
(
j 

:r::
 

:r::
 

tc
-

trJ
 

O
'l 

0 "'
l 

0 

]:
J 

~
 

'<
 

><
 

::.
 

0'1
 

e 0
\ 

::r:
: 

:s:
 

0 

l>
 

Il
l 

;W
 

-
:~
 

3:
 

::.
 -~ 

~
 

>
 

..
d

 \
 

('
1

 

trJ
 

::c
 

=
 

'<
 

:s:
 

"3
: 

0 

trJ
 

Il
l 

C
') 

~
 

:s:
 

:s:c
 

/ 



,. 

JIEKllHH ,aJIH MOJIOJ].biX yqEHblX 

BMnyc~ 38 

PE,aAK/lHOHHblR COBET 

.a.B.JD.up~oe- npe<)ceOarellb 
A.H.Cuoa'IUJH- 3tJM. npe(}ce()!JTetlJI 
A.T.4>Uilunnoe- 30M. npedceOaTe.ti.JI 
r.M.raepUileH~O 
B.B.BeMee 
B.II.repc)T 
E.fl.JI(ud~oe 

B.A. 3azpe6H06 
r.B.MUf#e/lbMIJXep 
B.A.Hu~uruH 
JI.M.Copo~o 

B.P.CapaHJ#e6G 

@ ~--.A -CTIITJT IIAWIJIIWX accnucmUIIIA A16aa, 1987 



'1/R ~OR0/1,/JX YliEHMX 

BIJJnyc~ 88 

r$0HH/JR COBET. 

- npedce0a2'e.llt. 
1 _.IGM. npe~ 

,. -~GM. nped~eNI 

'NJCO 

......... .tb'fJaa. 1987 

4 ' 
~ 

~· .. l 

OB'bE,AHHEHHYA HHCTHTYT H~EPHYX HCCnE,AOBAHHA 

Pl7-87-176 

H. H. BoroJD06os (MJI.), A. C. WyMOBCKHit 

CBEPXH3JIY11EHHE 

,lJ;y6aa 1987 

14tV.&Iliit'lw..;;i l ... i-:1· ·, '{1 t 

Ut:J;!IWX Hcc .'ll':J.. :mz~~~v I 
6'1S.m··, :-;~.:::·~t 



1;. 

ITPE.UMCJIOBME 

ITpo6neMa CB8PXH3nyqeHHH, o6cy~~8HHID KOTOPOH ITOCBH~eHa HaCTOH~aH 

KHHra, HM88T TPH~UaTHn8THIDID HCTOPHID H, T8M He M8Hee, OTHOCYTCH K qHCny 

B8CbMa Ba~Hb!X H aKTyanhHb!X HayqHb!X rrpo6neM. 06ycnoBn8HO 3TC [(8nbiM PH

~OM rrpHqHH. []pe~~e BC8rO HY~HO OTM8THTh Ba~HOCTh 3TOr'O ~H3yqecKOr'O HB

neHHH C TOqKH 3P8HHH pa3pa60TKH M8TO~OB reHepa[(HH KOrepeHT,Or'O 3n8KT

poMarHHTHOr'O H3nyqeHHH pa3nHqHb!X ~HaiTa30HOB. ,Uanee, MaTeMa1HqecKaH 

~OPMYnHPOBKa 3a~aqH 0 CB8PXH3nyqeHHH o6na~aeT H3B8CTHOH 06rrHOCThiD H 

M0~8T Ob!Th HCITOnh30BaHa ~nH OITHCaHHH B8CbMa IIIHPOKOrO Kpyra HBneH.HH B 

KOH~8HCHPOBaHHb!X cpe~aX, H~8PHb!X CHCT8MaX H ~H3HK8 3n8M8HTE PHb!X qaCTHU. 

PaBHOB8CH08 peweHH8 MO~enhHOH 3a~aqH T80PHH CB8PXH3nyqeHHH HBnHeTCH 

H8TPHBHanhHb!M ITPHM8POM CTpororo ODHCaHHH ~a30BOrO rrepexo~a H rrpe~CTaB

nHeT 60nhWOH HHTepec C TQqKH 3P8HHH pa3pa60TKH 3TOr'O HCKniDcHT8nhHO 

Ba~Horo pa3~ena COBP8M8HHOH ~H3HKH. HaKOH8U, ODHCaHH8 ~HHa~HqecKOr'O 

yrropH~oqeHHH B CHCTeMe "rrone-MaT8PHH 11
, rrpe~cTaBnHID~ero co6cA KorepeHT

HbiH HMDYnhC - DO CYTH ~ena COnHTOH, T8CHO CBH3aHO C T80PY8H CTOXaCTH

qeCKHX rrpoueccoB H HMeeT 6onhwoe 3HaqeHHe ~nH rroHHMaHHH rrpcueccoB caMo

opraHH3auHH B ~HHaMHqeCKHX CHCT8MaX. 

HacToH~aH KHHra rrpe~cTaBnHeT co6oA H3no~eHHe Kypca ne~UHH, rrpoqH

TaHHoro aBTOpaMH B KOHU8 1985 - Haqane 1986 ro,na B OM.ffM :H i18H H 3no~8Hbl 
OCHOBHbl8 ~H3HqecKH8 rrpe~CTaBneHHH, CBH3aHHbl8 C rrpo6neMOH CE8PXH3nyqe

HHH, C~OPMYnHPOBaHbl MO~enhHb!8 3a~aqH, ~aH 0030P pe3ynbTaTOE DO HCCne

~OBaHHID paBHOB8CHb!X peweHHH, DPHB8~8HO perynHPHOe H3n0~8HHE ~HHaMHqe

CKOH T80PHH. B 3HaqHT8nhHOH CT8D8HH KHHra OCHOBaHa Ha OPHr'YHanhHb!X pe-

3YnhTaTaX aBTOPOB, rrpe~nO~HBWHX PH~ HOBb!X MO~enbHb!X 3a~aq E T80PHH 

CB8PXH3nyqeHHH H pa3BHBWHX M8TO~bl HCCne~OBaHHH paBHOB8CHb!X H ~HHaMHqe

CKHX xapaKT8PHCTHK CB8PXH3nyqaTenhHb!X CHCT8M. 

0TnHqHT8nhHOH qepTOH HaCTOH~ero Kypca neKL(HH HBnH8TCH y~aqHoe 

coqeTaHHe o6cy~~eHHH ~H3HqecKoro co~ep~aHHH TeopHH H cTporcro MaTeMa

THqecKoro aHanH3a COOTB8TCTBYID~HX MO~Gnh Hb!X rrpo6neM. CBOOO.[ Hb!H H ~HBOH 

CTHnh H3n0~8HHH ~enaeT 3TY KHHr'Y ~OCTYDHOH ~nH WHPOKOr'O KPJra qHTaTe

neH - T80P8THKOB H 3KCD8PHM8HTaTOPOB, HHTepecyiD~HXCH KaK rrro6neMOH 

CB8PXH3nyqeHHH, TaK H OO~HMH BODPOCaMH T80PHH ~HHaMHqecKHX CHCT8M. 

~ AKa~eMHK H.H.EoroniD6oB 

BBE.llEHME 

"Ha( 

'lUI 

HUJ 

CO< 

HOE 

'IW 

no: 

CB8PXH3nyqeHH8 OTHOCHTCR K T8M RBneHHJ 

3aHH8 KOTOPbiX Ha MHOr'H8 r'O~bl onepe.!(HnO 3KCI 

B 1954 r • .UHKKe orry6nHKOBan pa6oTy/1/ 
BOnpoca 0 HarrpaaneHHOCTH CrrOHTaHHOr'O K0r'8P< 

H3nyqeHHR B cpe.!(e. Cpe.!(a MO.!(enHpoaa~ach N 
npHqeM npe.!(nonaranocb, qTo nHHeAHbie pa3M8PI 

cpaBH8HHIO C .!(nHHOH BOnHbl H3nyqeHHR 1 . lli 

TOr'O, qTQ 3a cqeT B3aHM0.!(8HCTBHR qepe3 o6m< 

CHCT8M8 M0~8T B03H~KHY~l KOnn8KTHBH08 COCT< 

nonbHbiM MQM8HTOM l• NCI . MHaqe roaopR, 1 

B8.!(8T C80R KaK O.!(HH 11 CiOnbbiOH 11 .!(HrrOnb. 

CornacHo llHKKe/l/ MaTpHqHbie .3neMeHTbi 

M8 C H3M8H8HH8M Ha 8.!(HHHUY KBaHTOBOr'O qHcn< 

pa3HOCTb HaceneHHOCT8H B8PXH8r'O H HH~H8r'O : 

< R,Mii.:tiR..,M+-1>• {CHI1lCR.+ M+:i}} .. ' 
HHT8HCHBHOCTb H3nyqeHHR, OOP8.!(8nR8MaR KBa.!(] 

HOr'O 3n8M8HTa, 8CTb 

I •Io(R..+I'1 )(R. -1'1 +-!), 
r.!(e Io - HHT8HCHBHOCTb H3nyqeHHR O.!(HOr'O 

npH nep8X0.!(8 H3 nonHOCTbiO HHB8PTHPOBaHHOr'O 

B03CiY~8HH08 COCTORHH8 .!(HOOnbHOH CHCT8Mbl B 

HH HaceneHHOCTH B8PXH8r'O H HH~H8r'O YPOBH8H 

H HHT8HCHBHOCTb I .!(OCTHraeT MaKCHManbHOr'( 

ro B cHnY (B.l) KBa.!(paTy qHcna .!(HnoneA: 
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rlPE.UHCJ!OBHE 

~, o6cy~~8HHID KOTOPOH ITOCBffmeHa HaCTOffmaff 

HCTOPHID H, T8M H8 M8H88, OTHOCHTCff K qHcny 

HayqHbiX rrpo6neM. 06ycnosneHo 3TO L\8nbiM p.R:

KHO OTM8THTb Ba~HOCTb 3TOrO WH3Hq8CKOrO ffB

JTKH M8TO~OB reHepal.\HH KOrepeHTHOrO 3n8KT

JqHb!X ~Hana3oHoB. ,llanee, MaTeMaTHqecKaff 

J3nyq8HHH o6na~a8T H3B8CTHOH 06mHOCTbiD H 

OITHCaHHff B8CbMa ]I]HPOKOrO Kpyra ffBn8H.HH B 

2PHb!X CHCT8MaX H WH3HK8 3n8M8HTapHbiX qacTHL\. 

JH 3a~aqH T80PHH CB8PXH3nyqeHHff ffBnff8TCff 

roro orrHcaHHff wa3osoro nepexo~a H rrpe~cTaB

J 3P8HHff pa3pa60TKH 3TOrO HCKnroqHT8nbHO 

WH3HKH. HaKoHel.\, orrHcaHHe ~HHaMHqecKoro 

2-MaT8PHff 11
, rrpe~cTaBn.R:romero co6oH KorepeHT-

:onHTOH, T8CHO CBff3aHO C T80PH8H CTOXaCTH-

nb]I]08 3HaqeHH8 ~nff ITOHHMaHHff ITPOL\8CCOB CaMo

:HCT8MaX. 

>BnffeT co6otl H3no~eHHe Kypca neKL\HH, rrpoqH-

35 - Haqane 1986 ro,!la B 011HH.B' H8H H3n0~8Hbl 

3n8HHff, CBff3aHHbl8 C rrpo6neMOH CB8PXH3nyqe

>18 3a~aqH, ~aH o63op pe3ynbTaToB rro Hccne-

' ITPHB8~8HO peryn.R:pHoe H3~0~8HH8 ~HHaMHqe-

CT8IT8HH KHHra OCHOBaHa Ha OPHrHHanbHbrr pe

l]I]HX Pff~ HOBb!X M0~8nbHbiX 3a~aq B T80PHH 

~8TO~bl HCCne~oBaHHff paBHOB8CHb!X H ~HHaMHqe

{qaTemoHb!X CHCT8M. 

>CTo.R:mero Kypca neKL\HH .R:Bn.R:eTcff y~aqHoe 

oKoro co~ep~aHHff TeopHH H CTpororo MaTeMa

lYRJmHx MO~Gnb Hb!X rrpo6neM. Cso6o~Hb!H H ~HBOH 

(HHry ~OCTYITHOH ~nff ]I]HPOKoro Kpyra qHTaTe

?HTaTopoB, HHTepecyromHXCff KaK rrpo6n8MOH 

l BOITpocaMH T80PHH ~HHaMHq8CKHX CHCT8M. 

AKa~eMHK H.H.Eoronro6os 

TaHe u Hamawe 

Aemoprt 

BBE.IIEHHE 

"Hacmo.~!4a.FI 1otu?a npeo.nazaemc.FI 

~umame.n~ e Kauecmee npouaeeoe

HU.FI, KQXOitU 3nU300 KOmopozo 

cooepxum ~mo-Hu6yo~ noy~ume.n~

Hoe; ee erteoort Mozym noc.nyxum~ 

~umame.n~ HaauoaHUeM, ec.nu oH 

noxe.naem eocno.n ~aoeam~c.FI UMu ". 

.aanua.n~ .ae¢o "MOJ!~ <t>.neHoepc" 

CB8PXH~nyqeHH8 OTHOCHTCff K T8M ffBneHHffM, T80p8THqeCK08 npe~CKa-

3aHH8 KOTOPbX Ha MHOrHe ro~bl onepe~HnO 3KCnepHM8HTanbH08 Ha6mo~eHH8. 

B 1954 r.·llHKK8 ony6nHKOBan pa60TY/
1/, nOCBffm8HHYRJ 06CY*~8HHRJ 

BOnpoca 0 HanpasneHHOCTH CnOHTaHHOPO KOrepeHTHOrO 3n8KTPOMarHHTHO~O 

H3nyqeHH.R: B cpe~e. Cpe~a Mo~enHposa~aco N ~Hnon.R:MH c MOM8HTOM d 
npHqeM npe~ronaranoco, qTo nHHeHHbie pa3M8Pbi cHcTeMbi ~lmoneli MMbi no 

cpaBH8HHRJ C JlnHHOH BOnHbl H3nyqeHH.R: ..i . llHKK8 npHB8n ~OBO~bl B nOnb3Y 

Toro, qTo 3a cqeT B3aHMo~elicTBH.R: qepe3 o6mee none H3nyqeHH.R: a TaKoli 

CHCT8M8 MO~ET B03HIKHYTl KOnneKTHBHOe COCTOffHHe, xapaKT8PH3Y8M08 ~H-

nonbHbiM MQME HTOM • Nil . HHaqe rosop.R:, a TaKoM cocTO.R:HHH cHcTeMa 

se~eT ce6.R: J<aK o~HH "6onolliOH" ~Hnono. 

CornacHO llHKKe/
1/ MaTpHqHbl8 .3n8M8HTbl nepexo~a B ~HnOnbHOH CHCT8-

M8 c H3MeHeHHeM Ha e~HHHL\Y KBaHTOBoro qHcna r1 , onpe~en.R:RJmero rrony

pa3HOCTb HaceneHHOCT8H B8PXH8PO H HH~Hero YPOBH8H, HM8RJT BH~ 

<R,Mit tl1t,I1+-J>• {(Ht1)(t,;- M+~}} .. ' • -R.• M~ ll 'R = N/a. . 
liHT8HCHBHOCTb H3nyqeHH.R:, onpe~en.R:eMa.R: KBa~paTOM MO~Yn.R: TaKOPO MaTpHq

HOPO 3n8M8HT~, 8CTb 

I •Io(R..+M )(R. -1'1 +-!), (B.l) 

r~e Io - HiT8HCHBHOCTb H3nyqeHH.R: O~HOPO ~Hnon.R:. KaK H8TPY~HO BH~8Tb, 

npH nepeXOJl8 H3 nonHOCTbRJ HHB8PTHPOBaHHOPO Ha•~anbHOPO COCTO.R:i!H.R: B ne·
B036Y*~8HH08 COCTO.R:HH8 ~HnOnbHOH CHCT8Mbl B onpe~eneHHbiH MOM8HT BP8Me

HH HaceneHHO~TH B8PXH8PO H HH~Hero YPOBH8H cpaBH.R:IDTC.R:. npH 3TOM t1:0 
H HHT8HCHBHO~Tb I ~OCTHraeT MaKCHMMbHOrO 3HaqeHH.R:, nponOPL\HOHMbHO-

ro B CHnY (B.1) KBa~aTy qHcna ~Hnoneli: 
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I mo.t "'Io IVa. 

TaKoe aHOManbHOe ITOBe~eHHe HHTeHCHBHOCTH CBH~eTenbCTBYeT C KOrepeHT

HOM xapaKTepe ITPOUeCCa/ 1/: CITOHTaHHOe H3nyqeHHe C HHTeHCHBHOCThiD, ITPO

ITOPUHOHanbHOM Na , rronyqHno Ha3BaHHe csepxH3nyqeHHe. Xa~aKTepHoe rro-

t~ IfN2. 
I I 
I I 

t 

MjN 

PHC. 1 

ae~eHHe cpe~HeM rronypa3HOCTH Hace

neHHOCTeM (crrnoWHaH nHHHH) H HHTeH

CHBHOCTH (rryHKTHP) ITPHBe~eHO Ha 

PHC. l. 

~epe3 roecTb neT rrccne orry6nH

KOBaHHH pa60Tbl ):lHKKe/1/ ITOHBHnCH 

'b6bJqHbiM 11 na3ep C pe30H8TOPOM <l>a6pH

nepo, o6ecrreqHBaiD~HM HE06XO~HMYID 

~nH reHepai.J,HH o6paTHYID CBH3b, CITYCTH 

e~e qeTbiPe ro~a ( qepe3 10 neT rrocne 

rrepBOM pa60Tbl) ):lHKKe/ 2 / 61ma Bbi,[(BH1 

HYTa H~eH 06 HCITOnb30B8HHH CBePXH3-

nyqeHHH ~nH C03~aHHH KEaHTOBbiX re

HepaTOPOB KOrepeHTHOrO 3neKTPOMar

HHTHOro H3nyqeHHH ITO 6E3Pe30HaTop

HOM cxeMe. 

B "o611qHoM" na3epe pa6oqaH cpe~a rroMe~aeTcH B pe3oHa1 op. EcnH a 

TaKOM CHCTeMe pO~~aeTCH ~OTOH C qacTOTOM, COOTBeTCTBYID~eM pe30HaTOPY, 

TO OH, OTp~aHCb OT 3epKan, CaM B03~eMCTBYeT Ha Cpe~y, Bbi:HBaH HOBbie 

aKThi po~~eHHH ~oTOHOB Ton :~<e qacTOThi, rronHPH3aUHH, c Toi:i lie ~a3oA. KaK 

TOnbKO MO~HOCTb BbiHY~~eHHOrO H3nyqeHHH rrpeBb!CHT MO~HOCTb roTepb ( rropor 

reHepai.J,HH), B CHCTeMe B03HHKHYT He3aTyXaiD~He KOne6aHHH/ 3/ 
CoaepmeHHO HHOM ITPHHUHIT pa60Tbl Y CBepXH3nyqaTenbHOro reHepaTopa. 

B ITPOCTeAmeM BapHaHTe HaqanbHOe COCTOHHH~ MO~HO ITpHrOTOBH1b ITO Tpex

YPOBHeBOM CXeMe (pHC. 2). C ITOMO~biD 

- ...... ---r-3 

-...&....-- z 
-- i 

PHC. 2 

na3epHoA HaKaqKH Ha rre~ exo~e 1 - 3 
C03~aeTcH 3aceneHHOCTh aepxHero 

YPOBHH. CITOHTaHHbiM pacra~ B036Y~~eH

HOrO COCTOHHHH Ha rrepe~ O~e 2 - 3 
(nepexo~ 1.-. 2 ~Hnonbro 3anpe~eH) 
nopo~~aeT H3nyqeHHe, a o6MeH ~To

HaMH Me~~y ~HnOnHMH Be~eT K YCTaHOB

neHHID ~HITOnb-~HITORbHb!X KOppenHI.J,HM 

H CBePXH3nyqaTenbHOMY <MITYRbCY 

(pHC. 1). TaKHe KOppenfUHH HMeiDT 

ITPHMYID aHanorHID CO CITHr OBbiMH KOppe-

4 

nHI.J,HHMH B ~eppoMarHeTHKax141 . npouecc reHep< 

3aH c HanHqHeM pe3oHaTopa. KorepeHTHOCTh 3~~ 

MHOrOKPaTHOrO ITPOXO~~eHHH ~OTOHaMH pa6oqero 

xo~e B pe3ynbTaTe B3aHMO~eMCTBHH H3nyqa• 

JiyqeHHH. 

):lnH o6hiqHoro cnoHTaHHoro pacrra~a ao36y: 

TepHbiM napaMeTpOM HBnHeTCH BpeMH "l: , onpe, 

PHHOM B036Y~~eHHOrO YPOBHR. npouecc CBePXH3 

PR~Ka 'f:/N, T.e. 3HaqHTenbHO 6biCTpee. 0~ 

H3JiyqaTenbHOM reHepai.J,HH He06XO~HMO 1 qT06hi B 

H CBR3aHHOe C HHM BpeMH 3a~ep~KH HMITYRbCa 

MeHbme speMeHH ~HITOnbHOM 6e3b13nyqaTenhHOM p 

TenbCTBO 6b!n0 rnaBHOM TPY~HOCTbiD B 3KCrrep 

HHmh B 1973 r. (rroqTH qepe3 20 neT rroc 

nyqeHHe 61mo nonyqeao Ha rrepexo~ax Me~~Y BP 

JieKyn HI= 151. B cne~yiD~ee ~ecHTHneTHe a o 

HMITYnbCHb~ na3epOB Ha KpaCHTenHX, CITOC06Hb~ 

THPOBaHHOe COCTORHHe CHCTeMbi 3a BeCbMa KOPO 

y~anOCb 3KCnepHM8HTanbHO nonyqHTb CBepXH3nY 

6nH~HeM HHWPaKpacHoM/7- 161, ~anbHeM HH¢paKp 

BOM/ 18- 20 / ~Harra30HaX (eM. TaK~e 0630P /
2l/ 

Ha~o no~qepKHYTh, qTo ao3MO~HOCTh rrony 

poMarHHTHOrO H3nyqeHHR B 6e3pe30HaTOPHb~ C~ 

Tepee B CBH3H C rrpo6neMOM C03~aHHH na3epOB 

CTaH~apTHble CXeMbi HeOCYIJleCTBHMbl H3-3a OTCY1 

Ma-H3nyqeHHe). 3HaqHTenbHb!M BKna~ B pa3pa6c 

pa6oTbi Xoxnoaa H ero yqeHHKOB/
22 / (eM. o63c 

TeopeTHqeCKOe HCCne~OBaHHe HBneHHH CBE 

HHM MO~enhHb~ 3a~aq rono B ~BYX HanpaaneHHH~ 

RHCb paBHOBeCHbie CBOMCTBa TaKHX MO~enhHb!X 

¢a30BbiH rrepeXO~. noabiWeHHbiH HHTepec K TePMC 

o6o6~eHHA 61>m Bhi3BaH, B nePBYID oqepe~b, rrpc 

aHanorHRMH Me~~Y ynoMHHYThiM ¢a30BhiM nepexo" 

(eM., HanpHMep,/4/). Hy~Ho OTMeTHTh ycnoB! 

¢a30Bb!M nepexo~ COBepmaeTCR ITPH H3MeHeHHH 1 

BP8M8HH, TOr~a KaK rrpOI.J,eCC H3nyqeHHR RBnRe~ 

HepaBHOBeCHb!M. BMeCT€ C TeM MO~enh ):lHKKe C 

TepMO~HHa~eCKOM CMbiCne) 1 qTO onpe~enHeT E 

Bb!X nepeXO~OB 1 OCHOBaHHOM Ha CTaTHCTHqecKOi 

ee paBHOBeCHbie xapaKTePHCTHKH no~po6HO HCCJ 

MeTO~aMH, BKniDqaH MeTO~ KOrepeHTHb~ COCTOHI 

pyiDIJlerO raMHnbTOHHaHa126 / H MeTO~ KOHTHHya; 
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HHT8HCHBHOCTH CBH~8TenoCTBY8T 0 KOrepeHT

CITOHTaHH08 H3nyqeHH8 C HHT8HCHBHOCTbiD, npo-

~no Ha3BaHH8 CB8PXH3nyqeHHe. XapaKTepHOe no

Be~eHHe cpe~Heil: nonypa3HOCTH Hace

neHHOCTeil: (cnnornHaR nHHHR) H HHTeH

CHBHOCTH (nYHKTHP) npHse~eHO Ha 

PHC. l. 

qepe3 rnecTo neT nocne ony6nH

KosaHHR pa60Tbl .IlHKKel1 1 nORBHnCR 

'b6b!l!Hb!H 11 na3ep C pe30HaTOPOM ~a6pH

ITepo, o6ecnel!HBaiD~HM Heo6xo~HMYID 

~nR reHepaUHH 06paTHYID CBR3b 1 CnYCTR 

e~e l!eTbiPe ro~a ( qepe3 10 neT nocne 

nepsoil: pa6oTbi) .IlHKKel21 6bma Bbi~BH-
HyTa H~eR 06 HCnOno30BaHHH CBepXH3-

nyqeHHR ~nR C03~aHHR KBaHTOBb~ re

HepaTOPOB KOrepeHTHOrO 3neKTPOMar

HHTHOro H3nyqeHHR no 6e3pe30HaTop

HOH CXeMe. 

6ol!aR cpe~a noMe~aeTCR B pe3oHaTop. EcnH s 

TOH C l!aCTOTOH, COOTBeTCTBYID~eil: pe30HaTOPY, 

, caM B03~eil:CTBYeT Ha cpe~y 1 Bbl3b!BaR HOBbie 

:«e qacTOThi, nonRpH3aUml, c Toil: JKe $a3oil:. KaK 

ro H3nyqeHHR npeBb!CHT MO~HOCTb noTepb ( nopor 

HKHYT He3aTyXaiD~He KOne6aHHRI31. 

Hn pa6oTbi y csepxH3nyqaTenoHoro reHepaTopa. 

JlbHOe COCTORHH~ MOJKHO npHrOTOBHTb no Tpex-

YPOBHeBOH CXeMe (pHC. 2). C nOMO~biD 

na3epHoil: HaKal!KH Ha nepexo~e 1 - 3 

co3~aeTCR 3aceneHHOCTo sepxHero 

YPOBHR. CnOHTaHHb!H pacna~ B036YJK~eH

HOrO COCTORHHR Ha nepexo~e 2 - 3 

(nepexo~ 1.-. 2 ~HnonoHO 3anpe~eH) 

nopo~aeT H3nyqeHHe, a o6MeH $0To

HaMH MeJK~Y ~HnOnRMH Be~eT K YCTaHOB

neHHID ~HnOnb-~HITOnoHb~ KOppenRUHH 

H caepXH3nyl!aTenoHOMY HMnynbCY 

(PHC. 1). TaKHe KOppenRUHH HMeiDT 

ITPRMYID aHanorHID CO CnHHOBbiMH KOppe-

4 

nRUHRMH B $(~ppOMarHeTHKax1 4 1. ITpouecc reHePaUHH B TaKOM na3epe He CBR-

3aH C Hanl1l!l!eM pe30HaTopa. KorepeHTHOCTb 3~eCb B03HHKaeT 3a Cl!eT He 

MHOrOKpaTHOJ"O nPOXOJK~eHHR $OTOHaMH pa6oqero Be~eCTBa, a Ha O~HOM npo

XO~e a pe:,ynoTaTe a3ai1Mo~eil:cTBI1R 113nY'laTeneil: qepe3 o6~ee none H3-

Jiyl!eHI1R. 

.IlnR 06J,Jl!HOro CITOHTaHHOrO pacna~a B036YJK~eHHOrO. COCTORHHR XapaK

TepHbiM napaueTpoM RBJIReTCR apeMR 'I:" , onpe~enReMoe pa~HaUHOHHOH 0011-

PHHOH B036y:~~eHHOrO YPOBHR. ITpouecc CaepXI13nyqeH11R H~eT 3a apeMR no-

PR~Ka 1:/N, T.e. 3Hal!I1TeJioHO 6biCTpee. O~HaKO ~JIR peanl13aUHI1 caepx-

6 6 B e .. ~ "3nyl!eHI1R '7: 1•"1:1N H3JIYl!aTenoH·)H reHepaU1111 HeO XO~I1MO, 'ITO hi P "~ n " /' 

H CBR3aHHOe C H11M speMR 3a~epJKKI1 HMnYJioCa t%) ( CM. PI1C • 1) 6b!JII1 

MeHoille speM3HI1 ~11nOnbHOH 6e3bl3nY'laTenoHOiJ: peJiaKCaU1111
121

• 3TO 06CTOR

TenbCTBO 6hl~O rnaBHOH TPY~HOCTbiD B 3KCnepHMeHTaX no csepXH3nyl!eH11ID. 

n11rno a 1973 r. (nol!TI1 qepe3 20 neT nocne npe~cKa3aH11R) csepxl13-

nyqeHI1e 6bm) nonyqeHO Ha nepexo~ax MeJK~Y apa~a Teno Hb!MI1 COCTORH11RMI1 MO-

JieKYJI HI= '51. B cne~yiD~ee ~eCRTI1JieTI1e a ocHOBHOM 6Jiaro~aPR co3~aHI1ID 
11MITYnbCHb~ ~a3ePOB Ha KpaCI1TeJIRX, cnoco6Hb~ C03~aaaTb Hal!anoHOe HHaep

TI1POBaHHOe JOCTORHI1e CHCTeMbi 3a BeCbMa KOPOTKH8 npOM8lKYTKH BPi6iHH, 

y~aJIOCb 3KCJ8PI1MeHTanoHO nonyl!I1Tb caepXH3nyqeHI1e B OITTI1l!eCKOM , 

• /7-161 "' 15,171 6nHJKHeM 11H$paKpaCHOM , ~anoHeM 11H~paKpaCHOM 11 MHnni1MeTpO-

BOMI18-201 ~Hana3oHax (eM. TaKJKe o63op 1211 ). 
Ha~o n)~qepKHYTo, 'ITO ao3MOJKHOCTo nonyqeHHR KorepeHTHoro 3neKT

POMarH11THOr) 113nyqeHI1R B 6e3pe30HaTOPHb~ CI1CT8MaX B036Y~Hna OC06b!H HH

Tepec B CBR311 C npo6JieMOH C03~aH11R Jia3epoa ~nR ~11ana30HOB, B KOTOPb~ 

CTaH~apTHbl8 CXeMbi H80Cy~eCTBI1Mbl 113-3a OTCYTCTBHR 3epKaJI ( peHTreH, raM

Ma-113nyqeHI18). 3Ha'li1TenoHb!H BKna~ B pa3pa60TKY :3TOH npo6neMhi BHeCnl1 

pa60Tbi Xoxnoaa 11 ero yqeHI1KOa1 22 1 (eM. o63opb/23 , 24 /). 

TeopeTHl!eCKOe 11CCne~oBaHI18 RBneHHR caepXI13JiyqeHI1R 11 CBR3aHHblX C 

H11M MO~enoHbiX 3a~aq rnno B ~BYX HanpaaneHHRX. C O~HOH CTOPOHbl, 113Ylla

mrcb paBHCB8CHbl8 CBOHCTBa TaKHX MO~enoHbiX 3a~aq 11 Oni1CbiBaeMbJH HMH 

$a30BbiH neJ;eXO~. ITOBblilleHHbiH 11HTepec K TepMO~HHaM11Ke MO~enH .IlHKKe H ee 

o6o6l!leHI1il: t:bm Bhi3BaH, a nepayiD oqepe~b, npoao~I1Billi1MI1CR a JII1TepaType 

aHanOri1RMH MeJKJlY ynOMRHYTbiM ¢a30Bb!M nepeXOJlOM H noporOM reHepal.ll111 

(eM., Hanp~Mep, 1 4 I). HYJKHO OTM8TI1Tb ycnoBHbiil: xapaKTep TaKI1X aHanor11il:; 

$a30BhlH neJ;eXOJl COBepooaeTCR npH H3MeHeHHH TeMnepaTYPbl 11 He 3aBI1C11T OT 

apeM8H11, TCr)la KaK npouecc 113JIY'leHI1R RBJIReTCR JlHHaMI1'leCKHM 11 3aBeJlOMO 

HepaBHOBeC~b!M. BMeCT€ C T8M MOJleno .Il11KKe OKa3anacb TO'!HO peooaeMOH (a 

TepMOJl11Ha~ l!eCKOM CMbiCne), 'ITO onpe)lenReT ee 3HaqeHHe )lnR TeOPI111 ¢a30-

Bb~ nepeXOlOB, OCHOBaHH~H Ha CTaTHCTI148CKOH MeXaHI1K8. Ha411HaR C 1973 r. 

ee paBHOBeC Hb!e xapaKTepHCTI1K11 nOJlp06HO 11CCne)lOBani1Cb CaMbiMH pa3nHl!Hb!MH 

-1251 -MeTOJlaMH EKniD'laR MeTOJl KOrepeHTHb~ COCTORH11H , MeTOJl annpOKC11MI1 
' 1261 121 I 

PYID!Ilero ra~HJibTOH11aHa 11 MeTOJl KOHT11HyanoHOrO 11HTerpana • 
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C ~pyrofi CTOPOHbi, aKTHBHO HCCne~OBanacb ~HHaMHKa CBepXH3nyqa-

TenbHbiX CHCTeM. 3~eCb npeJK~e BCero HYJKHO ynOMRHYTb pa60Tbi, OCHOBbiBaB

mHeCR Ha HCnonb30BaHHH KHHeTHqeCKHX ypaBHeHHH MapKOBCKOPO rHna (CM., 

HanpHMep, / 28-3 1 / H MOHOrpadJm/3 2 /). BalKHYIO rpynny COCTaBn>IOT pa60Tbi, 

B KOTOPb~ Ha OCHOBe qHcneHHb~ pemeHHH H3yqaeTCR 3iP!PeKT paClPOCTpaHeHHR 

CBePXH3nyqaTenbHOPO HMnynbca/ 33 ,34/. BeCbMa nepcneKTHBHhlM lpe~CTaBnR
eTCR npHMeHeHHe K ~HHaMHqecKOH 3a~aqe TeOpHH CBepXH3nyqeHH> MeTO~a KOH

THHYanbHOPO HHTerpana/35, 27/. 

B CHny npHHUHna HepapXHH BPeMeH Eoroni060Ba/36 / B 3a~a1e 0 CBepxH3-

nyqeHHH MOlKHO Bbi~enHTb 11 6biCTpbiH npouecc" H3nyqeHHR H Me~ne -lHbiH nport6CC 

penaKcartHH H3nyqaTenefi B none. B pe3ynbTaTe Mbi nonyqaeM sa~aqy o ~HHa

MHKe 11 Manofi 11 no~CHCTeMbi H3nyqaTenefi, B3aHMO~eHCTBYIOI!Iefi C n JneM H3nyqe

HHR, HrpaiOI!IHM ponb TepMOCTaTa/ 37/. TaKaR nOCTaHOBKa npo6ne~I Tpa~HI.tHOH
Ha ~nR TeOpHH CTOXaCTHqecKHX npouecCOB B ~HHaMHqecKHX CHCT3MaX. TI03TOMY 

npHMeHeHHe pa3BHTb~ B 3TOH o6nacTH IPH3HKH MeTo~oB oKa3biBae rcR secbMa 

nno~OTBOPHbiM npH HCCne~OBaHHH npo6neMbi CBePXH3nyqeHHR. Y!<aKeM B 3TOH 

CBR3H, qTQ HCnOnb30BaHHe MeTo~a HCMIOqeHHR 6030HHb~ nepeMe -lHb~ ~nR "Ma

notl" CHCTeMbi, B3aHMO~ei'ICTBYIOI!IeH C 6030HHblM TepMOCTaTOM/38 /, n03BOnHnO 

nonyqHTb TOqHyiO HepapXHIO KHHeTHqecKHX ypaBHeHHH ~nR CBePXH3nyqaTenbHOH 

CHCTeMb/37' 39' 26/ • 

HaCTORIIIHH KYPC neKUHH noCBRI!IeH H3nOJKeHHIO npHHrtHnOB C03peMeHHOH Teo

PHH CBepXH3nyqaTenbHbiX CHCTeM. 3~eCb paCCMaTpHBaeTCR Bb!BO~ OCHOBHOtl MO

~enbHOtl 3a~aqH TeOpHH CBepxHsnyqeHHR - TaK Ha3hlBaeMOi'l MO~e1H llHKKe, a 

TaKJKe PR~a ee o6o61!1eHHfi. YqHTbiBaR 6onbmoe qHcno pa6oT no p l.BHosecHbiM 

CBOi'ICTBaM CBepXH3nyqaTenbHbiX MO~enbHb~ CHCTeM, Mbl 3~eCb Grp l.HHqHsaeMCR 

nHmb KpaTKHM 0630POM OCHOBHb~ pe3ynbTaTOB B 3TOtl o6naCTH. ,naBHOe BHH

MaHHe y~enReTCR nocne~OBaTenbHOMY H3nOJKeHHIO MeTO~a HepapXHf KHHeTHqe

CKHX ypaBHeHHH, pa3BHTHeM KOTOPOPO B npHMeHeHHH K npo6neMe CB6PXH3nyqe

HHR Mbl 3aHHManHCb BMeCTe C ~aM ~e KHeHOM C 1981 r. MHOrHe f3 npHBe~eH

Hb~ B HaCTORI!IHX neKUHRX pe3ynbTaTOB nonyqeHbl B nponecce C03MeCTHOtl C 

HHM pa60Tbl. 

DOnbmHHCTBO H~etl H MeTO~OB, HCnonb3YeMb~ B HaCTORIIIHX .1eKrtHRX, 6bi

no BBe~eHO B CTaTHCTHqeCKYIO MeXaHHKY H. H. Eoroni060BbiM, KOTO )0MY aBTOPbi, 

nonb3YRCb cnyqaeM, BbipaJKaiOT rny60KYIO npH3HaTenbHOCTb 3a no :TORHHOe BHH

MaHHe K pa6oTe, no~epJKKY H CTHMYnHPYIOIIIHe 06CYlK~eHHR. 

