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Overview

The International Workshop on Few-Body Systems, FBS-Dubna 2012, will be held on June
27 – 29, 2012, at the Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia.
The workshop program covers various topics in physics of few-body systems including
scattering theory, Coulombic few-body problems, few-body resonances, Efimov effect,
Borromean binding, etc.

Few-body systems theory is dedicated to various quantum systems that might be considered
consisting of several (say two, three, or four) elementary constituents. Depending on a
particular situation and the energy range under consideration, the role of such constituents
may be played by quarks, mesons, individual nucleons, nuclei or even by atoms and
molecules. Smallness of the number of constituents in a system allows one to develop
mathematically rigorous, exact and faithful approaches to its treatment, that do not require
further simplifying physical assumptions or approximations. Due to their universality, the
approaches based on the theory of few-body systems pave the way to successful solving
various problems in nuclear physics, in physics of atoms and molecules, in quantum
chemistry etc.

The purpose of the workshop is to bring together experts and young researchers working on
few-body problems of nuclear physics, astrophysics, and physics of atomic and molecular
collisions, for presenting their new results, identifying hot topics, and reporting on progress
in methods and approaches.

Program of the workshop includes the following topics:

• Scattering theory for quantum systems of several particles;

• Recent progress in theory of Coulombic few-body systems;

• Universal properties of few-body systems at ultra-low energies, Efimov and Thomas
effects, Borromean binding, halo systems;

• Numerical approaches to solving few-body bound-state, resonance and scattering
problems.
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Sessions of the workshop will take place at the Conference Hall of the Bogoliubov
Laboratory of Theoretical Physics. The workshop schedule is as follows.

Workshop Schedule1
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Rate of the p+ p+ e → d +ν reaction at the center of Sun conditions

Vladimir B. Belyaev

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
belyaev@theor.jinr.ru

Rate of the p+ p+e → d+ν process in the Sun and neutrino current are calculated. Initial
state is considered in the framework of a three-body approach.

Near-threshold behavior of three-particle systems in s- and p-states

Yuriy M. Bidasyuk

Bogolyubov Institute for Theoretical Physics, NANU, Kiev, Ukraine
yurabid@gmail.com

The recent experimental observations of the Efimov effect stimulated new interest to theo-
retical investigation of this universal phenomenon. The appearance conditions of this effect
is not easy to study both analytically and numerically. Especially in systems with higher
angular momentum and systems of more particles there is still no final understanding how
this effect can develop. Efimov himself stated that effect should exist in systems with
higher angular momenta only in molecular regime, i.e. masses of two particles are much
larger then mass of the third one, but no definite statement concerning the infinite or finite
number of bound states were made.

In the present work a general three-particle problem with short-range interaction is studied
in near-threshold states with different angular momenta. The considered system consist of
two equal particles (both bosons and fermions are considered) and one particle of different
nature. Using two types of particles with considerably different masses it is possible to
tune the structure of spectrum in order to simplify Efimov spectra observation. Main nu-
merical results are presented in a form of threshold diagrams displaying the regions where
three-body bound states exist depending on two-body parameters and mass ratio. These
threshold diagrams were obtained numerically by high-precision variational calculations
and supported by explicit analytical expression in different asymptotic regions.

Different effects that appear on the threshold diagrams are studied both analytically and
numerically. The special attention is paid to the occurrence conditions of the Efimov effect
in three-particle p-states and in s-states with two resonating pairs of particles. We show that
infinite series of bound states is universally possible (for any shape of short-range potential
and any mass ratio) only in case of three particles in s-state and all three pairs in resonance.
In other cases, typically associated with Efimov effect the infinite series do not exist. This
can be explained using the fact that a singular kernel of the integral Faddeev equations
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does not always lead to the infinite discrete spectrum. Even in the absence of infinite
Efimov series one can observe the universal nonmonotonic behavior of energy thresholds,
which is typically associated with Efimov effect. This effect of “trap” can be observed
and explained in connection with avoided crossing of energy levels of different nature. We
also provide some generalization of the universal properties of thresholds to four-particle
system in s-states. We define occurrence conditions of “trap” effect and avoided crossings.

Analytic continuation of effective range expansion as a method to
obtain bound state characteristics. Application to 6Li

Leonid D. Blokhintsev

Skobeltsyn Institute of Nuclear Physics
Lomonosov Moscow State University, Moscow, Russia

blokh@srd.sinp.msu.ru

Asymptotic normalization coefficients (ANCs) are important nuclear characteristics. They
determine cross sections of radiative capture processes at astrophysical energies [1]. Their
knowledge is necessary for solving the inverse scattering problem. The 6Li nucleus in the
α + d channel is one of the most interesting systems for which it is important to know
ANCs. The ANC values for this system determine the cross section of the radiative capture
4He(d,γ)6Li, which is the only process of 6Li formation in the big bang model. The
available data on the values of the ANCs Cl for the 6Li → α +d channel are characterized
by a large spread (l = 0, 2 is the channel orbital angular momentum).

In the present work, the Cl values are found by analytic continuation in energy of the
effective range expansion for dα scattering to the pole corresponding to the bound 6Li state.
Both one- and two-channel [2] versions of the effective range expansion are employed.
Several sets of scattering phases are used as an input. The calculations are performed
with and without the preassigned (fixed) value of the 6Li binding energy ε . It follows
from the numerical results obtained that the absolute values of Cl increase with increasing
ε as well as with taking account of the Coulomb interaction. Account of the channel
coupling affects only slightly the C0 value. On the other hand, account of that coupling is
absolutely necessary to get the reliable C2 value. The ways of allowing for two- and three-
body inelastic threshold phenomena within the effective range expansion formalism are
discussed. The need for more accurate low-energy dα scattering data and the corresponding
phase-shift analysis is emphasized.

