJ 
/10/ 

, 

llpaBHJla OT6opa ~Jl.ll MaTpH'IHbiX 3JleMeHTOB /4-9/ npH 
Z 

1
;iZ

2
• a TaiOKe npaauna oT6opa npu Z1=Z 2/10/ wupoKo 

HJBeCTHbl/3-5,6/. /3a HCKnJO'IeHHeM, aepOJITHO, npaBHJI OT-
6opa ~JIJI 3JleKTpH'IeCKHX H MarHHTHbiX KBa~pynOJILHbiX 

nepexo~oa/. 
YnpocTHM TenepL HeKoTOpble H3 BblpaJKeHHH /9/. 

.. 1\ z1 z2 
OnepaTop 3HeprHH E = - .;;_ -(- +-) a ccl>epou~anL-

2 r 1 r 2 
HbiX KOOp~HHaTaX HMeeT BH~ 

" 2 a E = _ _ __ [ --( .-:2 1) a a ( 2 a 
2( 2 2 a .-: "' - a.-: + -d- 1 -ry ) -

R .; - 11 ) ., "' 11 a11 

rn2(~ 2_172) 2 Z Z 
----]- -(--1 +_g) 

(~ 2- 1)(1 -ry2) R ~ + 11 ~- 11 , 

T.e. E npe~cTaBHM KaK E A B 
2 +R:, 
R 

r~e A , B - onepaTopLI, He JaBHC.IIJ.QHe OT R. 
TaKHM o6pa30M, HMeeM 

a " 2 .. 1 z1 z2 
[-,E]=--E--(-+-). /11/ 

aR R R r 1 r 2 

/~- - J~ecL OJHa'laeT ~Hcl>cl>epeHUHpoaaHHe no R KaK no 
aR 

a~ ary 
napaMeTpy; --==0. -:= 0 /. 

JR aR 

3aMeTHM, 'ITO B pa6oTe / 5/ 3TOT KOMMyTaTOp /CM. cl>opMyJiy 
/8/ a /5/ I Bbi'IHcneH HeaepHo, a peJynLTaTe qero 3HaK 
B nepBOM 'IJleHe cl>opMyJlbl /10/ B /5/ ~OJDKeH 6WTL H3MeHeH 
Ha o6paTHbiH. AHanorH'IHO: 

a2 " 6 .. 4 z1 z2 
[--,E] = -E + -(- + -) 

aR2 R2 R2 r1 r2 

.. 
4E a 

- Jr- c!R -

z z a 
- ~(-1 +-2-)-; 

R r 
1 

r
2 

c!R 
/12/ 
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a " 2 .. z1 z2 a a 
[z--, E] =- 2-E- .£(-+ -) +--; 

aR R R r 1 r 2 az aR /13/ 

2 a " 2 2.. r 2 z1 z2 a a 
[r -, E] =- --r E - --(-- + -) +(3 + 2r--)-, 

aR R R r 1 r 2 ar aR 

r.u.e, KaK o6blqHo: 

2 
z = ~ ~TJ ; r2 = x2 + y 2 + z 2 = -;- (~ 2 + TJ 2 _ 1) ; 

a 
az 

2 2 a a 
---- [~(1-TJ )- + T/(~ 2-1)-l.· 
R(~2-TJ2) aTJ a~ , 

a 1 2 a 2 a 
r- = ---[~(~ -1)- +TJ(1-TJ )--]; 
ar (~ 2_TJ2) a~ aTJ 

r 1 = : (~ + TJ) ; r 2 = ~ (~ - TJ) • 

HcnonL3YJI /11/, nonyqaeM 

a 2 v .. 
- (E . - E . )J d T ¢ . --¢ . + E '. 8 . . = - -- E . 0 .. + _]j_ ; 

I J I aR J J IJ R J lJ R 

aE j. 
8 E'j = aR· 

Cne.u.oaa TenLHO, 

Vii= R • E j + 2E i. 