6 

rnasa 1. MOllEITb llHKKE H EE OEOEmEHHH 

110H COC 

60JlfflQMt 

eM 11: 11:c 

muzpaHI 

CKYIO 11:1 

3mo - 1 

U3 BfflOl 

KQMU •• 

A.H. To. 

raMHnbTOHHaH HepenRTHBHCTCKOH qacTHUbl 

HaXO~RI!Iei'ICR B none C noTeHUHaROM v H 

MarHHTHbiM noneM, HMeeT BH~ 

Hex.)"' ir,. { P- ~ icx>!'" +Vex.) +f 

r~e AuJ - qHcTo nonepeqHbiH seKTopHbii'l no 

CB060~HOPO sneKTPOMarHHTHOPO nonR. KaK 06bi 

e'" 
2mC1 1/~(:X.) , 

BKR~ KOTOPOPO Man, T.e. orpaHHqHMCR npHHR 

npH6nHJKeHHeM/40/. PaccMOTPHM onepaTop 

p" Ho =2m + l/(%J, 

onHCbiBaiOIIIHi'l CB060~Hbli'l (He 'B3aHMO~eHCTBYIOIIIHH 

HsnyqaTenb. DycTb 

Holi.>=EdL>. 

OrpaHHqHMCR paccMoTpeHHeM nHmb ~ByMepHoro 

qaTenR c 6asHcHhlMH seKTOPaMH I• > H I-) 
Hesoro aToMa"/32 /). HcnonbsosaHHe TaKoro n 

HsnyqeHHH 6esycnosHo onpas~aHo; H3 scex y~ 

Mhl Bhl6HPaeM TOnbKO TY napy ypOBH6H (pHC. 3 
6oqeMY nepexo~y B csepxHsnyqaTenbHOtl CHCT€ 
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!BHO Heene~oBanaeb ~HHaMHKa CBePXH3ny'la-

!e Beero HYJKHO ynOMRHYTb pa60Tb!, OeHOBbiBaB

~TH'leeKHX ypaBHeHHH MaPKOBeKOI'O THna (eM., 

ttflm/3
2 /). BalKHYIO rpynny eoeTaBJli!IOT pa60Tbl, 

lb!X pe!JleHHH H3Y'la8Teff 3tPtPeKT paenpoeTpaHeHHff 

:a/33,34/. BeebMa nepeneKTHBHbiM npe~eTasnR
:Koi1 3a~aqe T80PHH eBepXH3nY'leHHff M8TO~a KOH-
'/ 

:HH BP8M8H DOI'Oni060Ba/ 36 / B 3a~aqe 0 eB8PXH3-

!TPblH npoiJ,eee 11 H3ny'l8HHff H Me~neHHblH npoiJ,eee 

lne. B pe3ynbTaTe Mb! nonyqaeM 3a~aqy o ~HHa

!Y'laTenei1, B3aHMO~ei1eTBYIO!JI8H e noneM H3nyqe

tTa/37 I. TaKaR noeTaHOBKa npo6neMb! Tpa~HIJ,HOH
!X npoiJ,eeeOB B ~HHaMH'l8eKHX eHeTeMaX. IT03TOMY 

06naeTH tPH3HKH MeTO~OB OKa3biBa8Teff B8ebMa 

!HH npo6n8Mbl eB8PXH3nY'l8HHff. YKalK8M B 3TOH 

!TO~a HeKniO'l8HHff 6030HHb!X nepeM8HHb!X ~nff 11Ma

'!O!Jl8H e 6030HHb!M TepMOeTaTOM/3B/, n03BOnHnO 

IH8TH'l8eKHX ypaBHeHHH ~nff esepXH3nyqaTenbHOH 

noeBff!II8H H3nOlKeHHIO npHHIJ,HnOB eOBP8MeHHOH TeO

'eM. 3~eeb paeeMaTpHBa8Teff Bb!BO~ OeHOBHOH MO

:H3nyqeHHff - TaK Ha3b!BaeMOH MO~enH llHKKe, a 

!HTbiBaff 6onb!I!Oe 'lHeno pa60T no paBHOBeeHblM 

!X M0~8nbHblX eHeTeM, Mbl 3~8eb orpaHH'lHBaeMeff 

lb!X P83YnbTaTOB B 3TOH o6naeTH. rnaBHOe BHH

'nhHOMY H3nOlKeHHIO MeTO~a HepapxHH KHH8TH'l8-

:0TOPOI'O B npHMeH8HHH K npo6neMe eB8PXH3nyqe

~aM ~e KHeHoM e 1981 r. MHorHe H3 npHBe~eH

ynbTaToB nony'l8Hbl B npoiJ,eeee eOBM8eTHOH e 

O~OB, HenOnb3YeMbiX B HaeTOff!IIHX neKIJ,HffX, 6bi-

l MeXaHHKY H. H. ooroni060BbiM, KOTOPOMY aBTOPbl, 

rny60KYIO npH3HaTenbHOeTb 3a noeTOffHHOe BHH

eTHMYnHpYIO!JIHe o6eyJK~8HHff. 

6 

rnasa 1. MJllEnb llHKKE H EE OEOEmEHHH 

"OH cocmaeuJl o6a RIIIUKa, cKpenuJl ux 

6oJlmaMu. Tpy6Ky HanpaeuJl omeepcmu

eM K KQMUHHOU pewemKe, Y 088HQOUQ

muzpaHH020 KOXYXQ OmKUHYJl c¢epu~e

CKY10 KPiliWKY . .. 

3mo - MOOBJlb, - CKQ3QJl OH, BlliHUMQJl 

u3 emopozo ~eMooaHa RUIUK c nupaMuo

Ka.Mu ..• " 

A. H. ToJlcmou "runep6oJlouo UHXeHepa 

rapuHa" 

raMHm TOHHaH HepenffTHBHeTeKOH '!aeTH!l,bl e Maeeoi1 m H 3apff~OM e , 
HaXO~R!Jlei1eF B none e nOT8Hll,HaROM tr H B3aHMO~ei1eTBY!O!Jl8H e 3n8KTPO

Mai'HHTHblM r on~M, HM88T BH~ 

( 1.1 ) 

r~e /IU) - 'lHeTO nonepe'lHblH B8KTOPHblH nOT8HIJ,Han H /-IF - 3HeprHR 

eB060~HOI'O 3neKTPOMai'HHTHOI'0 nonR. KaK 06bi'lHO, onyeTHM enaraeMOe 

e• .a ' 2 
2mC1 II (X.) ' 

1
. 

BKR~ KOTO]>OI'O Man, T. e. orpaHH'lHMCff npHHRTblM B 3neKTPO~HHaMHK8 nePBblM 

npH6nHlK8HHOM/40/. PaccMOTPHM onepaTop 

pl 
Ho =2m + l/(%), 

onHCb!BalO!JIHl! CB060~Hb!H (He 'B3aHMO~eHCTBYIOO!HH e 3n8KTPOMai'HHTHblM noneM) 

H3nyqaT8nb ITYCTb 

OrpaHH'lHMCH paCCMOTpeHH8M nli!Ilb ~BYMePHOI'O npoeTpaHeTBa COeTORHHH H3RY

'laTeJlil C 6a3HCHblMH BeKTOpaMH J-lo)o H J-> (npe~eTaBneHHe 11~BYXYPOB
HeBOI'O aTOaa"/32/). Hcnonb30BaHHe TaKOI'O npe~CTaBneHHff B 3a~aqe 0 esepX

H3nyqeHHH riesycnOBHO onpas~aHOj H3 seex YPOBHeH peaRbHOI'O H3ny'laTenff 

Mhl BN6HPael! TOnbKO TY napy YPOBHeH (pHe. 3), KOTOPaR COOTBeTeTBYeT pa-

60'leMY nepo~XO~Y B CBepXH3nY'laTenbHOH eHeTeMe (eM. PHC. 2). B 3TOM 6a-
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~
(+) 

{a) 

(-) 

PHc. 3 

31iCe ~:til-l./!):: E~ ' 

.!.±JHol:t=>=O. 

ffCHO, qTQ TaKaH 3anHC~ 3KBHBaneHT

Ha npe~cTaaneHHID onepsTopa cao6o~

Horo li3nyqaTenH C nOMCl!lbiD MaTPiil.\bl 

ITaynH O.a 

Ho=- S_2 ... E.+ f 1i ur~~ tu11 :f.-£_.( 1. 3) 

llnH nonH nepeH~eM K n~e~cTaaneHHID 

BTOp!fqHoro KBaHTOBaHHF., B KOTOPOM 

HF =L. no!,c (a:aK + '12 J, ( 1.4 l 
K 

AtxJ={-.J"W ~(a;e-t11+a1Ce·'l1). 
3~eCb \( - 06~eM KY6!fqecKOrO Hl!lliKa, B KOTOPOM KBaHTYeTCF. none, HH~eKC 
K HYMepyeT KaK aonHoBoH aeKTOP cooTBeTCTBYIDl!leH MO~hi, 1 aK H ee no-

~ - . 
nHPH3al.\HID, e'IC - e~HH!fqHblli BeKTOP nonHPH3al.\lili If a ,a - onepaTOPbl 

POlK~eHHH H YH!fqTolKeHHH <f>OTOHa, Y~OBneTBOPHIDl!llie 06bJqHbiM nEpeCTaHOBOqHb!M 

COOTHOilleHHHM: 

C~,a.;.J=8-u' · 
fTpH nepexo~e K npe~CTaBneHHID ~BYXYPOBHeBOro aTOMa HE06XO~IiMO Bhl

qHcnHTb MaTp!fqHb!e 3neMeHTbl 
e .... 

(i/H;.rat/+)=- a;:;<±/pll/+ 't, 

3a~aiDl!IHe BePOHTHOCT!i nepexo~a MelK~Y YPOBHHMH (+) If (-) C HCnYCKaHHeM 

If nornol!leHHeM <f>OTOHOB. HHaqe rOBOPH, He06XO~HMO BblqHCnHT~ 

.... tlt. -<t.Jpe l+~ek , <-t.!'pe··;~+/'el{ ( 1.5) 

BonHOBb!e <f>YHKL\HH H3nyqaTenH OTn!fqHbl OT HYnH TOnbKO B o6naCTH nopH~Ka 

pa3Mepa caMoro H3nyqaTenH1401. llPYrHMH cnoaaMH, npH HHTerpHpoaaHHH a 

(1.5) HYlKHO yqHTb!BaTb BKna~bl TOnbKO npH ){~a. , r~e Cl - pa~HYC H3-

nyqaTenH ( HanpHMep, Ci.- :lA ~nH aTOMa H B. "'iO_.A ~H aTOM-

Horo H~a) • Ecnli ~HHa BOnHbl H3nyqeHHH A. MHOrO 60nbwe :i, : 

)(a = 2i 4 
.(< J. , ( 1.6) 

8 

TO npH liHTerp!ipOBaHHH B (1.5) 3KCnOHeHL\Han 

npH6nHlKeHHO paBHhlMH e~HHHL\e (~nHHHOBOnHOBO 

nee, qTo 

- i.m .. p = -,;-[J.I.,X]' 
OTKY~a 

< ~ t"Pl+>= 1fL (E. -E.}~:t ,;, :;:>= 
4 ... 

3~ecb d::ex - onepaTop ~HnonbHoro 
~epexo~a. TaK KaK 

< ~ JJJ"!>= o, <:!:It/+>::'! 

~M npe~cTaaneHHH onepaTopa ~HnonbHoro MON 

BaTbCH MaTPHL\eH ITaynH: 

~ cd(51C • 

fTYCTb paCCMaTpHBaeMaH CHCTeMa COCTO!i1 

neH, nonolKeHHe KOTOPb~ HYMepyeTCH liH~eKCON 

TaKOH CliCTeMbi, nonyqeHHbiH li3 ( 1.1) B npe~c 

Ma, HMeeT Bli~ 

H· E1rE-N+ 1. 1r.wJ<5· + z.. f. T j;i I It~' 

+lA~ra:at + %>, 

I :171 I .... tt"= "'v eK d C-" • 

Bae~eM naynHeBCKH e aMnnHTY.IlbfG' :t 
nyqaTenH B aepXHeM If HHlKHeM COCTOHHHHX: 

+ 
G'~--,!~ =0, Gj.~J+~I=:J 

r~e 

r:S/. r~:! t~"J 12 . 
Tenepb, onycKaH C -qHcnoBble cnaraeMb!e, ~ 

1-/=thW' r{?f 11( (5/+fSi )(a; e· 

+ Z:. K w" a; a". 
IC 
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3!!Ce ~:tlH./:!): C:t ' 

"-~II·U:J=>=O. 

ffCHO, qTo TaKaR 3all!!Cb 3KB!!BaneHT

Ha npe~cTaaneHH~ onepaTopa caooo~

Horo H3nyqaTenn c noMOIIlb~ MaTP!ll.\bi 

flayn!l o .. 

~nR nonn nepeH~eM K npe~cTaaneHH~ 

BTOp!lqHoro KBaHTOBaH!!R, B KOTOPOM 

1iwr (a:ar.,.. f.aJ, 

~(a;e-1.11+ a.l(e•tlt). 

( 1.4) 

OrO flllli!Ka, B KOTOPOM KBaHTYeTCR none, !lH~eKC 

aeKTOP COOTBeTCTBY~IileH MO~bl, TaK !! ee no-

• :H BeKTOP nonRP!l3al.\ll!l !! Q 1 a - onepaTOPbl 

OHa, Y~OBneTBOPR~Iil!le OOblqHb!M nepecTaHOBOqHb!M 

aaneH!l~ ~BYXYPOBHeaoro aTOMa HeOoXO~!lMO Bbl-

I 

e ., ......... , ) ·c;;;<- pll :;: , 

O~a Me~~y YPOBHRM!l (+) !! (-) C !!CllYCKaHHeM 

,qe rOBOPR, HeOOXO~!lMO Bb!q!!Cn!!T b 

( 1.5) 

:R OTJI!lqHbl OT HYnR TOnbKO B oonaCT!l ITOPR~Ka 
401. ~pyr!!M!l cnoaaMH, np!l HHTerpHpoaaH!l!l a 

.~bl TOnbKO ITP!l )(~a. , r!\e a. - pa~!!YC 1!3-

l ~nR aTOMa !! a "'~0-AA ,IVIR aTOM-

Hb! !!3nyqeH!lfl A MHOrO oOnbll!e £ : 

(1.6) 

8 

TO llPH HHTE rpHpOBaH!l!l B ( 1, 5) 3KCITOHeHU!lanbHb!e cjJaKTOPbl MO~HO Cq!!TaTb 

llPHOn!l~eHHC paBHb!M!l e~HH!ll.\e (~n!lHHOBOnHOBOe npH6n!llKeHHe). 3aMeT!lM ~a-

nee, qTo 

- i.m .. 
P = rCI-I..x J, 

OTKy~a 

w. 

- onepaTop ~HnonbHoro MOMeHTa paccMaTp!laaeMoro 

~epexo~a. 1aK KaK 

< ~I J I~>= o, <:!:It I+> =ttl, 

~nR npe~CTEBneH!lfl onepaTopa ~!lllOnbHOrO MOMeHTa TaKlKe MOlKHO BOCllOnb30-

BaTbCR MaTI!!UeH flayn!l: 

~ =:de51( . 

flYCTb paccMaTp!laaeMaR c!lcTeMa cocTO!lT 1!3 N H~eHT!lqHbiX H3nyqaTe

nen, nonOlKEHHe KOTOPb~ HYMepyeTCR !!H~eKCOM ~ • Tenepb raM!lnbTOH!laH 

TaKOH C!!CTE Mb!J nonyqeHHb!H !!3 ( 1.1) B npe~cTaaneH!l!l ~BYXYPOBHeBoro aTO

Ma, !!MeeT Ill~ 

( 1.. 7) 

't. 
- , .... 2=7.,...1-""7' ...... 
- v ... ~ v e d ()) . 

IC '"'.r K 

Bae~e~1 
..... :t 

nayJIH8BCKH8 aMITnHTY~~ , Oll!!Cb!Ba~lll!le "po~eH!le.f' 1!3-

J!yqaTenR B B8PXH8M !! H!llKHeM COCTORH!!RX: 

r:S/. res;: ;,~"J 12 . 
Tenepb, Olll'CKaR C -qHcnoabre cnaraeMbre, 1!3 ( 1. 7) HMeeM 

1 ~'F) /fS.,. ~-),. + -ll~ &."tq) 1-1= z1a.W' r-J i'"T ?~tv 1- +o1 1 al( e +a" e ..... 

+ l. K. wll a; al(. ( 1.8) 

I( 
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EcnH B (1.8) npeHe6peqb B3aHM0~8HCTBH8M H3nyqaTeneH C noneM, TO H3 

ypaBH8HHH reH3eH6epra H8TPY~HO nonyqHTb 
-ic4rt + .. ,, tc4r~ 

4/i)=arfo)e , al(ttJ=altco,e , (5j~ttJ =~~ to)e~i.urt 

TaKHM o6pa30M, B raMHnbTOHHaHe ( 1. 8) HM810TCR "6b!CTPO OCl.\HnnHPYIOII\H8 

qneHbi" THna <S'at, 6'-a. H "Me~eHHhle qneHhl" THna ~'h ,.ef·a • · 
3TH nocne~HH8 6y~yT ~aBaTb OCHOBHOH BKna~ B 3HeprHIO B3aHM0~8HCTBHR; 

TaKH8 P830HaHCHbl8 qneHbl MOlKHO HHTepnpeTHPOBaTb KaK OnHCbiBaiOIIIH8 norno

oo8HH8 woToHa H nepexo~ Ha aepxHHH ypoaeHo (~+GL ) H Hcnyc~aHHe woTo

Ha npH nepexo~e Ha HHlKHHH YPOB8Hb. OnycKaR B ( l. 8) .6b!CTPO OCl.\HnnHPYIO

ooHe cnaraeMbie, nonyqaeM TaK Ha3biBaeMbiH MO~enoHbiH raMHnoTOHHaH .UHKKe B 

npH6nHlK8HHH BPaooaiOooeHCR BOnHbl (ITBB)/3 2/: 

~- .. 
• t.vy. - + .. (1(, 1ll 

~·lt-..w_a;a,/f1..uJl<S~ +Z..l.art:s;·a.e ·~a .. e ). 
" J If I 

( 1.9) 

raMHnbTOHHaH ( l. 9) H pa3nHqHbl8 ero 0606ooeHHR cnylKaT OCI- OBHblM 

06~8KTOM T80p8THqecKHX HCCne~oBaHHH B CBR3H C npo6neMOH CB8tXH3nyqeHHR. 

0TM8THM, qTO nepexo~ OT (1.1) K raMHnbTOHHaHy THna (1.9) MOlK8T 

6hlTb OCYoo8CTBneH B ~nHHHOBOnHOBOM npH6nHlK8HHH (1.6) H ~pyrH~ nyT8M 

(eM,, HanpHMep,/27/). HMeHHO B ypaBH8HHH ffipe~HHrepa (t~1) 

L~{=H~ 
C raMHnbTOHHaHOM (1.1) MOlKHO npOH3B8CTH npeo6pa3oBaHHe aonHcBoH WYHK-... ~ 

.. - ... ~.exA 
'Y(x, t}. 't(.x., t.)e , 

1.\HH 

~ 

HCKniOqaiOooee 3aBHCRooHe OT )l cnaraeMbie/41/: 

i. ll = {.!.. pl- eli + V(;J} 't' , 
~t lm 

-- 'aA 
~--~ ( 1.10) 

3~eco B3aHMO~eHCTBHe c noneM TaKlKe HMeeT xapaKTep ~HnonoHoro B3aHMO

~eHCTBHR. 

ITepeH~8M Tenepb K 06CylK~8HHIO H8KOTOPbiX o6o6ooeHHH MO~enll .llHKKe 

( 1. 9). 3aMeTHM npelK~8 BC8['0, qTO B 3a~aqax T80PHH CBepXH3nY'I8HHR 06bJq

HO HCnonb3YIOT TaK Ha3biBa8Mbl8 aTOMHbl8 onepaTOPbi: 

R.
1 
= f-f5 •, R± =cS±. 

BBO~ B8KTOP1 
_,.'(' _ 2r m. /'\ I. , ~ -,, - vrr- , n, = ~ .... , c. .. 7>,2,.3, 

10 

Onpe~enRIOII\HH MO~hl B pa6oqeM 06~eMe CHCT8Mbl, M< 

THBHbie orrepaTOPbi H3nyqaTeneH/30/: 

R: = z. Rr etl.;~ 
I 'I 

R..,, =lR~3e 
J 

Y~OBneTBOPRIOliiH8 nepeCTaHOBQqHhlM COOTHOill8HHRM 

[R+ R.- ,] =2R.., .r, ., ' ,.. ., .. [ R.'i'a' R~,J = 
B 3THX HOBbiX nepeM8HHbiX raMHnbTOHHaH ,llHKK8 (l 

H =fkU\a;a...,- lluJR, +b9'1t {R;a.K'f(k-.;)+j 
3~eco R_,!!J R13 H TaK Ha3hiBaeMaR ~HwpaKu 
onpe~enRe~R COOTH0008HH8M 

·jt .. 

'!(~):::ti'~le" ~ t-c~)=':f'( l , 

B cnyqae Ky6HqecKoro pa6oqero o6~eMa H CHCTeM 

IIpOCTYIO KY6Hq8CKYIO perneTKY C nOCTORHHOH a, ,. 
.. J sl.n(z, v 72) 

':It~>= n Wirsin{Ztll/~J L•J 

B ~nHHHoaonHoBoM npe~ene (A,.ci 

':!(;): fr .2SIIl(Z£V,.2) 
t-. Zt viii 

Hcnono30BaHHe npe~cTaBneHHR KonneKTHBHbiX onet 

OKa3biBaeTCR oco6eHHO y~o6HbiM npH yqeTe reoMeT 

qax T80PHH CB8PXH3nyqeHHR. 

,UpyrHM BalKHblM npe~CTaBneHH8M, HCnOllb3Y8N 

Ke, RBnR8TCR OCl.\HnnRTOPH08 npe~CTaBn8HH8 aTe 

~R.,:.(A+rl.-j+_}, P!=t~..+.ft, R-=.)' 
r~e onepaTOPhl 11~BYX COPTOB 11 

[~,}] =0 

MoryT y~oaneTBOPRTo 6oseBCKHM HnH wepMHeBCKH~ 

ill8HHRM! 

J.J.+-}rJ.+,}.~}J·-1'}., =t; 

)) 



lHMO~eHCTBHeM H3Ry'laTeneH C TIOReM, TO H3 

r~HO TIORY'lHTb 

• '"'~ J' .. :ti.u1't ~J=altco)e '~ttJ=~-ro)e 

1aH8 ( 1. 8) HM8IOTC!I 11 6biCTPO OCI.\HRRHPYIOI!Ui€ 

11 Me~eHHhl8 'lR8Hhl 11 THTia ~t~,,(5•a + • 

OCHOBHOH BKRa~ B 3HeprHIO B3aHM0~8HCTBH!Ij 

KHO HHTepnpeTHPOBaTb KaK OTIHCbJBa!OIJ1H8 TIOrno-

38PXHHH YPOB8Hb (~+QL ) H HCTIYCKaHHe ~OTO

fPOB8Hb. 0TIYCKa!I B ( 1. 8) . 6bJCTPO OCI.\HRRHPYIO-

< Ha3biBaeMbiH MO~enbHbiH raMHnbTOHHaH llHKK8 B 

~Hbl (ITBB/3 2 /: 

( 1.9) 

pa3RH'lHbl8 ero 06061J18HH!I CRYlKaT OCHOBHbiM 

ne~oBaHHH B CB!I3H C npo6neMoH CB8PXH3RY'l8HH!I. 

JT (1.1) K raMHRbTOHHaHy THTia (1.9) MOlK8T 

JRHOBOM TIPH6RHlK8HHH (1.6) H ~pyrHM TIYT8M 

HO B ypaBH8HHH [J]pe~HHrepa (fl ;t1) 

... 

HO TIPOH3B8CTH npeo6pa30BaHHe BORHOBOH ~YHK-

t.)eLe~AJ 

cnaraeMh!e/41 /: -- eM 
~·-~t ( 1.10) 

eM TaKlK€ HM88T xapaKTep ~HTIORbHOrO B3aHMO-

YlK~8HHIO H8KOTOPb~ o606I!18HHH MO~enH llHKKe 

0, 'lTO B 3~aqax T80PHH CB8PXH3RY'l8HH!I 06hl'l

ble aTOMHbie onepaTophl: 

R± =fSt. 
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Onpe~enJIIOIJIHii MO~bl B pa60'l8M o6:ceMe CHCT8Mbi, MOJKHO orrpe~enHTb KORneK

THBHhle OI18PlcTOPbl H3ny'laTeneH/30/; 

( 1.11) 

Y~OBR8TBOP!IIliJIHe nepecTaHOBO'lHhiM COOTH0008HH!IM 
+ 

t ]- + R.-
[ R 'i's' R.'f', - - -t't'f' 

B 3THX HOBbJ:: nepeMeHHbiX raMHRbTOHHaH llHKKe ( 1. 9) TIPHHHMaeT BH~ 

( 1.12) 

3~eCb R32f nn H TaK Ha3biBaeMa!I ~H~paKI.\HOHHa!I 
OTipe~enJiefc;! COOTH0008HH8M 

WYHKI.\H!I :/(·) 

..... 
'!(~)::N--~.l.e'-a~ 'f*c~J: ':le-i). 

I , 

B cnyqae KY'iH'lecKoro pa6oqero o6:ceMa H cHcTeMbi H3RY'laTeneH, o6pa3YIOIJIHX 

TIPOCTYIO Ky6:!qe'CKYIO peooeTKY C TIOCTO!IHHOH ell., 

B ~HHHosonmsoM npe~ene (A~ci ) 

lD ~ _ n~ :z Slil(Zc: v ~.2) 
J (ae) - L~ z,. vi!J 

Hcnonb30BaH ie npe~cTasneHH!I KonneKTHBHbiX onepaTOPOB H3nyqaTeneH ( 1.10) 

oKa3hlsaeTC!I oco6eHHO y~o6Hh!M npH yqeTe reoMeTpHH pa6oqero Tena B 3a~a

'lax T80PHH ~BepXH3RY'l8HH!I. 

Ke, 

llpyrHM BalKHbiM npe~CTaBR8HH8M, HCTIORb3Y8MbiM B CB!I3H C M0~8Rbl0 llJ.!K

!IBn!I8T ~!I OCI.\HRn!ITOPHOe npe~CTaBneHHe aTOMHbiX nepeMeHHb~/42 ' 2 7 /; 

( 1.13) 

r~e onepaTO;Jbl 11 ~BYX COPTOB 11 

[ct..,,P] :::0 

MoryT Y~OBR3TBOP!ITb 6038BCKHM HRH ~epMHeBCKHM rrepecTaHOBO'lHbiM COOTH0-

008HH!IM! 

II 

jl= Jt~, Eo3e, 

t-1 I trepMH • 



B TaKOM npe~cTaBneHMM Kam~OMY M3 YPOBHeH pacCMaTPMBaeMOH ~EYXYPOBHe

BOH CMCTeMb! COnOCTaBJIReTCJ! 11 CBOH 11 OCUMnnRTOp. KaK HeTpY~HO y6e~MTbCJ!, 

onepaTOpHble KOHCTPYK!.\MM ( 1.13) Y~OBneTBOPJ!RlT TeM l!C8 nepeCTC HOBO'lHb!M 

coOTHO!IleHMRM, 'ITO M aTOMHbre nepeMeHHbie R HHatJe rosopR, Mcnono30Ba

HMe npe~CTaBneHMJ! (1.13) He MeHReT ~HaMMtJeCKMX'CBOHCTB PcCCMaTpMBae

MOH Mo~enr;Hoil 3a~atJM. Hcnono30BaHMe TaKoro npe~cTasneHMR o~a3hlsaeTcR 

BeCoMa Y~06Hb!M npM MCCne~OBaHMM npo6neMb! CBePXM3nyqeHMJ! C f OMOli\bRl Me

TO~a KOHTMHyanoHOrO MHTerpana/
27/. ~YJ(HO OTMeTMTo, 'ITO BBe~eHM8 OCUMn

naTOPHOrO npe~CTasneHMJ! (1.13) MMeeT npRMYRl aHanorMRl C 3a~EtJaMM TeOPMM 

MarHeTM3Ma/ 4 3/ M CBepxnpOBO~MMOCTM/44 , 4 5/. 
)lo CMX nop Mbl CtJMTanM, 'ITO BCe M3J!YtJaTeJm B CMCTeMe M~feRJT O~HY M 

TY liCe pa60tJYRl 'laCTOTY W . TipocTei\l!lee o6o6rneHMe MO~eJIM )lMfKe CBJ!3aHO 

C PaCCMOTpeHMeM HeKOTOporo Ha6opa C06CTBeHHb~ tJaCTOT; TaKOl CMTYaUMM 

COOTBeTCTBYeT raMMJ!oTOHMaH 

U=?1aw_a.:a,/ f~n1 R1, + /j<J,.(R;a,ei.1~. Rja;e-il4). ( 1.14) 

B pa~e Bal!CHb!X ~M3MtJeCKMX CJIY'laeB pacnpe~eJieHMe C06CTBeHHb!X tJaCTOT 

M3JiyqaT8JI8H CMMM8TPM'IHO OTHOCMTeJioHO HeKOTOPOH tJaCTOTbl J'l. , ripMtJeM 

~YHK!.\MJ! pacnpe~eJieHMJ! no tJaCTOTaM :Ji(W) Bb!6MpaeTCJ! B BM~~' 

0' f.n. 1 ~.n. iJ t :Jirw) • :z,.{ut•. ( y-) 

COOTBeTCTBYRll!leM TaK Ha3b!Ba8MOMY H80,nHopo,nHOMY JiopeHUeBy YliiiiPeHMRl/3
2 /. 

3~ecr; 0 .n. - l!!MPMHa pacnpe.neneHMR. B 3TOM cnyqae ycps.nH~•HMe no 

co6cTBeHHhiM qacToTaM H3JIYtJaTenei\ .naeT 

•I[. (A.t ,At'(. ~uJt C:JU -'C/ZT 
N e --. = e J e !/i(u1)du'- e e , 

~ .... ( 1.15) 

r.ne T• (8" .nr• - TaK Ha3b!Ba8M08 H80,nHopo,nH08 BP8MR lKM311H OC!.\HJ!JIR-

Topa. 

)lpyroe npOCT08 o6o6rneHHe Mo,neJIH .0HKK8 CBR3aHO C paCCMCTP8HH8M CH

CTeMbi, COCTOJ!l!leil M3 HeCKOJ!bKMX KOMTIOH8HT pa6oqero B8li\8CTBa.'
46

' 
4 7/ 

raMMJibTOHHaH TaKOH CHCT8Mbl MM8eT BH.n 

. 1\ II..{ + ''4 - ~ -i14,1 H ~ 7 t..uJ.a:a, +[ [. t&..flw.R..J.AJ ~t* (llltlac• •R;.a.c ;1 1i" -·if~ I 

( 1.16) 

r~e n - 'IHCJIO pa60tJHX KOMnOHeHT. 

8 PR.ne 3a,naq HeJIHHeHHOH OnTHKH 60J!ol!!Oi\ HHTepec npe,ncTaBJIR8T pac

CMOTP8HH8 MHOr~OTOHHh~ pe30HaHCHb~ np0!.\8CCOB B ,nBYXYPOBH8!1b~ CHCTe

Max/48/ • .!lJIR m -~oTOHHoro pe3oHaHca oneparop B3aMMo.neilcTHHR noJIR c 
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.nBYXYPOBHeBb!M M3J!YtJaTeneM HMeeT BM~/ 4 9-5 2 /: 

tf { R;~aL +Ria at). 
ffCHO, 'ITO npM6nMl!CeHMe ,nBYXYPOBH8BOro aT 

li\8HHb!M M ,naJieKO He Bcer.na npHMeHMMO. B PR~e 

BaTo nepexo,nbl B n -ypOBHeBb~ CHCTeMax; CBE 

reHepMpyeMbre Ha pa3Hh~ nepexo.nax B MHoroypos 

KYPMPOBaTo ,npyr C ,npyroM/53,5
4
/. COCTORHMR C 

Hb!MH ypOBHRMH MOryT 6b!Tb OnHCaHb! C nOMOli\bRl n 

gtl(~/55/ (CM.TaKl!Ce/56- 601 J. COOTB8TCTBY~H 
CTPYKTYPY, 'ITO H MO,neJio .JlMKK8 (1.9): 

H al.1i u1, a; a. + 1' t. .n~1 RJJ C fJ + ,. T 'rJ { 
" J.i ~HT , .. ] 

3.necr; Rjj •I}'<} I - oneparop HaceneH 

R.y•IL><j 1 - onepaTOP nepexo.na c yposHJl 

t., .{I,IJ - 3HeprHR j -ro YPOBHR B J -M 

.nYRlliiH8 BaliCHhl8 COOTHO!Il8HMR: 

{ 

ll,J ~t • R,e ~j , 

~Lij> :S'j, 

Z.lj><jl =i 
J 

0,nHO H3 o6o6rneHHH MO,neJIH .0HKK8 CBR3aHO 

(1.9) ,nonOJIHHT8JibHhlX tJJI8HOB, OnHC~BaRll!IHX KJI8 

Jt, =?[~fxjJR; +~lX1JRi}, 
H BH8l!!HH8 HCTO'IHHKH: 

H • h .r;r'a• •li ..fila. 
II 

3,nec& "'f H Ia. - KOMnn8KCHbl8 napaMeTpbl. 

.Upyroe 0606~8HH8 CBR3aHO C Y'l8TOM nOMHN 

c noneM H3JIYtJ8HHR raKlKe npnMoro B3aHMo.nei\c 

B 3TOM cnyqae raMHn&TOHHaH )lHKKe (1.9) .noJilKe 

H ::/¢>(1ij-i1,t}~~· . ..,jji 
TipH P8M8HHH .nHHaMHtJ8CKOH 3a,natJH B 3TOM 

TOJI&KO M8,nJI8HHbiMH CJ!araeMbiMH, T. e. BM8CTO ( 1 
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noMy H3 YPOBHeH paccMaTPHBaeMOH ~BYXYPOBHe

FI 11 CBOH 11 OCI.IHJIJI!'!TOP. KaK HeTpy~HO y6e~HTbCR, 

1.13) Y~OBJieTBOP!'!IOT TeM lKe nepeCTaHOBOqHbiM 

bie nepeMeHHbie R. . HHaqe r'OBOP!'!, HCTIOJib30Ba

He MeHJ'IeT ~HaMHqecKHX'CBOHCTB paCCMaTPHBae

OJib30BaHHe TaKOr'O npe~CTaBJieHH!'! OKa3biBaeTC!'! 

OBaHHH npOOJieMbi CBePXH3JiyqeHH!'! C TIOMOII\b!O Me

paJia/27/ •. ~~HO OTMeTHTb, qro BBe~eHHe OCI.IHJI-

1.13) HMeeT TIP!'!MY!O aHaJIOr'HIO C 3a~aqaMH TeopHH 

BO~HMOCTH/44 • 45 /. 
H, qro BCe H3JiyqaTeJIH B CHCTeMe HMe!OT O~HY H 

• TIPOCTeHII~ee OOOOII\eHHe MO~eJIH llHKKe CB!'!3aHO 

0 Ha6opa COOCTBeHHb~ qacTOT; TaKOH CHTYal.IHH 

H 

( 1.14) 

cnyqaea pacnpe~eneHHe co6craeHHb~ qacror 

•THOCHTeJibHO HeKOTOPOH qaCTOTbl .(1. , ripHqeM 

qaCTOTaM :Ji(IAJ) BbiOHpaeTC!'! B BH~e 

•aeMOMY HeO~HOpO~HOMY JiopeHUeBy YIIIHPeHHI0/3 2 /. 

ccnpe~eneHHR. B 3TOM cnyqae ycpe~HeHHe no 

•qarenefi ~aeT 

~ (Wt .:At. -'t/~r 
e !/i{uT).Jt~~• e e ( 1.15) 

Ha3biBaeMOe Heo~HOPO~Hoe BPeMR lKH3HH OCI.IHJIJIR-

leHHe MO~eJIH llHKKe CBJ'I3aHO C paCCMOTpeHHeM CH

>JibKHX KOMTIOHeHT pa6oqero BeooeCTBa/46, 4 7/ 

lbl HMeeT BH~ 

( 1.16) 

)MTIOHeHT. 

iHOH OTITHKH OOJibliiOH HHTepec npe~cTaBJIReT pac

le30HaHCHb~ TIPOI.IeCCOB B ~BYXYPOBHeBb~ CHCTe

lr'O pe30HaHCa onepaTOP B3aHMO~eHCTBH!'! TIOJI!'I C 
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~BYXYPOBHeBb~ H3JiyqaTeJieM HMeeT BH~/ 49-52 /: 

tf{R;~aL +Riiiatj. (l. 17 l 
HCHO, qro npHOJIHlKeHHe ~BYXYPOBHeBOrO aTOMa !'!BJI!'!eTC!'! BeCbMa ynpo

ooeHHbiM H )13.JieKO He BCer~a TIPHMeHHMO. B PR)Ie CJiyqaeB HeOOXO)IHMO yqHTbi

BaTb nepeXJ~bl B n -ypOBHeBb~ CHCTeMax; CBePXH3JiyqaTeJibHbie HMTIYJibCbi, 

reHepHpyeMble Ha pa3Hb~ nepexo~ax B MHOr'OYPOBHeBOH CHCTeMe, MOr'YT KOH

KYPHPOBaTb )lpyr C )IPYr'OM/53,5 4 /. COCTO!'!HH!'! CHCTeMbi C n He3KBHBaJieHT

Hb~ YPOBHFIMH MOr'YT ObiTb OnHcaHbl C TIOMOII\b!O npe)ICTaBJieHHH rpynnbi 

Stlr~/55/ ·cM.TaKlKe/56 - 60/J. CoorsercTBY~H raMHJibTOHHaH HMeeT TY lKe 

CTPYKTYPY, qro H MO)IeJib llHKKe (1.9): 

( 1.18) 

3~ecb Rjf= lj'<} / - oneparop HaceneHHOCTH } -ro YPOBHR, a 

Ry•IL><j 1 - oneparop nepexo)la c YPOBHR J Ha ypoaeHb c. 
l.fi.IJ - •3H€Pr'H!'! ) -ro YPOBH!'! B f -M aTOM€. BbinOJIH!'!IOTC!'! CJie-

)IYIOIIIHe Bali(Hble COOTHOII\eHH!'!: 

{ 

ll,J R.11 = fi,e ~j , 

~i.IJ> =~tj , 

Z:. lj><j I =l 
J 

( 1.19) 

0~HO H3 OOOOII\eHHH MO~eJIH llHKKe CB!'!3aHO C BBe~eHHeM B raMHJibTOHHaH 

(1.9) ~oncnHHTeJibH~ qJieHos, onHCHBaiOIIIHX KnaccHqecKHe noJIR/61 ~ 

( 1.20) 

H • h lfT'a• + li .Jila. 
II 

( 1.21) 

3~ecb -( H h - KOMnneKCHble napaMeTpbi. 

llpyrce OOOOII\€HHe CBR3aHO C yqeTOM TIOMHMO B3aHMO~eACTBH!'! ~TIOJieH 

C TIOJieM H3JiyqeHH!'! TaKlKe TIP!'!MOr'O B3aHMO~eHCTBH!'! Mell(~y ~HTIOJI!'IMH/6 2 -64 /. 
B 3TOM cnyqae raMHJibTOHHaH llHKKe (1.9) ~oJilKeH 6biTb ~ononHeH qneHoM 

H =/ct>U.ti-i~,l)~~· . .,If ( 1.22) 

TipH ~eooeHHH ~HHaMHqeCKOH 3a~aqH B 3TOM qJieHe MOlKHO orpaHHqHTbC!'! 