1. A. M. Mukhamedzhanov and R. E. Tribble, Phys. Rev. C 52 (1999), 3418.
2. L. D. Blokhintsev, Phys. At. Nucl. 74 (2011), 979; Bull. Russ. Acad. Sci. Physics 76

(2012), 425.
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Correlation effects in two-body systems in a magnetic field

Marcin Cerkaskia,b and Rashid G. Nazmitdinova,c

aBogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
bInstitute of Nuclear Physics PAN, Krakow, Poland

cUniversitat de les Illes Balears, Palma de Mallorca, Spain
cerkaski@theor.jinr.ru, rashid@theor.jinr.ru

Can a mesoscopic system with a few particles moving in one-body potential exhibit a
quantum phase transition (i.e. a phase transition driven by quantum fluctuations) due to
the two-body interaction? The related question is, if such a transition occurs, what are
the concomitant structural changes? Two-electron quantum dot (QD) being a mesoscopic
system may provide answers on the above questions, since predictions made within theo-
retical models for two-electron QDs can be succesfully verified by thorough experimental
analysis [1,2].

Using a three-dimensional parabolic approximation for confining potential, two-body sys-
tems in a perpendicular magnetic field are studied for various strengths of a general two-
body interaction UM = αM/rM (αM > 0, M > 0). We found the onset of shape-phase tran-
sitions in three-dimensional systems at a certain choice of the magnetic field strength and
the width of the system. In particular, for the Coulomb interaction the ground state of
two-electron QDs can be localized only in the lateral plane even for very strong magnetic
fields. In contrast, for excited states the electron density distribution may evolve from the
lateral to the vertical orientation along the direction of the applied magnetic field. The
specific requirements for such transitions are discussed in terms of classical and quantum
correlations. The analytical results obtained in the harmonic approximation are in a good
agreement with available experimental data and numerical results for two-electron QDs [1].

1. R. G. Nazmitdinov and N. S. Simonović, Finite-thickness effects in ground-state transitions of
two-electron quantum dots, Phys. Rev. B 76 (2007), 193306.

2. R. G. Nazmitdinov, Magnetic field and symmetry effects in small quantum dots, Fiz. Elem.
Chastits At. Yadra 40 (2009), 144.

Novel resonant states in three-body problem

Maxim A. Efremov

A. M. Prokhorov General Physics Institute, RAS, Moscow, Russia
max.efremov@gmail.com

We consider the bound states of the three-body system consisting of a light particle and
two heavy ones when the heavy-light short range interaction potential has a resonance

11



corresponding to the non-zero orbital moment. Within the Born-Oppenheimer approach we
suggest the novel method to find the effective potential between the heavy particles by self-
consistent scattering of light particle by two heavy ones. In the case of the exact resonance
in the p-wave scattering the effective potential is shown to be attractive and long-range,
namely it decreases as the third power of inter-atomic distance. Moreover, the range and
power of this potential, as well as the number of the bound states are determined mainly by
the mass ratio of the heavy and light particles and the parameters of the heavy-light short
range potential.

Some relativistic aspects of few-body dynamics
in electrodisintegration of trinucleons

Victor Efros

National Research Center “Kurchatov Institute”, Moscow, Russia
efros@mbslab.kiae.ru

Inclusive response functions for electrodisintegration of trinucleons in the quasielastic peak
region are accurately calculated. The non-relativistic Hamiltonian that includes realistic
NN +NNN forces has been employed. The results compare well with experiment at not
high momentum transfers q. However, the comparison deteriorates progressively as q in-
creases turning to a sharp disagreement at q = 0.7 GeV/c. This can be attributed to the fact
that relativistic effects in nuclear dynamics were not accounted for.

Approaches to implicitly account for these effects are considered. These approaches involve
the use of a subsidiary reference frame different from the laboratory one. They also involve
a modification of the non-relativistic calculation such that momenta of fast fragments in
the reaction final states take their correct relativistic values.

When the relativistic features are accounted for a very good agreement between theory and
experiment is met.

Three-body correlations in 6Be
studied in knockout and charge exchange reactions

Irina A. Egorova

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
iegorova@theor.jinr.ru

The recent progress in research with radioactive ion beams (RIB) leads to increase of inter-
est to nuclear systems close to the driplines and even beyond. Many of these systems have
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three-body decay modes. This is mainly 2p decay mode if the proton dripline systems are
considered. From theoretical point of view this means studies of processes in the Coulom-
bic three-body continuum which is especially difficult for theoretical treatment. Effective
and precise treatment of experimental data here are not possible without development of
appropriate theoretical tools. Different required techniques and approaches are illustrated
by the examples of works made in collaboration with experimentalists from world leading
RIB facilities: (i) Correlations in the two protons decay of 6Be in knock out reaction (2009,
MSU, USA), (ii) investigation of excitation states and discovery of the novel IVSDM mode
in 6Be in charge exchange reaction (2009, FLNR, Dubna).

New method for a solution of coupled radial Schrödinger equations:
Applications to halo-nuclei

Sergey N. Ershov

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
ershov@theor.jinr.ru

A modified variable phase method for numerical solution of coupled radial Schrodinger
equations, which maintains linear independence for different sets of solution vectors, is
suggested. The modification involves rearrangement of coupled equations to avoid usual
numerical instabilities associated with components of the wave function in their classically
forbidden regions. The modified method is applied to nuclear structure calculations of halo
nuclei within the hyperspherical harmonics approach.

Transformations of the three-body pseudo-vector (LP = 1+)
hyper-spherical harmonics

Sergey I. Fedotova and Oleg I. Kartavtsevb

aBogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
bDzhelepov Laboratory of Nuclear Problems, JINR, Dubna, Russia

fedotov@theor.jinr.ru, oik@nusun.jinr.ru

The relations of the hyper-spherical harmonics expressed in different variables are widely
used in practical calculations. Two kinds of the hyper-spherical variables are of special
importance, one set is connected with Jacobi coordinates and another, which is connected
with the momenta of inertia. In this report, the simple explicit expressions via the Clebsh-
Gordan coefficients are derived for the transformations of the pseudo-vector (LP = 1+)
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hyper-spherical harmonics in these sets of variables. Similar expressions for the transfor-
mations of the scalar (LP = 0+) hyper-spherical harmonics are known for a long time [1,2].
The presented expressions for both LP = 1+ and LP = 0+ cases are significantly simpler
than general ones obtained in [3].