0' i,£ j 
I 

1' i = j 

/14/ 

/15/ 

/16/ 

3TOT pe3ynbTaT B3BeC,eH B TeOpBB MOneKyn KaK Teo
peMa r enbMaHa- ~eiiHMaHa 15/. IlpB i ;lj nonyqaeM 

12 

a 
fdr¢. --¢. = 

1 aR 1 

v ij 
R(Ei-Ej) 

/17/ 
, 

Ilo.u.o6Hb1M o6pa30M, HcnonL3YJI /12-14/, BMeeM 

a2 a2 
fdr¢. --¢. + Jdr¢. --¢i = 

1 aR 2 1 1 aR 2 

+ 

4(Ei+Ej) V .. 
IJ 

R2(E.-E.)2 
I J 

2(E i+ E'j) V.. + 
--- 2 IJ 

R(EcRj) 

2 z1 · z2 a a . . 
·---fdd--+ -)(¢i ~j- ¢j-¢i);I;lj; 

R(E i-Ej) r 1 r 2 aR aR 

a a a a 
Jdr(¢. - -¢· +¢·- -¢·) 

I az aR J Jaz aR I 

a a 
-(E. -E .)Jdr· z(¢·-¢. -¢·- ¢.) + 

1 1 1 aR 1 1 aR 1 

, 2 2 z z 
+[(E. +E~) + -(E.+E.)]<z>+-fdr¢. z(.:...l+J)¢.; 

1 J R 1 J R 1 r r 1 
1 2 

a a a a 
Jdr(¢.r- -¢.+¢.r- -¢.) 

I ar aR J J ar aR I 

(E--E·) 2 a ,~.._!!_¢.)+ 
I J f d T • r • ( ¢ i aR ¢ j - 'f' j aR I 
2 

(E i + E j) 2 1 2 z 1 Z 2 
+ <r >+-Jdr·¢.·r (-+-)¢. + 

R R 1 r 1 r 2 J 

(E ,i + E ,j ) < r 2 > . 
+- 2 

/18/ 

,ll.HcWlepeHU.HPYJI no R Bblpa)KeHHJI 

Jdr<;\ ¢ i , 
a a a 

fdr¢.-a-¢., fdr¢.-a ¢., fdr¢.r-a ¢., 
.I R J I z J I r J 

nonyqaeM 

13 



14 

a a 1 a2 a2 . . fdr-¢. -¢. =- -Jdr[¢-¢.+¢.-¢.1;1foJ; 
aR 1 aR 1 2 1 aR2 1 1 aR 2 1 

a a a a J Jdr[-¢.r-¢. +r-¢. -¢ 
aR I ar J ar 1 aR J 

=- Jdr[¢. r_Q_- _jj_¢. +¢. rL L¢ .l; i .jc j; 
I ar aR J . J ar aR I 

a a 9 a a 
Jdr(--"'.)(r--"'.) = --- {dr<b. r-- --"". · aR '+' I a r '+'I 2R . . I ar aR y I • 

a 3 0 

Jctr¢i aR<Pi =- -2R' 

a a a a f d T (-¢ --¢ . + --¢ . -¢ . ) = aR 1 az J rJR J az 1 

a a a a 
=- r ct T c ¢ . -- --c-- (~> . + <P. -. - -.- ¢ ) . 

· 1 rJz dR J J cJz riR 1 

0KOH'IaTeJibHO HMeeM 

(-) 4Ei 3 z1 z2 
H .. =-(--+E.')<Z>- -Jdr¢.z(-+-)¢,; 

11 R 1 R 1 r
1 

r
2 

<+) a a 4Ei E'o 
H .. = [ dr-¢ .-¢. +(--+-~ )<r2> 

11 . aR I cJR I R 2 R 

3 3 2 2 1 z 2 
- -- + -fdr¢ 0 r (--+-)¢., 

2R2 R 2 I r 1 r 2 I 

(+) Vij (Ei -E j) 2 0 0 

Q .. = ---- - ---< r > , 1 fo J; 
IJ R(E .-E 0) 2R 

I J 

/19/ 

• 
' 