TOJibKO Me,llneHHbiMH CJiaraeMb~, T.e. BMeCTO (1.22) paCCMaTPHBaTb onepaTOP 
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H ~ .. -)-+ 
'JJ =fJ. cp (/XJ.- XI,/ Rl Rl'. ( 1.23) 

YqeT TaKara B3aHM0~8HCTBHR HrpaeT Ba~HYID ponb B PR~8 ~H3Hq8C<HX 3a~aq, 

HanpHMBP, llpH HCCne~OBaHHH CB8PXH3nyqeHHR B nonRpHbiX ~3n8t.TpH

KaX/65-67/, 

KaK YKa3hiBanOCb BO BB8~8HHH, O~HHM H3 CllOC060B C03~aHHR CB8PXH3-

nyqaiDmero COCTORHHR RBnRBTCR KOr8p8HTHaR HaKaqKa BepxHero yp)BHR B 

TP8XYPOBH8BOH CHCT8M8 (pHC. 2). B o6meM cnyqae KOrepeHTHaR HiKaqKa Ha 

ll8P8X0~8 i-j M0~8T 6b!Tb RBHbiM o6pa30M BKniDqeHa B raMHnb fOHHaH C 

noMombiD onepaTopa/68 / 

~ ~{ -i.(uJ~jt -~l C:{1171Jt-~.(j) 1 
H,.,., .. 2 ttw_ct>j- e /l~W+e Rji.ffJ • 

( 1.24) 

3~8Cb U}Jt,f{) - qacTOTa Pa6H ~nR KOrepeHTHOH HaKaqKH C qaeTCTOH f..tli,i 
H BOnHOBbiM B8KTOPOM l. . YqeT npoueeeoB HaKaqKH Ba~eH llPH OtHeaHHH 

eB8PXH3nyqaTenbHOro HMllYnbCa /69,70/. 

ITpH paeeMOTPBHHH eB8PXH3nyqeHHR B eHeTBMaX e KpHeTannHG8eKHM pa-

6oqHM TBnOM 6onblil08 3HaqeHH8 HM88T a~eKBaTHb!H yqeT TBllnOBbiX KOne6aHHH 

H3nyqaTeneH B pelii8TK8. CymeeTBYBT ~Ba M8XaHH3Ma nepe~aqH HMrynbea MB~

~y ~OTOHOM H p8lii8TKOH. ITepBbiH H3 HHX eBR3aH e TaK Ha3biBa8Mbi~H ynpyrH

MH npoueeeaMH, llPH KOTOPbiX HMllYnbe, nepe~asaeMbiH ~OTOHOM H3JyqaTeniD, 

nepe~aeTeR KPHeTanny KaK uenOMY (T,8. ~OHOHbl H8 HenyeKaiDTeR H He norno

maiDTeR). BKna~ TaKHX npoueceos onpe~enReTeR ~aKTOPOM )le6aR-ronnepa 
~ ... e , r~e 'Mf - H3B8CTHaR ~YHKUHR T8MTI8PaTYPhl H napaMeTI>OB KpHeTan-

na/71/ (eM. TaK~B/72 /), YqeT TaKHX npoueeeoB B MO~enH )lHKK8 M0~8T 6b1Tb 

npOBe~eH e TIOMOmbiD nepeHOPMHPOBKH napaMeTpa ~HTIOnb-¢OTOHHOH eBR3H/73~ 

i~e ... 9; = Q e -~w 
" dr. • ( 1.25) 

HHaqe TIPOH3BO~HTCR yqeT HeynpyrHX M8XaHH3MOB paeeBRHHR ~OTOHOB Ha 

cl>OHOHax. KaK 3TO 06biqHQ ~enaeTeR B TBOPHH TB8P~OrO Tena (eM , HanpH

~e/,71/), npe~eTaBHM nono~eHH8 j -ro H3nyqaT8JIJI B KpHeTaJIJI8 K<LK eyMMY llO

no~cHHR Y3Jia H CMemeHHR: 

- J -xl = + ul- . -CMemeHHe ?J1 eTaH~apTHhiM o6pa30M npe.neTaBHM e noMombiO onepa ropos po~~e-

HHR H YHHqTQ~8HHR ~OHOHOB: 

il & f J 11lli; ... t) e,rb,•b9 . 

.. 
3~eeb e, -8,IlHHHqHblH B8KTOP nonRPH3aUHH 9 -ro ~OHOHa H I!H~~Ke 9 

14 

HYMBPYBT KaK KBa3HHMnYJibe, TaK H MO~Y, M - .1 

qaeTOTa ~OHOHOB H b. , t:, - ~HOHHbl8 onepaT< 

30BaTbeR 3anHebiD B3ai!M0~8HeTBHR TIOJIR C 1!3nyqa~ 

d(~)~{~) 
(eM. (1.10)) H eOB8Pliii!Tb pa3JI0~8HH8 nO CT8ll8HJ 

nBPBOM nOpR~K8 llO eMemeHHRM onepaTOP B3aHMO) 

BOM M0~8T 6b1Tb npe~eTaBJI8H B BH~e/7 4 / 

Z '}-.Uta. ;rra; J{I+L(C:Iitbet ·~b~>} 
~q ~ 

r~e ~YHKUI!I! C7q onpe~eJIRIDTeR 1!3 pa3n0~8HHR. ' 

BnepBhle nposo~Hnoeb ToMneOHOM/74 I. AHanorHqHbii 

noJiyqeH npH pa3n0~8HHH no eM8lii8HHRM 11, ~Op~ 
.. ... 
d(JCI)A{Xf) 

(eM. eooTHOlii8HH8 (1.10) H eJie~e 3a HHM), 

BbiPa~eHHR THna (1.26) yqHTbiBaiOT BKJia,Il B : 

)lHKKe 3a eqeT po~eHHR H nornomeHHJI o~Horo ~o 

ueeCbl paeeeRHHR H3JiyqeHHR Ha ~YKTyaU)!RX nnoT 

liiTaMa-6pHJini03Ha). PaeCMOTP8HH8 nOCJIB.IlYIOmHX qn, 

neHRM U/ n03BOJIR8T yqeCTb MHOr~OHOHHb18 BKJI< 

Heo6xo.nHMo no~qepKHYTb, qTo CaMO no ee6e 1 

HeXOllHbiX BbiP~8HHH eOOTHOlii8HHlt (1.26) H (1.28) 

BWM nPH6JI~8HH8M (1.6), IT03TOMY npHM8H8HH8 KO 

(T.e. llHnOJibHOrO nP8llCTaBJI8HHJ1) llJIR yqeTa BKn< 

CB060llbl B CJiyqae KOPQTKOBOJIHOBOrO H3JiyqeHHR ( 

HO B pa60Tax/75' 76 /, JIHlii8HO f!JH3HqeeKoro CMbiCJI, 

DPyrolt enoco6 yqeTa cl>nYKTyauHA nJIOTHoeTH 

,ll8HH8M npJIMOro B3aHMO.Il8itCTBHR (1.23) H pa3JI 

fi)(Jfs-1~1~ ) . nO CTeneH~ OTHOCHT8JibHOrO 

Ull'·~- u;· /62-64/. : KpoMe Taro, KJiae 

THna (1.17) Ta~e M0~6T 6b1Tb pa3JI0~8HO nO CT8 

KOPOTKOBOJIHOBOM enyqae/65/, 
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( 1.23) 

11rpaeT Ba~HYID ponb B PR~e ~11311qeCK11X 3a~aq, 

CBepXI13nyqeH11R B rronRPHb~ ~113neKTpl1-

'~eHI111, O~HI1M 113 CITOC060B C03~aHI1R CBepXI13-

cR KOrepeHTHaR HaKaqKa sepxHerO YPOBHR B 

• 2). B o6meM cnyqae KorepeHTHaR HaKaqKa Ha 

rb RBHbiM o6pa30M BKniDqeHa B raMI1nbTOHI1aH C 

( 1.24) 

611 ~nR KorepeHTHOii HaKaqKI1 c qacTOToii Wtj 
qeT ITPOUeCCOB HaKaqKI1 Ba~eH ITPI1 OITI1CaHI111 

ca /69,10/. 
Xl13nyqeHI1R B CHCTeMaX C KP11CTannHqecKI1M pa-

11e 11MeeT a~eKBaTHhlH yqeT TerrnOBb~ Kone6aHI1H 

eCTBYeT ~Ba MeXaH113Ma rrepe~aqH HMITYnbca Me~

BbiH 113 HI1X CBR3aH C TaK Ha3biBaeMbiMI1 yrrpyrH-

11MITYnbc, rrepe~asaeMhiH ~OTOHOM 113nyqaTeniD, 

enOMY ( T. e. ~OHOHbl He 11CITYCKaiDTCR 11 He rrorno

CCOB orrpe~enReTCR ~aKTOPOM lle6aR-Yonnepa 

HaJJ ~YHKU11R TeMrrepaTYPhl 11 napaM8TPOB KPHCTan

eT TaKI1X ITPOU8CCOB B MO~en11 ll11KKe MO~eT 6b!Tb 

<MI1POBKI1 napaMeTpa ~11ITOnb""¢0TOHHOH CBR311/7 3 /: 

(1.25) 

ieT Heynpyri1X M8XaHH3MOB pacceRHHR ~OTOHOB Ha 

1naeTCR B TeOPHI1 TBep~OrO Tena ( CM. , HarrpH

me f-ro H3JiyqaTeJIJJ B KP11CTMJI8 KaK CYMMY ITO-

. -+ u,. . 
l6pa30M rrpe~CTaBHM C ITOMOmbiD onepaTOpOB PO~~e-

rop nOnRPI13aUH11 9 -rO ~OHOHa H HH~eKC ~ 

HyMepyeT Ka< KBa31111Mnynbc, TaK H Mo~y, M - .Macca 113nyqaTenR, Uli 
qacTOTa ~OH•JHOB H b. , t:, - ~OHOHHbie orrepaTOPbl. llanee MO~HO BOCnOnb-

30BaTI>C.R 3aiHCbiD B3aHM0~8HCTBH.R ITOnR C H3nyqaTeneM BH~a 

... 
( CM. ( 1.10) ' H COB8PIIIHTb pa3n0~8HH8 ITO CTerreH.RM 'Uj 

( 1.26) 

B pe3ynbTaTe B 

nepBOM nOP.RHK8 ITO CMemeHH.RM onepaTOP B3ai1MO~eHCTBI1R non.R C semecT

BOM MOlleT 6!1Tb rrpe~cTaBneH B BH~e/7 4 / 

Z ~.uta. ;Ita; J{l• l.(6;bq ·~b~> }, 
,,. q 

( 1.27) 

r~e ~YHKUHH C7q onpe~enRIDTC.R H3 pa3no~eHHR. TaKara po~a paccMoTpeHHe 

snepBhle rrpoBo~Hnoci> ToMnCOHOM/74 I. Ananor11qHhiH pe3ynbTaT Mo~eT 6biTb 

nonyqen ITPH pa3no~eHHH no cMemenH.RM ill ~OPMhi 

( 1.28 l. 

( CM. COOTHOltl8HH8 ( l. lOJ H Cne,ny~e 3a HHM). 

BhlPa~eiH~ THna (1.26) yqHThlBa~T BKJ!a~ B 3HeprHID B3aHM0~8HCTBH.R 

llHKK8 3a C'i<~T POllt~8HHJi H norJIOIJI,8HHJi O~Horo {poHOHa, T. e. onHCb!BalOT npo

UeCChl pacce.IHHR H3JIY'l:eHH.R Ha ~nyKTYaUH.RX nnOTHOCTH (pacceRHH8 MaH~enb

IIITaMa-opHJIJIJ03Ha) • PaCCMOTP8HH8 nocJie~y~HX 'l:JI8HOB B pa3JIOllt8HHH ITO CTe

neH.RM U~ 103BOnR8T yqeCTb MHOr~OHOHHb18 BKJI~bl. 
Heo6xO~iMO ITO~'i8PKHYTb, 'iTO CaMO ITO ce6e HCITOnb30BaHH8 B Ka'l:8CTB8 

HCXO~H~ BhlJallt8HHH COOTHOIII8HHA(cL26) H (1.28) 06YCJIOBJieHO ~HHHOBOnHO

BhlM npH6JIHlK·~HH8M ( 1. 6) • no3TOMY npHMeHeHHe KOHCTPYKUHH THITa ( 1. 27) 

(T.e. ~HnOJI>HOrO npe~cTaBJI8HHJi) ~ yqeTa BKJia~a ~HOHH~ CTeneHeif 

CBOCiO~bl B C.1yqae KOPQTKOBOJIHOBOr'O H3JIY'l:8Hii.R (). ..,_ a_ ) , KaK 3TO c~eJia
HO B paCiOTa/75 1 16/ 1 JIHIIJeHO cPH3H'l:eCKOr'O CMbiCJia. 

llPYr'OH cnoco(i yqeTa cPJIYKTYaUHA ITJIOTHOCTH B KPHCTanne CB.R3aH C BBe

A8HH8M np.tJMOr'O B3aHMO~eACTBHJi (1.23) H pa3JIOlK8HH8M cPYHKUHH 

Cf>(/lcl~,/1 no CTeneH.tJ •. M OTHOCHT8JibHOrO CM81I18HHJJ H3JIY'l:aTeJieA: 

iiN'• ~- u1, I 62-64 I . ; KpoMe Tor-o, KnaccH'l:ecKoe none s BbJPaJKeHHH 

THna (1.17) TaKllte MOlK8T CibiTb pa3JIOlK8HO ITO CTerreHRM CM81I18HHA, ~aliCe B 

KOPOTKOBOJIHJBOM CJIY'l:ae/65/ • 
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rnaaa IT. PABHOBECHblli CBOHCTBA MOllEnH llHKKE 

"3ame.M, npuH.Re ca.My10 Hee~mecmeeHHYIO 

no3y, 011 3acmae~.R~ o~oe.RHHYIO mape~

KY coxpaH.Rmb paeHoeecue Ha ceoe.M 

HOcy". 

A.t/JpaHc ")/(oHz~ep 6oco.Mamepu" 

3a~aqa paBHOB8CHOH CTaTHCTHqecKOH T8PMO~HHBMHKH COCTCHT B BblqHc

neHHH T8PMO~HaMHq8CKOI'O ITOT8HUHana 

G • ic:m {- ~ &1. Spe ~H.,Ie2 
H_. J ( 2 .l.) 

H T8PMO~HHaMHq8CKHX cpe~HHX 3HaqeHHH 

( -t~,l8j -H11/e} 
<O>:olim 1s,oe ,s,e J. 

N .. -
( 2.2) 

3.11eCb HN - raMHnhTOH11aH CHCT8Mhl 113 N qacT11U, ~ - TuMITepaTypa 11 

0 - TIPOI13BORbHb!H onepaTOP. BalKHOH OC068HHOCTb!O M0~8RI1 ){11KK8 f!BRR-

8TCR TO, qTO B8RI1'li1Hbl ( 2.1) 11 ( 2. 2) MOI'YT 6b!Tb Bblq11CR8Hbl ;(nf! H88 TOq

Ho/26•77/. TaK KBK paBHOB8CHbl8 CBOHCTBa MO~en11 ll11KK8 11 ee o6o6~8HI1H 
HCCR8~0Bani1Cb B U8ROM PR~e pa6oT, TIO~po6H08 113ROlK8HI18 KOT<lPb!X MOlKHO 

HaiiTI1 B o63ope/ 26 / 11 MOHorpa$11RX/ 2 7' 77 I, 3~ecb Mbl orpaHHqJini1Cb Rl1blb 

KPBTKI1M 06CYlK~8HI18M OCHOBHblX P83YRbTBTOB. 

CTpOI'08 MBT8MBTHq8CK08 113yq8HI18 paBHOB8CHOI'O COCTORH !1'1, OITI1Cb!Bae

MOI'O M0~8Rb!O ll11KK8, HB4BROCb C 1973 r./78 - 80 /. 0Ka3anOCb, qTO B npo

CT8Hbl8M O~HOMO~OBOM cnyqae M0.118Rb ll11KK8 0ITI1Cb!Ba8T $a30Bb!H rrepexo~ B 

COCTORHI18, xapaKT8PI13Y8M08 Han11q11eM CITOHTBHHOH TIORRPI13BUI1i. YcnOBI18M 

C~8CTBOBBH11R TBKOI'O rrepexo~a np11 H80TPI1UBT8RbHb!X T8Mrreparypax f!BnR-

8TCR TaK HB3b!BB8M08 YCROBI18 CI1RbHOH CBR311 

~~"FI,uJ, (2.3) 

r~e UJ - pe3oHaHcHaR qacToTa ~ayxypoaHeaoro nepexo~a 11 j~ - napaMeTp 

~11IT0Rb-$OTOHHOH CBR311j t~Cj•Vv• 9-'fr' r~e .0 - rrnOT-

HOCTb 113nyqeH11H. COOTB8TCTBY~aR KPI1TI1qecKaR T8MrrepaTypa 8CTb 

nUl { <jU!l'J·i ®c • -r- .llrfA J . ( 2. 4) 

TeMTiePaTYPHaR 3aBI1CI1MOCTb crroHTBHHoii nonRPI13BU1111 f H11lKE ~c orrpe~e-

16 

~ 
~ 
~ 

~ 

nReTCR ypaaHeHI18M 

.J(tw]\-llj.," • ftJ.{{ftwi1J~~)1/2t 

r~e r a /N·J ~ R:! >I • 3aBI1C11MOCTb J 
PI1C. 4. ITOMHMO CITOHTaHHOH ITORRPI13BUI111 HHJKe ~ 

MBKPOCKOIT! 

HaHCHOH MC 

~ 

~-'" •. • t J i ~ (t...,lt)., 

P11c. 4 
8( 9 

t.ata>=J 

CTporoe 11c 

COCT0f!H11R 

noch caMbt~ 

( CM. /26,21 

CCb!JIKH ) • E 

3MCR ITO~) 

30BBHI111 ME 

MHRbTOHHBf 

B PBMKaM 

I'BMHRbTOHI1SH 3SM8Hfl8TCR RHH8BPI130BSHHb!M ( aiTITj: 

HHSHOM 11 YCTSHSBRI1Ba8TCR BCI1MITTOTI1qecKaf! 6n112 

~enbHb!X 11 arrrrPOKCI1MHPY~I1X Ben11q11H TI1ITa (2.1) 

60T8/S3/ BBPHSHT M8TO~a TIPHM8HI1M K HCCne~oBaf 
Ca MO~enbHb!X CI1CT8M C ni1H8HHb!M ITO 6030HH0MY r 

0CTSHOBHMCR BKPBTU8 Ha OCHOBHb!X rronOJK8H~ 

CTOTbl PSCCMOTPI1M O~HOMO~OBY!O B8PCH!O I'SMHnbTOf 

H
11

•'Awa.ta + Au~R, + grt~)(R"i:J +R' 

.(4 1 ) l,/1 
3.nec~ B CHny (1.7) fj(N}- V ""fj/1/ , 
HOCTb 113ny4aTenei\. B CHny M8TO~a annpoKCHMHPY 

8T M8CTO T8pMOJl11HBMH48CKaR 3KBHBM8HTHOCTb on 

11 

&fll} 
1.. "'R + .1:::::... ll 't rr 

J l.ul 

H;J.1.wR.+ (~"1 (R.++R.--2fJf, 

r.ne f - Be~eCTBeHHb!H C -q11cnoaoA napaMeT:t: 

MHHI1MMbHOCTI1 T8PM0~11HBMH48CKOI'O ITOT8HUI1ana, 

14tat.&hf1(i<-..... ;i ,,,,.,;;-' 

Uf!JI!IWl Hf.~ .11':;1;)3Z~ 

6HSJI~!~;TEH,t 



)RCTBA MOnEnrr nrrKKE 

"3ame.M, npuH.RB ca.MyiO HeecmecmeeHHYIO 

noay, oH aacmaeft.Rft OftOB.RHHYIO mapeft

KY coxpaH.RmD paeHoeecue Ha ceoe.M 

HOCY"· 

A.<llpaHc ")f(oH2ftep 6o2o.Mamepu" 

CTaTHCT!lqecKOii T8PMO,[I!lHaMHK!l COCTO!lT B BbJqHC

llOT8Hl.l!laJia 

iH!lX 3HaqeHHii 

, tim l Sp ()e 
44

"
18/s,e -u,Je J . 

!J-.00 

( 2 .1.) 

(2.2) 

mH CHCT8Mbl H3 N qacTH!.I, fj) - TeM!lepaTypa H 

JaTop. B~HOH OC068HHOCTbiD M0,[18JIIl nllKK8 RBJIR-

~ .1) ll ( 2, 2) MOrYT 6b1Tb BbJq!lCJI8Hbl ,[IJIR H88 Toq

)B8CHbl8 CBOHCTBa MO,[I8JIIl nllKK8 ll 88 0606U18Hilii 

I,[l8 pa6oT, llO,[IP06H08 !l3JI0~8Hil8 KOTOPb~ MO~HO 
iOrpa!PHRx/ 27' 11 I, 3,necb Mbl orpaHHqHJIHCh JIHWh 

)BHblX p83YJibTaTOB. 

:K08 ll3Yq8Hil8 paBHOB8CHOrO COCTORHHR, OllllCbiBae

~JIOCb C 1973 r./78 - 80 /. 0Ka3aJIOCb, qTQ B rrpo

qae Mo.UeJib ~KKe orrHCbiBaeT IPa30Bhiii rrepexo.u B 

M08 HaJIIlq!leM CllOHTaHHOii !lOJIRP!l3al.lllll. YCJIOB!l8M 

pexo.ua llPil H80TP!ll.laT8JibHbiX T8MrrepaTypaX RBJIR

OB!l8 CllJibHOii CBR31l 

~1iuJ, ( 2. 3) 

I 
r.uep 

- rrapaMeTp 

- llJIOT-

aCTOTa .I:IBYXYPOBH8BOrO rrepeXO.Ua ll 

~zCj•fi• <jiJ"', 
rCTBYIDU1aR KPHT!lqecKaR T8MrrepaTypa 8CTb 

16 

I 
r· 

.IIR8TCR ypaBH8Hil8M 

( 2 .5) 

r.ne r •IN-J .( Rt >I • 3aB!lC!lMOCTb J OT e llPilB8,Il8Ha Ha 

PllC • 4 • nO! !liMO C!lOHTaHHOii llOJIRPH3aUHH HH~8 ~ B CHCT8M8 B03HHKaeT 

]'HC. 4 

MaKpocKorrHqecKoe 3arroJIH8HHe pe3o

HaHcHoii MO,Ilbl 

( 2.6) 

CTporoe HCCJI8.UOBaHH8 paBHOB8CHOrO 

COCTORHHR B M0,[18JIIl nHKK8 !lPOBO,[IH

JIOCb CaMbiMH pa3JIHqHbiMH M8TO,IlaMH 

(CM./
26

•
27

• 771 H llPHB8,Il8HHhl8 B HllX 

CCbmKH). Bec&Ma llJIO.UOTBOPHbiM OKa-

3aJICR llO.IlXO.Il, OCHOBaHHblii Ha llC!lOJib-

30BaHHH M8TO,[Ia arrrrpOKCHMHPYIDU1HX ra

MHJibTOHHaHOB/81/ (CM./82,83,27,77/), 

B paMKaM KOTOporo HCXO.!l~A 

raMHJibTOH!lLH 3aM8HR8TCR JIHH8apH30BaHHblM ( arrrrpOKCHMHPYIDU1HM) raMHJibTO

H!laHOM H yc TaHaBJIHBaeTCR acHM!lTOTHqecKaR 6JIH30CTh ( rrpH N-- Mo

.neJib/83; H 1.!ll1POKCHMHPYIDU1HX B8JIHqHH TH!la ( 2 .1), ( 2. 2) • Pa3BHTblii B pa-

150T8 BE.p!laHT M8TO,Ila l1PHM8HilM K HCCJI8,[10BaH!liD B8CbMa WllPOKOro KJiaC

ca MO,Il8JibH~~ CHCT8M C JlllH8HHblM !10 6030HHOMY llOJIID B3a!lMO.Il8llCTB!lSM/
2
6/. 

0cTaHC•BHMCR BKPaT!.\8 Ha OCHOBHbiX !10JI0~8HHRX 3TOrO M8TO,[Ia. nnR npo

CTOTbl paCC~IOTPHM O.!lHOMO.IlOBYID B8PCHID raMHJibTOHHaHa nHKKe: 

(2.7) 

3 (17) OJHI-v·"A,.,.fj''')q', .!l8Cb B CHJY • ~11r1 I" r.neJP - llJIOT-

HOCTb ll3Jiy<aTeJiell. B CHJIY M8TO,na anrrpOKCHMHPYIDU1HX raMHJibTOHHaHOB HM8-

8T M8CTO TEPMO,[IHHaMHqecKaR 3KBHBaJI8HTHOCTb orrepaTOPHbiX KOHCTPYK!.IIlii 

t&(/1} 't -

I. 1JJ R, + I. u! ll R 

ll 

r,ne f - E 8U18CTB8HHblii C -qHCJIOBOii rrapaMeTp, OllP8.Il8JIR8Mblll H3 YCJIOBHR 

MHH!lMaJibHOCT!l T8PMO,[IHHaMHqecKoro !lOT8Hl.lllaJia, 

liYAh~"}t:"ka.i.t.:~r •.... ~~. ' 
ll~JI!IWX wee ,ry~.:.1:>3Wi'i 

6~Sflk~<'rrEH~ 



G. = -am ~ in Spe -H:'/e = 2i' t -~ 8z 2ch. { Jf~wi'•* g•fY2t.ul '} J 
,.._ IV t.UJ 

(=11-1(. 

COB8PWHM KaHOHH48CK08 ITpeo6pa30BaHH8 6038-0ITepaTOPOB, BOCXC~R~88 K 

H3B8CTHhlM pa6oTaM EoroniD60Ba ITO CB8PXT8KY48CTH Cfla60H8H~8aJbHOrO 6038-

ra3a/B4,B5/ H 3a~aiD~88 C~BHr Ha C -4HCflO: 

a.-+o(.:a.-t /;;f. 

Mo*HO ITOKa3aTb/B5/, 4TO 

.(~+""->- 0 ITPH fll- 0.0. tJJv =CDnlit, 

OTKY~a H8ITOCP8~CTB8HHO ITOflY4a8TCR COOTHOW8HH8 ( 2. 6). )lanee J!O*HO ITOKa-

3aTb/B3' 
26 /, 'ITO aiTITPOKCHMHPYID~HH raMHflbTOHHaH J./11

1111 
T8pMO;(HHaMH48CKH 

3KBHBafl8HT8H ( 2. 7) B TOM CMb!Cfl8, 4TO T8PMO~HHaMH48CKHH ITOT811LI;Hafl ( 2 .1) 

~flR ( 2. 7) cosiTa~aeT c Go . l1pH 3TOM MHHHMH3aLI;HR Go ITo f ~aeT 
ypaBH8HH8 (2.5). 

AHanorH4Hb!H P83YflbTaT M0*8T 6b!Tb YCTaHOBfl8H TaK*8 ~flJ! CHCT8Mbl 

C llPOH3BOflbHbiM, HO H8 6onee 48M C48THb!M '!HCflOM MO~ $OTOHHO:'O IIO-

flR/B3,26~KpOM8 TOrO,B paMKax M8TO~a arrrrpOKCHMHPYID~HX raMHfl,TOHHaHOB 

y~a8TCR YCTaHOBHTb T8PMO~HHaMH48CKYID 3KBHBaneHTHOCTb raMHflb"OHHaHOB 

(2.7) H J.l. C T04KH 3P8HHR Bbi4HGfl8HHR cpe~HHX (2.2). f1pH 3TIJM, TaK KaK 

M0~8flb ( 2, 7) OITHCb!Ba8T $a30Bb!H rrepexo~, llPHXO~HTCR HCCfl8;iOB<LTb rrpo6ne

MY CIIOHTaHHOrO HapyweHHR CHMM8TPHH H OIIP8~8flRTb CP8~HH8 B CJ~!Cfl8 KBa3H

cpe~HHX/B6,26/. f1o~p06H88 0 KBa3HCP8~HHX CM,/B7-89/, 

HH*8 Mbl KpaTKO rrepe<mCflHM OCHOBHbl8 P83YflbTaTbl, OTHOCR~:!8CR K paB

HOB8CHOMY COCTORHHID M0~8flH JlHKK8 H 88 0606~8HHH. 

PR~ aBTOPOB HCCfl8~0Bafl BflHRHH8 Y48Ta aHTHP830HaHCHb!X 4. I8HOB ( T, 8, 

6b!CTpO OCI.1HflflHPYIO~HX 4fl8HOB) Ha YCflOBH8 CHflbHOH CBR3H ( 2, 3) ( CM., Ha

llPHMep,/90/), KaK OKa3aflOCb, TaK08 'paCWHP8HH8 11 M0~8flH JlHKK8 B8~8T K 

3aM8H8 ;-. 2 i B YCflOBHH ( 2. 3), OllP8~8flRI0~8M CY~8CTBOBaH 18 $a30BOrO 

nepexo~a. B 6onee o6~eM cnyqae cHcTeMbJ c raMHflbTOHHaHOM 

HN·"wa"'a.+ 1iuJR.3 rg.ctJJ{ R'h+R-a+ +ji(R.a+Rt-a+>}' ( 2.8) 

r~e ~ - B8~8CTB8HH08 4HCflO, YCflOBH8 CHflbHOH CBR3H (2.3) !l)HHHMa8T 

BH~r91/ 

3 ( i. +}') ~ f,uJ. 
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EOflbffi08 4HCflO pa60T (eM., HanpHMep,/9
2
-9

6
. 

npo6neMe BflHRHHR A' -qneHa ( 1. 2), o6b!'<HO orryc1 

MHflbTOHHaHa JlHKKe (CM, rrpe~bmY~HH pa3~8fl). B P< 

~8HO ~ByxnapaM8TPH'i8CK08 KaHOHH48CK08 rrpeo6pa3< 

TOPOB, ll03BOflRI0~88 HCKfliD'!HTb 

HOPMHPOBKH napaM8TPOB Uf H 

cao~HT Mo~enb c A' -qneHOM 

napaMeTpaMH. O~HaKo npo6neMY 

TaKOH 4fl8H IIYT8M < 

J . HHaqe rosopR 

K M0~8flH THrra (2.7 

A1 
-qneHa H8flb3R 

Cfl8~0BaHHOH. TaK, 683YCflOB Hb!H HHTepec rrpe~cTaBJ 

HCXO~HOH CHMM8TPHH llpH IIOCTP08HHH M0~8flH JlHKK8' 

B03MO*HOCTb $a3osoro nepexo~a s Mo~enH )lHJ 

CKHM rroneM ( 1.17) Hccne~oaanacb s pa6oTaxl61,, 

HOH M0~8flH - B pa6oTax/
46

,
4
7/. B / 4 7/, B qaCTH< 

YCflOBH8 CHflbHOH CBR3H (2.3) B MHOrOKOMIIOH8HTHOI 

H8'1Hb!M '!HCflOM MO~ llPHHHMaeT BH~ 

l- tl .. ?;~.n., 
'iTO B8~8T K ll0Bb!W8HHID KPHTH48CKOH T8MIIepa TYPbl I 

IIOH8HTHOH CHCT8MOH. 

Ba*Hb!e pe3YflbTaTbi o B03MO*HOCTH H3MeHeHHR 

CO BTOporo Ha ll8PBbiH 3a C48T KOJie6aHHH H3JIY4aT< 

IIOJIY'i8Hb! B pa6oTax/7
4 

'
62

-
641

• 

Heo6XO~HMO TaK*8 OTM8THTb MHOrO'!HCJI8HHb!8 I 

CHMHPYIO!IlHX raMHJibTOHHaHOB K ~pyrHM M0~8JibHb!M 3< 

xaHHKH C JIHH8HHbiM ITO 6038-0IIepaTOpaM B3aHM0~8HI 

3HqeCKH8 CHCT8Mbl, OTJIH'!aiD~H8CR OT M0~8JIH JlHKK8 

Cfl8~0BaHH8 M0~8JIH K06aRWH B T80PHH cerH8T03fl8K' 

~~JIHXa/98 /, M0~8flH <lJeppoMarHHTHOrO KPHCTaJIJia' 

CTbi0/99-
101

/, M0~8JIH aHOMaJibHOrO $a30BOro rrepe: 

(A ~s q/102/ 11 ~PYrHx/26, 77 I h ., . 
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eo6pa30BaHHe 603e-onepaTOPOB, BOCXO~ff~ee K 

6osa no csepxTeKy~ecTH cna6oHeH~eanbHoro 6o3e

BHr Ha C -~Hcno: 

.-+~:a.-t/;;f· 

npM 

•RY~aeTCff COOTHOWeHHe (2.6). llanee MOmHO noKa

MHPYIO~Hii raMHRbTOHHaH J.l:' TepMO~HHaMH~eCKH 
CMbiCne, ~TO TePMO~HHaMH~eCKHii noTeHL\Han ( 2.1) 

flpH 3TOM MHHHMH3al.\Hff Go no f ~aeT 

. T MOmeT 6b!Tb YCTaHOBR8H TaKme ~Rff CHCTeMbi 

>nee ~eM C~8THblM ~HCROM MO~ cjJOTOHHOrO no-

:Kax MeTO~a annpOKCHMHPYIO~HX raMHRbTOHHaHOB 

(HHaMH~eCKY!O 3KBHBaneHTHOCTb raMHRbTOHHaHOB 

Iff Bbl~HCR8HHff cpe~HHX ( 2. 2) • flpH 3TOM, TaK KaK 

l30Bbiii nepexo~, npHxo~HTCff Hccne~osaTb npo6ne

CHMM8TPHH H onpe~enffTb CP8~HH8 B CMblCR8 KBa3H

! 0 KBa3HCP8~HHX CM./
87

-
891

• 

IHCRHM OCHOBHbl8 P83YRbTaTbl, OTHOCffi!IH8Cff K pas

IH llHKK8 H 88 06061!18HHii. 

1an BRHffHH8 y~eTa aHTHP830HaHCHb~ ~R8HOB (T.e. 

lOB) Ha ycnOBH8 CHRbHOii CBff3H (2.3) (eM., Ha

)Cb, TaK08 'paCWHP8HH8 11 M0~8RH llHKK8 B8~8T K 

IHH (2.3), Onpe~8Rffl01!18M CYI!I8CTBOBaHH8 cjJa30BOrO 

:ny~ae CHCT8Mbl C raMHRbTOHHaHOM 

(2.8) 

!CRO, YCROBH8 CHRbHOii CBff3H (2.3) ITPHHHMaeT 

18 

EonbWOE' ~Hcno pa6oT (eM., HanpHMep/9
2
-9

6
,
61

/) 6bmo nocBRI!IeHo 

npo6neMe smiRHHff It' -~neHa ( 1. 2), o6bi~Ho onycKaeMoro npH BbiBo~e ra

MHRbTOHHaHa llHKKS ( CM. npe~bl,IIY~Hii pa3~en). B pa6oTe/
61

/ 6bin0 npe~nO
lK8HO ~BYXna]>aM8TPH~8CK08 KaHOHH~8CK08 npeo6pa30BaHH8 6030HHblX onepa-

TOPOB, IT03BUnffl01!188 HCKRRl~HTb 

HOPMHPOBKH uapaM8TPOB IJ)' H 

cao~HT Mo~eJib c A' -~neHoM 
napaMeTpaMH O~HaKo npo6neMY 

TaKOii ~neH nyTeM COOTB8TCTBYIOI!I8ii nepe

~ • HHa~e rosopR, TaKoe npeo6pa3oBaHHe 

K M0~8RH THna ( 2. 7) C nepeHOPMHPOBaHHblMH 

Aa -~neHa Henb3ff c~HTaTb nonHoCTbiO He-

cne~osaHHoii TaK, 6e3ycnosHbiii HHTepec npe~cTasnReT sonpoc o HapyweHHH 

HCXO~HOii CHI~8TPHH ITPH nOCTP08HHH M0~8RH llMKKe/9
6
/. 

B03MOlKIIOCTb cjJa30BOrO nepexo~a B M0~8RH llHKK8 C BH8WHHM KRaCCH~e

CKHM ITOR8M '1.17) HCCne~OBanaCb B pa6oTaX/61 , 6 5/, a B MHOrOKOMnOH8HT

HOii M0~8RH ·· B pa60Tax/
46

•
4
7/. B /

4
7/, B ~aCTHOCTH, 6biRO ITOKa3aHO, ~TO 

YCROBH8 CHRI>HOii CBff3H (2.3) B MHOrOKOMnOH8HTHOii CHCT8M8 (1.16) C KO

H8~HblM ~HCROM MO~ npHHHMaeT BH~ 

f tl: ~t...n, ( 2 .9) 

~TO B8~8T K ITOllblW8HH!O KPHTH~8CKOii T8MnepaTYPbl no cpaBH8HHRl C O~HOKOM-

nOH8HTHOii CIICT8MOii • 

BaJKHbl8 P83YRbTaTbl 0 B03MOlKHOCTH H3M8H8HHff po~a cjJa30BOrO nepexo~a 

co BToporo na nepsbiii 3a c~eT Kone6aHHii H3ny~aTeneii B KPHCTanne 6bmH 

ITOJIY~8Hbl B pa6oTax/7
4

,
62

-
64

/. 