1. Y. A. Smorodinskii and V. D. Efros, Yad. Fiz. 17, 210 (1973); Sov. J. Nucl. Phys. 17
(1973), 107.

2. H. Klar, J. Math. Phys. 26 (1985), 1621.
3. J. Raynal and J. Révai, Nuovo Cim. A 68 (1970), 612.

Studies of few-body dynamics in dripline nuclei at FLNR

Leonid V. Grigorenko

Flerov Laboratory of Nuclear Reactions, JINR, Dubna, Russia
lgrigorenko@yandex.ru

The nuclear driplines are nowadays achieved experimentally for the light nuclear systems
and there is an important trend in the modern research with radioactive ion beams to study
the systems close and even beyond the driplines. Many of these systems demonstrate un-
usual properties which can be attributed to different forms of irreducible few-body dynam-
ics, like three-body nucleon haloes, true three-body decays (e.g. two-proton radioactivity
as a special case), soft excitation modes, etc.

In the recent years there was a successful line of research at Flerov Laboratory of Nuclear
Reactions dealing with light dripline systems. Novel results related to studies of few-body
phenomena were obtained for such isotopes as 5H, 7H, 8He, 10He, 6Be, 17Ne, and 26S. The
major results of these studies are presented and discussed from theoretical point of view.
We focus on continuum properties of three-body systems, studies of specific correlations,
and practicalities of connection between theory and experiment.

Structure properties of the four-cluster nuclei 10Be and 10C

Boris E. Grinyuk and I. V. Simenog

Bogolyubov Institute for Theoretical Physics
National Academy of Sciences of Ukraine, Kyiv, Ukraine

bgrinyuk@meta.ua

In the framework of the four-particle approximation (two α-clusters plus two nucleons), we
study the structure functions of 10Be and 10C nuclei. New versions of the αα-interaction
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are proposed. With the use of our models of αα-, nn-, pp-, nα-, and pα-interactions, we
obtain an accurate description of the corresponding S-phase shifts of elastic scattering at
low energies simultaneously with a precise description of the energies and radii of 10Be
and 10C nuclei. General properties of the four-particle wave functions are studied, and two
dominant configurations present in the nuclei are revealed. A detailed study of characteristic
features of the structure functions of these nuclei is carried out. We analyze the density and
charge distributions, form-factors, pair correlation functions [1]. We also obtain and explain
the momentum distributions of α-particles, and of the extra nucleons.

The structure functions of the four-cluster nuclei 10Be and 10C are compared with those of
the three-cluster halo nuclei 6He and 6Li.

The bound states of the 10Be and 10C nuclei within four-particle model are studied in the
framework of a variational method with Gaussian bases providing enough precision in the
four-body calculations.

1. B. E. Grinyuk and I. V. Simenog, Ukrain. J. Phys. 56:7 (2001), 635.

Low-energy H++H2 reactive collisions:
Role of permutation symmetry in mean-potential statistical model

Tasko P. Grozdanov

Institute of Physics, University of Belgrade, Belgrade, Serbia
tasko@ipb.ac.rs

Complex-forming, reactive H++H2 system is studied in the interval of collision energies:
(0.001− 0.5) eV. We use statistical theory based on a mean isotropic potential deduced
from a full potential energy surface.The reaction probabilities incorporate the full permu-
tation symmetry of the protons. We compare our results with other statistical models and
full quantum mechanical approaches that take account of this symmetry either correctly,
approximately or erroneously.

Resonant tunneling of the few bound particles
through repulsive barriers

Alexander A. Gusev

Joint Institute for Nuclear Research, Dubna, Russia
gooseff@jinr.ru

A model of quantum tunneling of the few bound particles interacted by potential of os-
cillator type on the short-range repulsive barrier potentials is presented. We consider a
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model of system of few one-dimensional spinless particles with discrete spectrum by the
transverse symmetric variables of relative motion of particles in center-mass-system and
continuous spectrum by a longitudinal variable of motion of center-mass-system. A multi-
channel scattering problem for the Schrödinger equation with the few short-range repulsive
barriers is formulated. This problem is reduced to the boundary value problem for a set of
close-coupling second order differential equations with respect to the longitudinal variable
on whole axis, by using expansion of wave function over the oscillator basis of the few
bound particles. We analyze effect of quantum transparency consisting in nonmonotonical
dependence of transmission coefficient at resonance tunneling of the few bound particles
throughout repulsive potential barriers.

This is a joint work with Sergue Vinitsky, Pavel Krassovitskiy, Ochbadrakh Chuluunbaatar,
and Luongle Hai.

Translationally invariant calculations
of form factors, densities and momentum distributions
in finite nuclei with short–range correlations included

Volodymyr S. Iurasov

Kharkiv V. N. Karazin National University, Kharkiv, Ukraine
iurasov90@gmail.com

The approach elaborated in [1] to calculate the density matrices of finite nuclei has been
applied in studying a combined effect of center–of–mass motion and short–range nucleon-
nucleon correlations on the nucleon density and momentum distributions in light nuclei.
Unlike a common practice, suitable for infinite or externally bound systems, these distribu-
tions are determined as expectation values of appropriate intrinsic operators that depend on
the relative coordinates and momenta (Jacobi variables) and act on intrinsic ground–state
wave functions. The latter are constructed in the so-called fixed center–of–mass approxima-
tion, starting with mean–field Slater determinants modified by some correlator (e.g., after
Jastrow or Villars). We use and develop the formalism based upon the Cartesian or boson
representation, in which the coordinate and momentum operators are linear combinations
of the creation a and annihilation a† operators for oscillatory quanta in the three different
space directions. Each of the relevant multiplicative operators can then be reduced to the
form: one exponential of the set {a} times another exponential of the set {a}. In the course
of such a normal–ordering procedure we get the own “Tassie–Barker” factors for each dis-
tribution and point out other model-independent results. Our numerical calculations of the
charge form factors , densities and momentum distributions will be shown for nuclei 4He
and 16O.