\ 
I 

(+) 2(E ·+E .) V .. 
H " = [ ---1 

__ J- + (E ~ + E ~ )J. IJ + 
IJ R I J R(E. -E . )2 

I J 

[ 
2(Ei+Ej) (E> Ej)] <r2> 

+ -- -+ ---+ 
R 2 R 

3 2- 2 1 2 2 +-Jdr¢.r ~--+--)¢. + 
R2 I r1 r2 J 

(E i-Ej) 2 a a 
+ ---- fdrr [¢. --¢.-¢. --¢ .J 

2R 1 aR 1 1 aR 1 

1 Z 1 Z 2 a a .. 
-- fdd-+ --)(¢. --¢.-¢. -¢.) 1foJ. 

R(E i -E j) · r 
1 

r 
2 

1 aR J J aR 1 ' ' 

(-) 2(Ei+Ej) (Ej+Ej) 3 Z 1 Z 2 H .. =-[----+-----]<Z>--Jdr¢.z(-+-)¢ .+ 
IJ R 2 R I r r J 

1 2 

(E i- E.) a a 
1 

0 

+ 2 J I d T z [ ¢ i cJR ¢ j - ¢ j rJR ¢ i . 

aQ(+) 
__ _!_!_- 1 1 E'.-E'. 

---[-- + __ I ___ J ] v" 
aR R(E .-E.) R E. -E. IJ 

I J I J 

(E 0 -Eo) 2 E ~- E: 
___ 1 ___ J_ [ _ + ___ 1 _ __) __ ] < r 2 > _ 

R R 2(E.- E 0 ) 

I J 

(Ei-Ej) 2 a¢j a¢i 
- fdrr ( ¢. --+ ¢.--) -

2R 1 aR 1 aR 

1 z 1 z 2 a¢ j a¢ i 0 0 

- ----Jdr(-~+-)(¢. --+¢.--),1 foJ; 

cJQ(-) 
__ li.__ 

aR 

R(E.- E.) r1 r2 I aR J aR 
I J 

2(E.-E.) 1 
[ --

1 -...1.:. + -(E~·-E'o)] <z> + 
R 2 I J 

1 cJ¢j a¢i 
+ --(E.-E. )Jdr z(¢0 --+<.6. --) . 

2 1 1 1 aR · 1 aR /20/ 

15 



TaKHM o6pa30M, COOTHOWeHH!I KOMMyTaUHH/11-14/ no-
3BOllJIIOT H36aBHTbCJI B WOpMynax /9/ OT .D.HWcllepeHUHPOBaHBJI 
no .;, 77 , a B HeKOTOpbiX cnyqaJIX OT .D.BWcllepeHUBPOBaHHJI no 
R . CnpaBe,D,llHBOCTb wopMyn /16/,/17/7/20/ npoaepeHa 
TaiOKe C nOMO!QbiO "'HCneHHbiX pac"leTOB Henocpe,D,CTBeHHO no 
wopMynaM /9/. CooTHOWeHBJI /15-19/ JIBllJIIOTCJI qacTHbiM 
cnyqaeM 6onee 06IQHX COOTHOWeHHH Me)I(,D,y BHTerpanaMH 
no .; H no 77 , KOTOpble nony"leHbl a pa6oTe I 16( 

Heo6xo,D,HMble npB Bbi"'HCneHHB acex MaTpH"'HbiX 3ne
MeHTOB 3Ha"leHHJI ..\. =ANLm (R), p. =pNLm(R),E .=ENL,.R), a TaK)I(e 

J J J 
a..\. ap- aE. 

3Ha"leHH!I npOH3BO,D,HbiX __ J , _.l_, _ _l_ HaXO,D,HM C no-
aR aR aR 

MOIQLIO nporpaMMbl onpe,D,eneHHJI co6cTBeHHbiX WYHKUBH 
B co6cTBeHHbiX 3Ha"leHBH ypaaHeHHJJ /1/. AnropBTM Bbi4Hc
neHHJJ no 3TOH nporpaMMe HlllO)I(eH a pa6oTe I 17 I. 

