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BseneHHe 

0.nHHM H3 Hatt6onee nepcneKTHBHbIX HanpaeneHHA B coapeM9HH08 cj)H3HK8 aneMeH~ 

TBpHbIX qacTHU SIBIUl8TCSI H3yqeHHe npo6neMbI ·CHnhHbIX B38RMO,ll8HCTBli8 HB OCHOBe 

.llBOl!HbIX cneKTpanbHblX npe,llCT8BneHHll ,llil!I 8MililHTY.ll ynpyroro pacce!IHH!I ( MaH,llenb-

CT8M ( 1958r,). JlanbHel!wee p83BHTHe H.llell auanHTH'lHOCTH npHBO,llHT K HCilOilb30B8HHIO 

aHanHTHqeCKHX CBOACTB napuHanbHbIX 8MiinHTy.n KaK tj:JyHKUHA: .llBY~ KOMnneKCHbIX nepe

MeHi,bJX - 3uepraa H op6HTanbuoro MOMeHTa ( Pe.ll>Ke _l 959r.). K uacTOHWeMy ape Meua 

,llOCTHrHyTbl 3H8qHT0nbHbI0 ycnexa Ha nyTH COBM0CTHoro Hcnonb3OB8HRSl
4 

ripe.ocTaaneHRSI 

MaH.llenbCTaMa H sse,lleHH!I KOMnneKCHbIX op6HT8IlbHbIX MOMeHTOB /S-S/• vi XOTSI ewe 

paHO f'OBDpHTb O cywecTB0HHOM Bb!XO,lle H3 paMOK C:TBpoll Teop1rn non!!, T0M He Meuee 

y>Ke ceRttac Ka>KeTCSI 06OCHOB8HHOA yaepeHHOCTh, ttTO HM0HHO Ha' :3TOM nyTH B 6nH>KaA

Ill0M 6y.llyweM 6y.lleT ,llOCTHf'HyTo 6onee rny6oKoe IlOIIHMBHHe npHpO.llbl 3neMeHT8PHblX 

/6/ 
tt8CTHU 

0cHOBH8SI uenh HSCTOSIUleA pa6oTbI COCTOSina B BblstBn0HHH BO3MO.>KHOCTea, BO3HH

K8lOlllHX npa COBMec:HoM npHM0H0HHH npe.ncTaaneHHSI MaH.a.enbCT8M8 H T0XHHKH.KOMnneKc

HblX op6HT8llbHblX MOM0HTOB H8 npaMepe Teoprrn B03MYill0HIII! B necTHll'lHOM np116nH>Ke

HHH EeTe-.CanneTepa. 

Co.llep>Ka1111e llHccepTaUHH 

8 nepaoA rnaae HCcne~yeTcSI }lMnnHTY.LI.8 IlOT0HUHan.hH .... oro pacceSIHHSI HepenSITHBHCT~ 

CKHX CK8nS1pHbIX qaCTHU B BbICWI-IX 50pH09CKHX npH5nH>K0HHSIX. ~.necb, B ll8CTHOCTH, no

ayqe110 38MKHyToe Bblp8>K0HH0 .llll!I aMnnHTY.llbl pacce!IHBlt BO BTOpOM 66pHOBCKOM npa-

6nH>KOHHH. 1!PH 3TOM HCilOnb3OB,8H8 T0XHHK8 paano)KOHHSI no nonHHOM8M ne)K8H.Ll,pa 

H ~YMMHP0B8HHlt noayqaIOillHXClt p!!.llOB, B110PB.bl0 p83BHT8!1 B pa6oTax B.M. ApyTIOHltH8 

H 8BTopa. KpoMe aonpocos; K8C810WHXCSI pacceSIHHSI CKaiu1pHbIX ll8CTHU, 3.Ll0Cb T8K)K0 

38TpOHYTbl H0KOTOpbI0 BOilpOCbl TeopHH n~T0HUH8flbHOrO paCC0SIHHH .UHp8KOBCKHX tt89'THU. 

B qacTHOCTH, nonyqeHbl Bblp8)K0HHSI ,nng cpaa paccestHHSI B np1:16nx.nKeHHH naaca, KOTo

pble, K8K llOK838nB 'lHCaeHHbl0 pacqeTbI (s cayqae ypaBHeHB!I Wpe,llHHrepa Bb1IlOllH0HHbl0 

THTUeM)) !!Bll!IIOTC!I ny'llllBM npa6nH>K0HH0":' K ,llellcTBIITenbHOCTH, 'l0M np06nH>KeH11e 

EopHa. BhltiHCne.Ha Tf:lK>K0 MHHM851 qa~Tb aMnnHTY.LlhI "paccesrnm-1 !30 BTOpOM 6opHOBCKOM 

npu:6nH>K0HHH C HCllOnb3OB8HHqM npeo6pa30B8HHSI .nannaca H 3H8'tl0HHR cne.LI.yIOWHX cyMM, . 
CO.ll0p>K8IllHX npOH3B0,ll0IIB!I cpyHKUHII ne>K8H.llp.8 BTOpOf'O p0ll8 H8 nonHHOMbl ne>K8H.llp8 

H HX npOH3BO.LlHbI0: 
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f (2f + J) Qf (z 1 ) <iy (z2 ) Pf (_z) 

! Qf(z1 J I Qy + 1 (z2 Jl'y' + 1 (zJ- Q f-/z,.JP/_/zJI 
f . 