1. A. V. Shebeko, P. Papakonstantinou, and E. Mavrommatis, Eur. Phys. J. A 27 (2006) 143.

16



Recent investigations of the two-component three-fermion system
in the universal limit of zero-range interactions

Oleg I. Kartavtsev and Anastasia V. Malykh

Joint Institute for Nuclear Research, Dubna, Russia
oik@nusun.jinr.ru, maw@theor.jinr.ru

Overview of the recent results for the ultra-cold two-component three-fermion system is
presented. Significant attention is paid to the isotopic and angular-momentum dependencies
of the bound-state energies and low-energy scattering data found by the authors [1–3] and
other researchers [4,5] in the universal limit of the zero-range interaction. Correspondingly,
a comparison with similar results in 1D [6] and 2D [7] is discussed. Furthermore, qual-
itatively discussed are the calculations of the non-universal (potential-dependent) proper-
ties [8,9], the relation of them to the zero-range-interaction model results, and the crossover
of different types of the three-body bound states [10].

1. O. I. Kartavtsev and A. V. Malykh, J. Phys. B. 40 (2007), 1429.
2. O. I. Kartavtsev and A. V. Malykh, Pis’ma ZhETF 86 (2007), 713.
3. O. I. Kartavtsev and A. V. Malykh, Few-Body Syst. 44 (2008), 229.
4. S. Endo, P. Naidon, and M. Ueda, Few-Body Syst. 51 (2011), 207.
5. K. Helfrich and H.-W. Hammer, J. Phys. B 44 (2011), 215301.
6. O. I. Kartavtsev, A. V. Malykh, and S. A. Sofianos, ZhETF 135 (2009), 419.
7. L. Pricoupenko and P. Pedri, Phys. Rev. A 82 (2010), 033625.
8. D. Blume and K. M. Daily, Phys. Rev. Lett. 105 (2010), 170403.
9. S. Gandolfi and J. Carlson, arXiv:1006.5186 (2010).

10. S. Endo, P. Naidon, and M. Ueda, arXiv:1203.4050 (2012).

The 4He trimer as an Efimov system

Elena A. Kolganova

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
kea@theor.jinr.ru

We review the results which demonstrate the Efimov nature of the 4He three-atomic system.

This is a joint work with Alexander K. Motovilov and Werner Sandhas.
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A puzzle of the C6++He→C6++He++ e experiment

Konstantin A. Kouzakova,b, Yu. V. Popovb, M. Takahashic, and S. A. Zaytsevd

aFaculty of Physics, Moscow State University, Moscow, Russia
bInstitute of Nuclear Physics, Moscow Sate University, Moscow, Russia

cIMRAM, Tohoku University, Sendai, Japan
dDepartment of Physics, Khabarovsk State Technical University, Khabarovsk, Russia

kouzakov@srd.sinp.msu.ru, popov@srd.sinp.msu.ru

The basic theory of the ionization processes in collisions of fast ionic projectiles with
atomic systems at small momentum transfer is well established (see, for instance, the text-
books [1,2]). The emergence of the cold-target-recoil-ion-momentum spectroscopy (COL-
TRIM) [3] made it possible to measure fully differential cross sections for the ionizing
ion-atom collisions with high precision, thus providing a new, very stringent test of the
theory. In this context, theoretical interpretation of the experimental results [4] on singly
ionizing 100-Mev/u C6++He collisions can be regarded as unsatisfactory. So far none of
the published theoretical treatments, ranging from first [5] and second Born approximations
[6] to three-body distorted-wave [7] and impact-parameter coupled-pseudostate models [8],
has been able to obtain reasonable agreement with the measured angular distribution of
the ejected electron in the plane perpendicular to the momentum-transfer direction. At the
same time, all the approaches more or less adequately reproduce the measured angular
distribution of the ejected electron in the scattering plane.

We present a theoretical analysis of the “C6+ puzzle”. In particular, we discuss relativistic,
second-Born, and distorted-wave effects on differential cross sections. It is shown that
neither of them can explain the discrepancy between theory and experiment. We find,
however, that a finite momentum resolution due to a velocity spread in a supersonic helium
jet can be responsible for the observed disagreement. This finding supports conclusions of
an earlier work [9], though in [10] they were claimed to be inconsistent with experimental
conditions of [4].

1. L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Nonrelativistic Theory, 3rd
ed., Pergamon, Oxford (1977).

2. V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Quantum Electrodynamics, 2nd
ed., Butterworth-Heinemann, Oxford (1982).

3. J. Ullrich, R. Moshammer, A. Dorn, R. Dörner, L. Ph. H. Schmidt, and H. Schmidt-
Böcking, Rep. Prog. Phys. 66 (2003), 1463.

4. M. Schulz, R. Moshammer, D. Fischer, H. Kollmus, D. H. Madison, S. Jones, and
J. Ullrich, Nature 422 (2003), 48.

5. D. Madison, M. Schulz, S. Jones, M. Foster, R. Moshammer, and J. Ullrich, J. Phys. B
35 (2002), 3297.

6. A. B. Voitkiv, B. Najjari and J. Ullrich, J. Phys. B: At. Mol. Opt. Phys. 36 (2003),
2591.

7. A. L. Harris, D. H. Madison, J. L. Peacher, M. Foster, K. Bartschat, and H. P. Saha,
Phys. Rev. A 75 (2007), 032718.
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8. M. McGovern, C. T. Whelan, and H. R. J. Walters, Phys. Rev. A 82 (2010), 032702.
9. J. Fiol, S. Otranto, and R. E. Olson, J. Phys. B 39 (2006), L285.

10. M. Durr, B. Najjari, M. Schulz, A. Dorn, R. Moshammer, A. B. Voitkiv, and J. Ullrich,
Phys. Rev. A 75, (2007) 062708.