BhJqHCJIEHHE HHTETPAJIOB 

Bee MaTpH"'Hble 3neMeHTbl /4-8/, /20/ Bblpa)l(aJOTCJI 
qepe3 BHTerpanbl BB,D,a: 

0A~ = fdt·tfCt
2
-1lFiFj; 

1 

1
Ar = fctt·tr·<t

2
-1/(F. Lr.; 

11 1 1 a.; J 

2Af = food c..:-fu· 2-1)11 F.l..-F .. 
11 s s s J a.; 1. 

sAr = Jooct.;..:-Pcc2_1)11f. Lr.· 
11 s s 1 aR J • 

1 1 

4Af = f"" dt · tfCt 2- 1f (..i.-F. )F. · 
11 aR 1 J • 1 

5Af =.f'ct.; • .;fc.; 2-1)11(LF.X..i.-F.), 
11 1 aR 1 aR J 

Af = oAf 
0 

/21/ 

a TaK)I(e qepe3 aHanorB"'Hble BHTerpallbl no 17 c JaMeHoB:: 

"' +1 a a 
fdt .... fdry;.; .... 17 ;--z .... -a-; F ..... <ll.;F ..... <ll. 

1 -1 as- .,., 1 1 J J 

A B Ct2-1)11 .... (1-.,.,2)11, 

16 

1 1 3 ' 1 - 2' -2 , -2 , ... , ecnu rn-rn = + 
f=0,1,2,3, ... 11 = l 

0, 1, 2, .••• , ecnu rn-rn'=0,±2. 

MaTpH"'Hble 3neMeHTbl /9/ Bblpa)l(aJOTCJI e~Qe H qepe3 
HHTerpanbl 

&Ae = Jdt·teCt 2 -1i"Ca-c Fi)C_i_F j); 
11 1 as aR 

~e = _fct.;./c.; 2 - 1)11(LF.)(~F .) 
11 1 aR 1 a.; J 

H "lepe 3 COOTBeTCTBYIOIQHe HHTerpanbl 
6

B ~ H 
7 

B ~ . 
Hcnonb30BaHHe B /21/ .D.ll!l WYHKUBH Fj(D=FN,L,m(t) 

pa3llO)I(eHHJI /10,11,131 

FN,L,m(t) =(t2_ 1)m/2(§~t 8-p(t-1).~ A (t-1/ 
2 f=o r .; + 1 

a 
a 

2;--rn-1 a = R • ( Z 
1 
+ Z 

2
) , /22/ 

N'L' ' 
H no,D,o6Horo palllO)I(eHBJI .D.llJI F i (t) = F ' 'm (t) 
K He06XO,D,HMOCTH 16,91 Bbi"'BCllJITb HHTerpanbl 

npHBO,D,BT 

J k (a,f3) = { xa- 1 e -{3(x- 1) (-~_.!._} k dx 
1 X ' 

/23/ 

J '( '-'-)-Joo a-1-{3(x-1)(X-1)kl d 
a,~-' - x e --- n .x x 

k 
1 

X ' 
/24/ 

J "(a,{3) = f xa- 1 e -{3 (x-1) (x- 1 )k (ln x)2 dx. 
k 

1 
X 

/25/ 

llpu k=O 3TH HHTerpanbl Bblpa)KaJOTCJI qepe3 HenonHYJO 
raMMa-cllyHKUHIO, a TaK)I(e ee nepnyro H BTopyro npoH~mou-

17 



Hble H MOryT 6b1Tb npe,IJ,CTaBJieHbl B BH,IJ,e p.ll,ll,OB no nonH
HOMaM Jlarrepa H ax npoHJBO.IJ.HbiM I 18/ 

J o (a,{3) = f3 -a e {3 l(a,{3) = £ L: (~2 
n = 0 (n + 1) 

/26/ 

J~(a,{3) = i!._J (a'~)=~ a L~({3) a o '~-' ..::.. -- --~ a n=O aa (n + 1)-, /27/ 

J ;<a,{3) = a : J 0 (a,f3) = ~ _il-=- ~~ ({3) 
aa n=Oaa 2 (n + 1) 

/28/ 

3aMeTHM, 'ITO H npH k = 1,2,3 ... HHTerpanbl /23-25/ TaiOKe 
Bblpa)l(aiOTCJI qepe3 CYMMbl no nOJIHHOMaM Jlarrepa H HX 
npoHJBO.IJ.HbiM. A HMeHHO: 

18 

npu k = 1 

J (a,{3) = J 
0 

(a,{3) - J 
0 

(a -1, {3) = 
1 

a a-1.. a a 
00 L ~L ) 00 L 00 L 

= l ~-n-~-= l ~ = l __ n, /29/ 
n=O (n+1) n=l(n+1) n=O (n+2) 

npu k=2,3, ... 