7 o,<z,Jl-Qf+/z2 J+ Oy;__, (z 2 JIP;_(zJ_ 

0TM0lleHo, ttTO 3TH }1{0 cyMMbl .BCTpe~alOTCSl npa: 8H8nHT0'.1.J:~CKOM npon.on)K0HHH ycnOBHH 

YHHT8pHOCTH .llllH MeaoH-HyKnOHHOro pacceHHHH, npaqeM CKBllKH 3THX CYMM, B38Tbie 

no z nocne npeo6paaoaaHHll 30MMepcj:,enbL1a-8aTCOHa, CB!l3aHbl co cneKTpanbHOl! 

cpyHKUH8l!, 

BTopaH rnaaa OTKpbJB80TCH KpaTKHM o6aopoM OCHOBHblX Il0110}K0HHil TeOpHH .aaoA-
~ . 

HbIX Cil8KTpS.i:_i:bHhIX npe.ncTasnemdl C npHM8H0HH0M TBXHHKH KOMilllBKCHr,IX op6HT8llbHbIX 

MOM8HTOB. 

nanee npOBOLlHTCll HCCn8LlOBaHH8 neCTHH'IHOl"O p!!L1a EeTe-Canmi,Tepa B npHlfoH>Ke• 

HHH TeOpHH 38TYX8HHH. npH6llH>K8HH0 TeOplUI 38TYX8HHH 38Klll01.J:80TCH B TOM, qTO npoMe--: 

>KyTO'IHbie '!aCTHUbl B HHT8!"panbHOM ypaBH8HHH EeTe-CanneTepa 6epyTCll Ha noaepXHOCTll 

Mace, '!TO cj:,aKTH'l8CKH 03Ha'IB8T nepeXOLl K ypaBH8HHIO CoKonoaa-rai!Tnepa171• • 

PaccMOTpeaa npOJ:13B0llbH8H neCTHH1.J:H8H .OHarpaMM8 n -ro nopH.llKS B npH6llH.>Ke

HHH TeopHH aaTyxaHHH H .nnst Hee nonyqeHo cneKTpanbttoe npe.acTasneHHe no nepe.aasae~ 

MOMY HMnynbcy. 3L18Cb Mbl paccMOTpHM nony'!eHHbl0 peaynbT8Tbl B W8CTOM nopl!L1Ke 

(neCTHHUa C Tp8Mll CTyneHbKaMH), 06o6weHHe Ha cnyqai! n ~ 8 npoBOLlHTCSI no aHano-. 

rHH 1 XOTSI HeKOTOpbI9 BhJl-lHCnSHHSI B 3TOM cnyttae H0B03MQ}KHO .aoaecTH .no KOHUB 

(cM. HH>Ke). noKaaaHO, '!TO HMeeT MeCTO cneL1yI01Uee cneKTpanbHOe npeL1cTaaneHHe 

no t 

..,--t-... 

&:~E =i\~~ 
'IC Jt'-t ~. 

(I) 

'· 
Kp_ec·ri:-K Ha nHHHH, K8K 06bittHO. 03HattaeT 38MeHy nonao.8 q.JyHKUHH pacnpocTpaHeHHSI Ha 

0 -cpyHKUHIO, nnll CT0lllll8l! 3Ll8Cb nOLl HHTe!"panOM LlHal"pBMMbl W8CTOl"O nopSIL1Ka, y 

KOTOpol! npona!"aTOpb! acex BHyTpeHHHX nHHHll aaMeHeHbl Ha O -cj:,yHKUHIO, nonyqeHo 

::neL1y10mee paano>KeHHe a HHTe!"pan 8aTcoHa-30MMepcj:,enbL1a: )I( __ ., -¼-loo 

-h r (2f+ JJQp(Zz)O,<z,JQp<z,JPP(z)df?) 
-¼+ Joo 
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r.ne Z - KOCHHYC yrna paccesIHHSI B, C .. U.H., B Z t - KOCHHyChl KOMnneKCHbIX yrnoa, . 

KHH0M8THtteCKH CBSl38HHbIX C M8CC8MH COOT39TCTBylOIUHX sepTHKan bHbIX t{8CTHU .. 