New way in description of few-body scattering

Vladimir I. Kukulin

Institute of Nuclear Physics, Moscow State University, Moscow, Russia
kukulin@nucl-th.sinp.msu.ru

In the talk, we discuss a new purely discrete way in treatment of few-body scattering. The
way includes a few key steps which being taken together leads to tremendous facilitation
and acceleration for all few-body calculations. In their turn, this crucial improvement of all
scattering calculations makes it possible to solve now such highly uneasy problems which
are completely beyond of ability of the conventional approaches.

For this purpose, we transform the conventional scattering integral equations into fully dis-
crete matrix form with regular matrix elements using the lattice-like basis in momentum
space. Then we solve the resulted few-body matrix equations using an ultra-fast graphical
processor unit (GPU-computing). Such GPU calculations for our new lattice form of scat-
tering equations take only a few minutes of PC computing time to calculate both elastic
and inelastic scattering and also three-nucleon breakup with fully realistic NN-potentials.

Threshold effects in two- and three-body problems on lattices

Saidakhmat N. Lakaev

Samarkand State University, Samarkand, Uzbekistan
slakaev@mail.ru

The existence of eigenvalues for the discrete Schrödinger operators associated to the Hamil-
tonians of systems of two and three quantum-mechanical particles on lattices interacting
via short-range pair potentials will be showed and dependence of their number on the total
quasi-momentum will be discussed.
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The double-Λ hypernucleus 11
ΛΛBe

M. Leslie Lekalaa, G. J. Ramphoa, R. M. Adama, V. B. Belyaevb , and S. A. Sofianosa

aDepartment of Physics, University of South Africa, Pretoria, South Africa
bBogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia

lekalml@unisa.ac.za

The ground state energy of the double-Λ hypernucleus 11
ΛΛBe is calculated within the

framework of the five-body model ααnΛΛ. The five-body system is described using the
Faddeev-formalism for the unequal mass clusters involved and the potential harmonics
expansion of the corresponding amplitudes. The resulting coupled differential equations
depend only on the inter-cluster interactions, ΛΛ, Λn, Λα , nα , and αα , which are fairly
well known from previous investigations of hypernuclei. The results obtained are in excel-
lent agreement with the recent KEK-E373 experiment as well as with the theoretical results
obtained within the Gaussian expansion method by Hiyama et al. The ΛΛnn double hy-
pernucleus is also discussed.

The system of three three-dimensional charged quantum particles:
Asymptotic behavior of the continuous spectrum eigenfunctions

at infinity

Sergey B. Levin

Department of Mathematical Physics, St. Petersburg State University, Russia
sergey.levin@pobox.spbu.ru

To our knowledge there are no complete results expressed in terms of eigenfunctions (even
not strictly proved mathematically) related to the system of three or more charged quantum
particles. For the system of the three such identical particles we suggest the asymptotic
formula describing the behavior of eigenfunctions at infinity in configuration space.

Low-energy elastic scattering of a polarized neutron
on a polarized deuteron

Valery V. Lyuboshitz and Vladimir L. Lyuboshitz

Joint Institute for Nuclear Research, Dubna, Russia
valery.lyuboshitz@jinr.ru

The spin structure of the amplitude of S-wave elastic scattering of slow neutrons on
deuterons is analyzed . The operators of projection onto the quartet state (total spin J = 3/2)
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and doublet state (total spin J = 1/2) of the nd system and the scattering amplitudes, cor-
responding to these states, are introduced. It is shown that in the low-energy limit the
dependence of the effective cross section of nd-scattering upon the neutron and deuteron
polarization vectors is determined by only two scattering amplitudes (the quartet and dou-
blet ones), the contributions of which are summed up incoherently. The expression for the
correlation tensor of the final nd system at low-energy scattering of unpolarized neutrons
on unpolarized deuterons is derived as well. The question about relation between the quartet
length of nd-scattering and triplet length of neutron scattering on a proton is discussed.

Two-body and three-body field theoretical equations
with and without quark-gluon degrees of freedom

Alexander I. Machavariani

JINR, Dubna, Russia and HEPI, Tbilisi, Georgia
machavar@jinr.ru

The new relativistic two-body and three-body equations for the amplitude of the cou-
pled NN ⇐⇒ NNπ and Nd ⇐⇒ 3N) reactions are considered within the standard field-
theoretical S-matrix approach in the time-ordered three-dimensional (3D) form. Therefore,
the corresponding relativistic equations are 3D from the beginning and the considered
formulation is free of the ambiguities which appear due to the 3D reduction of the 4D
Bethe-Salpeter equations. The solutions of the considered equations satisfy automatically
the unitarity and causality conditions and other first principles of the theory even after
the truncation over the multiparticle (n > 3) intermediate states. The form of these three-
body equations does not depend on the choice of the Lagrangian and it is the same for
the formulations with and without quark degrees of freedom. The effective potential of the
suggested equations is defined by the vertex functions with two on-mass shell particles. It
is emphasized that these INPUT vertex functions can be constructed from the experimental
data.

Unlike to the well known Faddeev equations, the suggested three-body equations have the
form of the three-body Lippmann-Schwinger-type equations with the connected potential.
Nevertheless, after simple modification one can rewrite the suggested equations in the
form of the Faddeev equations for the disconnected and connected parts of the three-body
potential. The corresponding microscopic potential contains the contributions from the pure
three-body (contact and overlapping) forces and from the particle creation (annihilation)
mechanism. The complete set of the three-body forces, appearing in the considered field-
theoretical approach with and without quark-gluon degrees of freedom is analyzed.
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Low-dimensional few-body physics in atomic traps

Vladimir S. Melezhik

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
melezhik@theor.jinr.ru

In recent years, low-dimensional quantum systems have become experimentally accessible
showing impressive developments in the field of ultracold atoms and molecules [1,2]. This
has stimulated the necessity of detailed and comprehensive investigations of collisional
processes in the confined geometry of atomic traps. Here the free-space scattering theory is
no longer valid and the development of the low-dimensional theory including the influence
of the confinement is needed. The restricted geometry leads to a quantization of the atomic
motion for the confined degrees of freedom. Another effect of the two-body problem in a
trap is the confinement-induced nonseparability of the center-of-mass (CM) and the relative
motions.