a a-1 

Jk(a,f3)= Jk-1 (a ,(3)- Jk-1 (a-1,(3 )= l· ~n-Ln_l_ • 
nz 0 (n + k) 

a 
L 1 oo 

l ~=-% l 
nz1 (n + k) nc 0 

AuanorH'IHO: 

a 00 

Lan 
-------
(n+k +1) 

a La a;- n ({3) 

J ~(a, {3) = -- J k (a , {3) "' l aa n%0 (n+k+1) 

/30/ 

a2 La ~- n ({3) 
-----
(n+k+1) 

J " (a , {3 ) "" _j_ Jk (a , {3 ) = i 
k aa2 n=O 

/31/ 

C nOMOil.lbiO Bblpa)l(eHHH /29-30/ H peKyppeHTHbiX COOT
HOWeHHH ,IJ,JIJI nOJIHHOMOB Jlarrepa MO)I(HO nony'IHTb, 'ITO npH 
k = 1,2,3 , ... 

J (a,f3)= l [(n+a)L:-1-(;+1)La-1] 
k ---- n+1 n=O (n+k+D _____ = 

1 oo a-1 oo 

a-1 
Ln 

,.,-[2 Ln +(a-k-1)2 
{3 n~o nzO (n + k + 1 ) 

a- 1 a -1 
oo a- 1 "" L n+l 1 oo L n 

- L L + k 2 --- ].,. -[(a-k-1)2 + 
n=O n+l n,..O (n+k+1) {3 n=O(n+k+1) 

a-1 
~ L n 

+k 2 ---]. 
n=O (n + k) 

/32/ 

Cne,IJ,oBa TenLHO: 

(a- k-1) k 
J k (a , {3) = {3 J k (a -1, {3) + {3- J k-

1 
(a -1, {3) , 

k=1,2,3 ... /33/ 

llpu k = 0 Its/. 

(a-1) 1 
Jo(a.f3)=TJo(a-1,(3)+ /3 /34/ 

,D.ucW>epeuuupyJI /33-34/ no a , nony'IHM: 

19 



(a - k -1) k Jk (a -1 .{3) 
Jk'(a .{3 )== f3 J '(a-1,{3)+ -{3-J' (a-1.{3)+ ---, 

k k-1 f3 

k == 1 '2 '3 , ••• ; 
/35/ 

Jo'(a .{3) = ~-1)J'(a -1 {3) Jo(a-1,{3) 
f3 0 ' + f3 -; 

J "( {3) (a-k-1)" k 2J~f~--1f-n 
k 

a, = J (a-1.{3)+ -J" (a-1 {3) +~~~...L. 
R. k f3 k-1 ' f3 ' 

k=1,2,3, ... ; /36/ 

J~(a ,f3 )o: ~tflh~'(a-1 ,f3)+ ~Jd(a-1 ,f3 ). 

CooTHoweHBJI /33-36/ MOJKHO nony"'BTb TaiOKe c no
MOII\biO BHTerpupoBaHBJI no "'aCT JIM BblpaJKeHBH /23-25/. 

Hcnonb3YJI /33-36/, a TaKJKe 

J k(a ,f3) EJk-1(a ,{3 )- Jk-1 (a-1 .{3); 

J ~(a ' f3 ) = Jk~ f a ' f3 ) - J;_1 (a -1. f3 ) 

J~'(a ,f3 )=< J~~ 1 (a,f3)-J;:
1 
(a-1 ,f3 ), /37/ 

nonyqaeM, 'ITO npu k- a + 1 -1 0, k = 0,1,2,3, ••. , 

(2k+f3-a+1) J ( {3)- _is__ J (a ,f3); 
J (a ,f3)s ------ k a, (k-a+1) k-1 

k+1 (k-a + 1) /38/ 

J 
1 

(a , f3) = (@-a + 1) J 0 (a , f3) - -
1 

- , 1 - a * 0 ; 
(1-a) 1-a 

20 

J~+1(a,f3)"" @~-a+ 1) J ~(a,f3)
(k-a+ 1) 

k 
- (k-a+l}k-1 (a ,f3) _ ~(a-1,{3) 