Heo6xO;jHMO TaKlK8 OTM8THTb MHOrO~HCJI8HHbl8 ITPHM8H8HHff M8TO)la annpOK

CHMHPY!OIIIHX l'aMHJ!bTOHHaHOB K .llPYrHM MO)l8RbHblM 3a~a~aM CTaTHCTH~8CKOii Me

XaHHKH C JIH!I8iiHblM ITO 6038-0nepaTopaM B3aHMO)l8iiCTBH8M, OnHCbiBaiOU~HM cjJM-

3H~8CKH8 CH<:T8Mbl, OTJIH~a!OI!IH8Cff OT MO)l8JIH llHKK8. 3.Jl8Cb MOJKHO YKa3aTb HC

CJ18)lOBaHH8 J~O)l8JIH Ko6aRWH B T80PHH cerH8T03JI8KTPH~8CTBa/9 7 /, MO)l8RH 

~~JIHXa/98 /, MO)l8JIH cjJeppoMarHHTHOrO KPHCTaJina C cjJOHOHHOii H8YCTOii~MBO-
CTb!0/99-101', MO)l8JIH aHOMaRbHOrO cjJa30BOrO nepeXO)la B ITPYCTHT8 

(Ah ,lis~) /l 02/ H .llPYrHx/26, 77 I. 

19 



fnasa W. MEPAPXHH KHHETHqECKHX YPABHEHHH 

"Memo!'! 3mom ma" o6aRme.llt>~o i'!eucmeo-

Ba.ll Ha YM nomOMY, ~mo JIBU.IlCJI He B 

BUOe WI(O.flbHUX npaBU.Il omB.Ile~eHHOU 

.llOZUI(U, a c Heo6xoi'!uMocmt>~ eumel(a.fl 

U3 caMou cymu i'!e.lla". 

B.B.Bepecaee "3anuc1(U EPa~a" 

Tip~ paccMOTPeH~~ ~~HaM~qeCKHX npo~eCCOB 8 KBaHTOBOCTa1~CT~qecK~X 

C~CTeMaX OTnpaBHb!M nYHKTOM nsnneTCn ypaBHeH~e n~YB~nnn 

. , ~ 'Dt..tt =- [u Cf:l , 
(.ft. "\.L , fl,t...J, ( 3.1) 

r~e H - ra~nhTOHHaH cHcTeMbr H ~t,t. - CTaT~CT~qecKmi onepaTop, 

nonHOCTh!O xapaKTep~3Y!Ol!I~H 3BOfl!O~~!O CHCTeMbi. B qaCTHOCT~, 3iLBHCHMOCTh 

OT speMeHH cpe~Hero 3HaqeHHn fli06oi1 ~HHa~qecKOH. nepeMeHHOH £) 3a~aeTcn 

COOTHOll!eHHeM 

< 0> t = gp Oi4,t. . ( 3 .2) 

B HHTepecyromeM Hac cnyqae C~CTeMa npe~CTaBnReT C060H ~OBOKynHOCTh 

H8KOToporo q~cna N ~3nyqaTenei1, B3a~Mo~eiicTBYIDmYIO c 3_ryeKrPoMarH~THhiM 
noneM, ~rparom~M ponh TepMocTaTa. TaK~M o6pa30M, peqh ~~eT J5 on~caH~~ 

~Ha~qecK~X npo~eCCOB 8 11Manoi1" C~CTeMe, np~BO~~MOH B Haq3.nhHb!H MOMeHT 

BP8MeHH t :t0 8 KOHTaKT C TepMOCTaTOM. M8TO~bl paCCMOTp8H~n TaK~X 
npo~eccos, KOTOPhiM~ Mbi 3~ech 6y~eM nonh3oBaThcn, pa3s~sam1ch B ~enoM 

pn~e pa6oT Eoron106osa (eM., HanpHMep,/103-105/). 

Tio~qepKHeM, qTQ noHnT~e 11 Manoi1 11 C~CTeMb! cne~yeT nOH~~aTh B TOM 

CMb!Cne, qTQ q~cno CTeneHeii CB060~bl 3TOH CHCT8Mbl MHOro M8H~llle, qeM y 
11 T8.PMOCTaTa 11

• Ey~eM cq~TaTh, qTQ HaqanhHOe YCflOB~e ~nn YPBBHeH~n (3.1) 

~MeeT B~~ 

q}t.,-t.. :1),. Cl '/)F' 

Sp <i>,. = S,. tl>,. = 1. . 
(If} (PJ 

(3.3) 

3~eCh q}/1 
1 

Cj)F 
Teneii) ~ nann F 
Hb!M ( TePMOCTaT) C 

- cTaTHCTHqecK~e onepaTOPbi "MaTep~~" .'1 (~3nyqa

HaqanhHOe cocTonH~e nann npe~nonaraeT<:n paBHOBec

TeMnepaTypoii .fi -•=® 
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9), = e -.JH,f;e -~ 
' 

H~= = .[_ tt4 a; a/C • 
K 

KpoMe Toro, npe~nonaraeTcn, qTQ B MOMeHT BpeN 

B3a~Mo~ei1CTBHe Me~~Y 11- ~ F -c~cTeMa~. 
TaK KaK s c~ny (3.1) 

S,.J 9J~t. =(SP.(Jto, e.. ' 
(1'11F l'f,F, 

TO. 

s,.~, .. =!, trf,,, 
T.e. cTaTHCT~qeCKHH onepaTOP nonHOH (Mi'F} 
HOP~POBKY. 

TIYCTh onepaTop 21 3a~aH B npe~cTasneH~ 
H~e feH3eH6epra MO~eT 6b!Th nonyqeHO C nOMO!JihK 

_, ,, 
2J(t}•Ue,t.. u Ve,c., 

r~e YH~TaPHb!H onepaTOP V Y~OBneTBOpneT ypaE 

'+ ~ •Ht{,t..' t.n. ~ 'U: t •1. _,. 
Tor~a cpe~Hee 3HaqeHHe (3.2.) ~~Ha~qecKoii BE 

onepaTOPOM 2I , B MOM8HT BpeMeH~ t ecTh 

< 21~ • S,21Cf)t • S,. 21ft)f>t_:: '-21ft)) 
PVI '"•"} 

PaccMOTP~M (M+F) -C~CTeMY, on~Cb!BaeMYIO 
(1.14). 3an~ll!8M ypaBHeH~n ~B~~eH~n ~nn onepa1 

r~e 

{

i.1 ~:MJ. -'l,wl{a,"IJ- I;, A; fi;), 
;.:fa. J::'. A,ufxa/CftJ +A-A"r~), 

A (~) .,_-t ~ .,;;;; -
~ ! n 9~efe R.~o 
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l!ECKHX YPABHEHHI'I 

"Memoo 3mom maK o6a.Rm6.f!I:>HO oeucmeo-

ea.f! Ha YM nomOMY, ~mo .R6U.f!C.R He e 

euoe WKO.f!t>H~x npaeu.f! omeAe~eHHou 

.f!02UKU, a c Heo6xoouMocmt>~ e~meKa.f! 

U3 caMou cymu oe.f!a ". 

B. B. Bepecaee "3anucKu epa~a" 

!aMHqeCKHX npOU8CCOB B KBaHTOBOCTaTHCTHqecKHX 

lM RBflR8TCR ypaBH8HHe nHYBHflflR 

( 3.1) 

1CT8Mbl H ~t. - CTaTHCTHqecKHi'l onepaTOP, 

1 3BOmOUHIO CHCT8Mhl. B 'laCTHOCTH, 3aBHCHMOCTb 

3HHR nro6oH ~HHaMH'leCKOH. nepeMeHHOi'l £) 3a~aeTCR 

= SpOO..,t. •. (3.2) 

cnyqae CHCTeMa npe~CTaBnReT C060H COBOKYnHOCTb 

Y'laTenei'l, B3aHM0~8HCTBY!OIIIYID C 3fl8KTPOMarHHTHblM 

MOCTaTa. TaKHM o6pa30M, pe'lb H~eT 06 OnHCaHHH 

11 ManOH 11 CHCTeMe, nPHBO~HMOH B Ha'laflbHbli'l MOM8HT 

aKT c TepMocTaToM. MeTo~bl paccMoTpeHHR TaKHX 

~ecb 6y~eM nonb30BaToCR, pa3BHBanHco B uenoM 

M., HanpHMep,/103-105/). 

IRTHe 11 ManOH" CHCT8Mbl cne~yeT nOHHMaTo B TOM 

18H CB060~bl 3TOH CHCT8Mbl MHO['O M8Hblll8, 'l8M y 

'aTb, 'ITO HaqanoH08 YCflOBH8 ~flR ypaBHeHHR (3.1) 

0,. II 'IJF, 

s, <1:>~ ::J. . 
(~ 

( 3. 3) 

raTHCTH'leCKHe onepaTOpbl "MaTepHH" N ( H3nyqa

~nbHoe cocTORHHe nonR npe~nonaraeTcR paBHosec

pa Typoi'l .fi -i • (/J) 

20 

C1) = e. JH,f;e ·MP 
F I 

KpoMe TOf'O, npe~nonaraeTCR, 'ITO B MOM8HT BP8M8HH t. 
B3aHMo~eHCTBHe MeJK~Y /'1- H F -CHCTeMaMH. 

TaK K<.K B CHny (3. 1 ) 

TO. 

BKfliD'laeTCR 

s,~, .. =i, 
(Pf,F} 

T • e • cTaTH<:TH'l8CKHi'l on epa TOP nonHoi'l ( M+F) -cHcTeMbr HMeeT cTaH~apTHyro 
HOPMHPOBKY 

fiYCTo onepaTop '21 3a~aH B npe~cTasneHHH llpe~HHrepa. ripe~cTasne-

HHe reH3eH!iepra MOJK8T 6b!Tb nOflY'l8HO C nOMOII(biD COOTHOIII8HHR 

_, 21 21 {t.) e U~t.. Ve,t.. , 

r~e YHHTapl!blH OnepaTop V Y~OBfl8TBOpReT ypaBH8HHID 

i.1t ~ • Ht{,t. , "U: t •L -·. 
Tor~a cpe~Jee 3Ha'leHHe (3.2.) ~HHaMHqecKoi'l senH'lHHbi, npe~cTaBnReMoi'l 
onepaTOPOM 2l , B MOMeHT BPeMeHH t eCTb 

( 3. 4) 

PaCCM•lTPHM (M+F) -CHCT8MY' OnHCbiBaeMyro f'aMHflbTOHHaHOM nHKKe 

( 1.14) • 3aml!leM ypaBH8HHR ~BHJKeHHR ~R onepaTOPOB 1JOTOHOB 
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Hx ~OpMaflbHOe peroeHH8 HM88T BH~ 

r~e 

{ 

a+ft.) =a+ e"<L~c(H.) + i. s• tt) 
I( I( I( ' 

a (t)- a e -il4tlt-t.} · 8 (t) 
/( - I( -(.. I( , 

t. 

5 -i~{~-t:") Bxfi.).. e A,/t:)d'C • 

t, 

( 3.5) 

0603Ha'lHM 'l8P83 0 llPOH3BOflbHb!H orrepaTOP, ~eiiCTBY!OIIU11 Ha C06CT

B8HHbl8 ~YHKL\HH raMHflbTOHHaHa ( l. 9) TOflbKO KaK Ha ~YHKL\HH ll 3P8M8HHb!X 

H -cHcTeMbi. CooTBeTcTBYIOII\ee ypaeHeHHe ~BHJKeHHH HMeeT BH.~ 

i-'k ()(}(t) = [ Ott),HtcJ]. 
()t 

(3.6) 

CoeepmHM B o6eHx tJaCTHX (3.6) ycpe~HeHHe (3.4) H pacrrHmeM IPaBYIO tJaCTb 

C Y'l8TOM COOTHOII\8HHii (3.5). HM88M 

ilL ~ <Ott))- <[O(tJ,filt)]> = 

= -i.h.L_ {<BI(t+.J[Ott), A: {-t:.)]> -<B;(t.)[Oft.),AI<(t.)]>} + 
It 

+11.? {<al()(t.J, A;(-t:.J] > e -Lufxlt-t.~(.a,t[OftJ,AI<tt.)] ~eL~tt-t.) J, 

r~e HH =t,'Ln1Ru. 
I 

(3. 7) 

HcKniO'lHM Terrepb H3 rrpaBoii tJaCTH ( 3. 7) ~OTOHHhie orrepaTc Phi. C :3Toii 

L\8flbl0 BOCll0flb3yeMCH cne~Yl01!\8H fl8MMOii (CM./l04/). 

TO 

JieMMa. EcnH 2J - rrpoH3BOnbHbiii orr epa Top ( f'11'J:) -CHCTE Mbi H 

i. 
~=~ 

{

< a/(2ltt)> = t.J. +fiiK><.[a/(J21ttJ]..,, 

<a: 2lt~J>=-III(<.[a:,21rtJJ>. 

~oKa3aTenbCTBO. B cHny orrpe~eneHHH (3.4) 

22 

(3.8) 

<a/(21>= Spa_2lttJ~=Spa)Sp 21tttD,/~>n~ 
'"'"' fFJ l;,er:.c• 1 K~M 

rne 
It ..... 

0'\ - .}t.A. I A + {.I "''k ::e 1 zl( , nl( •ax al(, z"' = ~-

TaK KaK 

TO 

[',[l8 

< /.,.. I \\. -l _ _,liuJ,cnl( 
n. .u~;r n11,) = o'\111(, ZK e 

<a11 ZII~J> =f L.nkla,Jn~e.,.i.:'><n~ctJ./7jttn." 
J(<n,cf''l Jn > = ~ Jn. +J. .,z-te-J~wl(.-n" 

~ " "t """( I( 

<UCt)a..) = I. vn;;:l z;1 e-,1ico.t("ti1 

"" '8 = Sp NftllJ,.®n !>,.1(, • 
k H,IJ~' .(.-K 

K1#:K 
CnenosaTenbHO, 

/ .}A,""' 'IT ~ aiC2lttJ>=e t..ult.Ja" >. 
Conpn~eHHoe paaeHCTBO naeT ~ 

<21lt)a;>•e ',(,a:2l.ftJ>. 

0TC~,[lS cne,ny~T COOTHOM8HHR (3.8). JieMMa ,J:lOKa: 

BepHeMCR K Bb!P~8HH~ ( 3, 7) • npHM8M 3a 2 
H [Olf.),AIC {f.) J H BOC!l0flb3Y8MCR (3 .8) BMe' 

nocne Hecno~Hb!X an£'e6paHqecKHX npeo6pa3oBaHHJ 

iJ., Jt.{Oft.))'+([HH(t.),(Xt)J>• 

• Lt.. f. {([A: {t.), ()(tJ]S. (t) )i-~ <[[A;tt),()(tJ], 

+< &; ttJ[()(t.J,A.ct)].,. + N.l [ B! 0), [Bet) 1 J 

3,nec& KSK B neBOH, TSK H B npaBOH qaCTRX CTO 

~ecn K t1 -cHcTeMe. TaKHM o6pa3oM, ~TOHHble 

~eHbl. YqHTb!BSR RBHb18 Bb!P~8HHR ,nnH onepaT 
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eeT Bll.!l 

~ L <4,(t-t.) + i. B! {t) , 

(3 .5) 

llPOil3BOJlbHblii OllepaTOp, ,!l8HCTBYIOII\Ilii Ha C06CT

IaHa ( l. 9) TOJlbKO KaK Ha <iJYHKL\Illl ll8P8M8HHbiX 

IYIOII\88 ypaBH8H!le ,!lBil~8HilR llM88T Bll,!l 

= [Ott),Htt:J]. ( 3.6) 

3.6) ycpe.nHeH!le (3.4) 11 pacrrHmeM rrpaayro qacTo 

'). HMeeM 

-<[O{t) Htt)]> = 
'"' 

(t.)]> -<B;tt)[()(t.J,AJ<ftJ]>} + 

-i.u'l: {t-t.) . '""'{t t.) 2 
>e +~a,,+[OftJ,Ait)],.e'- - J, 

(3. 7) 

paaoii qaCT!l ( 3. 7) <iJOTOHHbie on epa TOPhi. C 3TOH 

IOII\8H Jl8MMOii (CM,/104/). 

llPOil3BOJlbHbiii orrepaTOP ( f'1+1=')-cllCT8Mbl ll 

-J. 

r:l. +Nk><Ca~~,,2!ftJ]..,, 

( 3.8) 

ny orrpe.neneHHR (3.4) 

22 

TaK KaK 

TO 

ConpRJKeHHOE· paseHcTBO .naeT ~ 

<ZlftJa;>-e ~a:2J.ttJ>. 

0TCIO.IIa CJI8HYIOT COOTH0008HilR (3.8). J!eMMa ,!lOKa3aHa. 

BepHei!CR K Bb!Pa.JK8HI110 (3. 7). npllMeM 3a 21 (t.) onepaTOpb![Oft),A;(f.)] 

11 [Ott),A 11 (t)] 11 BOC!l0Jib3Y8MCJI ( 3. 8) BM8CTe C COOTH0008HI1JIMH ( 3. 5) . 
nocJie H8CJIOJKHblX anre6pal1q8CKI1X npeo6pa30BaHI1H HaXO.Il11M 

i..h Jt·~Oft))'+([HH(f.),lXt)]>• 

• ;,t..'{. {<[A:{t), OltJ]S. (t)>i-N,c<[[A;tt),()(tJ],B,/tJ]> ... 

+< &;tt)[txt),A"lt.JJ,. + ~l [B~(l), [fJ(t)1.Atl (-t)JJ>] · 

3.!18Cb KaK 3 JI8BOii, TaK 11 B npaBOii qaCT.IIX CTOJIT Jll100b onepaTOPhl, OTHOCJI

fl1118CJI 11: M -ci1CTeMe. TaKI1M o6pa3oM, <PoTOHHble nepeMeHHble rronHoCTbiO 11C

KJIIOqeHbl. Y lHThiBM HBHble BbiPaJIC8HI1H .!lJIR onepaTopoB A11 11 Bat , nonyqaeM 
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OTCfO,lla 

k< Olt:P- ~ < f)-/14 tt), {Q(t}] >= 
t. 

:: i_,. f h· rt! eilrii-X'i•Jdt:e_iwHFC.> [<[RjltJ,OltJ]R_j, ('C)>+ 
. t.. r 

+ N" <[[~+(t),O(t)], Rf l'CJ]>]+ 
t. 

:t-L ~I a.' e-i.X(~-X(J r cice ~(t-'C)I(I{+ tc[t.Xt) R.- (t)] > + 
t' i- I,J'p j 

1 c J' I :f 
t:. 

+ ~[R.;rcJ,[Ott.J,Ri(t)]J>]. 
(3.9) 

Bbi6Hpa.fl B Ka<JeCTBe 0 onepaTOPb! R_: t R.ll , H9TPY.r1HO y6e)il1TbC.fl, 

'lTO B npaBOH 'laCTif TO'lHOrO lfHTerpO.rllf!WJepeH!.U'fa!lhHOrO ypaBH9!11f.fl ( 3. 9) 

CTO.f!T Cpe,LIH!fe 6oJiee Bb!COKOrO TIOP.fl,liKa, 'l9M B JI9BOH. JlJI.f! TaK!fJ: cpe,liHifX 

B CBOfO O<Jepe,llb MOrYT 6b!Th 3aTI!fCaHbl ypaBH9Hif.fl (3.9) If T.,ll. T!.KifM 06pa-

30M, Mbl TIOJIY'llfJ!If 6eCKOH9'lHYfO L(9TIO'lKY lfHTerpO,lllf!WJepeHL(Ifa!lhHbl ( ypaBHe

HY!H Y!JIY! !fepapXY!fO KY!H9TY!'l9CKY!X ypaBH9HY!H ,LIJI.fl CB9PXI13JIY'laTeJibLOH CY!CTe

Mbl. BnepBb!e ,LIJI.fl CY!CTeM TY!Tia MO,li9JIY! JlHKKe TaKa.fl HepapX!f.fl 6b!JI1. TIOCTpoeHa 

B pa6oTe/37 I (eM. TaKJKe/39' 
26 1). AHaJiorH'lHbiM o6pa30M MOrYT t·h!Th no

cTpoeHbi HepapXY!If KlfH9TY!'l9CKY!X ypaBH9HifH If ,LIJI.fl paCCMaTpY!Ba"BIIIIXC.fl B pa3-

,li9Jie l 06061!19HY!H MO,li9JIY! JlHKKe C JIY!H9HHb!M TIO 603e-onepaTOPOII B3alfMO

,li9HCTBY!eM. CJiyqaii CY!CTeM C H9JIY!H9HHb!M B3aY!MO,li9HCTBY!eM Tpe6yE·T OT,li9JibHO

ro o6CYJK.r19HY!.fl. 

noJiy'leHHa.fl HaMY! HepapXY!.fl ( 3. 9) OTIY!Cb!BaeT BP9M9HHYfO 3aBI CY!MOCTb 

cpe,LIHY!X 3Ha<JeHHii .riY!HaMH<JecKHx nepeMeHHbiX M -c!fcTeMbr ( lf3JI~ <JaTeJieii). 

0,L1HaKO Ha ee OCHOBe MOrYT 6b!Tb TIOJIY'l9Hbl Y! xapaKT9PifCTY!KY! !13J Y'l9HY!.fl. 

TaK, 3aMe<Ja.fl, 'lTO seJIH'lHHa 

la:a~e+R.. =N 
I( 

(3.10) 

.f!BJI.fi9TC.fl Y!HTerpaJIOM ,LIBY!JK9HY!.fl ,LIJI.fl raM!fJ!hTOHY!aHa JllfKKe (1.9), lfM99M 

L L(a;(+)Qrc(t.)) =-lt <R.,ft.) > . 
'K ~ 

B pa3,lleJie 1 Mbl YJKe OTMe'laJIY! BaJKHOCTb TIP9,liCTaBJI9Hif.fl KOJIJ eKTifBHb!X 

·onepaTOPOB lf3JIY'laTeJieii TIPY! Y!CCJI9,liOBaHY!If npo6JI9Mb! CB9PXI13JIY'lEHif.fl. no3-

TOMY 3,li9Cb Mbl TIPY!B9,li9M Y!epapXY!fO KY!H9Tif'l9CKifX ypaBH9HifH B KOJ JI9KTifBHb!X 

nepeMe H HbiX: 

24 

u~ <OCi)}- t<[H"lt), OltJ]>: 

• 
~I> •J .lw..Ct-e) J = t1 • ~ ~ J-c • ~ c-v; "~''JL~R.;ltJ, 

' ~ + "'• < r r. (,Ct.), Ott:JJ, 1t:,, tc >1 > J + 

:l t '"'(t.~) 
+. Fft: ~~t tJ<t e" · P.C~ ..,,{<R~rt)[~ 

+ N,/[R~ ('t),[ OCt}, ll,Y, (t)]] >}, 

r.r~e .... . ,. .. ~ P. ("V;'*/'1}: 'f(l<- ..,) Y(K--.r') 

( onpe,lleJI9HH9 JlH<lJpaK!.U'fOHHOH <lJYHKUHH f (•) na 
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tt), Oft)])= 

i·>j d'Ce _;.,,_rt-t:.>{<[Rj(t},(){t)]~~ ('c)> -t

t. 
('CJ]>}· 

~e t.utlt-t:'[<.R.;,tt[lXt), R.i (t)] > ... 

( 3. 9) 

1epaTOPbl R.:, R.IJ , HeTPY.!IHO y6e,!IHTbC.fi, 

'0 HHTerpO,!IH~peHUHaiTbHOrO ypaBHeHH.fi (3.9) 
<OrO nopR,!IKa, qeM B neBOH. nn.fi TaKHX cpe,!IHHX 

~ 3an11caHh! ypaBHeHHR (3.9) H T.,!l. TaKHM oopa

<HYIO uenoqKy HHTerpo,!IH~peHL(HaiTbHbiX ypaBHe

"CKHX ypaBHeHHH ,!IR.fi CBepXH3nyqaTeRbHOH CHCTe-

1na MO,!IeRH nHKKe TaKaR HepapXH.fi Dbma nOCTpoeHa 

~9' 261). AHarrorHqHbiM o6pa30M MoryT DhiTb no-

3CKHX ypaBHeHHH H ,!IR.fi pacCMaTpHBaBmHXC.fi B pa3-

l11KKe C RI1HeHHb!M no D03e-onepaTOPOM B3aHMO-

C HeRHHeHHb!M B3aHMO,!IeHCTBHeM Tpe6yeT OT,!IeRbHO-

lPXI1.fi ( 3. 9) OnHCb!BaeT BpeMeHHYIO 3aBHCHMOCTb 

oCKHX nepeMeHHb!X r1 -CHCTeMbi ( H3nyqaTeneH). 

r DhiTb nonyqeHbi 11 xapaKTePHCTI1KH H3nyqeHHR. 

1a 

.. =M (3.10) 

oHI1.fi ,!IR.fi raMHRbTOHHaHa nHKKe (1.9), 11MeeM 

}TMeqanl1 Ba.JICHOCTb npe,!ICTaBReHH.fi KORReKTI1BHb!X 

~11 11ccne.r~oBaHH11 npooneMbi CBepxl13nyqeHI1R. no3-

opapxi1IO KHHeTI1qeCKHX ypaBHeHHH B KORReKTHBHbiX 

24 

8~ <t;'(!))- /;-<[H"ltJ,OltJ]> = 

• 
= ft I l.~ rr:Jci'C. -i.CATaCt-'e) l',cl'"r,'f''JJ<[(.ct) OM]R:;,(~J) + 

1e "(•rr t_ f 1 

~ +N.< rr(,Ct),Ott)]1 1l~,(wc)]>j + 

~ t '-~Ct.-c) • p-~t: ~ .. t c11: e Pac.ot, "''{<R~rrJ[~,;, (t.}] > + 

0(t}1 Jl.;., (t)]] >}, ( 3.11) 

r.t~e ..... . .11. .. .. 
~('\I; -*/'1): 'f{l< - Jf) Y(K --r') 

,!laHo B pa3,11ene 1). 
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rJiaBa 1Y. OCHOBHblE YPABHEH!iff TEOP!1!1 KOJIJIEKT!iBHOrO !13JIYT.IEH!Iff 

"0Hu Hauoym mo, 1<e2o uc,·a.nu, ou;ym.Rm 

ceoe eouHeHue u o6u;Hoc~'t>". 

AHmyaH oe CeHm-3K3Kmept "fl.naHema 

.n10oea" 

3aM8THM npe~~e BCero, qTQ B CHJIY onpe~eJI8HHR ~H~paKUHC,HHaR ~YHK

UHR '/(•) HM88T OCTPblH MaKCHMYM ilPH 1( •.., ( CM. pa3~8JI 1 , fi03TOMY 

B8JIHqHHa 

..L '\a~ P.. ("1':-v'') e -C:.~ct.-t:J 
f&.&. L. 7~ IC ' 

lc 

TaK~e HM88T OCTPbiH MaKCHMYM ilPH ..,, ""/'1 H napaMeTpaMH '2 { •) npH 

-'{'I ~I MO~HO npeHe6peqb. llaJiee, TaK KaK B3aHM0~8HCTBH8 ME·~~y ilOJI8M 

H B8ffi8CTBOM MaJIO, yqTeM COOTHOffi8HHe (1.15) H nepet\~eM K npi6JIH~8HHID 

R.
+ ,.. ... :!:C:.}~ + . 1.1. ..... 

- tt)=t- R-('C)e :::-s-o- ("")e+t.AI··-1:) tL'V'X.J 
..,. f J f-"'1 ~ e ~ 

+ . nc t.-t: 
~ R.- (t)e"'" .... t-tJ e- "Jr 

-r . 