17ocne.oHHA HHTerpan- BhlttHCnsteTCH, H OKOHttaTenbHO cneKTpanbHBSI q.JY:HKUHSI ab1p8)1{89TCSI 

ttepea nonHMA annHrrTHtteCKHA HHTerpan·rrepaoro po.na c· apryMeHTOM, rronttoCTbIO CHM

MeTpHttHhIM OTHOCHT9nbHO Z t Z 2 Z 
3 

H Z : 

l".08 

~ --•·. _,.,, .. "' 
~ _v,\"(z,z,z; z 

ncv A - ( z I z 2 z 3 z) ) 
+ )_ 

A (z
1 

z
2

z
3

z) 

(3) 

1 dx _ 

K(k) = I ./(1 - d(l-k~. rronHhIA snnHnTHtteCKHi:i: HHTerpan nepaoro 

po.oa, Mo.a.ynh KOTOporo M8HbW8 8.llHHHUhI, 0 - cj:,yHKUHll onpeL1eneHa KBK OObl'IHO 

J X 
0 (x) = Io x 

> 0 
< 0' H rrpH~SITbl COKp8IU8HHbJ8 o603H8tt8HHSI: 

+ 
A-(z

1
z

2
z_

3
z) =z,2+ z;+ z! +z 2 -2z

1
z

2
z

3
z+2yzf-ivzFi,!z~-lyz2-J -2 (4) 

-- --- -- -- -- -- (5) 
zo= z,z,z, + z,vz;-1 ,(2:J-1 + z,vz;-1vz;-1 + z,vz:-1 yz~- J. 

B cnyqae pacceSIHHSI tt8CTHU C O.UHHBKOBOA MaccoA H3 ycnoaHSI, qTo apryMeHT 0 

cj:,yHKUHH 6onbme HY~ll z - z O <!. o, nonyqaeTCll cneL1y1011.1ee ypaaHeHHe L1nll•l"PBHH'I

HOA Kpu:aoA Ha nno~cKoCTH St , sa KOToPoA crreKTpanhHBSI ¢yHKUHSI oTnHttHa oT Hynsi 

1=36m 2 - 384m 4 + 1024m 6 (6) 
S-4m 2 (S-4m 2) 2 

(aCHMIITOTbl S = 4m 2 t = 36 m·• ). 

TaKHM >Ke o6pa::..OM H3 061Uel"O ypaBH8HHll .z - z =O MOl"YT 6bITb nony'leHbl ypaaHeHHSI 
0 • 

rpaHHttHhIX KpHBbIX .nn& peanbHhIX npoueccoa pacceSIHHSI, ecnH ytteCTb KHHeMaTHqecKHe 

COOTHOllleH;:R Me>K.ny KOCHHYCBMH yrnoa H HHB8pH8HTHblMH nepeM9HHhlMH S H 

AttanorHttHO a o6meM cnyttae noKasatto, ttTO .ci'HarpaMMB n -ro nopS1.0Ka, y KOTopoa ace 

BHyTpeHHHe nHHHH 3BMeHeHbl Ha O -q.JyHK.UHH, .a.orrycKaeT cr,,e.a.y10mee HHTerpanhHOe 

npe.ocTaaneHHe (c TOl-lHOCTblO .no KHH9M8TH1-18CKHX MHO>KHTenea): 

.!!. 
-½-JOO 2 

f,-- f (2£+ J)df II Q£(z 1)Pf(z) 
1 -~+loo J= I 

(7) 
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CTOHWKA 3JlC>Cb HHTerpan npH n GB 6hill Bhl'rncneH Bh1we. llpli n =4 (KBaJlpaTHK) 

6 r /3/ . . 
HHTerpan bin BbJ'UICneH pH6C?BblM • K0T0pbIA ~OK83M, ttT0 TSKHM cnoco6oM-MO)KeT 

6hITb DOlly<!eHa cneKTpa/lbHa>I <pyHKUH>I KBaJlpaTHKa. llpH n = 2 ( 00/IIOCHhlil 'llleH) 3T0T 

HHTerpan paBeH ll -cj:,yHKUHH ll ( z 
1 

- z ) • 3TOT HHTerpan HeB03MO>KHO Bbl1·1UCnHTb 

B KOH011HOM BH.ae npH n ~ 8 • O.aHaKO MO)KHQ yKS38Tb, qT0 o6naCTh, B KOTOpoJ:t OH 

OTnw:qeH OT aynst, HMeeT BH.0. 

z > ch (<f, + <f, + .:. + ¢") , </:, 
1 

= azccl, z
1

, 
· - t 2 ', 

(8) 

B cnyqae paBHhlX Mace 3TO ypaBHeHHe ynpowaeTC!l H npHHHMaeT Bllll: 