(k-a+D-; 
/39/ 

J"(a {3)== (2~..E..~LJ''(a,f3)- k J" ( a,f3)-
k+1' (k-a+1) k (k-a+1) k- 1 

2 J ~( a -1 , f3 ) 

(k-a+1) 

B nporpaMMe cuaqana Bhi'IBCnJIIOTCJI BHTerpanbl: 

Jo (f-1 ,f3)z r xf-2 e-f3(x-1)dx· 
1 , 

J' ( 1 "" f-2 ~(x-1) o f - • f3) == f x e In xdx ; 
1 

J~'(f-1 ,f3) = Jxf-2 e-f3(x-l)(lnx) 2 dx; 
1 

f "" a- Ent (a ) , 0 $_ f $. 1 . 

/40/ 

/41/ 

Hcnonh3YJI npe.n;cTaaneuue .n;nJI uenonuoii raMMa-$yHK
I.UIB a au.n;e 6ecKoHe'IHOii uenuoii .n;po6u/ 18/, nonyqaeM: 
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<-1 f3 J (<-1.{3),.{3 e r(c-1.{3) 
0 

1 (-) 
0 

=---.! 
1 2-c ) (-)+(--
01 010 2 

b 0 + 

1 1 (-)+(---) o 2 32 33 

f3 3- ( ) (--)+ (---
03 03 0 4 

1 

1 + 2-c 

1 + ......l._ 

{3-+5}~.!.._-

a 1 

a2 a 
b + -- 3 

1 b2+h;+ ... 

1 . 
b = O; al = -;;--· 

0 1 
a = 

2n 
ll-( + 1 

02n-1 °2n 

n=1,2,3 ... 

n __ 

a2n+1 = o2n o 2n+1 

b = f3 • 
1 3' 

1 

1 
b ,. --. 

2n o 2n 

f3 . 
b2n+t"' o2n+1, 

o = v n+1 . 
n 

/42/ 

MHO>KHTenb on He MeHJieT senaqaHbl u.enHoB: .IJ.po6a 
H BBO)J.HTCJI BO HJfie>KaHHe 6onbWHX npoMe>KyToqHbiX qacen. 

BenaqaHa CXO.IJ.JillJ,eHCJI u.enHOH .IJ.p06H /42/ pasHa/ 19/ : 

A 
J 

0 
(c - 1, f3 ) = lim __!!. , 

n-->oo B n 
/43/ 

22 

r.D.e A_ 1 =1; A 0 =0; An= bnAn-1 + anAn-2; 

B 1= 0; B 0 = 1; B = b B 
1

+ a B 
2

; n = 1,2,3, ••• - n n n- n n-

BblqacnJieM nocne.D.oBaTenbHO ace An, Bn .IJ.O Tex nop, 
llOI<a ll He )J.OCTHrHeT Tai<oro n , qTo fiy)J.eT BblllOllHJITbCJI 
ycnosae: 

A- A- A-
n n-1 [ -~ n 1------ < c --1 n > 5 

B- B- - B- ' - ' 
n n-1 n 

/44/ 

- Ja)J.aHHaJI TOqHOCTb BblqHcneHHJI J O (< - 1 , {3). 
Tai<HM o6pa30M, senuqaHa u.enHoB: .IJ.po6a /42/, Bbl

qacneHHaJI C HeOfiXO)J.HMOH TOqHOCTbiO (- ,eCTb: 

A
Jo(< -1, {3) = _n_ 

B-
n 

BenHHHHbl J 6<• -1, f3 ), J ~(<- 1, {3) nonyqaeM Henocpe.IJ.CT
BeHHbiM .IJ.Hcl>c1>epeHU.HPOBaHHeM COOTHOWeHHH /43/. 

~anee, HCllOllbJYJI COOTHOWeHHJI /34-37/, BblqHCllJieM 
J

0
(a, {3), J0(a,{3),J 0(a,f3).Ecna a=<-1+n, n=1,2,3, ... , To, 

nonLJYJICb /34-37/, onpe.IJ.enJieM Ta.K>Ke ace Je(a,f3 ),Ji(a,/3), 
J f'(a,f3), e = 0, 1,2, .•• , n. 