In our works we have developed a computational method [3-5] for pair collisions in tight
atomic waveguides and have found several novel effects in its application: the confinement-
induced resonances (CIRs) in multimode regimes including effects of transverse excitations
and deexcitations [4], the so-called dual CIR yielding a complete suppression of quantum
scattering [3], and resonant molecule formation with a transfer of energy to CM excitation
while forming molecules [5]. A recent result is the computation of multi-channel effects
responsible for the CIRs splitting [6] observed experimentally in [7].

A possible extension of the theory will also be discussed in order to include the effects
of the trap anharmonicity [8,9] and a tensorial structure of the Feshbach resonances [10]
responsible for the CIRs. These effects can lead to a novel and rich physics.

1. E. Haller, M. Gustavsson, M. J. Mark, J. G. Danzl, R. Hart, G. Pupillo, and H.C. Nägerl, Sci-
ence, 325 (2009), 1224.

2. F. Serwane, G. Zürn, T. Lompre, T.B. Ottenstein, A.N. Wenz, and S. Jochim, Science 332 (2009),
336.

3. V.S. Melezhik, J.I. Kim, and P. Schmelcher, Phys. Rev. A 76 (2007), 053611.
4. S. Saeidian, V.S. Melezhik, and P. Schmelcher, Phys. Rev. A 77 (2008), 042721.
5. V.S. Melezhik and P. Schmelcher, New J. Phys. 11 (2009), 073031.
6. V.S. Melezhik and P. Schmelcher, Phys. Rev. A 84 (2011), 042712.
7. E. Haller, M.J. Mark, R. Hart, J.G. Danzl, L. Reichsöllner, V.S. Melezhik, P. Schmelcher, and

H.C. Nägerl, Phys. Rev. Lett. 104 (2010), 153203.
8. J.P. Kestner and L.M. Duan, New J. Phys. 12 (2010), 053016.
9. S. Sala, P.-E. Schneider, and A. Saenz, arXiv:1104.1561.

10. A.D. Lange, K. Pilch, A. Prantner, F. Ferlaino, B. Engeser, H.C. Nägerl, R. Grimm, and C. Chin,
Phys. Rev. A 79 (2009), 013622.
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The derivation method for the break-up amplitude
in the few-particle system with the pure Coulomb interaction

Artem V. Mikhailov

Obninsk Institute for Nuclear Power Engineering
of the National Research Nuclear University “MEPHI”, Obninsk, Russia

stukselbax@gmail.com

The derivation method for the full break-up amplitude in the few-particle system with the
pure Coulomb interaction is developed. This method is based on the investigation of the
singularities which take place in the many-body Lippmann-Schwinger equation interactions
(Born series) when the complex energy Z approaches the energy shell. It is shown that the
summation of the Born series enables one to isolate explicitly the Lippmann-Schwinger
solution Coulomb singularity. As a result the break-up channel amplitude is represented in
the form of the modified (nonsingular on energy shell) Born series. The partial summation
procedure of these series which leads to the distorted-wave second Born approximation for
the amplitude under investigation is elaborated.

This is a joint work with V. L. Shablov and Y. V. Popov.

A priori bounds on variation of the spectrum and spectral subspaces
of few-body Hamiltonians

Alexander K. Motovilov

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
motovilv@theor.jinr.ru

We apply the results of [1–5] on variation of the spectrum and spectral subspaces of a
Hermitian operator under a perturbation to few-body Hamiltonians. In particular, we give
bounds on the shift of binding energies and variation of the corresponding eigensubspaces
of a few-body Schrödinger operator if an extra interaction or an external field is added,
provided that positions of the initial binding energies are known. It should be underlined
that our results are not perturbative in the sense of the conventional (series) perturbation
theory. Moreover, most of the bounds we give are sharp.

1. S. Albeverio and A. K. Motovilov, Sharpening the norm bound in the subspace perturbation
theory, Compl. Analysis Oper. Theory (to appear); arXiv:1112.0149.

2. S. Albeverio and A. K. Motovilov, The a priori tan θ theorem for spectral subspaces, Integr.
Equ. Oper. Theory (to appear); arXiv:1012.1569.

3. V. Kostrykin, K. A. Makarov, and A. K. Motovilov, Perturbation of spectra and spectral sub-
spaces, Trans. Amer. Math. Soc. 359, 77 (2007).
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4. A. K. Motovilov and A.V. Selin, Some sharp norm estimates in the subspace perturbation
problem, Integr. Equ. Oper. Theory 56, 541 (2006).

5. V. Kostrykin, K. A. Makarov, and A. K. Motovilov, On the existence of solutions to the oper-
ator Riccati equation and the tan θ theorem, Integr. Equ. Oper. Theory 51, 121 (2005).

The effective-range theory application to study the nuclear vertex
constants for bound and resonant states of the lightest nuclei up to 8Be

Yury V. Orlov

Skobelysyn Institute of Nuclear Physics, Lomonosov Moscow State University, Moscow, Russia
orlov@srd.sinp.msu.ru

The effective-range theory taking into account the Coulomb interaction has been developed
and applied to computing the nuclear vertex constants for a decay (fuse) AB+C and for
relating the asymptotic normalization coefficients of the radial wave functions for a nucleus
A. We study the 3Не s-wave bound state and the resonant s-wave states of 2Не, 3Не, 8Ве,
the p-wave states of 5Не and 5Li, and the d-wave state of 8Ве. Experimental phase shifts
and pole positions are used as input data.

Differential equations for the recombination amplitude
in three bosons system with zero-range pair potentials

Fedor M. Pen’kov

Institute of Nuclear Physics of NNC RK, Almaty, Kazakhstan
fmp56@mail.ru

Differential equations in the momentum space for the 3 → 2 recombination processes of
three bosons with pair forces of zero-range radius have been derived.