Tenepb H3 (3.11) noJiyqaeM 

~ <Ott)>- ~ < [HH (t), (}(t)] = 

=: [ { r:,<rR;tt>, f){t)]R~ltJ]> ... N..,(.[[R;rtJ,atn,ll;a.J]> + 
"f' 

+ ~~~ct)[()(t}, R.~ft)] +N;<rR.;rtJ,[(}(t~ R._;tt)]J>}, 
( 4 .1) 

r~e t; 

{

(, = :. f lf: /'f( K-~) }6 J d'C up fl.~ +i..n- fr- )(t. -t:) J, 
1:.~ 

N.,= ~ ? ~= /'ffi<-~J/aNtJcl't esp{ (-i~ + t:.n- 2~ )(t-'rJ}. ( 4. 2) 

t. 
TaKHM o6pa30M, C~eJiaHHb!e HaMH npe~nOJIO~eHHR il03BOJIHJIH nepetTH OT TQq

HOrO HHTerpo~H~epeHUHaJibHOro HepapxHqecKOro ypaBH8HHR (3.J1) K npH-

26 

OJIH~eHHOMY AH~epeHUHaJibHOMY HepapxHqecKOMY y~ 

CTBYIDm8MY MaPKOBCKOMY npH6JIH~8HHID, 

PaccMOTPHM speMeHa t , ~ocTaToqHo oT~aJie 
M8HTa to 

t .-t,+.,rt. 

Y•mTb!BaR RBHbiH BH~ napaMeTpa ~HilOJib--¢OTOHHOH C 

XO~ OT CYMMHPOBaHHR K HHTerpHpOBaHHID ilO ir: 

l ~J .. 
IC - (26)' dl< ' 

ilOJIYqaeM BM8CTO (4.2) 

r. = ~ - i.n.., , 1' .,.. N..,.•n"'-t~..,., 

rAe KHH9THqecKH9 K03~ .....,HUH9HTbl 

r. =M..Jdt hal'fCF-~Jt 
~ cu)' Q" , 

...n. = IT~}J'ki'l'f(r--Y'J/a we-· 
.,. (1.6}. iflr Q. 

n. = ~ rJ k N. h l'fti?-.Yllz 
·~ (2~tJ' t Qk ' 

&T"J -. -1 ae..,=(iiii' JJ..Nt '"'"rli-~>1' 

Qk • ~ •Hz ( W~c.- .O.)z, 

9. ·TY· ~·9-.J; = ~ r~~ ,. 
Hcnonb3YH KORJI9KTHBHhlH onepaTOP 

. i~(l,-~·) 
S =l R!D~e 

..,. l,l' , "J 
IH' 

BB9A9HHbiH B paOOTe/31 / H Y~OBJI9TBOPRIDWHH ycJio: 

{
R• R - • S • R. HJ/z , 
1'1' 1'. 

R.- R.+ =S - R., + 11/2 ' 
~ ~ ..... 
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HEHHff TEOPHH KOflflEKTHBHOPO H3flY4EHHff 

"OHu Hauoym mo, ~<ezo ucKa.nu, oUjym.Rm 

ceoe eouHeHue u o6UjHocmD". 

AHmyaH oe CeHm-3K310nepu 11fl.flaHema 

.n10oea" 

O, '!TO B CHRY onpe~eneHHR ~H~paK~HOHHaR ~YHK

MaKCHMYM TIPH J( • .if ( CM. pa3~8R 1 ) • !l03TOMY 

MYM TIPH ...,,. ~I H napaM8TpaMH '2 (•) TIPH 

b. llanee, TaK KaK B3aHM0~8HCTBH8 M8~~y TIOR8M 

COOTHOffi8HH8 (1.15) H nepefi~eM K npH6RH~8HHID 

M 

fH (t), (}(t)]: 

t){t.)]R~{t)]> -tN..,~[[R;{t),fXtJ]1 1l; (t)j> + 

~)] -tN;<[R..,-.{tJ,[I9(t~ R.;.tt.J]]>}, 
( 4 .1) 

t 

-~) t J d'C eJtp fi.IA{ +l.n-fr- ){t -t:) J, 
't. 

;;J/aNtfJ't Gp{(-i.t4+ ,;.n- 2~ )(t-'t)J. ( 4. 2) 

t. 

HaMH npe~TIOR0~8HHR TI03BORHRH nep8HTH OT TO'l

bHOPO HepapXH'l8CKOPO ypaBH8HHR (3.11) K npH-

26 

6nH~8HHOMY ~H~epeH~HaRbHOMY H8papXH'l8CKOMY ypaBH8HHID (4.1), COOTB8T

CTBY~8MY M~PKOBCKOMY npH6RH~8HHID. 
PaCCMOrPHM BP8M8Ha t , ~OCTaTO'lHO OT~aR8HHbl8 OT Ha'laRbHOPO MO

M8HTa t. 

( 4 .3) 

YtJHTbiBaR RBHbiH BH~ napaMeTpa ~HTIORb-¢OTOHHOH CBR3H 9'« ( l. 7) 11 nepe

XO~R OT CYMMHPOBaHHR K HHT8PPHPOBaHHID TIO ir: 

l-~~J'JJ;' 
IC 

TIOny'la8M B~8CTO (4.2) 

( 4.4) 

P.ll8 

Q". f •4T"Cw~~.- .0.)
2

, 

9. .[v+"'9-.. ~ = ~ (~cl):L[1-Cil11 K)J (U:c~. = ~1). ,.. 
Hcnonb3YR I:onneKTHBHbiH onepaTOP 

. i.~(l,-~·J 
S =l R.; D~e 

.... 1,1' r "'"& 
If~' 

BB8.1l8HHbiH II pa60T8/3l/ li Y.llOBR8TBOPRIOIIIHH YCROBHRM 

{
R• R - .. S + R. -+ N/1. , .., ... ... . 
R.- R.+ = S - R + 11/2 , 
"'I'T "(' J 
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•c 

ypaBHeHHe (4.1) MO~HO nepenHCaTo B BH~e 

0 i 'it(. 19>- 'i""~[ H,, 0] > = 

= -i.l_(~..,.-n /2)<tR,.,O]> -i.l_ ~<[S.,,O]~ +-..,. .,. .-r 

+ i ~~{(_+n..,.J(~CR.!,OJR.;> +<.R;[O,R~.J>)+ 
+ n..,.(<[ll~. 012.; > + ~ ~.;[o, tt.;J> )} . 

TaK KaK BCe onepaTOPbl B3RThl B O~HH H TOT ~e MOMeHT BpeMeHH ·t 
BHCHMOCTb onepaTOPOB OT BpeMeHH 3~eco He YKa3aHa. 

Hs ypasHeHHR (4.6) BH~Ho, qTo senHqHHa 

.n' =-l_(£. + .n /2.) 
.... "r .... 

( 4.6) 

, TO sa-

(4. 7) 

onpe~enReT HH~HBH~yanoHb!M C~BHr qacTOT 1 TOr~a KaK a.,. onpe~enReT 

KORReKTHBHb!M C~BHr qacTOT/
311

• lJneH z..,. B ( 4. 7) onpe~enReT :1aBHCHMOCTb 

HH~HBH~yanoHOr"O C~BHra qacTOT OT BHeiJIHero nonR, qTo COOTBeTt:TBYeT sq,

q,eKTy illTapKa. KHH8THqecKH8 K03q,q,HUHeHThl 

'V =( +n o.,.. "(' ..,. 
( 4.8) 

OnHCbiBaiOT npOUeCCb! H3nyqeHHR H TaK~e 3aBHCRT OT HaqanoHOro l ORR. 

Eonowol1 HHTepec Bbi3biBaeT cnyqaJ1 cnoHTaHHoro HsnyqeHJ.I'R, Kor~a none 

B HaqanoHb!M MOMeHT BpeMeHH OTCYTCTBYeT. B 3TOM cnyqae B Haqc.RbHbiX yc

ROBHRX (3.3) HY~HO nono~HTb 

c::.D. = I O>< 0/' F ( 4 .9) 

r~e /0) - BaKYYM nonR. DpH 3TOM B CHRY onpe~eneHHR napaMe1POB J\..,
ae..,. HMeeM 

n-o ..,. . C!f..,.•o • 

Hs (4.6) nonyqaeM 

~ . 
-1..0">- .!::...<[1-1 0]> = 
&t tr, "' 

=- }-~.n.,.{<[R.,.,IJJ> + <[~,Ol>J + 

+ f [_ t:,. {<[ R.~,O]If ~<R+[O,R...;J >l 
1" ..,. .... J 

( 4.10) 
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COOTHOIJI8HH8 (4.10) npe~CTaBnReT C060J1 MapKOBCH 

uecca cnoHTaHHoro nsnyqeHnR. 

B TOM cnyqae, KOr~a nopeHU8BO Heo~HOPO~HC 

( S'.Q. • 0 ) , ypasHeHHe ( 4 .10) cosna~aeT c ypa 

BBOM CTaTHCTHqeCKHM onepaTop CHCTeMbi H3 

rtJ S en. j, < • p --r, ... , 
(F) 

H3 (4.10) C yqeTOM COOTHOIJieHHR 

< fJ> = Sp < oy,..ct> > 
(") 

MO~HO nonyqHTb cne~yiOmee MapKOBCKOe 11 ~~~~~ 
pa6oTe/3

1
/ MeTo~oM npoeKUHOHHoro onepaTopa: 

d i at .P,., r~:J- r [ p, ttJ, H,. 1 = 

•- -f-~ Jl., [ [ j, tiJ, R.] + [j, tt~ s..,]} + 

• tL. t; {[R.~,j,{t)IZ;J+ [R.~j>,.,ft), R:JJ 
"( 

AHanorHqHb!M 06Pa30M MOr"YT 6b!Tb ITOCTP08Hbl 

WL'I 06o6meHHOA MO~eJIH nHKK8 C JIHHeAHbiM no 603E 

CTBH8M 1 OITHCaHHbl8 B pa3~eJie l. 3~eCo Mbl paCCMC 

CJiyqaA, KOr~a KPOM8 pe30HaHCHbiX qJieHOB, yqHTblE 

ma!OIIleAcJr BOJ!Hbl, E r"SMHJ!bTOHHaH BXOMT TaK~e 

( CM. pa3,!18JI D ( 2. 8)). Ey,lleM yqHTb!Bi:l.Tb Bee MO,llb 

npe,l(CTaBJI8HH8M KOJIJI8KTHBHbiX nepeMeHHbiX (1.11). 

qecKHX ypaBH8HHA 6y,lleT HM8Tb TY ~e CTPYKTYPY, 

BOA qacTH ITOJIBRTCJI ~OITOJIHHT8JibHbl8 qJieHbl EH,lla/ 3 

jr'[ [_ t: j Jt e -'-"'Ct.·f;> ft'P..C--v; -"V''J(< D 
t "Cj~ t. 

tNt <[[~it), Ott)], R~,l'CJ]) )+)IP.l"{-~'(<[R 

.. Nt<:rr(tt.J, OltJJ, (,rc)J>)+Jif'.(-~..,H~r~ 

+ f\ 1.. rrR;tt),ott.JJ, ll.;, rcJJ > )j.,. 
t ft.[_ L 11• ~ ~ e l.u~,.tt-r.J I jl'P, ("'f, -"'f'X<R;t:c)[! 

" It ~.,.,I'ICJc l.:' 
~ 
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JermcaTb B BH.rle 

1,, f!)] > = 

> -i.l. £F<cs .... ,oJ:>- +-..,. 
O]R.;> +<.R;[o,R_;]>) + 

R.; [ 0, ll.; J >)} . 

:Tb! B O,I:IHH l1 TOT lK8 MOM8HT BP8M8HH t 
,peM8HH 3,[18Cb He YKa3aHa. 

H,[IHO, 4TO BenH4HHa 

( 4. 6) 

, TO 3a-

(4. 7) 

C,I:IBHr' GaCTOT, TOr',I:Ia KaK .(2..( onpe,J:~eJIReT 
/ 31/. \lneH Cle'f' B ( 4. 7) onpe,[lenReT 3aBHCI1MOCTb 

.CTOT OT BHe~Hero llOnR, 4TO COOTBeTCTBYeT 3~

e K03~11!.(11eHTbl 

( 4 .8) 
H11R 11 TaKlKe 3aBHCRT OT HaGaRbHOr'O TIORR. 

:saeT Cnyqa~ CllOHTaHHOr'O 113RY4eH11R, KOr',I:Ia none 
l1 OTCYTCTBYeT. B 3TOM cnyqae B HaGaRbHb!X yc

Tb 

D><Of, ( 4 .9) 

TipH 3TOM B Cl1ny onpe,J:~eneH11R napaMeTpOB ~ , 

4,.,0]> .. 

)J> + <[~,Ol>J + 

O]R.- -+<R+[O,i;] >} 
.., 1" ·~ • 

28 

(4.10) 

COOTHO~eHH€ (4.10) npe,J:ICTaBJIReT C060~ MaPKOBCKOe ypaBH8H11e ,I:Inff npo

~ecca CllOHTaHHOr'O H3RY4eHHff, 

B TOM cnyqae, KOr',I:Ia nopeH~eBO HeO,I:IHOPO,I:IHOe Y~l1peHHe OTCYTCTBYeT 

( S".Q • 0 ) , ypaBHeHHe ( 4.10) cosna.r~aeT c ypaBHeH11eM pa6oTb/3 1 /. 

BBO,I:Iff CTaTHCTH4eCKI1~ onepaTOP CI1CTeMbi H3nyqaTene~ COOTHO~eH11eM 

J,/'-s,~ .... 
(F) 

113 (4.10) C yqeTOM COOTHO~eHHff 

< 0> = Sp < Oj,.,Ct) > 
(1'1) 

MOlKHO nonYGI1Th cne.r~YIOIIIee MapKOBCKoe 11 Ma.~1i'L ~CflAton. 11 , Ha~.r~eHHoe B 

pa6oTe/31/ MeTO,I:IOM npoeK~110HHOr'O onepaTopa: 

a~ .A., f*-J- f [ ;,., tt.J, H,. 1 = 

•- f-r .n..,/ [j,., ti), R,.] + [J,., f~~ s~]) + . ., 
( 4 .11) 

• t~ .t;{[R;,.P"lt)IZ;J+[R~j>,ft),ll:JJ. 
AHanOfi14Hb!M 06pa30M MOr'YT 6b!Tb llOCTpoeHbl MaPKOBCKI1e ypaBHeHHff 

,[IJlR 06o6meHHO~ MO,I:IeRI1 ll11KKe C nHHe~Hb!M !10 603e-onepaTopaM B3ai1MO,I:Ie~

CTBH8M, OllHCaHHbl8 B pa3,[18R8 1. 3.[18Cb Mbl paCCMOTPI1M TOnhKO 0,[111H BalKHbl~ 

CRY4all, KOf ,lla KPOM8 P830HaHCHb!X qneHOB, Y411Tb!Ba8Mb!X B np116n11lK8HHI1 Bpa

mal!lll18ACff BOnHbl, B raMHnbTOHI1aH BXO,I:IffT TaKlK8 aHT11P830HaHCHbl8 4R8Hbl 

( CM, pa3,1l8Jl TI ( 2. 8)). Ey,lleM Y411Tb!Bil,Tb BC8 MO,Ilbl nonff 11 BOC!lORb3yeMCff 

llP8,1lCTaBR8HH8M KOnR8KTI1BHb!X l18P8M8HHb!X (1.11). T04Haff 118PaPXI1ff KHHeTI1-

48CKHX ypaBH8HH~ 6y,ll8T HM8Tb TY lK8 CTPYKTYPY, 4TO 11 (3.11), HOB npa

BOA qacTH noffBffTCff .nononHHT8RbHbre qneHbr Bl1.1la/37 • 39 I 

t 'u(,(t•C)j 
jr'[.[_ t:Jcrte·" tP'P,(-'Y,-'V'J(<[R~M,(}(tJ]R~.tcJ> + 

lr '(j~ t. 

tNt <[[~(t), Ott)], R~,rcJ]} )+)l~l"(,-A/j~[R.:(t~O(tJ]R~.tcJ> + 

• N/[[R.~(tJ, ()(t)], (,rc)]>)+JI f>.(-"{, -rJ(<CR.;(t),t!J{t)]R._;,(e)-, + 

+ N~c<[[IZ.;(t),Olt)], R._;, (C)]>)]+ 

t fr-[_'[_ ~· ~d'Cel14.tt·r.Jfji'P,("i-"f'X<R;(C)[Oft},~,(t)Pt 
" At ~'f'' ICjc /...J 

~ 
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+ N
1
c<[R;rt),[i)(t), R;, (t)]J> )+}!~("{,- 11'')(4R;(c)[a?ftJ fl:,Jt)]> t 

+ N"<[R.;_ (t:)l()lt), f?.;,lt.)]]>) t }'ff:(-"'1, "f~(i./l:rttJ[O{t), R:,,(t)] + 

tN, <[R- ('t)[cO{t) R- (t)]1;>)11 r4.12J 
k '-'( I 1 'V' 1 J ]. 

KaK H8TPYJ:1HO Bl1):18Tb, Y'18T aHTHP830HaHCHbiX '1JI8HOB IJPHBO):lY!T K IJOHBJI8HY!IO 

B H8papXHY! KY!H8Tl1'18CKY!X ypaBH8HY!H KaK 6biCTPO OCUHJIJIHPYIOmHx '1JI8HOB THIJa 

f?.E /lt, TaK H M8):1JI8HHbiX '1JI8HOB. [JpeHe6p8lK8M BKJia):lOM 6,ICTPO OCUHJI-

JIY!PYIOmHx '<JI8HOB 11 rroJIOlKHM JU= i . Tor):la c yqeroM c):leJiaH-

Hb!X Bbiiii8 IJpH6JIHlK8HHH IJOJiyqaeM BM8CTO ( 4 .12) 

d . 
- < 0>- --L<[J-1 OJ>-(}t 1i_ M1 -

= f-l_ { ~-<c~;.o]R.~> +N;.<[[R.~,()J, R~]> + 
..... . 

+ G:*<R.; [O,R~.] > + N~*<[~.[O, R.~]J> + 

t C,+<[R.~,O]R.:> + N; <[[R.;, OJ,R~J> + ( 4 .13) 

+ r+':( R- r~ R+ J > T N-tlt<.[R.- [0 R. ... 1J>} 
I"( "f" I 'f' 1' ~~ I~· • 

3):1ecb K03clxPHUH8HTbi G--1 N;; orrpe):leJieHbi cooTHoweHHeM ( 4. 2), a "HOBbie" 

K03clxPHUH8HTbi r + N+ ' OIJP8):18JIHIOmHe BKJia):l aHTHP830HaHCH >IX '1JI8HOB' 
..,., 'I( 

8CTb 

to 

{

r;+ = ; f fj: J'f(;-.;JijcJr. .,{(-Ct.t{ -L.Jl- 2~)(1; -c)J , 
t. i:" 

N; =; f ~= l'fr~ -:;f}J' N"f J't •p {C-iW,. -a2.- i,)(t-rJ]. 
t. ( 4.14) 

30 

nanee, B AO!JOJIH8HH8 K COOTHO!II8HHHM (4.4), orrpe 

J\~ , rt; , ~ , ITOHBHTCH COOTHOIII8HHH 

r+.,v+_ ·.n+ N+.n.+·i.<t: ..,. Q..,. I. ..,. , .,. "/' • 

B KOTOPbiX KHH8TH'i8CKH8 K03cMJHUH8HTbi HM810T TOT 

3a~eHol\ 1.1{- A Ha W~r. +.fl. . YpaaHeHHe ( 4 

BHA 

d . 
. ~~0>- ~ <[JI",D]>= 

= i.l. {( n!r.n.;. + ~z- ;ae~~[R..,l>J>- .a::; 
.... 

-t r,:+n;-tn.!. ((.[R'" t>]R- )"+(.R.+[itH 
2 '"(I "f "'' I 

... (..,! ~ n;. +n;_ ((.[R.~, t.>JJl.!. > + < R._;.[lJ,R.: 

TaKHM o6pa30M, AJIH HHAHBHAYaJibHOrO CABHra 'laC~ 

noJIYl!aeM 

Sl'-1:.( .n; -.a; + ae+- ct- ) -..,. 2 .... ..,. , 

a KOJIJI8KTHBHbil\ CABHr 'laCTOT OITP8A8JIH8TCH B8JIH' 

,..., 1"'\'t r'\-.0."(" = ~~"Y" ... .~.,...,. • 

MapKOBCK08 ypaBH8HH8 CITOHTaHHOrO H3JIY'i8HHH (4 

a . 
~(.0>- t~[H",O]>= 
• I ' ......., 

:t..C.<[Il,,O]>- ti.D..,.<[S-r,Ol> + ... 
+t.~ { r.;(<:[R~lJJR.~>4'<R;rc,R~J> . 
... ';(<[i.;,I!>J~:'>+(.R~[o,R.;J>)j, 

rAe aeJIHliHHa 

n' .. ' l.'.a+ -n-) o~'-'"f -.r 
"( 
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(t)]l > )+}' ~("'{,- 'V"){.t. R;('C)[t0rt), R._;, (t )] > t 

.lt.)]]>) t )' /f:(--1, 4~('-R.:rttJ[Olt), R:,Jt)] + 

R~, {t)]] >)}. ( 4 .12J 

T aHTilP830HaHCHb!X tJJI8HOB IlPHB0,!11lT K IlOHBJI8HHJO 

ypaBH8HilH KaK 6b!CTPO OC!.(IlJIJIHPYIOII\IlX tJJI8HOB THila 

HHb!X tJJI8HOB. !IpeHe6peJKeM BKJia,!10M 6b!CTPO OC!.(HJI-

IlOJIOJKHM jU=i . Tor,!1a C Yti8TOM C,!18JiaH

yqaeM BM8CTO (4.12) 

• + N.: i:[[R.;, ()],R~J> T (4.13) 

,-
"(' OllP8.!18Jl8Hbl COOTHOlii8Hil8M ( 4. 2), a 11 HOBbie 11 

, 0TIP8,!18JIHIOII\118 BKJia,!1 aHTilP830HaHCHb~ tJJI8HOB, 

to 

'(;--iJ/1J1:. ~~.p{(-Cu{ -c:.n- l.~)(t -r:J] , 
t. i; 

'(~ -;f,j' N~eJ d't •p {(-iW,. -in.- i,)(t-cJ]. 
t. (4.14) 

30 

lianee, B ,ll0!10JIH9HI18 K COOTHOliJ9HHHM (4.4), OllP8,!19JIHIOII\HM T8Il8Pb v-O-<o .n..;. , n.;. , z.:;. , IlOHBHTCH COOTHOliJ8HilH 

r+.v+_;,.n.• N+ + -~+ ., Q..,. ., , '( • n...,. -I. "" , 

B KOTOP~ KIIH9TI1tl9CKJ19 K03<f¢HUI18HTbl HM8IOT TOT JKe 811,!1, tJTO 11 TIP8JK,!18 C 

s~esoA c{- A Ha W~~;+.lt . YpaaHeHHe (4.6)6y,!1eT Tenepb HM8Tb 

BH,Il 

d i. .~~0>- r<[JIH,D]>= 

=i.l. {(£J!rn.; + ~z-;,e;~[R,.~J>- ~;&<rs ... ~dJJ> ... ,. 
... r;•n; ... n.;. (<.[R.,. tPR- ,.+~R. ... fi'()fl- J>) T 

2 'V'I J "'' 1" I "t' 

-t (;§n1-t-n; (~[R~,O]f.!.)' •<R;fdJ~t;J>)}. 
(4.15) 

TaRHM o6pa3 )M 1• ,!1JIH HH,!1HBH.I1Ya.JJbHOrO C,!1BHra tJaCTOT BM8CTO ( 4. 7) Mbl T8Il8Pb 

nonyqaeM 

r-: '-L.( .a; -.tl£ + ae+- ~- ) 
&) ,, -..,. 2 .... 'V' , (4.16) 

a KOJIJl6KTHB HbiA C,!1BHr' 'laC TOT OTIP6,!16JIH9TCH B6JllltiHHOA .n =.a+ +.a-
"(" ,. ,.. 

(4.17) 

MapROBCRoe ypaaHeHHe cnoHTaHHoro H3JiytJeHHH (4.11) npHHHMaeT BH.I1 

.j_ <0>- t <EH,.,O]>= 

I ' -= t..n0 <:.[JZ1 , cO]>- f ~ .D..,.~[S.,.,()] >-+-

+ t.~-[ r.;(~[R~,OJR.~'7+<R~ro,R;._J>) ... 

T "'+(<["R- (!)Jit'>+<R.-[() R.+J>)j 
Q'( • "1' I "l' '( I 1" I 
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OilP8,Ll8JlH8T ilOCTOHHHbiH aTOMHbiH C,LIBHr '!aCTOT - TaK Ha3biBa81IYIO 6eTe-'!aCTb 

C.UBHra ]3Moa132 ,
40 /. 

MapKOBCKoe "Mc,.,Jer E'\"'<>.f.;o ..... "(4.11) TaKlKe o6o6mae~'CH H c Y'!8TOM 

Ha'!aJJbHOrO ilOJJH ilPHHHMaeT BH.Ll/39/ 

(1 . 
dt J'11 (t)- t [p11 {t),l-/11 ] = 

= c:. .n I [ p,. (t), R, J - i L .fi'f'[j,. {t), s..,. J i" 
"'i' 

+j-L_ {( r; +n;+n.;)([R.;,f,.lt)R._;J+[R;f,Ct),ll;J) + 
~ ' 

t ( r: +rt.; +rt!,)([R;,f"lt)R_;] +[R;J,.. (t), R_;])} 
(4.20) 

TaKHM 06pa30M, Y'!8T aHTHP830HaHCHbiX '!Jl8HOB B8,Ll8T K IIOHBJ18HHIO 

3aM8THbiX nonpaBOK K KHH8TH'!8CKHM K03<MJHI.\H8HTaM H C,LIBHraM '!aCTOT. 

32 

rnaBa Y. CBEPXH3]YqATEITbHhlfl HMITYflbC 

"Bopye BC 

rep6epm Y3 

ITepei\,Ll8M Tenepb K pacCMOTP8HHIO CB8PXH3JJY 

c/39, 106,107 { ITOJJOlKHM B ypaBHeHHH ( 4 .1SJ 0: R, 

L{R )=L l rT:- y.; N-cr;+(~)~ R.,>+ ot a -t 

naJJee MOlKHO 6b1Jl0 6bl HailHCaTb C UOMOIJ1bl0 ( 4 .18) 
HH8 ,LIJJH ( s, > 1 CTOHIJ18rO B npaBOH '!aCTH ( 

ilHM HHa'!e. ITYCTb B Ha'!aJJbHbiH MOM8HT H3JJY'!a Te.J: 

HOXPOMaTH'!8CKHM HMilYJlbCOM C BOJJHOBbiM B8KTOPO~ 

1j /39' 106/ .B 3TOM cny'!ae ... _ ... 
j,.. =9 je, 'fi-K.~ >1-<.®,'f'-K.X1 /l 

~.ue ED - yroJJ 6JJoxa, onpe.uenRIOIJ1HH pa3HOCTh 1 

Ha'!aJJbHall: $a3a. KaK H8TPY.UHO BH,Ll8Tb, 

N < R.>=-y-cos®. 
QqeBH,LIHO, 

{ 

R.
+ I ... .. c:(t-~ 
~ ®, 't'-lcoX{~ =I+~ e 

Ri j®,f- ko~ >1 =I -'l§e-i('Y-~ 

8 CHJJY onpe.ueneHHH KOJJJ18KTHBHOtO onepaTopa ~ 
noae.ueHHe cpe.uHero ~ R; R.~, >, KoTopoe 

B BH.It8 

< R; R.i, > • t §.n'®·e -ik: (~ -~·) 
' 

npHHHMaH BO BHHMaHH8 (5.3), HM88M OTCIO,Lla 

< ~ R.i,>= ( t -N-z'- fl.>') e-i.K.Ci;-i. 

3TO COOTHOII18HH8 cnpaB8.LIJlHBO, 0'!8BH.UHO, JlHWb 

BP8M8HH. Mbl, O,LIHaKO, BOCil0Jlb3Y8MCH npH6JJHlK8H 

lY: 
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lTOMHhlli C.[(B!U' '!aCTOT - TaK Ha3b!Ba8MYIO 6eTe-'!aCTb 

· Eq ... o.J-;o ..... "(4.11) TaKlKe o6o6maeTc.fl H c y'!eToM 

18T BH/39/ 

~p, {t),J..I,] = 

1- 2i L_.fi [j,.lt),S~] -t-.,. '( 

n.;)([R;,f,.lt)R.~] +[R;.f,.Ct), ll;,J) + 

(4.20) 

"T aHTHP830HaHCHbiX '!JI8HOB B8.[(8T K l10.f!BJI8HHIO 

~8TH'!8CKHM K03¢¢HUH8HTaM H C.[(BHraM '!aCTOT. 
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rnasa Y. CBEPXI13J!YtiATEJibHblf! liMITYJI:bC 

11Bopy2 ecn1JIXHY.Il Rp><uu ceem ... " 

rep6epm Y3.1l.llC "Bopb6a MUPOB 
11 

TiepeJi;;eM T8!18pb K paCCMOTP8HHIO CB8PXH3JiyqaT8JibHOrO HMIIYJib

Ci39,106,107~TIOJIOlKHM B ypaBH8HHH (4.1SJ 0=Ra•Tor.[(a HM88M 

,llaJI88 MOlKHO 6biJIO 6bi HaiiHCaTb C IIOM0l!1b!O ( 4 .18) COOTB8TCTBY!Ol!188 ypaBH8-

HH8 .[(JI.fl < S..,> , cTO.fll!18ro B rrpaBoti qacTH (5.1). Mbr, O.[(HaKo, nocTy

IIHM HHaqe. flYCTb B HaqaJibHbiH MOM8HT !!3JiyqaT8JIH B036YlK.[(aiOTC.fl KBa3HMO-... 
HOXPOMaTHq<lCKHM HMIIYJibCOM C BOJIHOBblM B8KTOPOM ko !! rJJ!Ol!1a.[(b!O 

1i /39, 106/. B sToM cJiyqae 

.... ~ .... _,. I 
J,.,=rJ®,'fi-K.xf>~~®,'t'-l(.x"" ~~ (5.2) 

r.[(e ~ - trOJI 6JIOXa, 0!1P8.[(8JI.fi!Ol!1HH pa3HOCTb H:J.Cf)JJCHHOCT8H/3
2
/, !! .,.., -

HaqaJibHa.fl ,pa3a. KaK H8TPY.!1HO BH.[(8Tb, 

( 5. 3) 

0qeBH.[(HO, 

B CHJIY 0!1~8.[(8JI8HH.fl KOJIJI8KTHBHOro OIIepaTopa 5~ (4.5) HaC HHTepecyeT 

rroBe.[(eHHe cpe.[(Hero (. R; R.i, >, KoTopoe Tenepb MOlKHO rrpe.[(cTaBHTb 

B BH.[(8 

.J -!:}'. 

f ;J'. 

3TO COOTHC,IJI8HH8 CrrpaB8.[(JIHBO, oqeBH.[(HO, JIHIJib .[(JI.fl HaqaJibHOrO MOM8HTa 

BP8M8HH. ~ibi, O.[(HaKO, BOCrJOJib3Y8MC.fl rJpH6JIHlK8HH8M, BB8.[(8HHbiM B pa3.[(8JI8 

lY: 
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li· Mil 

R; (t.) ~ R: (~ e:ti~tt·t.) 
fiOJJaraR t.• 0 li Y'IIiTbiBM JJOpeH~8BO H80,UHOPO.UHOe YI!IHP 3Hii8, IIOJJyqaeM 

B 3TOM IIP!i6JJ!il!C8Hiili · 

< R.;lt.)/l;,ctJ>:;:: {f-N~ R., (t.)>~ J e -i.~{x;-~,) e _tJr . 

Terrepb ypaaHeHHe (5.1) IIPHHHMaeT BH.n 

~ <R..>=-~ { r;_-r;N-(f./+r.;)t..R.,>+ 

+ N•rr:- r;)[Af.\1-K:J-N-11(-j--N~R.-J)e -~~~J . 
(5.4) 

3.necb 

1\(.;;-t:J= {':I(Jf-?.>1' . 
YpaBHeHHe (5.4) 3aBHC!iT yl!Ce TOJJbKO OT O,UHOH aTOMHOH rrepeMeHHOH 

~ f~)> = J( (t) li O!IIiCbiBaeT IIP0~8CC CIIOHTaHHOrO li3JJ.f'I8HiiR IIP!i Ha

'IaJJbHOM B036YliC,UeHiili CliCTeMbi 9( - liMIIYJJbCOM ( 5. 2) • B IIPOC reHIIIeM CJJyqae 

8'.!2 I T-la 0 , cooTBeTCTBYIOI!IeM OTCYTCTBHIO Heo.nHopo.~Horo YIIIHP8HHR, 

H3 Hero rronyqaeTCR H3BeCTHoe ypaaHeHHe Penepa-36epJJHI108 ': 

~ X=- ~ { f +X+ jl( f- t') 1. (5.5) 

3,neCb liCIIOJJb30BaHbl 0603Ha'!eHHR 

{

tt:;1=L.(t:.-+ r.+) 
..,. "f' ..... ' 

f ·t;,~( (..,--r.: )[Al~-r.) -N-'), 

.t or+ 
IIPH'IeM B CHJJY rrpe.nrronol!CeHHR T =0 HMeeM o..,. = 0. 

Bo3BPal!laRCb K ypaBH8HiiiO (5.4),3aMeTHM, 'ITO B CliJJY oupe,neJJeHHR !lJYHK-

~IiR 1\(.1-l.} HMeeT MaKCHMYM IIPH 4/.it, . TaKHII o6pa3oM, .nJJR 

li30TPOIIHOH CliCTeMbi li3JJY'IaTeJJeH C TOIIOJJOrlieH C!lJepbl (~a l;;,tl ) KOJJ

JJ8KT!iBHOe CIIOHTaHHOe li3JJY'IeHHe (caepXH3JJY'IeHHe) 6y,neT Ha!lpaBJJ8HO rJJaB

HbiM o6pasoM a,nOJJb HarrpaBJJeHHR B036Yl!C.nal0lllero S" -HMIIYJJbCH. Boo6111e ro

BOPR, RBHOe 3a,naHHe KHHeTH'IeCK!iX KO~Ii~lieHTOB II03BOJJReT OIIpe,neJJHTb 

yrJJOBOe pacrrpe,neJJeHHe li3JJY'IeHHR/10 8 / li y6e,nHTbCR, 'ITO HallpaBJJeHHOCTb 

34 

I
J CB8PXIi3JJY'I8HiiR O~YCJJOBJJeHa liHTep¢epeHUii8H pa: 

. M8TPH'IeCK!iMii CBOiiCTBaMH cpe,Ubl. 

1 ITepeH.neM Terrepb K orrpe.neneHHIO HHTeHCHBHc 
I 

Bli,UHO, 

Ht)=Lhu{ ft .(Q:(t:)a~e{t.);> 
k 

fiPiiHiiMM BO BHHMaHHe HaJJH'IHe liHTerpaJJa ,UB!il!Cef 

HaJJii'lli8 JJQpe~eBa H80,UHOPO.UHOrO YIIIHPeHHR,IIOJJj 

rti.) =-h..n Jt-~ R.3>. 
Terrepb ,nJIR Toro, qT06bi orrpe.nenHTb saBHCHMOCT! 

H806XO,UiiMO HaHTii peweHHR ypaBHeHHR (5.4), IIPE 

!lJepeH~HaJJbHoe ypaaHeHHe PHKKaTH/109-1111. co1 

X{ f..)= e +./T Ytt) 

H Z = Y- ~. (.1... + L) 2jt -r:-. T • 

B P83YJJbTaTe H3 (5.4) HMeeM 

d1 Z= {L Z2 -a-bNe-t./T_cN~..z-~.~ 

r.ne · 

a=- .S.(.i:... + J:..)z 
'ljl 'r:'o T ' 

6 = R,~. ' 

t:J.. = tt.L. ( lf;- cr.; ) , 
'f' 

c. - ..L 
- I. • "fez;. 

I,B o6111eM cnyqae ypaaHeHHe (5.8) He HHTerpHpye' 

f:PaccMOTPHM cne~HaJJbHbiH cnyqaH 6onbiiiHX T , f 
-1:/T 1 t e :;::J.-r. 

~~rrep& (5.8) IIPHHHMaeT Bli.U 

du a. :D ;;r- = u + -y-t - E' 
r.zte 
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b!BaJI JIOP8H~8BO H80,!1HOPO,IlHOe YlllliP8HH8, ITOJiyqaeM 

:pHHHMa8T BH,Il 

(5.4) 

.. ~ J J= /'!("'{-#{.)/ • 

HCHT yme TOJibKO OT O,llHO~ aTOMHO~ nepeMeHHOH 

•ITHCb!BaeT npo~eCC CITOHTaHHOr'O H3JIY'l8HH.fi ITPH Ha-

8Mbl 9r - HMITYJibCOM ( 5. 2) • B npocTe~!IleM cnyqae 

TB8TCTBYID!II8M OTCYTCTBHID H80,!1HOPO,IlHOr'O YliiHP8HH.fi, 

THOe ypaBH8HH8 Penepa-36epJIH/108/: 

(5.5) 

- 1') .... r .... , 
~-r.: )[At~ -r.) -N-'J, 

T 4 =0 ,r+ 0 8HH.fi HM88M 01' : • 
8HHID (5.4)1 3aM8THM, 'lTO B CHJIY OITP8,1l8JI8HH.fi ~YHK-

MaKCHMYM npH ';;f • it. . TaKHM o6pasoM, ,llJI.fi 

aTeJie~ C TOITOJIOr'He~ C~epb! ( 1:,.. a r,.,, ) KOJI

Y'l8HH8 (CB8PXH3JIY'l8HH8) 6Y,Il8T HanpaBJI8HO r'JiaB

JI8HH.fi ao36ym,llaromero ,r -HMITYJibca. Boo6me ro

THqecKHX KO~H~H8HTOB IT03BOJI.fi8T OITP8,1l8JIHTb 

JiyqeHH.fi/l08 / H y6e,llHTbC.fi, qTO HanpaBJI8HHOCTb 

34 

CB8PXM3JiyqeH1.fi 06YCJIOBJI8Ha HHTep¢epeH~He~ pa3JIHqHb!X H3JiyqaTeJieH H reo

M8TPH'l8CKHMH CBO~CTBaMH CP8.11bl. 

fiepe~,ll8M T8IT8Pb K OITP8.118JI8HHID HHT8HCHBHOCTH CB8PXH3JiyqeHH.fi. 0qe

BH,IlHO, 

Irt)=L1i£4 ft <Q:(t:)a.~:ct.)/ 
k 

( 5.6) 

fiPHHMMa.fi BO BHHMaHHe HaJIHqHe HHT8rpaJia ,!1BHlK8HH.fi ( 3.10) H yqHTbiBall 

( 5. 7) 

Tenepb ,!1JI.fi TJr'O, qT06b! OITP8.118JIHTb saBHCHMOCTb HHT8HCHBHOCTH OT BP8M8HH, 

H806X0,!1HMO H~~TH perneHHJl ypaBH8HH.fi (5.4), TIP8.11CTaBJIJliD!Il8r'O C060H .11H¢

~peH~aJibH08 ypasHeHHe PHKKaTH/1 09-111 /. CoseprnHM TIO.IlCTaHOBKH: 

X{ f..)= e t./T Ylt) 
H 

Z Y 'L. ( i + ..L) 
. = - 2)1 'Co T • 

B P83YJibTaTe H3 (5.4) HM88M 

d 11 2 -t./T N2 ..Z-1:/T 
_7_ ..E- z -a-bNe -c e df. z:.- 'Co 1 

( 5.8) 

) 

a.=- S(_i_ + ..i_)' 
'I}' 'Co T ' 

b:: f-~o ' 'l d..:. tto~ ur;- cr.:) ' 
c.- ..1:!._ 

- 4'2:o • 
B 06!II8M CJiyq~e ypaBH8HH8 (5.8) He HHT8r'PHPY8TCJl B KBa.llpaTypax/1 09, 110 /. 

PaccMOTPHM cneuHaJibHbi~ cnyqaA 60JibliiHX T , Kor.11a 

-tjT f. t e :::: -r 

Tenepb (5.8) ITPHHHMaeT BH.I1 

d u 2. IJ t £ -u .,._-err-- T ' 
( 5. 9) 
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/ 
i 

I 

u:L"2 'LO z; , 

D-.JJU!.N LN' - 2 1:.!1. T 2.7:: ' 

E = ..!....(1... + ..1,_)1
-+- !1::1!.. N+ ../.tr!V' . 11 't". T 2 7:.: J/'l:., • 

CooTHOII!eHHe ( 5. 9) npe.n;cTaBJlF!eT co6oil: cne!lm~JII>Hoe ypasHeH ie PHKKaTH, 

pe!IIeHHe KOTOPOrO MOl!CeT 6b!Tb OOJIY'leHO CTaH,n;apTHbiMH MeTO,n;a:.rn/110 ' 111 / 

B pe3YJII>TaTe .IJ;JIJt cpe.n;Hero ~ R 
1 
(t) )' , onpe,n;eJIJtiornero pa3 JOCTb HaceJieH

HocTeA, HMeeM/ 106/ 

~R.,fe)>= ..:& etfr{.i.(.J.. + ...L)- V{-t} l 
jJ. 2 'l:., 1 V(t} J , (5.10) 

r,n;e 

V(i)=( ~ )~3Vt.{t)·l~1,(ff[He)]313)1 V(t)=d~ V(t.). 

3,n;ecb 

e(t) = il-E. 
T ' 