Bee nocne.D.YIOID.He J k(a,f3), Jk(a,{3) ,J'k(a,{-3) npH k=n + 1, 

rH2.n+3 .... /ecnH a=<-l+n,n=1..2,3, .. / H npH k~ 1,2,3, ... I /ecnu 

a=< -1+n, n=0,-1,-2,-3, ... / BblqacnJieM no cl>opMynaM /38-40/. 
Onpe.IJ.enus Tai<HM o6pa3oM_ ace HY>KHble HHTerpanbl 

/23 • 25/ H BblqHCllHB Ja TeM C He06XO)J.HMOH TOqHOCTbiO 
COOTBeTCTBYIOllJ,He CYMMbl, nonyqHM senaqHHbl i AJ . 

Kai< noi<aJaHo B pa6oTe /16/, noci<onLI<Y cy~ecTBYIOT 
pei<yppeHTHble COOTHOWeHHJI )J.llJI senaqHH k A I? , k B f1 , TO HeT 
HeOfiXO)J.HMOCTH BblqHCllJITb HX npH BCeX k, f , f1 • 

HanpaMep, npa i=j .IJ.OCTaToqHo BblqucnHTb TOnbi<O A0, 
A1' B 0 , B1, a see OCTaflbHble Ae ,Be npH e -::.2 nHHeHHO 
Bblpa>KaiOTCJI qepe3 HHX. AHanoruqHo B )J.pyrHX cnyqaJIX. 

llpH BblqacneHBH BHTerpanOB iBJL HCllOllb3yeM npH 
Z 

1
=Z 

2 
pa3no>KeHHJI )J.llJI cl>YHI<U.HH <1> N ,L • (7])/2of: 

23 



<l>N,L,m()=C·£ A pm ()· 
TJ f=O f 2£+m+oTJ• 

1451 

I 
0 , ecnu L - m = 2n 

A = O· A = 1 · -1 • 0 • 0 
1, e CJIB L - m = 2n + 1 , 

n = 0,1,2, ... 

H npB Z -f Z pa3JIO:>KeHHJI jgj: 
1 2 

<l>N,L,m (ry) =C. £ Ae Pnm (ry) 
f=O r+m 

A = 0; A
0 

= 1. 
- 1 

1461 

KoHCTaHTbl C , C onpeJJ.eJI.HIOTC.H B3 ycnoBH.H HOPMH-

POBKH )l.JI.H cPYHKIJ,HH ¢N • L • m ( TJ) : 

m 

<1> N,L,m(7]) = O-ry2) 2 

TJ --> + 1 

T.e. 
C = 2 m. m! (-1) m ( ~ A ~2£ + 2m + o)! -1 

r = o r <2r +B-)!--) 

m oo ( 
C = 2 • m!(-1) m( ~A _J._~2m)!)-1 

f=o e r• 
1471 

Ko34x}lHIJ,HeHTbl pa3JIO:>KeHBJI A p' A e YJJ.OBJieTBOp.HJOT pe

KyppeHTHblM COOTHOIUeHH.HM,KOTOpble MO:>KHO HaHTB,HanpH

Mep, B pa6oTax/9,20/,Bce HHTerpaJibl iBJ Bbi'IHCJI.HeM 

aHaJIHTH'IeCKB, llOJib3Y.HCb peKyppeHTHbiMH COOTHOIUeHHJIMH 

)l.JI.H noJIHHOMOB Jle:>KaHJJ.pa. BBBJJ.Y rpoM03JJ.KOCTH nony'leHHble 

Bblpa:>KeHHJI 3)l.eCb He npHBO)l.JITCJI. 

B nporpaMre BMeeTcJI TaK:>Ke BapuaHT 

BHTerpaJIOB iBM,B KOTOpOM BCllOJib3YJOTCJI 
)l.JIJI cPYHKIJ,BH <1> N. L, lll(ry) BB)l.a/10,11, 13/ : 

m 

<1> N,L,m (ry) =A·(1-ry2)2 e-p(l+ry)£' B (1+ry)n, 
n=O n 

24 

Bbl'IBCJieHBJI 

pa3JIO:>KeHBJI 

-1 < ry< 0; 

m 
<l>N,L,m (ry)=(1-ry2)2 e-p(l-ry}~' B (1-ry)n' O<ry<+1; 