Self-consistent Bohmian description
of strong field-driven electron dynamics

Bernard Pons

CELIA – University of Bordeaux, Talence, France
bernu.pons@yahoo.fr

Drawing from the Bohmian formulation of the time-dependent Schrödinger equation, we
present a self-consistent hydrodynamical method to describe electron dynamics in strong
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field light-matter interactions. Prototypical implementation is made for one-dimensional
H atom embedded in short and intense laser pulses. The method provides very accurate
electron densities and yields quantum trajectories that shed light on the electron dynamics,
beyond the strong-field approximation.

Square-integrable bases
in the many-body Coulomb scattering problem

Yuri V. Popova and Sergey A. Zaytsevb

aSkobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, Moscow, Russia
bPacific National University, Khabarovsk, Russia
popov@srd.sinp.msu.ru, zaytsev@fizika.khstu.ru

A method, well known in nuclear physics as the resonating group method, is applied in
atomic physics for the case of the long-range Coulomb potential. Its most established
version is the so-called convergent close-coupling (CCC) method [1]. In CCC, a square-
integrable Laguerre basis is employed for expansion of radial wave functions. The finite
system of algebraic equations in the box must be supplemented by boundary conditions.
In the case of single ionization, the asymptotic solution of the many-body Schrödinger
equation is more or less known. In the case of double ionization, it is not. As a result, the
continuum wave function of one ejected electron is described by a set of pseudostates. This
leads to certain problems in comparisons between theory and experiment [2].

This disadvantage can be partly removed. Applying an additional integration of the Green’s
function in the integral Lippmann-Schwinger (LS) equation, we are able to consider both
outgoing electrons on equal footing, as the Coulomb waves [3]. This approach was utilized
in evaluation of the fully differential cross sections (5DCS) for the (e,3e) processes in
helium [4]. The calculations are performed in the case of a coplanar geometry where the
incident electron is fast and both ejected electrons are slow. The obtained results are in sat-
isfactory agreement with all the experimental data of Lahmam-Bennani et al. [2,5], without
any need for renormalizing the data. However, a detailed analysis of the calculations shows
that the full convergence in terms of the basis size is not reached. The latter is due to the
fact that the free term in the LS does not have the correct asymptotic behavior, and its
integral term is formally divergent. So, the results must depend on the size of the box.

It is worth mentioning that there are attempts to build bases alternative to the Laguerre
one, but in such a case the basis functions are not square-integrable and are fully numerical
[6]. And they again do not solve the problem of the correct asymptotical behavior of the
double-continuum wave function.

The latter problem can be solved within the parabolic Sturmian basis [7], because in this
case the free term of the corresponding integral LS equation is a well known 3C function
which obeys the correct global Coulomb asymptotic behavior. However, the interaction in
this particular case is represented by differential operators which compactness is question-
able.
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In conclusion, a mathematically correct proof that square-integrable bases can be applied in
many-body Coulomb scattering theory is lacking, but their practical applications are widely
used. Review of this problem is presented in [8].

1. I. Bray and A.T. Stelbovics, Phys. Rev. A 46 (1992), 6995.
2. A. Kheifets et al., J. Phys. B 32 (1999), 5047.
3. S. A. Zaytsev, V. A. Knyr, and Y. V. Popov, Phys. Atom. Nucl. 70 (2007), 676.
4. M. Silenou Mengoue et al., Phys. Rev. A 83 (2011), 052708
5. A. Lahaman-Bennani et al., Phys. Rev. A 59 (1999), 3548.
6. G. Gasaneo and L. U. Ancarani, J. Phys. B 45 (2012), 045304.
7. S. A. Zaytsev, J. Phys. A 42 (2009), 015202.
8. Y. V. Popov, S. A. Zaytsev, and S. I. Vinitsky, Phys. Part. Nucl. 42 (2011), 683.

Elastic scattering of a quantum particle by a central potential

Vasily V. Pupyshev

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
pupyshev@theor.jinr.ru

The one-dimensional Schrödinger scattering problem with a central potential is studied. The
linear version of the variable phase approach is used to obtain the low-energy asymptotics
of regular and irregular solutions of this problem.

Signature of the Λ(1405) resonance in neutron spectra
from the K−+d reaction

János Révai

Institute for Particle and Nuclear Physics, Wigner RCP, HAS, Budapest, Hungary
revai.janos@wigner.mta.hu

Neutron spectra from the reaction K−+d → π +Σ+n were calculated in the energy range
Ecm

K− = 0− 50 MeV using coupled channel Faddeev equations for the description of the
K̄NN −πΣN three-body system. The aim was to trace the signature of the Λ(1405) reso-
nance in the spectra. We found, that while in the direct spectra kinematic effects mask com-
pletely the peak corresponding to the resonance, the deviation spectrum method [Esmaili,
Akaishi, and Yamazaki, Phys. Rev. C 83 (2011), 055207] is able to eliminate kinematics
and produce clear evidence of the resonance. The dependence of the obtained spectra on
the incident kaon energy is discussed.
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New treatment of the multi-channel continuum
via the discrete spectral shift formalism

Olga A. Rubtsova

Institute of Nuclear Physics, Moscow State University, Moscow, Russia
rubtsova-olga@yandex.ru

The new method for the solution of multi-channel scattering problems in discretized L2
representation without solving the scattering equations is given. The technique allows to
construct the discrete analog of the spectral shift function (SSF) for the total and free
Hamiltonians which is the object of the general spectral theory of the perturbations. The
main advantage of this discrete version of the SSF formalism is that it can be directly
generalized to the multi-channel case. Here the set of different discrete SSFs corresponding
to different spectral branches could be defined, in contrast to the conventional theory in
continuum. Moreover, each such disretized spectral shift function is directly interrelated
to the corresponding eigenchannel phase shift similarly to one-channel case. Finally, each
element of the multi-channel S-matrix can be found at many energies simultaneously from
the one-fold diagonalization of the Hamiltonian matrix in the multi-channel L2 basis. As an
illustration, numerical results for several multi-channel scattering problems in nuclear and
atomic physics are presented.