-z.~.,. (.I.)= M t ;;,, (j) -+ 1'1, ~!J (J) , 

r,n;e ![ff), N.A. (J) - cl>YHK!lHH EecceJlF! 1-ro H 2-ro po;1a cooTBeTcT-

BeHHO. napaMeTpbi Ml. H M,. onpe,n;eJlF!IOTcJt Ha'laJibHbiM cocTOJtliHeM cHcTeMbi. 

nose.neHHe cpe.n;Heil: pa3IIOCTH HaceJieH-

<Ra'> HOCTeH ( 5.10) ,IJ;JlF! pa3;IH'IHbiX Ha'laJib_: 

-t 

PHC. 5 

Hb~ YCJIOBHH OPHBe.n;eHO Ha PHC. 5. 
PaccMOTPHM Tenepb Mamie speMeHa 

t ~<. T , KOr,n;a 

e-t/r .... .J.. 

B 3TOM CJiyqae H3 (5.9 HMeeM 

Jx =+ -t x'- i X'-A, 
dt "'• " 

r.n;e 

IJtL !!!.I! ) A=- (FE;+ w . 
36 

(5.11) 

Pe!IIeHHe ypaBHeHHJt (5.11) HMeeT BH,IJ; 

Xl-t)(=<RJ(i);o): I}- Kth(pK t,c,.t.~). 

r.n;e 

K:: v~? ~ !j+ 1f! , 
t ecTb l 

H napaMeTP .D K-(hc -<R.~(o)> 
t.D ='Z:"" 6t K+(~ -< R,(o)'J) 

3,n;ec& 

7:. = tz:". 
N YP;::::;=,N:;:'+:::2:::fA)l:::N<T+~l 

H <R1 (0)~ onpe,n;eJIJteT Ha'laJibHYIO pa3HOCTD 

,IJ;JlF! HHTeHCHBHOCTH (5.7) HMeeM 

Ift)= tJ!}K sech' ~-i: . 
KaK HeTpY,IJ;HO BH,IJ;eT&, napaMeTp t» onpe,n;eJIJtE 

(eM. PHC. 6), COOTBeTCTBYIOII!ee MaKCHMYMY HHTe~ 

J(t) ttn. 
Im.r.t= iijlC 

.BeJIH'IHHa l 

Ha nopJt,n;Ot 

MOrO HMOYJ 

3Ha'lHTeJibl 

HO 06MCHI 

TaHHoro P< 

COCTOJtHHJt 

CHCTeMbi HE 

nocTeneHHC 

t qepe3 o6mt 

PHC. 6 B03HHKaeT 

CiOJib!IIHX P< 

Y'IHTbiBM JtBHbiA BH,IJ; napaMeTpOB I( H 't"N 
8 B~eHHH ,IJ;JlF! HHTeHCHBHOCTH (5.14) CO,IJ;eplKH' 

HaJI&Hoe N1 , yKa3biBaiOII!ee Ha KorepeHTHbiil: xap< 
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:TasnaeT co6oi'! cne~HanbHoe ypasHeHHe PHKKaTH, 

6b!Tb UORY'I8HO CTaH,IlapTHb!MH M8TO,IlaMH/110' 111 /, 

'ro ~ R.(t)) , onpe,llenRIOI!Iero pasHOCTb HaceneH-

, tfrf .1.(.1 .,. ..L)- i1!J l 
· 12 ~. T vltJ J, (5.10) 

' .il.- E. 
T ' 

- ~YHK~HH Eeccena 1-ro H 2-ro PO,Ila COOTB8TCT-

M, onpe,llenRIOTCJI Ha'!anbHbiM cocTOJIHHeM CHCTeMbr. 

ITose,lleHHe cpe,llHei'l pasHocTH HaceneH

HOCTei'! ( 5.10) .llnJI pa3RH'!Hb!X Ha'!Mb

Hb~ YCROBHi'l UPHB8,1l8HO Ha PHC. 5. 

PaCCMOTPHM Tenepb Mamie BpeMeHa 

t ~<. T , KOr,lla 

e -t/r""' .J.. 

B 3TOM cnyqae H3 (5.9) HM66M 

;: =+ ~ x'- i. X - A , ( 5 .11 l 

r,lle 

36 

Pe.eHH9 ypaaHeHHJI (5.11) HMeeT BH,Il 

(5.12) 

r,lle 

H OapaMeTp t.%) 8CTb 

t ='t' ~ g_-(lic -<R.~Co>>l 
.%> N K + (¥- -< R,(O))') 

(5.13) 

7:. = If:'. 
N yP'N'"~2ti..JIN+l 

H <R.co;~ onpe,llenReT Ha'!MbHYIO pa3HOCTb HaceneHHOCTeH. Tenepb 

,llnJI HHT9HCHBHOCTH (5.7) HM88M 

. . .._ J2 K hz £::J.R_ 
Itt)= ~'t:"' sec 27:" . (5.14) 

KaK H6TPY.IlFO BH,Il6Tb, napaMeTp tD onpe,llenReT speMJI 3a,llep~KH HMnYRbCa 

(CM, PHC, f), COOTB8TCTBYIOI!Iee MaKCHMYMY HHT8HCHBHOCTH, paBHOMY 

1(1) 

.BeRH'IHHa BpeMeHH 3a,ll8P~KH npHMepHO 

Ha nopJI,IlOK 60Rblll8 ,llRHT8RbHOCTH Ca

MOrO HMUY~bca (eM. PHC. 6), TaKyiO 

3Ha'IHT8RbHYIO 3a,lleP~KY HMnYRbCa MO~

HO 06hRCHHTb TeM, 'ITO npo~ecc CUOH

TaHHOrO pacna,lla HHBepTHPOBaHHOrO 

COCTOJIHHJI Ha'IHHaeTCJI C H3RY'I8HHJI 

CHCT8Mbl H8CBJI3aHHb!X aTOMOB; RHI!Ib 

UOCTeneHHO 3a C'I8T B3aHMO,Il8i'!CTBHJI 

qepes o6mee none Hsny'!eHHR B CHCTeMe 

J'HC, B03HHKaeT CHllbHaJI KOppenR~HJI Ha 

60Rbi!IHX pacCTOJIHHJIX (,llMbHHH nopJI,IlOK), 

Y'IHTblliaJI JIBHb!H BH,Il napaMeTpOB I( H "z::'11 , H8TPY.IlHO y6e,llHTbCJI, 'ITO 

B Bb1P~8HHII ,llnJI HHT8HCHBHOCTH (5.14) CO.Il8P~HTCJI CnaraeMoe, nponop~HO

HMbHOe N'~ , yKa3hiBaiOI!Iee Ha KorepeHTHbiH xapaKTep HsnyqeHHJI H HrpaiOmee 
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~ 

OCHOBHYIO POJib TIPI1 f "- t:b • MaKC11MaJibHa.fi 11HT8HC11BHO~Tb ( 5.15) npi1-

M8PHO B jlN pa3 TIP8Bhllrla8T MaKC11MaJibHYIO 11HT8HC11BHOCTb H8KOrepeHTHOrO 

N -aTOMHoro 113JIY'l8H11.fi B Ton lKe CI1CTeMe: 

I_,..= Ntd2 
··- 'C ' 0 

Inuu: - ...E.!{_ + ~ + _J._ 
IrnJJJ - ~ 4 ~ 4_}JN 

3aai1CI1MocTb 11HTeHC11BHOCTI1 ( 5.14) OT apeMeHH npH pa3JII1'lH .rx 3Ha'leHH.fiX N 
TIPI1B8,!18Ha Ha p11c. 7 · 3,!18Cb d..=~ 11 napaMeTp p N TIPI1H IMaeT 3Ha'leH11.fi 

U)o 

10 

60 

•o 

10 

to 

6 

~ 

l(t)/i..,.., 

1 , • 
P11c. 7 

100 )00 

PHc. 8 

I 

100 (KPHBa.fi 1), 200 (KP11Ba.fi 2), 

300 ( KPHBa.FI 3) • TaKJIM o6pa30M, YB8-

JIH'l8HHe 'lHCJia aTOMO.l B8,!18T K TIOBhl-

1IJ8HI1IO MaKCI1MaJibHOH l!HT8HCHBHOCTI1, 

YM8Hblrl8H11IO BP8M8H11 :la,!18PlKK11 11 

YM8HbliJ8HJi!IO ,!1JIHT8JlbH< >CTH CB8PXH3JIY

'laT8JlbHOro HMTIYJibCa 3aBI1C11MOCTb 

BP8M8HH 3a,!18PlKK11 H /(Jli1T8JI&HOCTH 11M

nyJibCa OT N np11aeneHa Ha PHC. 8. 

B TIPOCT8Hlrl8M CJIY'lae KOr,I<a r·J.=0, 
HJI11 B npH6JIHlK8HH11 B]>alJ(aiO!J(8HC.fi BOJI

Hhl 113 COOTH01IJ8HHH (~•.12)-(5.14) no

lO (•10"') Vt0 Jiy'laeM P83YJibTaT 'PeJcepa 11 36ep-

JIH/108/. 

1'00 /'N 
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X{t)=- ~ {(i+JI~)tl ~i:- :J;J j 

I{t)= a.g_ (•JfJ+l)~~e-Jr..:~. i:.- t» 
4}'1;, r 2'C',., ' 

?:: 
t:t).r;Nfn.jJN, "t'.v= •.. : , 

.. 
(3,I<8Cb npe,I<nonaraeTC.fi TaKlKe, 'ITO 

.t.R,(o)) = Nj2 , 

T.e. Ha'laJibH08 COC10.fiHH8 TIOJIHOCTbiO 

HHB8PTHPOBaHO), 

0TM8THM Ta~e, 'ITO H3 (5.12)-(5.15) npH 

OTH01Il8HH.fi 

Imu'L.v ~.if_ 
ta.n lf 

Im~~xrc: ..... ~ 
tn - 14Jl , 

XOPOIIIO COrJiaCYKXII.H8C.fi C :3KCTI8PHM8HTaJibHhlMH pe 

ijepe~eM TenePb K paccMOTP8HHIO MaJih~ T 
B 3TON cnyqae 3KcnoHeHUHaJI&Hhlil 'lJieH B ypaaHe 

yze 3Ha'IHT8JihHYIO pOJib H npeHe6pe'lb HM H8Jlb3.fi 

'I&TeJI&Hl>dt" 'IJ!eH 

M
2 
=J'[ .If/- <R.lt:.) -1] e -tJ 

npeo6JI~aeT H~ 'IJI8HON 

M1 : ¥ + L. R.,lt)>, 

H8KOrepeHTH08 H3JIY'I8HH8, TO 113 ( 

J ' . Jr< £.(t)>~-{ [ f -<.R,{t): 

I 
t- 11/2,_ { J!![! -t./r . 
x•-NIJII - exp - -c. e + c.e. 

npeQe, X,..( 2,. > . 00:3TOMY 

< R.,Ct)>= f-tJ.. ({~T e-t.fr_ 

~ onpe,I<8nR8TC.fi H3 YCJIOBH.fi Clrl~ 
HanpHMep, npH HcnoJib30BaHHI1 

nPH6nH•eHH~ spa~aKXII.eAcn BOJII 

li•{~ (T- t») (pll>>i.). 
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t~ • MaKCHMaRbHaR HHT8HCHBHOCTb (5.15) rrpH

iblltla8T MaKCHManbHYIO HHT8HCHBHOCTb H8KOrepeHTHOrO 

:R B TOil lK8 CHCT8M8! 

TH (5.14) 
8Cb d..:~ 

OT BpeMeHH rrpH pasnHqHbiX 3HaqeHHRX N 
H rrapaMeTp p /J ITPHHHMaeT 3HaqeHHR 

100 (KPHBaR 1), 200 (KpHBaR 2), 
300 (KPHBaR 3). TaKHM o6pasoM, yBe

nHqeHHe qHcna aTOMOB B8,!\8T K IT0Bbi

W8HHIO MaKCHManbHOH HHT8HCHBHOCTH, 

YM8HbW8HHIO BP8M8HH 3a,I\8PlKKH H 

YM8HbW8HHIO ,I\RHT8RbHOCTH CB8PXH3ny

qaT8RbHOrO HMITYRbCa. 3aBHCHMOCTb 

BP8M8HH 3a,I\8PlKKH H ,I\RHT8RbHOCTH HM

ITYRbCa oT N rrpHBe,neHa Ha PHC. 8. 
B rrpocTeilweM cnyqae, Kor.na T ·J.= 0, 
HRH B rrpH6RHlK8HHH BpamaiOw8HCR BOn-

.,. t Hbl H3 COOTHOW8HHH (5.12)-(5.14) ITO~ 
s.o (•10"'') ft0 nyqaeM pesynhTaT Penepa H 36ep

nH/108/: 

00 JaN 
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X (t)=- 2N {(l+ j_ )th t.·tp_ J..,] 
)JtJ .2't".., .,.... J , 

.(.R
11
(0)) = Nj2 , 

T.e. HaqanbH08 COCTORHH8 ITORHOCTbiO 

HHB8pTHPOBaHO). 

OTMeTH~I TaKlKe, qTo H3 (5.12)-(5.15J rrpH jJ.A/>"::>'l 
OTHOM911HR 

cne,nyiOT co-

XOPOIIIO cornacyi'OilJ,H8CR C 3KCll8PHM8HTaRbHbiMH pesynbTaTaMH/
21/. 

nepeR,nllM Tenepb K paCCMOTP8HHIO ManbiX T ' T. e. CHTYall,HH llPHt"' r. 
B 3TOM cnyqae 3KCllOHeH!J,HanhHbiil qneH a ypaBH8HHRX ( 5. 4) H ( 5. 8) HrpaeT 

YJC8 3HaqHTe;lbHYIO PORb H ITP8H86peqb HM H8Rb3R. O,nHaKO, 8CRH 
11 

CB8pXH3RY

'I&T9Jlblii>IA11 :vleH 

Mz =.f [ lf/- < R.lt) ~] e -t/r 

npeo6na,naet Ha,n qneHoM 

Oili'ICWBaiQWHM H8KOrepeHTH08 H3nyq8HH8, TO H3 (5.4) MOlKHO rronyqHTb 

(5.16) 

OTKY.!la 

r.ne, KaK H npeJK.ne, )( = .( 12.. > • TI03TOMY 

(5.17) 

r.ne napaMetp A onpe,nenReTcR H3 ycnoBHR CWHBKH sToro peweHHR c (5.12) 
npH_ t ~I. T • HarrpHMep, rrpH Hcrronb30BaHHH .nnR .<: R.11 (t) > Bb!PaliC8HHil, 

COOTB9TCTBYIOWHX npH6JlHlK9HHIO BpamaiDIII8HCR BOJ!Hbl, 

( JLII>> i). (5.18) 
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COOTB8TCTBY~II\88 ( 5.17) BbipalK8HH8 ,[(nff HHT8HCHBHOCTH 8CTb 

1 (t.) = N2h n Vc. e -i/~edz.z (,!j{_T e -t!r- .1). (5.19) 

ITOB8):(8HH8 HHT8HCHBHOCTH (5.19) 

Ilt)/i.., .. 

t/T.o 

PHC. 9 

npHBe~eHO Ha PHC. 9, H3 I :oToporo BH.l\HO, 

qTo HanHqHe Heo~HOPOi(Horo nopeHuesa 

YmKP8HHff Be~eT K aCHI~8TPHqHQH ~op

Me HMOYnoCa OTHOCHT8.IoHO MaKCHMYMa. 

AcHMM8TPHff TaKoro po, (a Ha6n~):(aeTcff 

OPH CB8PXH3nyqeHHH 3KC08PHM8HTano-
/6-12,14,16/ HO . 

Bse.neM npHB8~8HI08 BP8Mff 

-+-/1 
'Z:" ='t:(I:)=T{J.-e ). (5.20) 

Tor~a s npH6nHlK8HHH Jpama~meAcff son 

Hbl Bbipa~eHHe ~nff ~R.J 'f.)) , COOT

B8TCTBY~ee ( 5. 17), : IPHM8T BH~ 

<R
3
(t)>=- 'f tA{k, (tt-tt>)} 

-z:-. 
1: :: u.N 

' ,., .r (5.21) 

ITPH 6onomHx speMeHax ( t >> T 
speMeHH't .... T, H H3 (5.21) cne~yeT 

npe):(enoHoe 3HaqeHHe nJHBe):(eHHoro 

< R, (t) > -- 4-th. r;,-t" > _ ..!:L t»T ;,:. "'CN 2 • 
(5.22). 

HOrO MO~HO npe):(CTaBHTb B BH):(e/125/ 

d~ (R11 (tJ)=- ~. {¥-•<R,(t.))+JI[·f-' 

GOOTB8TCTBY~aR (5.21) HHT8HCHBHOCTb 8CTb 

I(tJ .. ·ta,.a fl e -t~'fk {t:-~>] 

0TifE!THM 3~ec1:1, qTo IPOPMYna ( 5. 24) snepsbie non~ 

B pa~oTe/30/, OOCBRII(8HHOH HCCne~oBaHH~ pa3nHql 

HHR B Hrnoo~pa3HOA cpe~e Ha OCHOBe ypasHeHHff 

O~o3HaqHM qepe3 t, pemeHHe ypasHeHHff 1:' 
(5.24 ) HMeeM 

tm• T&z T~t, • 

ReTPY~Ho B~en, qTo B ToqKe -t •tm IPYHKUHR ~ 
PHP~ B npasoA qacTH ypaBH8HHR (5.24), HM8E 

MBKCHMYMa DOBe~eHHe 3TOA IPYHKUHH HMeeT cne):(y~IJ 

secA[ k ('t'{t}-t11 )].:: stcla[i~~J, 

r~e aenHqHHa 

,. •• tt ll§il'JL ) .tt _:r_ 
.. , NJ(" t•t,. II T-t, 

onpe~enReT xapaKTep cna~a c nHKa. C ~pyroA eTc 

31CCDOH8Hlllfani>HOrO ~KTOpa eXp (- t /T) B 

p&ICT8PH3YeTcR senHqHaoA T . flo3TOMY nerKo BH 

..,_ . t!. npasoA qacTH ypaaHeHHR ( 5. 24) 6y 

COOTB8TCTBY~maR HHT8HCHBHOCTb OPH 3TOM CTP8MHTCR K Hyn~. H3 HepaseHCT--7a8a 

Ba (5.22) cne~yeT, qTO B CHCT8M8 nocne OKOHqaHHff HMnynbCl M0~8T OCTaTb- T .... !::: t •T&7-
l;.'" m T -t_. CR HeKOTOpaR HHB8pCHaff HaceneHHOCTb H CBR3aHHaR C H8H H3H3nyqeHHaff 

3HeprHR, BB8~8HHaff B CHCT8MY 8 HaqanbHbiH MOM8HT BP8M8HH. TaK08 RBn8HH8 
11 3aMe~neHHff 11 CB8PXH3nyqeHHff ot5ycnosneHO, KaK Mbl BH~HM, i80~HOPO~Hb!M 

Yll.IHP8HH8M nHHHH. Mo~eT IIa6n~.naTbCff CBR3aHH08 C 3aMe~neH 18M TaK Ha3b!Bae 

MOe orpaHHqeHHOe CB8PXH3nyqeHH8/33, 112/, OPH KOTOPOM nHtlb Het5onoWaff 

qaCTb 3HeprHH aTOMOB CB8PXH3nyqaeTCff ( CM. TaK~e Ot530P/ n/). 

··ec.IIH awnonueTcR ycnosHe 

YqeT BnHRHHff H80.l\HOPO.l\HOrO YWHP8HHff nHHHH Ha OOB8.l\3HH8 11CB8PXH3nyq~ 

TenoHoro"HMnYnoca MO~Ho nposecTH H 6onee ToqHo, qeM 3TO 6bmo c~enaHo 

Bb!W8. BHOBb o6paTHMCff K ot5meMy ypaBH8HH~ (5.4), KOTOP08 B CHny CKa3aH-

40 

cor nacHo 

T»2'l:! , 
(5.27) 3KBHBaneHTHO cne):(y~m 
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I BbipaJK8Hil8 ,ll;JIR !1HT8HC!lBHOCTil 8CTh 

11 -'1:./r z ( miT -t/r 
.Q W. e sed 11¥: e -.1 ). (5.19) 

:H (5.19) np!lB8~8HO Ha PllC. 9, ll3 KOTOPOI"'O Bll~HO, 

'lTO HaJI!l'lll8 H80~HOPO~HOI"'O JIOP8HL\8Ba 

YWilP8HilR B8~8T K aC!lMM8TPil'lHOH ~op

Me llMTIYJibCa OTHOCHT8JlhHO MaKC!lMYMa. 

ACHMM8TPilR TaKOI"'O po~a Ha6Jiro~aeTCR 

npll CB8PXH3JIY'l8Hilll 3KCnepHM8HTaJib

H/6-12,14,16/. 

( t >>T 

.21) cne~yeT 

Bse~eM npHse~eHHoe speMR 

--t/T 
t: ='l:tt)=T(l-e ). (5.20) 

Tor~a s npH6JIHJKeHHH spa~aro~eAcR son-

Hbi BbiPaJK8Hil8 ~JlR ~R.J(t)) , COOT-

B8TCTBY~88 (5.17), ilPilM8T Bll~ 

(5.21) 

npe~eJibH08 3Ha'l8Hil8 ilPHB8~8HHOI"'O 

(5.22) 

HOrO MOZHO npe~CTaBHTh B BH~e/ 125/ 

(5.23) 

COOTB8TCTBY~aR (5.21) HHT8HCHBHOCTh eCTh 

I(t) .·ta..a. ~ e -t/rwA'fk (t:-t.,>] (5.24) 

0Tif8THM 3,Q8Ch 1 'ITO ¢OPMYJia ( 5. 24) BnepBbl8 ilOJIY'IeHa EiOHH¢aL\HO ll JlyrHaTO 

B pa00T8/JO/, DOCBR~eHHOH HCCJie~OBaHHID pa3JIH'IHh!X peJKHMOB CB8PXH3JIY'l8-

HHR B Hrnoo6pa3H09 cpe~e Ha ocuose ypasaeHHR ~JIR yrna Einoxa. 

0!503HS'IHM qepe3 tm peroeHHe ypaBH8HHR 't'(t)· e, . CorJiaCHO 

(5.24 ) HMeeM 

tm• Tla r:t» . (5.25) 

' BeTPY.QBO BH.Il8Tb, 'ITO B TO'lKe f. •tm ¢YHKL\HR s~h [ -c,~,.] , ~Hry
PHPYDISJI B npe:so9 'ISCTH ypaBH8HHJI ( 5,' 24), HM88T OCTPhiA DHK. B6JIH3H 

MaKCHNYNB DJB8.Q8HH8 3TOA ¢YHKL\HH HMeeT CJie~yro~HH BH~: 

(5.26) 

r.Qe BenH'IHH.'l 

't:•'f:N/('ft(t)f..,_) •T:N T~tf) (5.27) 

OIJP8.Q8JIJI8T :tapaKTep cna~a C DHKa. C ~PYI"'OH CTOPOHbi, CT8D8H& H3MeHeHHR 

3KCDOH8HL\HS.'l&HOro ¢aKTOpa -~p (- t /T) B npasoA qacTH ( 5. 24) xa-

paKT8PH3Y8T<~JI senH'lHHoA T . no:noMY nerKo BH~eT&, 'ITO TO'IKa MaKcH

NYNB. t!, npasoA qacTH ypasHeHHJI ( 5. 24) 6y~eT 6JIH3Ka K t,., /3D/ 

CHBHOCTh ilPil 3TOM CTP8MilTCR K HYJIID, H3 HepaseHCT- To8o 

) B CHCTeMe ilOCJie OKOH'laHHR HMTIY1lbCa MOJKeT OCTaT&

R HaCeJI8HHOCTh H CBR3aHHaR C HeA H81l31IY'I8HHaR 

C!lCT8MY B Ha'laJibHbiA MOM8HT BP8M8HH. TaKoe RBJI8Hil8 

Y'l8HHR o6yCJIOBJI8HO, KaK Mbl BH~HM, H80~HOPO~Hb!M 
8CnH BWD01IHn8TCJI YC1IOBHe 

T lla6JIIO~aTbCR CBR3aHH08 C 3aM8,IlJI8HH8M TaK Ha3biBae

XIl31IY'l8Hil8/33,112/, ilPH KOTOPOM JIHOOh He60JI&OOaR 

CB8PXIl3JIY'!aeTCR (CM. TaKJK8 0630P/
21f), 

,IlHOPO~HOI"'O YliiHP8HHR JIHHHH Ha ilOBe~eHHe 11 CB8PXH3JIY'l JtOTOpoe COrJISCHO 

HO ilPOB8CTH ll 6onee TO'lHO, 'l8M 3TO 6b!JIO C,IlenaHO 

K 06!JI8MY ypaBH8HiliD (5.4), KOTOP08 B CH1IY CKa3aH-

40 

, 
(5.27) 3KBHBaJieHTHO C1l8~YID!JI8MY: 
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(5.28) 

(5.29) 



~t. ' ' ' :ri 

t 

~ 
I ,. 

~~ 

li 
':! 
:ll, 

~'l:ll .(.< 1 
T-t~ • (5.30) 

ITp11 3TOM MaKCI1ManbHaH 11HT8HC11BHOCTb 113nY'l8HI1H 11M88T 311~ 

I~=nw (/lljJ/4'Co) r; tTl = ImJU T~i:» . ( 5. 31) 

CpasHeHI1e ¢opMyn ( 5. 27), ( 5. 28), ( 5. 29) c rronyqeHHbiM Bbr!IIe BbrpaJKeHI1eM 

~aeT 

1:; >'CN 1 t; > tm., I!a¥~ Imttt. (5.32) 

3TO 03HaqaeT, 'ITO H80~HOPO~Hoe Yliii1P8HI18 ni1HI111 llPI1B0~1T K yseni1'18H11ID 

M11T8nbHOCTI111 CB8PJG:I3ny'laTenbHOI'0 11 11MITYnbca rc: , BP8M8HI1 3a~epl!CKI1 
t * * Ill 11 YM8Hblii8HI1ID MaKCI1MYMa 11HT8HCI1BHOCTI1 113nyqe mR lmax . B 

qacTHOM cnyqae, Kor~a T>> t , 11MeeM rrpocTo 7:/: -~<eN, t::a - tm, 
I* - I max , 'ITO 11 cne~osano OJ!m~aTb. Eonee TO'lHa l oueHKa ~nR ape-

tnlillt II 
M8H11 3a~epl!CKI1 t,., MOl!C8T 6b!Tb rronyqeHa Ha OCHOB8 IT )116nmK8HHOI'O pewe-

HI1H cne~YID!III1M o6pa30M. 

0603Ha'li1M t! -fm: 8" • BBI1~Y ManOCTI1 B8n1'111Hbl S' ITO cpas-

H8HI1ID c T 11 cornacHo orrpe~eneHI1ID 'i:: 11MeeM 

7:.-{t;) ::::: tz, + 8" T;tp • (5.33) 

C ~PYI'OH CTOPOHhi, ycnOBI18 'ai/9t, = 0 ~nH (5.20) ~a"T 

'(;N t!./T th.['t"ft!)-t.!!] (5.34) --e =- 2't:' T • , 

Tio~CTaBHM T8ll8Pb ( 5. 3 3 ) B ( 5. 34 ) . C Y'l8TOM ManOCTH 8" llOnY'lHM 

c-"' 8 -.!::..tL = - th 2'1::' , ( 5. 35) T N 

r~e ~ni1TenbHOCTb HMITYnbca 

HM88M 

rc::: O!l11Cb!Sa8TCR ilJOPMY ~Oii ( 5. 27 ) . 0TCID~a 

t~ = t - 2'C"' aN! tL rc: m N n. T (5.36) 

Hcrronb3osaHHe 3TOi1 ilJOPMYJ!bi BM8CT8 C ( 5. 25) 11 ( 5. 27) .~aeT OKOH'l8T8JibHhli1 

P83YJibTaT ~JIR t~ : 

t *,. T{-ln L _ ~ 1!n. T-t 8 +t'.,c 1 
m T-t:». T-t» T~t.D-r:, J • (5.37) 
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.I 

• 
~ &.~ a,o a.v 1.1 

&,6 

... 
1,1 

~ 

t:ftN 

...... ... ... 2,1 

Pile. 10 

T/t.., 

Vt,.. 

3asHCI 

OT He< 

JiyqaTE 

(5.27 
~Jill c; 

SH~HO 

y6b!B81 

IPYHKUI 

MY MOM 

nose~~ 

03Ha'l< 

Hl18 HE 

rrpHsO, 

weH11ID 

3TO, I 

HeOJKH, 

qaeTc. 

TaTa , 

¢opMY. 

~pyr11: 

KOA 0 

CTH 

cne,ny 

qeHHII 

HhiX, 

POBKa 

B38HM 

POBKa 

BeHHbl 

peHHI1 

l"'JI8SH 

KH, 0 

nose~ 

POBKH 

po,nHhr 

3&Me~8HHm YCT&HOBJ!eHHII NaKCHManbHOA BeJI 

MONeRT& &TOMOB, cne,noB&TeJ!bHO, K YBeJIH'le t.' . A Kor.na T rrPHriJIHJKaeTcll K 1 

HaeT Hrp&T~ ,npyroA ¢aKTOP - ,ne¢a3HPOBK8 

~SaPoBKa BYSYB&eT 3&TYX&HHe CY~PHOI' 
B&TU~H0 1 CTP8MHTC~ YM8HbbiHTb HHTeHCHBHO 
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<L (5.30) 

T8HCHBHOCTb H3nyqeHHR HMeer BH~ 

) T-tp =I I::J:L. 
T mtU T · (5.31) 

( 5. 28), ( 5. 29) C rronyqeHHbiM BbiiJie BbipalKeHHeM 

(5.32) 

PO~Hoe YIIIHP8HHe nHHHH ITPHBO~HT K ysenH'IeHHID 
II ,.,..II 

renbHOI'O HMITYnoca '-N , BpeMeHH 3a~eplKKH 

* KCHMYMa HHTeHCHBHOCTH H3nyqeHHR lmax . B 

r>>t' HMeeM ITPOCTO 1:; -P'l:IY,t~ -tm, 
e~osano OlKH~aro. Eonee roqHaR oueHKa ~nR spe

er 6biTb rronyqeHa Ha OCHOBe rrpH6nHl!CeHHOI'O peiJie-

: 8". BBH~Y MMOCTH BenH'IIiHbl S" ITO CpaB-

rrpe~ene HHID '(; HMeeM 

+ {'I. T-t, 
• o T . (5.33) 

e ar/Vt."' 0 MR (5.20) .naer 

- "C{t;!,)- t.t] 
. 2'C,. 

(5.34) 

B ( 5 • 34 ) . C yqeTOM ManOCTH 8" TIOJJY'IHM 

~h 2~' (5.35) 
N 

a rt:; OTIHCbiBaeTCR ¢IOPMYJJOH ( 5. 27) • 0TCID):.ta 

(5.36) 

nhi BMecre c ( 5. 25) H ( 5. 27) .naer oKoHqareJJ:DHbiH 

(5.37) 
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1,1 "' 2,0 1,'1 1,1 T/t.., 

• t,,.ft,, 

.. , 
... 
s,t 

~ 

l,t .. , 2,0 a.• 2,1 Vt .. 
Puc. 10 

3aBHCHMOCTb t.* m li 

OT H80llHOPO~HOI'O BpeMeHH lKH3Hii H3-

nyqareneii T , OITHCaHHaR ¢IOPMYnaMii 

(5.27) H (5.37), ITOKa3aHa Ha PHC.10 

. 113 PHCYHKa 

BlillHO, 'ITO,B OTJIH'IIie OT MOHOTOHHO 

y6biBaiDI!Iei'O ITOBel{eHHR ¢IYHKUHH 'C*(T), 
IPYHKUHR t!, (T) o6na~aer MaKCH

MYMOM a roqKe T/tm 'Iii' :t,a. 
noae.neHHe t.!, B o6nacrH T/t.,'-1.,3 
03Haqaer, qro cnHIJIKOM 6on&IJioe BnHR

HHe HeOllHOPOllHOI'O YIJIHpeHHR JJHHHH 

npHBOllliT He K ysenHqeHHID, a K YM8Hb

IJieHHID apeMeHH 3a~eplKKH HMTiyn&ca. A 
3TO, c rrepaoro B3I'nRlla, oKa3biBaercR 

H80ll(lfl{aHHbiM. 0HO CYI!IeCTBeHHO OTJJH

qaeTCR OT nonyqeHHOI'O Bbiiiie pe3YJJb

TaTa llnR cnyqaR r-tm , CM. 

¢oPMYnY (5.32), li OT pe3yn&TaTOB 

llPYf'HX aBTOPOB/21 • 301 • npHq!fHa Ta-

KOH OC06eHHOCTH TIOB8l{eHHR 3aBHCHMO

CTH e: OT T 3aKniD'IaeTCR B 

CJI8llYIOIII8M. 

I13BeCTHO, 'ITO B npouecce H3nY

qeHHR HMeiDT M8CTO l{Ba npOTHBOnOnOlK

Hb~, KOHKYPHPYIDI!IHX ¢1aKTOpa: ¢la3H

POBKa lllinOJJeii aTOMOB 6naro.napR 

B3aHMOlleHCTBHID qepe3 none li lle¢la3H

pOBKa HX BCJJel{CTBHe pa3nli'IHR COGCT

BeHH~ qaCTOT npH HeOllHOPOllHOM YIJIH

peHHH nHHHH. Kor.na T >'> t !D , 

I'JJaBHYID pone Hrpaer ¢1aKTOP ¢.a3HPOB

KH, o6ycnOBHBIJIHH CBepXH3JJY'IaTeJJbHOe 

nOB8ll8HHe HMITYnoca. ~aKTOP lle¢la3H-

POBKH l{Hnoneii, CBR3aHHhlH C HeOllHO

POllHb~ YIJIHPeHHeM nHHHH, TIPHBOllHT K 

38.11ellJI8HHil l'CTaHOBJieHHR MaKCHMMbHOH BeJI!fqHHbl CYMMapHOI'O llHnOJJ:bHOI'O 

MON8HTa aTOHOB, CJI8llOBaTeJJbHO, K YBeJJH'IeHHID BPeMeHH 3al{epl!CKH HMTIYJibCa 

t#a . H KOI'lla T npH6JIHl!CaercR K t; %1 , CYI!IecraeHHYJO pone Ha'IH-

8aer HrpaT& .npyroA ¢1aKTOP - lle¢la3HPOBKa llHrroneii aroMOB. TaK KaK raKaR 

~~3HPOBKa Bhl3hlBaer 3aTyXaHH8 CYMMapHOI'O llHITOJ!bHOI'O MOM8HTa H CJJ8"0-• , "' 
BaTeJI&HO, C"P8MiiTCR YMeHbiJIHTb HHTeHCHBHOCTb H3JIY'I8HHR no 3KCnOH8HUHMb-
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I<.~)/Io 7,; = lJ.tUIIt:. 

~ = o,ols6 Z"0 

7.i : o,o.tll Z"o 

121 /.'\ 
r., • o,oogo l'. 

10 Ts = o.pou '· , 
& 

't 

2. 
~ 

I. .,. 6 -l.fc ·CJ0- 2
) 

0 

PHc. ll 

HOMY 3aKOHY, TO BP8MH ~CCTHmeHHR 

ITHKa t:, Ha'lHHaeT YM8HJ;WaTJ;

CR. ITpH 3TOM YM8HI'>WaeTC~ MaKCHMany,

HaR HHTeHCHBHOCTb, H, KCP,na r:::tJ> , 
!13flY'l8HHe rrepeCTaeT 6biTE CB8PXH3flY

tJaTeflbHb!M ( CM. PHC. 11), 0TCIO~a 

fl8PKO ITOHRTb !10B8.118HH8 qyHK~HH 

t~ (T), rroKa3aHHC8 Ha PHC.10. 

PaCCMOTpHM Terrepb YCflOBH8 rrpH

M8HHMOCTH o~eHKH (5.37). HeTpy~Ho 

BH~eTh, 'ITO o~eHKa (5.28) cne~yeT 

H3 (5.37) rrpH ycnoBHH (5.30). TaK 

'ITO 3TO YCflOBHe eCTb !1 KJHTepHH !1pH

M8HHMOCT!l (5.37) KaK l1PH5flHmeHHR 

Bb!CW8f'O !10PR.11Ka. Ho, C ~ JYf'OH CTopo

Hbl, ITOCKOflbKY B peanbHbiX CHCTeMaX 

N ~;.:t. ' TO .ln.NJI » .:1 t 

rro3TOMY t;Z> » cz:-.N" . Bcne~cTaHe 3Toro o~eHKa ( 5. 37) xopowo mHcbraaeT 

3HatJ8HHe BP8M8HH 3a~epmKH CBepXH3fly'laT8flbHOPO HMITYflbCa (5.21) ITPH 6o

nee Cfla60M YCflOBHH, '18M YCflOBH8 (5.30): 

T>tD +2'LN' (5.38) 

"4HCfl8HH08 HCCfle~oBaHHe cPOPMYflbl ( 5, 24), 0!1HCbiBaiOin8H cjJOpMy HMIIYflbCa, H 

O~eHKH ( 5. 37) ITO~TBepJKnaiOT C~enaHHb!H Bb!BO~ ( CM. Ta6nH~Y), PactJeT !10-

Ka3b!BaeT, 'ITO B cnyqae /lljJ. = 300 , cne~oaa TeflbHO, t.111 fr:, 80,C.I.I 9, 
T.t~/to: 01 00 JS , O~eHKa t ~ !10 cjJopMyne ( 5, 36) ~OBOflbHO XopOWO CO

rnacyeTCR C TO'lHbiM P83YflbTaTOM HCCfl8J:lQBaHH!l cPOPMYflbl ( 5, 23) Jlflll BC8X 

3HatJeHHH T , y~osneTBOPRIOII\HX ycnoBHIO (5.38) (T.e. T?0,02ci ). "4HcneH

HhiM HCcne~OBaHHeM MOmHO TaKJKe !10Ka3aTb, 'ITO B CflY'lae HeO~HO)IO~HOPO 

BpeMeHH mH3HH H3flY4aTenei1 T rropR~Ka t»; r- t» H /'l:N/(T- ~)1~1., 
ljJOPMYfla ( 5, 24) OITHCbiBaeT HMITYflbC C YMeHbWeHHOH aMITflHTY~OH H YM8HbW8H

Hb!M BP8M8H8M ~OCTHmeHH!l ITHKa (eM. pHC. 11, 12). Ha pHC. 12 fOKa3aHO 

ITOBe~eHHe HMITYflbCa, l10flY'l8HHOe npH 'lHCfl8HHOM peweHHH ypaBH8fHR (5.24) 

~flR cnyqaR N•2·lO', JA•0,69·1.0"S0, 'Co :a~6'1Hc, T:~~t,~~-Kf:/1· 
3aKaH'lHBaR paCCMOTP8HH8 BflHRHHR HeO~HOPO~HOPO YWHP8HHR JHHHH Ha 

CBepXH3flY'laTeflbHb!H HMITYflbC, CljJOPMYflHPY8M KpHT8PHH l1PHM8HHMOC TH !10flY

'l8HHbiX 3~8Cb P83YflbTaTOB, JlflR ITPOCTOTbl 6y~eM OPpaHH'lHBaTbCR CflYtJaeM, 

KOP~a pa60'l!lH 061'>eM, B KOTOPOM HaXO~RTCR H3flY'laTeflH, HMeeT yf'fl006Pa3-

HYIO ljJopMy, 

f~K 6bill0 YKa3aHO, peWeHHe (5.21) .11fl!l HHBepCHH HaceneH~OCT8H 

<: R.,(t)'7 H BhrpameHHe HHTeHcHBHOCTH H3flY'leHHR B o6nacTH t ""T crrpa

se~nHBhl TOflbKO Tor.na, Kor~a Bhll10flHReTcR YCJIOBHe M1 ~M.z.. 
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z. L 

CpaBHeHHe 3HatJeHHH BP8M8HH 3a,nepmKH HMITYJI 

'lHCJI8HHbiM HCCJie,nOBaHHeM cPOPMYJibl ( 5, 24 ), C 

c o~eHKOH (5.28) 5oHHcjJa~Ho-nyrHaHo. BhltJHc 

cnytJaR N)l=300, t.D::.O,Otl9'l:'0 , 't:'N .. o,oo33 

4,6 

4,2 

3,9 

3,6 

3,2 

2,9 

2,6 

1,6 

.!. ·10" 
t..O. 

I \ 

. ' 

PHc.12 

Pe3YJibTaT 
'lHCJieHHOPO O~eH 
HCCJI8.110BaHH!l 

-
2,3 

2,34 

2,4 

2,45 

2,5 

2,58 

2,63 

2,40 

T• tlfl -kLN 

I< • 1 
' /( • 2. 
I 

Jtl • 4 

Jt, . ' 

t(Nr) 

HerrpH: 

C ,npyroi1 c· 

HOM rrpe.nrro. 

M8HH 3a,nepl 

crrpaae.nnHBI 

(5.36), a ; 7:: -
CTaBHM ( 5.: 

TO ITOJIY'lHM 

<R..I 

OTKy,na CJie) 