0 n - -n= 

A L-m ~ B 
B = o· B 

0 
= 1 

= (-1) I n = 0 n 
-1 • 

• &S - I ; 
~ B B n=O n -1 = O; B

0 
= 1. 1481 

HHTerpanbl i B ~ B 3TOM cnyqae Bbi'IBCJIJIJOTCJI aHano-

rB'IHO pa6oTe I 6/. 0JJ.HaKo BBHJJ.Y nnoxoH: CXOJJ.BMOCTB pa3JIO

:>KeHBH 1481 B o6nacTB MaJibiX R loco6eHHO npu N,L>3,4, •• ./ 

BHTerpaJibl i B/~ MO:>KHO Bbl'IHCJIHTb npH 3TOM JIBillb C TO'I

HOCTbJO 1 o-2 - 10 - 3 • IlpB. 6pJiblllHX 3Ha'leHHJIX R(R > 5) pe-

3YJibTaTbl Bbl'IHCJieHBH 1B p C BCllOJib30BaHHeM pa3JIO:>Ke

HBH 1451 ( BJIH 1461) H 1481 COBlla)l.aJOT. 

3AKJIJO'IEHHE 

H3JIO:>KeHHbiH anropBTM noJBOJIJieT Bbi'IBCJIBTb MaTpB'I

Hble 3JieMeHTbl 14-91, 116,201, a TaK:>Ke B HeKOTOpble 

JJ.pyrue MaTpB'IHble 3JieMeHTbl BBJJ.a: 

--> 

a a 
< f (X , y , Z )> , < f (X , y, Z) a-> , < f (X , y, Z )-> , 

r aR 

a2 a a a b 
<f(x,y,z)-

2
>, <f(x,y,z)- -->, <f(x,y,z)(-+-)>B T.JJ.. 

aR ar aR r 1 r 1 

I f(x. y. z) - llOJIBHOM OT X ' y ' z ; a ' b - KOHCTaHTbll. 

,lJ.JIJI OIJ,eHKB TO'IHOCTB Bbl'IHCJieHBH npB Ka:>K)l.OM R onpe

)l.eJIJieTCJI MaKCBMaJibHa.H BeJIB'IBHa B3: 

1. 3aJJ.aHHOH TO'IHOCTB cyMMBpoBaHBJI PJIJJ.OB 1221, I 451, 
1461. 

2. TO'IHOCTB BblllOJIHeHBJI COOTHOWeHBJI OpTOrOHaJibHO

CTB 121. 06bi'IHO 3Ta TO'IHOCTb 10-30- 10-40 • 

3. To'IHOCTB BblllOJIHeHBJI cooTHoiUeHBHI16I, 117 I, 1441. 
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4. TO"'HOCTH BbiDOJIHeHHJI COOTHOWeHHH /2 1/: 

<i IL xI j> = -<j I L xi i> /npH Bbi"'HCJieHHH <L x >,<L .;/. 

5. TO"'HOCTH BbiDOJIHeHHJI HeKOTOpbiX COOTHOWeHHH, no
Jiy"leHHLIX B pa6oTe /16/: 

IJpH i,ij: 

Ao=yA2; Bo=yB2; 
(,\ . - ,\ j ) 1 __ _ 

y = 1 + -R _2_(_E_i- E j)- (,\ -,\ )j 
[ -- 1 J 

2 
IlpH i=j: 

a R2E. a 
A2 -(--J-) +A 0-(,\ -

aR 2 JR J 
R

2 
E J. aA_2_. a=R·(Z +Z J· )--- ' 2 -2- - R 

2 2 
2 J R E j 0 a R Ei bB 1 

B -(--) + B -(,\ .- ---!= --; b=R(Z -Z ) . 
rJR 2 aR J 2 R 2 1 

B JaKJIJO"leHBe aBTop Bblpa:>KaeT rny6oKyro 6naro-
~apHOCTb JI.A.CMopo~HHCKOMy, C.lf.BBHHU.KOMy, lf.B.Ko
Mapoay, JI.W.IloHoMapeay, X.Y.Erepy, X.PHxTepy Ja 
none3Hble o6cy:>K~eHHJI H JaMe"laHHJI. 
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