1 2 i- 2 :1 ,.. ., j-:, 2 2 
z;::z 1 +C.!!zt (z 1 -1J+~.!!zt (z 1 -1) + ... , 

2 2 

(9) 

rJJ.e c: - o6bI'IHbI0 6HH0MH8nbHbl8 KoatjJ(pHUH9HTbl. nerKo BHLI.eTb, l{T0, Ha□pHMep, B 

cnyqae TT 7T - paccestHHSJ rpaHH'-IH8SI J$PHB8SI HM80T 8CHMil1'OTbl S = 4 m 2, t =:= n 2 m" 2 
• 

OTMeTHM Ta~me, 'ITO as1pa>KeHHe (7) cpaKTH'leCKH npeJlCT8B/IReT co6ol! paanomeHHe n 

HHTerpan Menepa-<l>oKa' If !IBll!leTC!l ,lleACTilHTe/lbHhlM ueCMOTpSI Ha Ka>KyWyIOC!l KOM

nneKCH0CTb. 

TaKHM o6pa30M IlOK838HO, 'iTO necTHif'IH8SI L1Hllrp8MM8 n -ro TIOp8D.K8 B npu6nw 

>KSHHH Teopmt aaTyxamu1 HMeeT cneKTpanhttoe npencTaanemte no nepenasae~oMy HM-. . 
nynbCy . BHJla 

A<"'(s,tJ=ff p <•>rs, t') dt' 
t' - t 

( 10) 

C BewecTB8HHOll cneKTpallbHOA 'PYHKUHell, nponopUHOHallhHOil ( 7) II 0T/IH'IHOll OT Hy,rn 

B o6naCTH (8). 

• 
B pa6oTe TaK>Ke BhJ!ICHeHa CB83b M8.>KJly peweHHeM ypanHeHtrn COKO/IOBa-ral!Tlle-

pa 111 ,181 If cyMMHpoaaHH8M neCTHH'IHhlX ,llilarpaMM, 

TpeTh!l rnBBll D0CB!IWeHa BhlB0JlY npH6nH>KeHHhlX <pOpMy/1 llll!l HeBblp0>K!IeHHOil 

(cpyHKUH!I .lho61tl H BbtpomneHHoli (cj:,yHK.Uillf Y'HTTeKepa) rHnep-reoMeTpH'leCKHX q:,yHr 

UHll, 

<l>yHKUHH CHMMeTpH'leCKoro BO/l'!Ka BHrHepa, a TaK.>Ke KOHH'leCKRe q:,yHKIIIIH 

Menepa-<l>oKa RBll>IIOTC!l qaCTHbIMH cnyqaRMH paccMOTpemihtX cj:,yHKUllll. 

8 a:pHno>KeHHH paCCMOTpeH PR.ll aonpocoa, CBH3 8HHblX C BbP.IHCneHHSIMH. CyMM H 

HHTerpall0B no HH,lleKcy OT Bhlpa>KeHHA, coaepmaWHX np0H3Be,ll.eHH!l HeCKO/lbKllX cj:,yHK

IIHA nemaHJlpa nepBoro H BTOporo poJla, a TaK>Ke HX npoaaBo/J,Hhie. 

6 qacTHOCTH Bhl'IHClleHa CYMMa BHlla 

l (2P + 1) pf (z,J Pe (z,J"r (z3) Pp(z) 

If nony'leHO yJl06Hoe HHTerpanbHOe npe,llCTaB11eH11e Jl/1!1 cyMMhl 

6 

f(2l'+iJ Oe(Zi) Or(Z~ Or(Z3)Pl'(Z). 

OTMeTll'-' no11yqe11Hoe o6o6weHHe cj:,opMyns1 <l>pyaccapa 191 

Qf (z,J QC (z,J = OpW __!!1. 
• • + ~ ,/k(z ;-

t 2 v•~-,v~ ,z .,.) , 
1 . •2-1 2 

f (11) 

,lla1owero llHTerpallbHOe npeJlcTaBneHHe Jl/18 np0113BeneHHR llBYX cpyHKUHA nemaH,llpa 

BTOporo poaa H8 Clly'lafi Tpex cpyHKUllil 

Cp(z1 ) Qfz2 ) Op(z 3 ) f Oe<O 2 R(,J ~:rz,z, z, Cl J, 
•o ,/~(z 1 z 2 z 3 ') A(z 1 z,z 3 () 

(12) 

+ 
rae onpe,lle/leHHe ,\ - H zo C0Bna,llaeT C (4) H (5). 

B aaK11IO'leH11e Bh1pamaIO 6naroJ:xapHocTb Hay'IH0My pyKoBollHTenIO npocj:,. A.A.CoKo-

noay. 
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