3TO 03HatJaE 

aBTOMaTH'l8< 

!10JIHR8TC!l ~ 

Teflb HO, 06L 

CTH !10flY'l81 

C!l Bb!l10JJHel 

2tCN/(T-
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'''· s' r. 
t2J r. 

HOMY 3aKOHY, TO BP8MR ~OCTH~8HHH 

t * DHKa m HaqHHa8T YM8Hbl!\aTb-

CH. ITpH 3TOM YM8Hbl!\a8TCH MaKCHMaRb

HaH HHT8HCHBHOCTb, H, KOr~a T=t%> , 
H3RYq8HH8 nepecTaeT 6b!Tb CB8PXH3RY

qaT8RbHbiM ( CM. pHC. 11). 0TCIO~a 

nerKO DOHHTb ITOB8~8HH8 ¢YHK~HH 

t.: (T), noKa3aHHOe Ha pHc.10. 

PaCCMOTPHM Tenepb YCROBH8 npH-

M8HHMOCTH o~eHKH (5.37). HeTPY~Ho 

BH~eTb, qTo o~eHKa (5.28) cne~yeT 

H3 (5.37) DPH YCROBHH (5.30). TaK 

qTo 3TO YCROBH8 8CTb H KPHT8PHH npH-

M8HHMOCTH (5.37) KaK ITPH6RH~8HHH 

Bb!CI!\ero ITOPH~Ka. Ho, C ~pyroH CTOPO

Hbl, DOCKORbKY B peaRbHbiX CHCTeMaX 

N ':~";? :t. ' TO .fn.N.Ji » J., 
~CTBH8 3TOro 0~8HKa ( 5. 37) XOPOI!\0 ODHCbiBaeT 

CB8PXH3nyqaT8RbHOrO HMDYRbCa (5.24) npH 6o

CROBH8 (5.30): 

(5.38) 

PMYRbl ( 5. 24), OITHCbiBai0[!\8H ¢OPMY HMDYRhCa, H 

T C~enaHHblH Bb!BO~ ( CM. Ta6RH~Y). PacqeT no

'ft = 300 , cne~oaaTenoHo, t 111/f:.•010:il.9, 
t~ no ¢opMyne (5.36) ~oBOnhHO xopomo co-

Ta TOM HCCRe~oBaHHH ¢OPMYRbl ( 5. 2 3) ~RH BC8X 

1!101!\HX ycnoBHIO ( 5. 38) ( T. e. T7- 0,026 ) . YHcneH-

aK~e noKa3aTo, qTo B cnyqae Heo~Hopo~Horo 

T nopH~Ka t:D: T- t ,p H l'l:N / {T- ftDJl ~ :i, 
HMDYRbC C YM8Hbi!\8HHOH aMnnHTY~OH H YM8HbW8H

HKa (eM. PHC. 11, 12). Ha PHC. 12 ITOKa3aHO 

8HH08 npH qHCR8HHOM P8W8HHH ypaBH8HHH (5.24) 
9·~o-S: 'C0 •J6'1Hc 1 Tat..~~-K'C11 . 

He BRHHHHI! H80~HOPO~Horo YWHP8HHH RHHHH Ha 

c, C¢OPMYRHpyeM KPHT8PHH DPHM8HHMOCTH nony-

)lnH ITPOCTOTbl 6y~eM orpaHHqHBaTbCH cnyqaeM, 

ropoM Haxo~HTCI! H3nyqaTenH, HMeeT Hrnoo6pa3-

3W8HH8 (5.21) ~RI! HHB8PCHH HaC8R8HHOCT8H 

HTeHcHBHOCTH H3nyqeHHH B o6nacTH t ""T cnpa

[{a BhmonHReTc.l1 ycnoBHe M1~M.z.. 
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TA6JI11UA 

t * CpaBH8EH8 3HaqeHHH BP8M8HH 3a~ep~KH HMITYRbCa tn , nonyqeHHblX 

qHCR8HHbiM HCCR8~0BaHH8M ¢OPMYRbl ( 5. 24 ), C 0~8HKOH (5. 37), a TaK~8 

c o~eH!<OH ( 5. 28) 6oHH¢a~Ho-JiyrHaHo. BbJqHcneHHH BbmonHeHbi ~nH 

cnyqaH N)l=.300 1 tZI=O,OU9'l:"0 1 'C"N=0,0033'l:. 

~~0~ 
T/t. { ~ to-z) --------

4,c 

4,2 

3,9 

3,6 

3,2 

2,S 

2,6 

1,6 

.!. ·1/)l 
t.Q. 

PH~ .12 

Kt • J. 

1<, :a 2. 

J(J .. ' 

k, • ' 

Pe3ynbTaT 
qHcneHHoro O~BHKa (5.37) O~eHKa (5.28) 
HCCR8~0BaHHH 6-JI 

2,3 

2,34 

2,4 

2,45 

2,5 

2,58 

2,63 

2,40 

45 

2,3 2,45 

2' 34 2,51 

2,38 2,60 

2,42 2, 71 
2,45 2,86 

2,41 3,08 

2,04 3,45 

H8DPHM8HHMa H8ITPHM8HHMa 

C ~pyroH CTOPOHbl, ITPH ~OUORHHTenb

HOM npe~nono~eHHH (5.30) ~nH ape

M8HH 3a~ep~KH HMUYRhCa t~ 
cnpaae~RHBbl 0~8HKH ( 5. 28) HRH 

(5.36), a ~RR ~RHT8flbHOCTH HMUYRbCa 

'C~ - o~eHKa ( 5. 27) . EcnH no~-
cTaBHM (5.28) B npaBYIO qaCTb (5.21), 

TO nonyqHM 

OTKy~a cne~yeT ycnoBHe M, » 11a. 
3To 03HaqaeT, qTo ycnoaHe M4 »H.a 
aBTOMaTHqecKH Bb!DORH.fi8TCJ1, 8CRH Bbi

UORHH8TCR YCROBH8 (5.30). Cne~OBa

T8RbHO, o6mHM KPHT8PH8M llPHM8HHMO

CTH nonyqeHHbiX P83YRbTaTOB I!BRReT

CR Bb!DORH8HH8 COOTHOI!\8HHR (5.30): 



l: 
1; 

3.r~ec~ B8JJH'lHHbl t. D H f:N onp8,!18JJHIDT BP8MH 3a,!lep~KH H ,!IJJH-

T8JJbHOCTb HMnYJJbCa nPH OTCYTCTBHH H80,!1HOPO.IIHOrO YWHP8HHR JJHHHH COOT

B8TCTB8HHC • BH.II ct>aKTopa }L 6hiJJ npu6JJH~eHHo noJJy'!eH PeJJepoM H 36epJJu/ 108, 

.IIJJR pa3JJII'!Hb!X ; MaKpOCKOnH'l8CKHX KOHcl>Hrypa~HH cl>OPMbl pa6oqero 06'b8Ma, 

llJJR KpyrJJcro ,!IJJHHHOrO ~HJJHH,!Ipa C 'IHCJJOM ~8H8JJR nOpR,!IKa 1 xopoooeii an

npoKCHMa~!' eli CJJY~HT BbJpa~8HI18 

3 1-z · { ~ V2 A 
ae= &T A' A~ "57 ' rr--:::f. (5.39) 

3.r~ecb A , L - cooTBeTCTBYroooHe nJJoooa.IIb ocHoaaHHR 11 .IIJJHHa ~HJJHH.IIPa, 
~ - ,!IJJHHa BOJ!Hbl 113JJY'l8HHR. I1M88M/21,30, 108/ 

'(:'" :: &:r'L. 
N 3jJ.'I 1 

(5.40) 

t» = ~ .ez l..e:j.~J.. 

r.r~e ..P::. V Jv - nJJoTHOCTb H3JJY'laTeJJeii a pa6o'leM o6'beMe V• AL 
0TCID,!Ia MO~HO nepenHcaTb YCJJOBI18 npHM8HHMOCTH (5.30) B BH.I18 

L)i>l. = ~ X{ oz;) 
T- 3j!f T (5.41) 

HJJH 

.]J>> .fr = 3!?;. 7<: r;) (5.42) 

3,!18Cb cl>YHK~HR X(-f-) onpe,!18JJR8TCR KaK p8008HI18 ypaBH8HHR 

::;~ CL. 
&~r+2 .. -;:;:;-' 

7(.,. i..Je, 

s cJJy'lae, wr.r~a TaKoe peooeHHe cyroecTayeT (T.e. Kor.r~a T<e<c::o ). B 

npoTHBHOM ~JJyqae (Kor.r~a T')-erco J HMeeM npocTo X= i/e. 
Be3,!1e Mbi npe.r~noJJaraJJH, 'ITO 'lHCJJo H3JJY'laTeJJeii .r~ocTaTO'lHO 60JJboooe, 

'IT06hr BhmO.lHRJJocb ycJJoaHe N <I!>> I. . A B cJJyqae KPYrJJoro .IIJIHHHoro 

~HJJHH,!Ipa C 'IHCJJOM ~8HSJJR nopR,!IKa 1 3TO .YCJJOBI18 COr'JJaCHO (5.39) 3K

BHBaJJ8HTHO CJI8.IIYID008MY: 

3p'll.. >>1... 
(5.43) 
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onpe~eRH~T BP8MR 3a~eP*KH H ~nH

H80~HOPO~HO~O Y~P8HHH nHHHH COOT

H6nH*8HHO nonyt~eH PenepoM H 36epnH/108/ 

HX KOHtPH~ypa!J,Hi\ tPOPMbl pa60'18~0 06'beMa. 

HCnoM ~eHeRH nopH~Ka 1 xoporoeti an-

A '""'" IJ:"- J... (5.39) 

oma~o OCHOBaHHH H ~nHHa ll,HnHH~pa, 
/21,30,108/ 

(5.40) 

TeneA B pa6ot~eM o6'beMe V• AL 
HM8HHMOCTH (5.30) B BH~e 

(5.41) 

t;.) 
T • 

(5.42) 

TCH KaK peroeHH8 ypaBH8HHH 

~TByeT (T.e. KO~~a T.(et(;0 ). B 

HMeeM npocTo X= /. je . 
~no Hsnyt~aTeneti ~ocTaTot~Ho 6onorooe, 

• A B cnyqae KPY~nO~O ~HHHO~O 

l 3To ycnoBHe co~nacHo (5.39) 3K-

(5.43) 

(.6 

~ 
r 
! 

ITocne~Hoe ycnosHe, KOTopoe Heo6xo~HMO Y'IHTbiBaTo, cBH3aHo c TeM, 

'ITO np!l nony'I8H!ll1 ypaBH8H!l!l (5.24) Ha OCHOB8 Kl1H8Tl1'18CK!lX ypaBH8H!lH 

B npe~bl.IIYmeM pas~ene Ml>I HcnonososanH PH~ ynpomeHHti, KOTOPbie cnpase~

nHBhi TonoKO !lRH cna6o M8HH~me~ocH B npe~enax o6pasua nonH. ITosToMy 

~nHTenoHOCTo npouecca, xapaKT8Pl13YeMaH senwmHoti 7:11 , ~onJKHa 6biTo 

HaMHO~O 60noii8 xapaKT8PHO~O BP8M8H!l H3M8H8H!l!l aMnJIHTY~bl non!l B 06pa3ll,8 

'L.:: L./C , 'ITO 03Ha'!aeT KPHT8Pl1H ApeKKH-KYPT8HCa/l 26 / 

( 5.44) 

~RH npHM8H!lMOCT!l nOnY'!8HHbiX pesynoTaTOB. 11cnono3Y!l !IBH08 BbipaJK8Hl18 

~N , MO*H<> nepenHCaTo ( 5. 44) B 8!1~8 

4-7 



/ 
/ 

rnasa Y1. BnMffHME HAKAqKM 

"HacmoRUiee ecmb c.11eocmeue npoweowe

eo, a nomoMy HenpecmaHHo o6paUiaa. 

630P C60U Ha aaou, ~eM c6epexeWb 

ce6R om a HamHux owu6oK". 

"Co~uHeHUJI KoabMU flpymKoea" 

KaK y~a3hlBaROCb BO BBe~eHHH, npoCT8HMHH cnoco6 npHrOTOBR8HHR 

HaqanbHOro COCTORHHR CB8PXH3nyqa~M8H CHCT8Mbl CBR3aH C HCnORb30BaHH8M 

na38PHOH HEKaqKH B TP8XYPOBH8BOH cxeMe (pHC. 2). TipH paCCMOTpeHHH Ta

KOrO npouecca BRHRHHe HaKaqKH Ha xapaKTep nocne~y~ero csepxH3nyqeHHR 

o6brqHo He I accMaTpHsaeTCR. TaK MOJI(HO nocTynaTb B Tex cnyqaRx, Kor~a 

~RHT8RbHOC1 b HaKaqKH 'f:p Mana no CpaBH8HH~ C MHT8RbHOCTb~ CBepXH3-

nyqaT8RbHOIO HMnYnbca ~- • O~HaKo B uenoM PR~e 3KcnepHM8HTanbHO 

peanH30BaHHIX CHTY8UHH/5 ,7-9,53, 113, 114 / 7:p~'t"l • B 3TOH CBR3H 

yqeT BRHRH•R HMnYRbCa HaKa~KH Ha npOU8CC CB8PXH3nyqeHHR npe~CTaBRR8TCR 
B8JI(HblM/68, t 9,115,116/ • 

Cne~yi paGOTe/ 116 /, paCCMOTPHM TP8XYPOBHeBy~ CHCTSMY, npe~cTaB-
neHHY~ Ha I•HC. 13. Mcnonb3YR 

J!=; 
l'HC. 13 

ilJOPM8nH3M, P83BHTbiH MR onHcaHHR MHOrO

YPOBH8BbiX CHCTeM (eM. pa3~en 1, ilJop

MYRhl (1.15), (1.16)), npe~CTaBHM 

raMHn!ITOHHaH T8KOH CHCT8Mbl B cne~y~

M8M BH~e: 

H'f!.t.~R.44Cf) +fli.~a: ak + 

+ ~ 9-rc {etitijR.lf)a,. + e-'~i'iR.,(.J)Q: J + (6.1) 

+ ~ r ~CA\lt) {e -.:(ur.t-(llj>R,~IJ+ etcw.t:-~ii>R.,, f1>}. 

TaKoA raMH;JbTOHHaH onHcbrsaeT KorepeHTHYO HaKaqKy c qacToToA CAT. H son-. .,.. 
HOBbiM B8KTOPOM t. Ha nepexo~e 1-3 ( cp. ( 1. 21) ) H KORR8KTHB HOe 

CnOHT8HH08 H3nyqeHH8 Ha nepexo~e 2~3. HHaqe rOBOPR, CnOHTaHHMM H3RY

qeHH8M Ha 118P8XO~e 1-3 Mbl npeHe(5peraeM. 3,n8C!I e-.- 3HeprHJI COOTB8T

CTBY~ero ~'POBHR H onepaTOPbl R~J (/) · y,nosneTBOPR~T nepecTaHosoqHhlM 

COOTHOM8HHJIM 
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( 6. 2) 

CTaH,l1apTHb!M o6pa30M BB8,!18M KOJIJI8KTHBHbl8 IT8P8M8HHbl8 ( CM. ( 1.11 ) : 

TaK KaK B3aHM0,!18HCTBH8 B raMHJibTOHHaHe (6.1) JIHH8HHO ITO ('ITepaTO-

+ 
paM tPOTOHOB a I ct , TO MOlKHO BOCITOJ!b30BaTbCR M8TO,l10M, H3Jim:eHHb!M 

B pa3,!18JI8 W,H ITOJIYqHTb CJ18.I1YIDmY~ TOqHy~ H8papXH~ KHH8THq8CKHX ypaBH8-

HHH: 

onHchrBa~l!IY~ ITpou;eccbl cnoHTaHHoro H3JiyqeHHR. OITepaTop HM 3.118< b co,!1ep

lKHT IIOMHMO 3HeprHH CB060,!1Hb!X H3JiyqaT8JI8H 8l!l8 H 3H8prH~ HaKaqKJ-, a 'f(•) 
- .I1HtPPaKL\HOHHaR tPYHKL\HR - OITP8,!18JIR8TCR 06b!qHb!M o6pa30M. T8IT8PI BOCIIOJ!b-

3Y8MCR ITPH6JIHlK8HH8M, aHanOrHqHb!M Bb!6paHHOMY B pa3,!18JI8 1Y: 

BbiiiOJIHRR T8II8Pb B npaBOH qaCTH ( 6. 4) HHT8rpHpOBaHH8 ITO q: H I peHe6pe-

raR, KaK H paHblll8, BKJia,l10M ,!1HtPPaKL\HOHHb!X qneHOB ITPH ~:;/r ~/ , I10JIY-

qaeM ypasHeHHe, aHanorHqHoe (4.1): 

( 6.5) 

KHH8THqecKH8 K03tPtPHL\H8HTb! ~ OI1P8,!18JIR~TCR 3,!18Cb TaK )!(8, KaK I B pa3,!18-

JI8 ( 1Y) ( tPOPMYJibl ( 4. 4)) H HM8IOT aHaJIOrHqHb!H CMb!CJI. . 

.IlnR ITPOCTOTb! orpaHHqHMCR B ( 6. 5) paCCMOTP8HH8M TOJ!bKO 0,!1HOi: M0,!1bl -'V 
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( o6o6meHMe fa MHoroMo.noBhiii cnyqaii 6e3 Tpy.na MOlKeT 6hiTb rronyqeHo no aHa

norMM c pa3JeJiaMM 1Y I! Y). 
C IIOMOU,bro YHMTapHoro rrpeo6pa30BaHMH, 3a.naBaeMoro orrepaTOPOM 

u=p ~p{Ltw.t- K.~) t.NL(f) J, 
rrpeo6pa3yeM raMMJibTOHMaH M -cMcTeMhr 

K Bll,11Y (B 

~ l. +_ rt ..... .. -i."'t 1 HM 2 .L.6,(Ru 1' rnu.r,(£} 'f(K-"f')R,l1'Je + J.C.J 
tJ. - '1" 

O);HOM0,110BOM CJiyqae) 

H" = i liuJi.Ct)(R.u -tR.u). 

Terrepb 1!3 (t,.5) rronyqi!M cne.nyromyro cMcTeMy ypaBHeHMii: 

..:Lt. R '> = lur..ceJ {< ~ > -< R >) ct li 2 ~~ U , 

;rt< R.z2> = r<R3l R,.>, 

~f-t < Rn't = -(<R§ R.~,>- '-':CI;J {L.. R.u>-<Ru>)' 

d < R C:Wi,Ct:) (. n (. o )) f.j/.0. / n R. ,Jt ,,>= 2 L.~e.J,>- ~• - ""a,), 

:ft <.R.u>= l.~,ct-l(R:U)-t- (_2Ul{ll.,(R,.-Ru))' (6.6) 

d R iW&(tl Cj'"'< n dt /.. ~.i>=~l.R.,>-+ fl,/(.11) . 

3.necb B rrep3hlX Tpex ypaBHeHI!HX ,11JIH HaCeJieHHOCTeii ypOBHeii B npaBOH qa-

CTI! CTOMT IIlPHM KoppeJIHUMOHHaH tl>YHKUI!H /.. R.31 Ru > , ypaBHeHMe 

(6.5) ,11JIH K)TQpOii I!MeeT Bli,11 

Jt <RuR,>:.(L..R,jR..,-£.a)R.,>1' '-t'tt:l(<fL1,f~.,>-<ll,R,>). ( 6.1 l 

B CHJIY Mepa~XI!qecKOH CTPYKTYPhl (6.5) B rrpaBOii qaCTI! (6.7) CTOHT YlKe 

TPOHHble KOp]>eJIHTOPhl, ,11JIH KOTOPhiX Mbl BOCIJOJib3yeMCH CJie,llYIOl!\HM pacuerrneHI!-
eM/116/, · 

< R· .. c ll,~-R.,2)fla,>=-<R.J2R.,(R.,.-~ -2))-~I..R...R-u><R.,,-flu -2 >. 
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KpoMe TOrO, B qneHaX, OTHOCRmHXCR K KOrepeHTHOH HaKaqKe B (6.j ), rrpeHe-

6peJKeM KOnn8KT11BHbiMH s!WJeKTaMH. C yqeTOM nepecTaHOBOqHbiX COOT! OIII8H11H 

(6.2) 11M88M 

Tenepb (6.7) llPI1HI1MaeT Bl1~ 

PaCCMOTPI1M CHaqana ~OCTaToqHo paHHIDID CTa~I1ID npo~ecca, KOJ~a Hace

neHHOCTb B8PXHero YPOBHR npeo6na~aeT Ha~ HaceneHHOCTbiD llPOM8lKJTOqHOrO 

yposHR (<R.n>>>< Ru> )168 , 1161. Tor.[(a 

d1 <R.u>=<Ru>=O · 
Tenepb 113 (6.6) nonyqaeM 3aMKHYTYID CI1CT8MY ypaBH8HI1H; 

d ~ dt <R.,.>= 2 (N-2~R.u.>), ( 6.9) 

B116epeM HaqanbHbie ycnoBI1R B Bl1.[(e 

COOTB8TCTBY~8M llOnHOH HaceneHHOCTI1 HI1JKHero YPOBHR. Tor~a 

r~e <Pft) - nno111a.!1b 11MTIYnbca HaKaqKI1: 

<P{t.) =J wlt.('t:)dt'. 
0 

B llPOCT8HIII8M cnyqae llPRMoyronbHOro 11Ml1Ynbca HaKaqKI1, KOr~a it W,{t)=O , 
11M88M 

(6.11) 
r.[(e Co - aM!lnHTY.[(a llOnR HaKaqKI1 11 d~i - MaTpl1qHbiH sneMeHT onepaTO-
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pa ,I:UinOJibllOrO MOM8HTa nepexot:~a 1-3. YpaBH8HH8 ( 6. 8) T8TI8Pb TIPHHHMaeT 

BHt:l ( )1Jlfl ':nytta!'l ( 6 .11) ) 

d~ Y= lf (1.-cosw,.t:)Y+ ~ iinw.t, (6.12) 

rt:~e Y = .( Ru Rd '> · Ero peooeHHe c Hatta.nbHbiM ycnosHeM Yto) = 0 ecTb 

t: 

~(i)= ~ J exp{~t'- ~~i-t1J 1inw1t'clt', 
0 tl. 

(6.13) 

rt:~e "L "t"l: jJI • 

H3 (6.13), B ttaCTHOCTH, CJI8)1Y8T 1 ttTO B CaMOfi Hatta.JibHOfi CTa):IHH npouecca 

(. R.11 R,,> ~< R~.~, > :r N-< R, > 
Pacc~OTPHM Tenepb ):lpyry~ CTa):IH~ TIPOU8CCa, KOrt:~a )18fiCTBH8 HMTIYJibCa 

HaKattKH B CHCT8M8 Y-*8 3aKOHttHJIOCb ( t >1;p ). Tenepb H3 ypasH8HHfi (6.6)
(6.8) HM8~M 

ft-<1,2 >=(Y, 

jt <flu>::: -jy' 

1f Y = K{< R.,J>-< R..> -2)'1 . 
Bso)1!'1 HOBY~ nepeMeHHY~ X=(~ R,.>- <f..}) /2. , 
B CJI8)1YIIJJI8M BH)18: 

J '( d ."it X=- y ~ ;It Y·-2(Y+2(XY. 

(6.14) 

MO~HO nepeTIHCaTb (6.14) 

(6.15) 

/ CooTBeTCTBYIIJJIHe Hatta.nbHbie ycnoBHfl ecTb 

" N_ · ~~ "o=X(t:,.J=rsttt 2 ' 
t, . 

Y.= Yet:,)=¥ J et.p{''ft- '~[auLr,-t'lJ~wtt'cJt'. 

YpaBH8HHR (6.15) HM8~T HHTerpaJI )1BH~8HH!'I 

Y+x'-2x=M= Y.+x.'-2x •. 
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Tenepb BMeCTO (6.15) HMeeM 

d~ x =-r (M+2t-rJ, 
OTKy,na 

Jf::t I =errx,-x,){t-t"~ 
r.ne x~. ' = t :t ".:t + M . KaK H8TPY.llHO BH,neTb, o6naCTb peiiieHH 1 X >)f.~ 
cooTse;cTBYeT npoueccaM H3nyqeHHa/116 I. B 3TOH oonacTH 

(6.16) 

napaMeTp ~. onpe,nenaeTCR H3 HaqanbHb!X ycnOBHH. KaK HeTpy,nHO BH,ll8Tb, 

speMeHeM 3a,nepJKKH s paccMaTPHBaeMOM cnyqae 6y,neT semtqHHa ~::j~-'Z:p, 
onpe,nenaeMaR COOTHOIII8HH8M 

(6.17) 

COOTB8TCTBY~~aR HHT8HCHBHOCTb KOnneKTHBHOr'O CTIOHTaHHOr'O H3nyq3H~R 8CTb 

(6.18) 

113 onpe,neneHHR napaMeTpos X,. , Xa , / H g.- HeTpy,nHo BH,neTb, qTo BbiPaJKe

HHe (6.18) co,nepJKHT csepxH3nyqaTenbHoe cnaraeMoe, nponopuHoHa~bHoe 1'1'. 
I 

PHc. 14· 

TaKHM o6pa3oM, napaMeTpbJ iMTIYnbca 

HaKaqKH onpe,nena~T senHqHiY HHTeH

CHBHOCTH, speMR 3a,neplKKH 1 ,nnHTenb

HOCTb CB8PXH3nyqaTenbHOr'O HMTIYnbCa 

( CM.pHC. 14). 

llPYr'OH BalKHOH xapaKT3PHCTHKOH 

csepxH3nyqaTenbHoro npoue:ca asna

eTca yron 13noxa (eM. pa3,n·3n Y), KO

TOPbiH Mbl BBe,neM COOTHOII!eH 18M 

EcnH cqHTaTb, qTo Henocpe.~CTBeHHO 

nocne OKoHqaHHR HaKaqKH 3TOT yron e~e Man, TO 

53 



Tor~a H3 (6.13) HM88M 

1 ( Jrp S T -f/ 
®p (tp) = (NJ~)11Q._ e'ICp I~ -

o R 

5iTtco~(t'ft'Jcu . 911:1. _« SL'rl.to t~cU 
T'R COR ;2 R • ( 6 . 19 ) 

B cnyqae oqEHb KOPOTKHX HMnYnbCOB HaKaqKH ( ~p ~< ~~ ) H3 (6.19) 
HM88M 

®(rt:'p)= ~ expl 'C:'e _ ¥n{u1a.7:el2l.} •··-~ 
~N/Z}K ( J(f::_ 2..7::(J)R. ......,, 2 

(6.20) 

Heo6XO~HMO ro~qepKHYTb, qTO COOTHOffi8HHR (6.19), (6.20) OTnnqaroTCR OT 

COOTHOffi8HHH pa60Tb/68 /, nonyqeHHblX B npH6nHJK8HHH cpe~H8I'O nOnR ( BC8 

napHb!8 KOppE,nRUHOHHbl8 cjJyHKUHH npe~CTaBn8Hbl B BH~e npOH3B8~8HHR 

cjJyHKUHH). Ki.K Mbl YBH~HM, COOTHOffi8HHR (6.19), (6.20) ~aiDT nyqffiee corna

CHe C 3KCn8]1HM8HTOM, qeM ynOMRHYTb!8 pe3yn&TaTbl pa6oTb/68 /. l13MepeHH8 

Haqan&Horo :1HaqeHHR yrna 6noxa npoBo~nnoc& B pa6oTe/ 13/ ~nR napoB Cs 
npn N = 2 108, -z:~~, = 0,4 He, 'C:'p = 2 He. )lnR ®o =®('t:p) 6brno 

nonyqeHo 3HaqeHne ~ • 1.0"" PacqeT no cjJopMyne ( 6.19) ~aeT 
$ • i04 ®o ~2 '1·~0~ TOr~a KaK pe3yn&TaT 

~ 4 ° pa6oT~/68 /®.,•:l.O·:iO"~ . (ITo 

J 

z 
J 

20 

16 

1Z 

' 

I 

2. " 6 8 
p lC, 15 

i)/t'a 

............. 

r,tt. 

4 ---------2 4 6 1 Tf/T, 

P.Jc. 16· 

~PYI'HM OQ8HKaM/1171 
@. ".2;3 ·:lO-ll). 

Pe3yn&TaThl qncneHHoro pacqeTa 

Haqan&Horo yrna 6noxa H BpeMeHH 3a

~epJKKH OT ~nHT8nbHOCTH HMnyn&Ca 

HaKaqKH ~nR CHCT8Mb! C 'HlCnOM H3ny-

qaTeneti, COOTB8TCTBYID~IiM 

M8HTanbHOH CHTYaQHH/ 13/, 
Ha PliC. 15 H 16. 

3Kcnepn

npHBe~eHbi 

!1o~qepKH8M, qTo OTnHqHT8nbHOH 

qepToti CB8PXH3nyqaTen&Horo npouecca, 

peann3yeMoro no cxeMe, npe~cTaBneH

HOM Ha PHC. 13, RBnR8TCR HanHq!fe 

HeHyneBOH MaKpOCKOrrHqeCKOH nonepeq

HOH nonRPH3aQHH, npe~cTaBnR8MOH 

cjJyHKUH8M '- flu f2u > , YJK8 Ha TOM 

cTa~HH npouecca, KOTopaR Henocpe~

CTB8HHO cne~yeT 3a OKOHqaHH8M HM

nyn&ca HaKaqKH. 
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rnasa Yil. MHOrDUBETHOE CBEPXH3JIY1IEHHE 

"HpacKu moxe, ece amo npoc"'O y eac, 

a 6AU3KO, O~BHD 6AU3KO I( lamype". 

H. E. PenuH ".llaAeKoe 6AU3KOE " 

8 npe,llbi,!{YJ!18M P83,ll8JI8 Mbl npeHe6per;rn B03MOlKHOCTbiO CB8PXH< JIY'IBHHR 

Ha nepeXO,ll8 MBlK.llY HHlKHHM H B8PXHHM YPOBHRMH. BM8CT8 C TBM H< 3KCnepH

M8HTa H3B8CTHO, 'ITO B TP8XYPOBH8BhlX CHCT8M8X MOlKBT Ha6JIIO,ll8Tb(Ji .llBYX

~B8TH08 CB8PXH3JIY'I8HHe, BBCbMa JII060nhlTH08 RBJI8HH8 KOHKYPBH~~ HMnYJib

COB pa3HOH '18CTOTb/53 / H H8KOTOPbie .llPYrHe cne~H¢H'IeCKHe OCJ6eHHOC

TH/118,11~/.ffBJieHHe KOHKYPeH~HH HMnYJibCOB OnHChlBaJIOCb Ha OCHOBe noJiy

¢eHOMeHOJIOrH'IeCKOrO no~o.na B pa6oTax1120 , 1211. nocne.noBaTeJIIHaR Teo-

PHR 3TOrO RBJieHHR, OCHOBaHHaR Ha HepapXHRX KHHeTH'IeCKHX ypas~eHHH, pa3-

BHBaJiaCb B pa6oTax/1 07' 115' 122 I, KOTOPbiM Mbi H 6y.n;eM 3.lleCb cJIE .nosaTb. 

DpeHe6peraR npo~eccaMH HaKa'IKH, paCCMOTPHM TpexypOBHeByR CHCTeMY 

C 3anpe~eHHb~ nepeXO,llOM MeliC,llY HHlKHHM H Cpe,llHHM YPOBHRMH, xap8KTePH3ye

MY10 raMHJibTOHHaHOM 

t~=J~.c.tR..u ... f.tt.Wa:a:a .. +~ t~j~'[ellJiJR.._,(f)aiC T 

+ e-i.li; ll_,s tna: J. ( 7 .1) 

3,ll8Cb HCnOJib30BaHhl Te liCe 0603Ha'leHHR, 'ITO H B npe.)l~y~eM pa3~eJie. To'I

HaR HepapXHR KHHeTH'IeCKHX ypaBHeHHH ,IJ;JIR 3a,IJ;a'IH C raMHJibTOHHaEOM (7.1) 

HMBeT BH,IJ; 

(7.2) 

• 
BHOBb BOCnOJib3YeMCR MapKOBCKHM 5feHe6peliCeHH8M. J!ope~eBO YJ!IHP3HH8 

6y,lleM C'IHTaTb OTCYTCTBY~HM (T =0): 
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} R._u(f;•t) = R-~3 (j ;-t)ecw,n(t-t:) 

L II.,J!f;e)• R.,
1 

(f; t)e _,,_,.,, .• ,·. 

B 3TOM CJIY'ae H3 (7.2) HM88M CJI8,!1Y!Ol!IYIO H8papXHIO MapKOBCKHX ypaBH8HHii: 

r.11e 

J i. Je-<CO>- r<[H,.,,O]>= 
(7. 3) 

=2~ fr.u L c;;, {<[1(3.(J), O]R.J3(f'))t-<R,.(t)[l9,/l_.,cf~]>], 
}d f,f.' " ;r 

r - 4 IJ-
J 3 ' ,. . .... ... 

CL I =l e+'-lc_,•(xrx;,) 
J .. ~,. ' 

I< ,.l "' W.,Jfc · 

f1pH Bb!B0.!18 MapKOBCKHX ypaBH8HHii ( 7. 3) Mbl Y'!JIH MaJIOCTb KOPP8JII!TOPOB 

THrra ~RH(J)[cO, R.-·3 (f'J] >" rrpH )tfi' . 
f10.!Iar3.1! B ( 7. 3) < @>: 2.. < R. {f)>(:Xa) , HM88M 

-J ..,, "" 

J~ XJ=<t"_;!X3 + 'C~~ S_,?> , fod,2, (7.4) 

r.11e 't" :: r._-f - speMI! crroHTaHHoro pacrra.11a Ha rrepexo.11e A-.; ,. _,, .r 
H 

$ -=L c~~<Ru(IJR,J(f'J)(:[ Su.). 
~.1' J" U' 

(Jt-J') (.f.ll? 
)lJII! rrapHb X KOpp8JII!TOPOB S H3 ( 7. 3) B CBOJO 0'!8P8.!1b HM88M 

r.11e 

d t1 -t -j 
d-t ~~~='!:"~t,~,cx,-~){SJ, ... x5)-'C.u(S_..,-P), d.it.fl, d.Jfl"i.,2, (7 .sl 

P=,~ {c1~c;;.<Ru(f)R.uCf'JR.u(.J'~> + 
ti~.J· 

+ cl-~ cl"f, <~1 ({~ Ru C/)121,{/") > J. 
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BpeMR KORReKTHBHOrO paena~a 'ir~~3 onpe~enReTeR eoOTHOOOeHHeM 

"CRJl = ; .. I it ,_6J , 
( 7.6) 

r~e ).}J - eo6eTBeHHOe 3HatJeHHe MaTPHL\bl B3aHMO.IJ;ei1eTBHR 

f c~~ 'IJ.J/x;,) =1J, 'fJ.J.Cx;), 
paeeMaTpHBaeTeR B pa6oTaX/l23,l24 /. nnn H3RY'laro~ei1 eHeTeMbi H"R006pa3-

HOH cjJopMbi B npe~emsHbiX cnyqanx 6onowHx H Mamrx tJHeen ~peHenn :J:" Bee 

HaH60RbOOHe eo6eTBeHHbJe 3HatJeHHR )_p Bb!pOJK~eHbl e KpaTHOeTb /
12

3/ 

{ g--L (~< i)' 
n_." 2:1' ($"»J.) 

H paBHbl COOTBeTeTBeHHO 

(' (g-4<.1)' );. : ~' 
~ (7»1) 
..... ) 

r,[(e l. - ,[(RHHa H3nyqaro~ei1 eHeTeMbr H A - nno~a~h ee nonepeq ;oro eeqe-

HHR. Bee OeTaRbHble eo6eTBeHHb!e 3Hal.leHHR MaTpHL\bl B3aHMO~ei1eTB 1H MHOrO 

MeHbooe Aj& . KaK HeTpy~Ho BH~eTo, napaMeTp ~~onpe~enneT 1xeno npx

oeeBbiX MO~, IlPHHHMaiD~HX Yl.laCTHe B llPOL\eeee KORReKTHBHOrO pac 1a~a ~RR 

nrnoo6pa3Horo H3nyqaro~ero o6beKTa. 

BepHeMCR K ypasHeHHID (7.5). B npaBOH tJaCTH CTOHT Tpexqa~TH'lHaR 

KoppeRRL\HOHHaR cPYHKL\HR, ~mi KOTOPOH Mb! BOC!lORb3YeMCR CTaH~a~THbiM pae

L\enneHHeM/llD,l22/ H YtJTeM nepecTaHOBO'IHbJe COOTHOWeHHR (6.2). B pe3YRb

TaTe ypaBHeHHR (7.4), (7.5) MOJKHO nepeiJHCaTb B BH~e 

r,[(e BBe~eHO 0603Hal.leHHS 

S(A._.)=.L S11• 'ti. ciiJ~. (Xj·J 
.r l,l' ~ ,. 

fl/ 1 

COOTH0008HHR (7.7) npe~CTaBnRIDT co6oi1 YJKe 3aMKHYTYID CHCTeMY ypaBH8HHH. 

C Y'leTOM C~enaHHb~ 3aMetJaHHH ~nfl Hrnoo6pa3HOrO KPHCTanna MOJKHO IlOROlKHTb 
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l103TOMY BME!CTO (7.7) l1M88M 

{ 

J -1. -J. 
dt: X_,=1:.,61 (N-x~,-xz)+'C,__,an.}s_,, 

itS_, =(~!J.Jrl{N-2X.,-X;.){N1N-x~,-XJI)+S,],di}, 
( 7.8) 

r~e $_,: StA;,). 
)l.rr!l CHCT8Mbl ypaBH8Hl1H ( 7. 8) Bb!68p8M Ha'!aJibHbl8 YCJIOBH!l, COOTB8T

CTBY!Oilll18 COCTO!IHHIO C UOJIHOCTb!O 3aC8JI8HHbiM B8PXH!1M YPOBH8M l1 HYJI8BOH 

MaKpOCKOill1'f8CKOH ilOJI!IPl13al.(l18H: 

x1 to) ::.J<1 [D)=O, X3 (0) =N
1 

S~[D)• S1 (oj = 0. ( 7 .9) 

K COlKilJI8Hl110, TO'IH08 p8fll8Hl18 Cl1CT8Mbl ~H<WJ8P8HI.(l1aJibHb!X ypaBH8Hl1H 

( 7. 8) C Ha•raJibHb!Ml1 YCJIOBl1!IMl1 ( 7. 9) H8 l13B8CTHO. l103TOMY ~aJibH8Hfll88 

06CYlK~8Hl18 Mbl npOB8~8M Ha OCHOB8 'Il1CJI8HHb!X P83YJibTaTOB, ilOJIY'I8HHb!X B 

pa6oTel
122 1 

~Jill Cl1CT8Mbi c napaMeTpaMH /II"' J.Ou., J..m J.Oc,., , A •ic111, 
'-"'•d,2·J('~-.t., ~.,=i,i·:lO~ . BhmOJIH8HHbie Ha 3BM pac'!eTbi ~II 

!1HT8HC!1BHO< !T8H 

'I:Jft)='huf_,l ft <a;a~e}>' = ~~~ k XJs 

B 3aBl1Cl1MO' !Tl1 OT ilPl1B8~8HHOI'O BP8M8Hl1 't :::t f'C~I'!I npe~CTaBJI8Hhl Ha Pl1C. 17. 

I 

1" 

~ t j .. ,, 
---· 

'He. 1 T 
"t' 

CnJIOfllHb!8 J!l1Hl1l1 COOTB8TCTBYIOT Bb!6opy 

napaMeTpoB nepexo~oB M8lK~Y pa6o'!l1Ml1 

YPOBH!IMH CJI8~YIOIII8I'O BH~a: 'Z;.= 43't"4s" 
Jl,rrii flYHKTHPHb!X J!l1Hl1il rz;.: ~OS'C'o · 
Tipoae~eHHhril '!HCJieHHbiH aHaJIH3 noKa3bi-

BaeT Cl1JibHYIO KOHKYPeHI.(l110 HMnYJibCOB 

pa3HOH 'IaCTOTbl B 3aBl1Cl1MOCTl1 OT Be

POIITHOCTeil CflOHTaHHOI'O pacna~a ~Jill 

pa60'!HX nepexo~oB ~ • KaK He-

TPY~Ho Bl1~8Tb, KOJIJieKTHBHOe CflOHTaH~ 

Hoe H3JIY'!eHHe Ha nepexo~e c 6oJibrneil 

aepO!ITHOCTb!O CilOHTaHHOI'O pacna~a 

npaKTH'!eCKl1 ilOJIHOCTb!O no~aBJI!leT KOJI

JieKTHBHOe l13JIY'!eHHe Ha nepexo~e C 

MeHbflleH BePOIITHOCTb!O YlKe npH 

_& .J 

r. 21: :~.,3 . 
•• 

PaCCMJTPHM Tenepb 6oJiee 06IIIYIO TpexypoBH8BYIO CHCTeMy, B KOTOPOH pa3-

pern8Hbl ace nepexo~h/ll5/ (eM. p11c. HlJ. 
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BosMO~HOCTb npaKTHqecKoH peaH13aUHH 

TaKOH Cl1CT8Mbl Mbl 3,!18Cb 06Cy~,[{ iTb He 6y

,[{8M. ( 11HTepeCYIOII\l1XC.f1 MHOrOcPOT )HHb!Ml1 pe-