The AGS equations

Werner Sandhas

Physikalisches Institut, Universität Bonn, Bonn, Germany
sandhas@physik.uni-bonn.de

Starting from the basic concepts of two-body collision theory, in particular the definition of
transition operators and the corresponding integral equations, we recall that an analogous
procedure leads quite naturally to their three-body analogue, the AGS (Alt-Grassberger-
Sandhas) equations. We show that these relations did and still do provide an adequate
tool for treating three-nucleon processes, Coulomb corrections, and photodesintegration
processes. The extension to four-body systems is also sketched.

Antikaonic three-body systems

Nina V. Shevchenko

Institute of Nuclear Physics, Řež, Czech Republic
shevchenko@ujf.cas.cz

We calculated the 1s level shifts and widths of kaonic deuterium, corresponding to accurate
results on near-threshold antikaon - deuteron scattering. The Lippmann-Schwinger eigen-
value equation with a strong K−− d and Coulomb potentials was solved. The two-body
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K−− d potentials reproduce the near-threshold elastic amplitudes of K−d scattering ob-
tained from the three-body Alt-Grassberger-Sandhas equations with the coupled channels
using four versions of the K̄N −πΣ potentials. Both new K̄N −πΣ potentials reproducing
the very recent SIDDHARTA data on kaonic hydrogen and our older potentials reproduc-
ing KEK data have one- or two-pole versions of the Λ(1405) resonance and reproduce
experimental data on K−p scattering.

Low energy φ-meson-deuteron scattering
in frame of the AGS equations

Ivan I. Shlyk

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
vshlyk@theor.jinr.ru

This work is devoted to low energy scattering of a φ-mesons by deuterons. AGS equations
with Van-der-Waals φ-meson-nucleon and Malfliet-Tjon nucleon-nucleon potentials as in-
put are used. To simplify the problem local potentials are replaced by Bateman separable
potentials of the order of N = 6. The order and the type of approximation was chosen to
reproduce scattering lengths of the two-body input.

Discrete representation for ionization process in three-body problem

Evgeni A. Solov’ev

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
esolovev@theor.jinr.ru

A complete set of Gaussian wave packets is proposed for description of the ionization
channel.

Mechanisms of the d p → pps ∆ reaction
with formation of the 1S0 diproton and the ∆ isobar

Yury N. Uzikov

Joint Institute for Nuclear Research, Dubna, Russia
uzikov@jinr.ru, uzikov@yandex.ru

The COSY data on the well known charge exchange reaction d p → pps n at small trans-
ferred momenta are supplemented recently by reaction d p → pps X at beam energy 1− 2
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GeV , where the invariant mass of the X system Mx corresponds to the mass of the ∆(1232)-
isobar. Measurements with the polarized deuteron beam could give an important informa-
tion on the spin structure of the NN → N∆ subprocess at small transferred momenta. In
order to get this information, the main mechanisms of this reaction have to established.
Here we discuss the mechanism with ∆-isobar excitation (i) in the target and in (ii) the
projectile. We show that the first mechanism allows to explain the data at larger Mx. The
second mechanism is found to be much less important.

Resonant scattering for charged particles
produced by confining environment

Sergue I. Vinitsky

Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia
vinitsky@theor.jinr.ru

Resonance scattering problem of charged particles via quasistationary states imbedded in
the continuum produced by confining environment is considered. The reduction of the
problem for two charged ions to a boundary-value problem is given together with the
asymptotic behavior of the solution and the results of R-matrix calculations. Nonmonotonic
dependence of physical parameters on collision energy and/or confining environment due
to resonance transmission and total reflection effects is confirmed that can increase the rate
of recombination processes.

This is a joint work with A. A. Gusev, O. Chuluunbaatar, V. L. Derbov, and P. M. Krassovit-
skiy.

Zero-range potential for charged particles

Sergey L. Yakovlev and V. A. Gradusov

Department of Computational Physics, St. Petersburg State University, St. Petersburg, Russia
sl-yakovlev@yandex.ru

The pairwise zero range potential is constructed for particles interacting via the Coulomb
potential. The singular part of the asymptote of the wave function at the origin which is
caused by the common effect of the zero range potential singularity and of the Coulomb
potential is explicitly calculated by using the Lippmann-Schwinger type integral equation.
The singular pseudo potential is constructed from the requirement that it enforces the so-
lution to the Coulomb Schrödinger equation to possess the calculated asymptotic behavior
at the origin. This pseudo potential is then used for constructing a model of the imag-
inary absorbing potential for the positron electron system. This potential allows to treat
the annihilation process in positron electron collisions on the basis of the non relativistic
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Schrödinger equation. The functional form of the pseudo potential constructed in this paper
is analogous to the well known Fermi-Breit-Huang pseudo potential. The generalization
of the optical theorem on the case of the imaginary absorbing potential in presence of the
Coulomb force is given in terms of the partial wave series.

“Tomography” of cluster structure of light nuclei
via relativistic dissociation

Pavel I. Zarubin

Joint Institute for Nuclear Research, Dubna, Russia
zarubin@lhe.jinr.ru

Capabilities of relativistic nuclear physics for development of physics of nuclear clusters
are presented. Stacks of pellicles of nuclear track emulsion continue to stay an effective
means of exploratory research, in particular, allowing studying of cluster dissociation of
great variety of light relativistic nuclei in the same type of experiments. Despite the fact
that the value and capabilities of the relativistic approach to the study of nuclear clustering
has been recognized by quite a long time, electronic experiments have not been able to get
closer to a wholesome analysis of relativistic fragment ensembles. The continued pause in
the investigation of “fine” structure of relativistic fragmentation has led to resumption of
regular exposures of nuclear emulsions in beams of light nuclei obtained for the first time
at the JINR Nuclotron. To date, the analysis of peripheral interactions of the relativistic
isotopes of beryllium, boron, carbon and nitrogen, including radioactive ones, with nuclei
of the emulsion composition, is performed, what allows presenting the clustering pattern
for the whole family of light nuclei.
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