30HaHCaMl1 B MHOrOypOBH8Bb!X Cl1 cT8MaX OT

CbmaeM K MOHOrpadJHH/
48 /). 

PHC. 18 
PaccMaTPl1Ba8MOH Cl1CT8M8 40~HO C0-

110CTaB!1Tb raMHHbTOHHaH Bl1,!1a/ 1 l7,115/ 

, ... .., 
H = "L E.J..R.N/. -t-'[1i.t4 a~<.,. a" -t Z L. 1:~J {/c;y~rJJa~e 1-

~=i " ~~ "'-,} "J 

let~}) 

(7.10) 

+ e -iiliJ R.t.J r j)a: ]. . 
!lepeH,!18M K 11P8,!1CTaBH8Hl110 KOHH8KTl1BHb!X nepeMeHHbiX M.FI onepaTOPOB 

l13HyqaTeHeH l1 BOCI10Hb3Y8MC.f1 MapKOBCKl1M 11Pl16Hl1~8Hl18M 

R (""r·'l:")- R ('V'·t.)e ~w.~.-'("-·t:J e -{t.-t)/2r 
"d.) y, - d.J } 

B pesyHbTaTe C 110MOII\bl0 061!\HX M8TO):{OB, H3H0~8HHb!X B pas.neHaX ffi l1 1Y, 
noHyqaeM !18papXHIO MapKOBCKHX ypaBH8HHH Bl1,!1a 

J~ <.0)- k <[H,.,,O]>= 

= iLL c.,<~Jl<[fl..MC-'1), <O]R.L,(.V}> +< ~("'Y)[l),~l"'J]~ (7 .ll) 
~.L~ v ~ • 

3,!18Cb, KaK H 11P8~,!18, Mbl npeHe6perHH BKHa):{OM KOppeH.FITOPOB npH "{ ~ -1/'1 

l1 

r.ne 'f (•) - ):{HcPPaKUHOHHa.FI cPYHKUH.FI. IloJIO)!(i1M f/J = R.,~..,~. 11 nepeB.ne .1 K npo-

CT8Hlli8MY TP8XM0,!10BOMY !1pH6Hl1~8Hl110. J1MeeM 
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/ 

Jt< Ru> =j: 1;.1 ~ RJ>J. R..AJ) - ~ k_/ R.t1 ~ '>. ( 1.12 l 

(.J>J.) {.}~) 
Mil napHbiX <i>YHKL\HH, CTOill!\HX B npaBOH qacTH ( 7.12), c noMOII\biO (7 .11) no-

JiyqaeM 

;{ < ~R.1'> = rd.y~ R...M ( R11-~)RJ.} '>. 
Mil TPOHHbX KoppeJiilTOPOB BocnoJib3Y8MCil pacu;enJieHHeM/

11
5/ 

.( ~ ( fl.1J -R..IJ.)RtA._! > =-< R.J,L RJ..}(£.1}-I?.JJ. -2)>~ 

~<.~ R..L.J >~ rR,1-R.M -2r/. 

(7 .13) 

C nOMOII\b!O 3TOrO pacu;enJI8HHil H3 (7.12) H (7.13) noJiyqaeM 3aMKHYTYIO 

CHCT8MY YJlaBH8HHH: 

d 
d.t X£ ::a;, ~~ + fi.z Y.:U , 

J 
df: Xz.=~,Y,,-~2~a, 

-if x, = -~.t ~J- '· Yz, 

.sLy clt: ·i3= ~3(X:s-Xr2)~3 , 

cl~ ~~ = (z,{x.-x2-.2)X,, 

d ;;.r X.2=~2(x2~x~,-2)Yt.2 . 

(7.14) 

3ll8Cb BBE,ll8Hb! o6o3HaqeHHil X.t=<R.,u> 
1 
~) =< ~ fl-')) , KaK H Bbill!e, 

B HaCTOilt(8M pa3ll8JI8 BOCnOJib3Y8MCil P83YJibTaTaMH 4HCJI8HHOrO P8lll8HHil CH

CT8Mbl (7 14) llJI!l OnP8ll8JI8HHil T8Mn8PaTYPHOH 3aBHCHMOCTH HHT8HCHBHOC

TeA/ll5/ BylleM C4HTaTbN=200 H paCCMOTPHM Ha4aJihHOe COCTOilHHe, COOT

B8TCTBYIOI\88 nOJIHOCTb!O 3aceJieHHOMY B8PXH8MY YPOBHIO H HYJI8Bb!M noJIRPH3al.\Hill 

X1 (O)•XafO) = 0, X3 (0)= N, ~a (0)= ~1(0)= Yz.t (o} =0. 
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KaK TIOKa3b!BaeT '!l1CJI8HHb!H aHaJI!13/
115

/, B 3aBHCl1MOCT!1 OT COOTHo:aeHH.fl: 

B8PO.A:THOCTei1: CTIOHTaHHOf'O pacna,L1a B Cl1CT8Me B03MO)I(Hbl O,L1!1H, ,L1Ba l1 TPH 

KOJIJI8KTl1BHbiX HMTIYJibCa. B CJiyqae 

HOe !13JIY'!8Hl18 ( 3 _,. .j! - J. ) 
/i.J :0 B CHCTeMe TIPOHCX0,!1!1" KaCKa.r<

• IlpH HI= 0 Mbi nepexo.r<HM K pa,~cMoTpeH

HOMY Bbii!Ie CJIY'!aiO Cl1CT8Mbl C 0611\HM B8PXHHM YPOBHeM. J1JIR TP8X HM:IYJibCOB B 

TIOJIHOH CHCTeMe TaK)I(8 l1M88T M8CTO KOHKYP8H~l1.fl: HMTIYJlbCOB B 3aBH<!l1MOCT!1 OT 

1 

PHC. 19 

COOTHOI!I8Hl1.fl: M8)1(,!1Y B8PO.fl:TH<lCT.A:Ml1 

cnoHTaHHoro pacna.r<a. TpexnseTHOMY 

CB8PXl13JIY'!8Hl110 TIPH ~J:fu : J'•1.1 
1 1 1:1:1 1 2 COOTB8TCTBY8T PIIC. 19. 

3,!18Cb 'l:': tJ'jJ - 6e3pa:<M8pHOe 

speM.A:. !l0,!1'!8PKHeM, 'ITO BPHMR 3a,[1ep)I(

Kl1 HMTIYJlbCa Ha nepeXO,L18 3·- 2 HaMHO

ro npesocXOJ1HT speMR 3a.r18Jl)I(Kl1 Ha 

nepexo.r1ax 3 ...:.. 1 11 2- 1 • 

PaccMOTPHM Tenepb .!lP,TOe Ha

qaJibHOe COCTOHHHe, KOr.r<a !8PXH!1i1: H 

TIPOM8)1(YTO'!Hb!H YPOBHH B CH< TeMe 0,!1!1-

HaKOBO 3aCeJieHbl: 

IlYCTb ,!1JIH npOCTOTbl (a I: 0 . B 3TOM CJIY'!ae Mbl l1M88M TP8XYPOB! 8BYIO Cl1-

CT8MY C 0611\HM HH)I(HHM YPOBH8M. Pe3YJlbTaT '!l1CJI8HHOf'O pacqeTa l1H18HCl1BHO

CTei1: ,L1JIH nepeX0,!10B 3-1 H 2---.1 TIPHB8,L18H Ha PHC. 20 ,L1Jl.fl: CJIY'!EH 

I 

PHC. 20 

HO, 'ITO H3JIY'!8H!18 Ha nepe~O.r<e C 

60Jibi!Iei1: B8POHTHOCTbiO CTIOH!aHHOf'O 

pacna.r<a 3aMe.r<n.A:eT 11 ocna6r..A:eT H3Jiy

qeHHe Ha nepexo.r<e C M8Hbi!IEH B8PO.fl:T

HOCTbiO CTIOHTaHHOf'O pacna,L1a. flpH 3TOM 

B P83YJibTaTe CTIOHTaHHOf'O pacna.r<a CH

CTeMa nepeX0,!1HT B CTa~HOHapH08 CO-

CTO.fl:HHe, B KOTOpOM '!aCTb H3Jiy'!aTeJiei1: 

OCTaeTC.fl: Ha YPOBHe 2 tCM. 

PHC. 21). 3TO CTa~HOHapHoe COCTOHH!18 

pa3PYIIIaeTC.A:, TIO-Bl1,!1HMOMY, 3a C'!8T 

H8KOJIJl8KTl1B Hb!X ( HeKorepeHT HbiX) npo

~eCCOB pacna,L1a. 

0TM8Tl1M, 'ITO TIP8.r1TIOJI0~8Hl18 0 B03MO~HOCTH 3aM8,!1Jl8Hl1.fl: H3JIY'!3HHH B 

TpexypOBHesoi1: CHCTeMe c o61!\HM HH~HHM ypoBHeM BbiCKa3hiBanoc& pa -lee/
127 I 
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Ha OCHOBe <aqeCTB8HHOrO aHanH3a CHMM8TpHqHb~ CBOHCTB OPOTH*8HHOH CBepx
)( 

:1. 

C!r 

, .. 
I 
I 
I 

.t 

''--- z 
I 

I«'/ ~'S 
P11c. 21 

"'C 

H3nyqaTenbHOH CHCT8Mbl. 

B 3aKnmqeHHe HaCTOH~ero pa3~ena 

BHOBb B8pH8MCH K ypaBH8HHHM (7.8). 
0pH 9-as= 0 3Ta CHCT8Ma HM88T BH~ 

jt. <ll.>= -t:.;1(N/2 +<lls>)-'li£S , 

Jts =2/rt~eu)·~R.s>{JJ-ltf~~>)tS}, 

r~e <R,>= (N-2 Xt) /2 - cpe~HHH pa3HOCTb HaceneHHOCTeH sepxHero 

H HH*Hero ~>OBH8H. CHCTeMa (7.14) npe~CTaBnH8T C060H o6o6~eHH8 ypasHe

HHH Penepa-:l6epnH ( 5.5 ), nonyqeHHoro B pa3~ene v,_ H MO*eT 6biTb HC

nonb30BaHo ;~H nonyqeHHH BP8M8HHOH 3aBHCHMOCTH HHT8HCHBHOCTH CB8PXH3ny

qeHHH B ~By:cypoBH8BOH CHCT8M8. 
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CHMM8TpHqHb~ CBO~CTB l1POTH*8HHO~ CB8PX

H3JiyqaT8JibHO~ CHCT8Mbl, 

B 3aKJiffiqeHHe HacToH~ero pa3~ena 

BHOBb B8PH8MCH K ypaBH8HHHM (7.8). 

IlpH tal: 0 3Ta CHCT8Ma HM88T BH~ 

3~HHH pa3HOCTb HaC8JI8HHOCT8~ B8PXH8rO 

1 npe~cTaBJIHeT co6o~ o6o6~eHHe ypaaHe-

3HHoro B pa3~8JI8 V,, H M0*8T 6biTb HC-

JH 3aBHCHMOCTH HHT8HCHBHOCTH CB8PXH3JIY-

62 

rnaaa Y[I], MHO:'O<I>OTOHHblE TIPOUECCbl: 'IACTH'c!HOE 11CKJJIO'IEHI1E 5030HHblX 

TIEP: IMEH HblX 

"He ma1< yx mpyoHo nocmpoumt> cepwo 

8~8ooo8, 8 1<omopou 1<axo~u nocfieoy~

~uu npocmeuwuM o6pasoM 8~me1<aem us 

npeo~oy~ezo". 

B l1P8,!1bl,!1Yl\11X pa3,!18JiaX Mbl paCCMaTpi1BaJII1 CB8PXI13JIY'i8HI18, CBH3aHH08 C 

0,!1HO<iJOTOHHb!MI1 IIPOI.\8CCaMI1. BM8CT8 C T8M B l.\8JIOM PH~e BaJKHb!X C <iJH311'i8-

CKOH TO'iKI1 3p8111111 CJiyqaea 11M8IOT M8CTO MHOrO<iJOTOHHb!8 UPOI.\8CCb/
48 /. B 'iaCT

H~CTI1, H806XO~IIMOCTb Y'<8Ta TaK11X l1POI.\8CCOB B03H11Ka8T np11 paCCMOTp8HI111 

c11cTeM c .I111nom.Ho 3anpel!\eHHbiMH nepexo,!1aM11. TaK, a aToMax Ka.. ,!111TIOJibHO 

3a!lP81!\8HHblM HBJIH8TCH !18P8X0,!1 3$ -ljS, HCllOJib3Y8Mb!H ,!1JIH H8JII1H8HHOH Bl1-

3yaJII13al.\1111 KOrE>P8HTHoro 11H<iJpaKpacHoro 113JIY«8H11H/
128 ' 129 I . .UPYri1MH npH

MepaMI1 MHOrodJO~'OHHb~ llPOI.\8CCOB MOryT CJIYJKI1Tb r8H8Pal.\HH BTOPOH 11 Bb!CIIII1X 

rapMOH11K, reH8]>al.\HH Ha CYMMapHOH 11 pa3HOCTHOH 'iaCTOTaX, KOM611Hal.\110HH08 

paCC8HH118 C 11CIYCKaHI18M CTOKCOBOH 11 aHTI1CTOKCOBOH KOM!lOH8HT/
48 / ll T.,!1 • 

.IlJIH 0!111Cal1111 l1POI.\8CCa B ,!1BYXYPOBH8BOH CI1CT8M8 C yqacTI18M llPOI13BOJib

HOrO 'ii1CJia <iJOTC•HOB m B pa3,!18JI8 1 6bm BB8,!18H 0!18paTOP ( 1.17). 3,!18Cb Mbl 

6Y,!18M ,!1JIH llPOC1 OTbl paCCMaTPI1BaTb CJiyqail, KOr,!1a m: 2 , 
xapaKT8PI13Y8TCf raMI1JlbTOH11aHOM 

TiyCTb CI1CT8Ma 

( 8.1) 

Hent='Al; 9k{eL.;x-;a .. bR./ft)+e-f.itt"fak+b:R;f}IJVN . (8.2) 

3,!18Cb R.1(p}• P/ +}JRj 11 onepaTopbi 6+, b Ol111CbiBaroT MO.I1Y 3JI8KT

poMarH11THoro llCJIH, Bhl,!18JI8HHYIO B CI1JIY KaKHX-JII160 <iJI1311'i8CK11X l1PI1'i11H. Ta

Ka!l <iJOpMa raMHJbTOHHaHa B3ai1M0,!18HCTBI111 (8.2) COOTB8TCTBY8T ,!1BYX<iJOTOH-

]

--(+) 

(-) 

P11c. 22 

HOMY llPOI.\8CCY, l1P8,!1CTaBJI8HHOMY Ha 

PI1C • 22. Tipl1'il1 Hbl, !10 KOTOPbiM H8KO-

TOpaH M0,!1a MOJK8T OKa3aTbCH Bbi,!18Jl8H

HOH, Mbl 06Cy,!111M H11JK8. 0TM8TI1M 3,!18Cb 

JI111Ilb TO 06CTOHT8JlbCTBO, 'iTO M0,!1a 

b1
, 6 MOJK8T 6b!Tb He TOJibKO 3JI8KTpO

MarHI1THOH llPI1PO.I1bl ( CM., Hal1P11M8P, 

( 1.27)). 
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I 

/ 
/ 

!lepeH)(8M Tenepb K nOCTP08HliiO KliH8Tii'!8CKOI'O ypaBH8HiiR W!R CliCT8Mbl 

C I'aMHnbTOII!iaHOM (8.1), (8.2) Ha OCHOB8 M8TO,!la, H3nOliC8HHOI'O B pa3,1lene 

ffi. 3anHW8M ypaBH8HiiR ,!lB!iliC8HiiR ,1lnR onepaTOPOB a. {~) B npe,!lCTasneHH!i 

reii38H6epra: 

:11. *a~< :A.ui:a,. +-Afg.e-t.lJ;gr~:.JR;(}ljt) . 

¢oPManbHoe peroeHHe ecTb ~ 

-c: ~(~ -t..) -t.'t l; r. _, 14,(i-'t) t + 
a.(t;J=a~~~.{i.)e -Lg~el.e Je bfc)lj(JJ;'C)/N. 

f t:. 

0CTaBaRCb l paMKaX ~OpManbHOH CXeMhl, HCnOnb30BaHHOA HaMH npH BhlBO,!le 

ypaBH8HHR : 3. 9), COB8POOHM HCKni0'!8HHe TOnbKO 6030HHhlX nepeMeHHbiX a,.+ , 
a,. . B J83YnbTaTe nonY'IHM HepapXHIO ypaBH8HHA BH,!la/130/: 

it <COlt:)>- t <[/111 ft), (}(t)] >= 
to 

'"l:fl-( ~ /1){.-r, ~';1:/t: J<[Rt (t.)blt) ()ft.)] R ~ (t)b+CC)) + 
-f:'V" ') ' '· .., , '1 

I .... 

+ N {~, y'; ~,'l: J.([[R.; (~)bit), tJ{t)], R.;.tt:) bt{C)] ')' 1 + .. 
+JA• L .J.f.l't{Df-'f,-·•l;t,'C}(.[£.;ft.Jblt.),~)]i.~ (t)E/te)) + 

i10' ~ 
'-e.. 

+N r~~, ---J';t,'CX[[R;.lt)b(t.),t9ltJJ,~,ft')b+tcJ1 ~J + 

"" 
"'}' ~~clrr: {D{1,-~';t.,-c)i.[R.~ (t.)b(t.))Dft)} R;,tc)b .. (C)I' + 

' 
+ N {.-J, -11'; t,-r. )<[[ R.~ {t)b(t.), D/t.JJ, 2~, {'c)b+tc)] > + 

+D(~,-I;t.;cJ~[ft~(t)bft),O(~J] R.~ 1 ft)b+('C)) + 

+ N (-4, i';t,'t)£[[ R.~ {t) h{t), Oft)], i~,tcJb+(ltJJ >] +eo"P· 
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110 KHH8TH'l8CKOI'O ypaBH8HH.R ,llJI.R CHCT8Mbl 

l OCHOB8 M8TO~a, H3n0~8HHOI'O B pa3~ene 

1I.R onepaTOPOB Q
11 

(4:_) B npe~CTasneHHH 

XeMbl, HCTIOn1'>30BaHHOll HaMH TIPH BblBO~e 

,'l8HH8 TOni>KO 6030HHblX nepeM8HHblX a: , 
papXHIO ypaBH8HHll BH~a11301 : 

~)] >= 

b[t),([)ft.)] R,..-, (C)b+tcJ> + 

'ftJl, R.;.tt:) bt(C)] ')>} + 

~ (t.)b{t),tP{t)]t.; ft)E/rc) > + 

,(/)(~)] R.~,ft)b+('C)) + 

),O(iJ],Il~,~JI/{'CJ]>] +eot&p. 

r8.3J 

r 
3~eco 0 - c•nepaTop, .nellcTBYIO!I(Hii Ha nepeMeHHbie M -CHCTeMbi, onHCbisae

Moii I'aMHnbTOIHaHOM 

H COB8Pl!l8H TIE P8XO,!l K KOnneKTHBHhlM TI8P8M8HHhiM ( 1.11). 1>YHKL\HH ])(•) 

N(•) onpel eneHhi cooTHOl!l8HH.RMH 

,(cp. COOTHOl!lEHH!l (3.11)). 

COOTHOl!lEHH8 (8.3) npe,nCTaBn.ReT C060ii TO'lHYIO HepapXHIO KHH8TH'l8CKHX 

ypaBH8HHH ,nn.R paCCMaTpHBaeMOH CHCT8Mbl C raMHnbTOHHaHOM (8.1), (8.2). 
6y,neM C'lHTaTb TI8P8M8HHhl8 1:1'

1 
b 11 Me~neHHhlMH 11 , T, 8. TIO,!l06HblMH 

aTOMHhiM nepeNeHHhiM R:t c TO'lKH 3P8HH!l npoueceos 3BOniOu;HH/130/. Tor~a oT 

( 8. 3) MO~HO nepeiiTH K HepapxHH MaPKOBCKHX ypasHeHHH C TIOMO!I(biO COOTHO-

l!l8HHH 

{ 

i' ~ =Fl.D.{t-r:) -Ct·t:)/r 
R.,. (7:) ~ R-~ (t) e e , 

t.uJ r~·T::J 
b('C) r::tb(t)e , 

r~e !2 H T - napaMeTpbi, xapaKT8PH3YIO!I(He Heo~Hopo~Hoe nopeHueso YlllH

peHHe (eM. pa3,nen 1), Tenepb HHT8I'PHPOBaHH8 no 7::' B (8.3) MO~HO BhiTIOn

HHTb I!BHhlM 06 Ja30M. npeHe6peraH 6biCTPO Oel.(HnJJHPYKllllHMH qneHaMH nma 

R:t {(t, a TaKJKe BKna,naMH OT :D(·} 11 tV(•) npH;JF;{' (eM. 

onpe~eneHH8 ~ 1$paKL\HOHHOii ¢YHKL\HM 'f {') B pa3~8JJ8 l), TIOJJY'laeM 

d i. ..., 
dt t. {f)> - t;< [ H,.,, 0] > = 

= f,f { ~<([R.: b,(f)]fl~ f/ > + N~<[[R,~+ b,rOJ. R~ b +] > + 

-tylr .. ;<·[~ b/D] R; b+) 'f'jbv'_;~[[ fl~-b,cO]JR~ b'~'1>]+ (
8

•
4 

l 
+conp. 

3~eei> KMHeTMtincKHe Ko3cPcPMu;HeHThi f:; , N-v onpe~eneHhi TaK ~e, KaK H s 

pa3~8JJ8 lY (ell. eOOTHOl!l8HH.R (4.2), (4.14)). 
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PaccMOTPiiM T8TI8Pb H8KOTOpb!8 CJI8,I\CTB!i!'! li3 ypaBH8HiiH ( 8. 'I) • ilYCTb 

,I\JIR npOCTOTbl .}1 :0 , T. 8. Mbl orpaH!i'lliBa8MCR CJIY'!aeM, COOTB3TCTBYIOII(IiM 

TIP!i6JI!ilK8Hii!O Bpa!I(aiOII(8HCR BOJIHb!. ilOJIOlKiiM ({): /23 . Tor,I\a li3 ( 8. 4) 

!iM88M 

J~ < R..> =-L{t-<R. "~"R,- bb+ >+n.~<2R. lib +R+ fl- >I Lq 8.5 l 
"(; 'II ~ • ... ;,J ... J ""' ';..[ .r'',, 

r,I\e 

l ... :T /2 
-- ...L fd"K 2T/f~:l /'ff~ -"V) 

o"~- (2'~'Js v i+4 T'(~ +14 -.or ' 
n.-:: 2V fJk 2.T/f-"/'IV.:J'f(~-~)/' 

1 (27iJ., . i +l!T'{W..•w• -Q)' 

nonaraR ,I\anee ((} :: b .. b , HaXO,I\IiM 

_;!_L. b ... b> : - ; <. R.l >. 
cit cf 

( 8.6) 

B CliJIY OTIP8.I\8JI8Hii!'! liHT8HCiiBHOCTH, ,I\aHHOrO B pa3,I\8JI8 Y ( coo·:HOII18HiiR 

( 5 . 6 ) , ( 5 . 7) ) • !iM88M 

I(t):-'h.O 'Jt-i.ll~ft.)>·11-0 f:rt.~:,+b>. (8. 7) 

3TO 06CTORT8JibCTBO 06YCJIOBJI8HO T8M, 'ITO raM!iJibTOH!iaH (8.1), (8.2) 

!iM88T liHTerpaJibl ,I\BiilK8HHR 

a: ale +ll3 , b+b +R., . (8.8J 

ffCHO, 'ITO npo~ecc !i3JIY'l8HiiR 6Y.I\8T TIPOiiCXO,I\IiTb B CliCT8M8 JI!itlb TIP!i 

I {-1:.) > 0 ; np!i I (t) 4 0 B CliCTeMe peanli3YeTCR npo ~ecc nor nome-. 

HliR. 

BepHeMCR K ypaBHeHiiiO ( 8. 5). ilpe,I\CTaB!iM onepaTOP ll; R_; B Bli,I\e 

+ R.- }/ R. = "1>' + R. +S .• 
~ ""' " s -.J 

r,I\e 

~ = L R.. + R, -, e i.;f(lj ~ .ii·) 
1/-,1'~1 . 

. (#l') . 
Boc~ono3Y8MCR pac~enneH!feM 

~ R.. b .. b > ~.l. R.. '>(b+b > , 
< S~bl/> ~< S...,>~bb.,.>= <S1>(1.+~b+b > ). 
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B CHJIY CYII(8CTBOBaHHR YTIOMRHYTb!X Bbiiile HH1 

< R,ttJ> + .<.bt'ft)olt.)> = M 

r,I\e B8JI!i'lHHa !1 onpe,I\enneTcR li3 Ha'laJior 

(8.6) nonyqaeM 

;n-< Tl,>=- Jf'-lib>=-L. (<S >.,.~ d d { 
"' ... ' 

+ U. .. -+2n~)<R3"> (i+M-< Rs> 

DY,I\eM C'lliTaTo, 'ITO B Ha'laJibHOM COCT 

Hbi If 'ITO apeMR JK!i3H!i oc~HJIJIRTopa T MHo 

~ecca ~N . Tor,I\a/1301 

< S...,>:: [r( Jt-i)-N"1]{N~ 
r,I\e 

r(~--'i)= I~ f e c:r~-~>; 

-If B8KTOP ~0 xapaKT8Pii3Y8T Ha'laJibHOe KOJIJ 

JIY'laTeneii. Tenepo BMecTo (8.9) nonyqaeM ~ 

.d -J~{ 11 'JtX=-N L r(:f-i,)-N- (tJ/' 

"' -1 t(M-+l-X)- T -!'1"1
( (+2n}X( 

r,I\e 

't=E. r.; , 
AJ 

n..=L.n.~. 
"' 

YpaBH8H!i8 (8.10) MOJKHO TIPOiiHTerp!ipOBaTb B 

KOPH!i MHoroqneHa 3-ii cTeneH!i no X , CTOR 

TIPOCTOThl pacCMOTPiiM CTI8~1iaJibHh!H CJIY'laii, K 

Hli TIOJIR H8T, 3a liCKJilO'l8HHeM, 6b!Tb MOJK8T, 

.fl-1.=0 B onpe,I\eJieHiiH N1c (eM. pa3):(8JI In). 

.J t o(.. II Jt =- -;rfX-11-1.){X+f)(x- r 
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B ei1JIY eYI!18eTBOBaHI1R ynOMRHYTb!X Bb!IIJ8 11HTerpaJIOB .I1BI1JK8HI1R ( 8. 8) 11M88M 

r.r1e senwmHa M onpe,I1eJIReTeR 113 Ha'laJibHbiX yenos11ti. Tenep~o 113 ( 8. 5), 
(8.6) nonyqaeM 

it < R,>=- it_ .(IJb>=-~{(<S .. >+ f )(t_,-.,. (M-l~<R,>·•n~)

+ (K~ +2n~)<R:s} (l+M-< R.:s> )-n~<R 3>} /N . ( 8. 9) 

6y,I1eM e'li1TaTb, '!TO B Ha'laJibHOM eoeTORHI111 see 113Jly'laT8Jll1 I·036YJK,I18-

Hbl 11 '!TO speMR JK113HI1 oel.\11JIJIRTOPa T MHoro 6oJioiiie .I1Jli1TeJioHOeTI npo-

1..\eeea 't'N . Tor,I1a/130/ 

-

< S"4>::: l r( ~ ... -;r,)- N-1']( N1'1- <ll3>~), 

... .... ) I J. / i(~-~>~/2 
r(~-~. :: ;:r r e 

11 B8KTOP -'Yo xapaKT8PI13Y8T Ha'laJibHOe KOJIJI8KT11BH08 eOeTORHI18 el1eT8Mb! 113-

Jiy'laTeJieti. Tenepo BMeeTo (8.9) nonyqaeM ypasHeHI1e 

YpaBH8H118 (8.10) MOJKHO np011HT8PPI1POBaTb B KBa,I1paTypax, eeJIH 113leeTHbl 

KOPH11 MHoroqneHa 3-ti eTeneH11 no X , eTORI!1ero B npasoti qaeTI1 ( .l.10). I(JIR 

npoeTOThl paeeMOTPI1M enel.\11aJioHb!H enyqati, KOP,I1a B HaqaJibHb!H MOM8 lT BpeMe

HI1 nOM H8T, 3a 11eKJIIO'l8HI18M, 6b!Tb MOJKeT, MO,I1bl e 'laeTOTOH e,.Ub 11 nyeTb 

.fi-1.=0 B onpe.r1eJieH1111 N1c (eM. pa3,I1enlil). Tor.r1a BMeeTo (8.10) IIMeeM 

!!£ = -~(X-11-:!.)(X+K)(x-f--!: ), ,8.11l 
dt N T 
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r,ne 

&, = L. r"(-l rr·t- ~ )-N-1} ~ r . 
Tenep& peroeHHe yp~HeHHR (8.11) MO*HO npe,ncTaBHT& B BH,ne/

110 •111/ 

I x -M-J./A/x + fl' Jx- f- f;c:=e ..-rt-l.)/: 
r,ne napaMeTp t. onpe,neJJReTCR Ha'la.JI&HOH BeJIH'lHHOH )( H 

A:= (M+~+N/2)-J. (f1+i -N/2 -IM.F~ 
B :::(N+J'J,;.r1 

{ H +l + H/R.)-~ 

C: (N+fkt1 (N/2 +J'/2-11-1r~ 

KaK HeTpy,n~O BH,neT&, 

A+B.,.c •0. 

ITpe,nnoJIO*H~, 'ITO 

M = N/2. + ( /rl.. -J. . 
Tor,na 

A+C: -P,:-(N+IJJ.)-1, 

H H3 ( 8 .. 12 : HMeeM 

OTKy,na 

3,nec& 

I X+N/2 !'- --'(t-t.) 
x -!t'/2 -1/pt - e , 

X=< R.,> ..,-f-+[N+ .f){i+ e('t-"i.)/7:,.. J -~ 

1£;,.., : f N+ crf,tf~ 
)lJIR 3TOrO <:neuHaJI&HOrO CJIY'laR HHTeHCHBHOCT& ( 8. 7) ecT& 

I(t) = ;t.f2oL {N + Lf se:la. z t- i; 
11 Ill d.. t:r:,. . 

(8.12) 

(8.13) 

(8.14) 

.llJIR cJiy'laR < R., >. = N/iJ ( noJIHOCT&IO HHBePTHPOBaHHaR B Ha'laJI&HbiH 

MOMeHT CHC' ~eMa) H3 ( 8 .12) ,nJIR BpeMeHH 3a,nep*KH HMnYJI&Ca ~ a i;. 
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HM88M 

KaK H8TPY~HO Bll~8Tb, HHT8HCHBHOCTb (8.14) CO~ep~HT ITPOITOPUHOHaRbHb!H 
a . 

N BKna~, xapaKT8PHhiH MH caepxH3RY'-!aTen&Horo rrpouecca. 

PaccMOTPHM Terrep& 6onee o6mHA cnyqaA, Kor~a ~-~~ a crrpe~eneHHH 
rrapaMeTPOB Nk. 11 n.-,;-. Bae~eM o6o3Ha'!eHHe 

?.. =?n.~ lrr:f-=l)-tJ-:i}. 
Tor~a ypaBH8Hil8 (8.10) ITPHHHMaeT Bll~ 

dx liX ~ 1 z 
dt :- N,.. l_t:A.(M+1.)-+~ +(+.en. l f + 

+l d..N 2 + '-ftl+ ltn. •lf{(+~n )(M+:l)J,.~ -

-{2n. +2i'{M+~)+UN{M+L) +'l_N} f. 
(8.15) 

0603Ha'IHM '18P83 )({ , Xz , X!J KOPHH MHOrO'IR8Ha 3-fi CT8IT8HH, CT:mmero B 

rrpaaoA '!aCTH (8.15J .. Tor~a llO, ll 1 / 

r~e 

21 .13 ~ ..a..(t-t.~)/11 
}X-XL/ /X-Xz./ /X-X.!/ =e , 

')7 -/.r J -.t .a =(1,1 -X~) Xt·l<;, , 

:!) ::(x~.-x1r1 t~L -x,r1
, 

@'= rx,-x1)'J..fx,. -xl;-1. 

TaK08 P8ill8HH8 M0~8T OITHChiBaTo KaK HCITYCKaHHe, TaK H rrornomeHH3 B 3aBH

CHMOCTH OT Ha'!aRbHOrO COCTO!!HH!! CHCT8Mbl. nycTo ~R!! orrpe~eneHH)CTH 

M+1 =N/2. 
Tor~a ypaBH8HH8 (8.15) ITPHHHMaeT Bll~ 

dx =-?i-(x-f}(x-x,..)(x-x_), 
dt IY 

(8.16) 
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li' 

r.ne 

X::= e:!._•Jn, :t {l'l.+(+2n.f+ N!L2+N(~+I)21a +4n.A.y;u. 
KaK HeTpy,nH< l B!l,neTb, 

x ... >N/2 > 0 >X_ > -H/2. 

C ,npyi'OH CT<lPOHbi, 

-N/2<X~ M =N/2 -1.. 

IT0:3TOMY ec.m B Ha'laJibHbiH MOMeHT speMeH!l X.>X _ , ToJxfJtLO 
ll ypasHeH!le ( 8.16) Olll'JCbiBaeT rrpouecc l'JC!lYCKaHI'JR' IlP!l'leM X ~ x_ 
!l HHTeHC!lBH•JCTb ( 8. 7) I(i} >0 . EcJI!l JKe s Ha'laJibHbiH MOMeHT speMeH!l 

x.<.X_ , TO cJX/dt '}" Q ll ypaBHeH!le (8.16) O!ll'JCb!BaeT IlPOUeCC 

rrorJioll(eH!lR; rrpll :3TOM I(t )~ 0 ll X -r X_ IlPll t-~ . 
HeTpy,nio rroJIY'lllTb o6o61l(eH!le ypasHeH!lR (8.15), rroJiy'leHHoro, KaK ll 

( 8. 10), B !1 )l'J6JII'JJKeH!lll spall(aiOII(eli!cR BOJIHbl ( T. e, IlPll .i': 0 ) . ITyCTb Te-

rrepb .}' • ~ • ITOBTOPRR IlPHBe,neHH,Pie Bblll!e Bb!KJia,nKll, HaXO,nl'JM BMeCTO 

(8.5) ry 

jt -~R~'l .. -N-i? <rs~ +Nj2){bb•(t;-r'i-)+n~-n.~~>-
-N-Zf<R. bb+ >( 6"1 .. + K~ +2n-~ + 2~ )-l. R,)'(n_: + n.~) J . ( 8.17 l 

~ 3 

flYCTb TeRep > IlOJie C 'laCTOTOH CA)~ RBJIReTCR Cl'JJlbHb!M H CJia6o MeHReTCR 

BO speMeH!l, TaK 'lTO 

L.l:/b >=eon at {:Nb). 

Tor.na c yqe roM pacuerrJieHHii! Toro JKe T!lrra, 'lTO ll c,neJiaHHhre rrp!l Bhrso.ne 

(8.9), IlOJIYJaeM 

...Ei-L. o > .. -~ 1L (~ S >+N/2)- Q~ /l > 
d1. ..... ~ ""' "' • ' 

r,ne l'JCI10Jlb3 )BaHbl 0603 Ha'leHHR 

u =-N-1 [{1.-tM)( Y~-K ... )+n.- -n.,+ 2 
-'4 0 0-'4 ~ ~ A( ) ' 

(8.18) 

Q= N-tz. S (i+N,.)(! -. t+ +211.~ +2n~)-(n~ +n.~)} • 
.o( l .... ""' 

KaK H ~Jie,noBaJIO OJKH,naTb, ypasHeH!le (8.18) C TO'lHOCTb!O ,no K0:3~!l

UHeHTOB COBia,naeT C IlOJIY'leHHb!M B pas,neJie Y ypasHeHHeM (5.1) ,nJIR CJiy'laR 
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o~Ho¢oTOHHoro rrpo~ecca B cHcTeMe. Ero ~anbHeAwee Hccne~oBaHHE Mo~eT 

6b!Tb Bb!ITORH8HO ITO aHanorHH C pa3~8ROM Y. HarrpHM8P, ITPH Bbi60pE B Katie

CTB8 HatianbHOrO COCTOI'!HHI'! CHCT8Mb! TaK Ha3bJBaeMoro 6nOXOBCKOrC COCTOH

HHI'!/32/ C 

H3 (8.18) ~RI'! HHT8HCHBHOCTH ITPO~ecca rronyqaeM/
1
30/ 

I(t)= 1i.fi~ sech1[f(i~~) JJ 
(8.19) 

r~e 

f = / Nz [;_rrr1--v:J -tt~ ·1.4j'+2N~ [r(.,;-i)-N-1]t~ 1[,· +Q~ ', 

[ Nt.[n~-1-J- ~~~]11,+2H{ ~}. rrr4-~)-rr1t{!! p .. fL. [ r(~ ... -ii) -N-j Jv..., ... 
HHT8HCHBHOCTb (8.19) COOTB8TCTBY8T CB8PXH3RY'l8HHID, TaK KaK fJ>~~z 
H ITOnyqeHo ~nl'! CHTYa~HH, KOr~a 

B ITPOTHBOITORO~HOM cnyqae HHT8HCHBHOCTb rrpo~ecca HM88T BH~ 

(8.20) 

'!TO COOTB8TCTByeT rrpo~eccy rrorno~eHHI'! B CHCT8M8. 

flo~qepKH8M, '!TO HCCR8~0BaHH8 ~HHaMHKH ~BYX¢OTOHHb!X ITP0~8•!COB 

6b!n0 ITPOB8~8HO 3~8Cb C ITOMO~biD RHWb tiaCTHtiHOrO HCKniD'l8HHI'! 603<lHHb!X 

rrepeMeHHhiX, '!To rrpe~rronaraeT 11 Bbi~eneHHOCTb 11 O~HOH H3 ¢OTOHHJJX MO~. 

Bo3MO~HOCTb TaKoro BhmeneHHI'! Mhi rro~po6Ho o6cy~HM B cne~yro~eM ]la3~ene. 
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i 
I 

/ 

rnasa 1X. IPHMEPW MHOrOE030HHWX nPOUECCOB 

"fl .Moe 611 npueecmu a ceoe onpaec)a

Hue moxe He.MaJlo npU.Mepoe". 

Jlone c)e Beza "My11eHU1<, t~ecmu" 

PaCCMOrPHM npouecc ABYX$OTOHHOrO (paMaHOBCKOrO) KOM6HHSUHOHHOrO 

pacC8RHHR C H3nyqeHH8M CTOKCOBOH KOMTIOH8HThl (PHC. 23). llnR TSKOrO npo

I I (+-\ 

L..---(-) 

Piic. 23 

U8CCa raMHRbTOHHSH B3SHMOA8HCTBHR 

ABYXYPOBH8BOH CHCT8MDI C $QTOHSMH 

HM88T BH/131/ 

H (i) fl ~I { f.{~e•-~Ji; t -
Ud; •n. LD e "abR. + 

1 ,. iftc. " I 

-t.c~e·-~)x r9. 1' 
+ e s a: b R.; j /N . 

~ I 
3A8Cb ~.. - BOJlHOBOH B8KTOP noJIR HaKaqKH C qaCTOTOH WI. H Z:. 0603Ha

IC ,_. 
qaeT CYMMHPOBSHH8 no nORHOMY Ha6opy MOA0 3a HCKn~qeHH8M MOAb! kl. . non-

Hb!H raMHRbTOHHSH paCCMSTP!lBS8MOH CHCT8MDI HM88T BH.Il 

{S) + { s) . 
H =f= tu.JA:a..,a,. + f1i.!21fl1, +Hu,, (9.2l 

flCHO, qTQ raMHRbTOHHSH (9.2) OTHOCHTCR K TOMY ~e THny, qTQ !l paCCMSTpH

BS8MDIH B nJ;8,llbi.IlYII18M npouecce r'SMHRbTOH!lSH P830HSHCHOrO .IlBYX$0TOHHOr'O 

KSCKS,llHOrO npouecca (8.1), (8,2); n03TOMY HCCR8,llOBSHH8 npouecca H3nyqe

HHR MO~HO npOB8CTH C TIOMOII1b~ C$OPMYRHPOBSHHOrO 8bM8 M8TO,lla qacT!lqHoro 

HCKn~qeHHR I5030HHbiX nepeM8HHbiX. lleRCTBYR no SHaJ!Or'HH C TIP8.Ilhl.IlYII1HM pa3-

.Il8ROM, .IlJlR CHCT8MDI C r'SMHRbTOHHSHOM (9.2) H8TPY.IlHO nonyqHTb H8PSPXH~ 

MSPKOBCKHX ypaBH8HHH BH,lla/131/ 

cJ i ... 
dt <crJ>--,:-<[J.IIf,tfJ]> = 

,.:L ~-{r+<[R.-1:/0]R.+b)+N+<.[[R-b+tf7R+bJ"? j (9
.
3

l 
2N L. .., ~ ' "~ "' ..., ' '.1, :.j . HtlfiP. , 

~ 

cornacy~yKcR c (8.4). 3.neco 

H11 ·f. tr.n-J fl15 + 'li.w, b•b 
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H HcnoJio30BaHhi o6o3Ha'leHH.F! npe.nhi.IIYI!Iero pa3.neJia ( c 3aMeHoA w.-•- W.,,. , 
~--it ) , lim! CP9,!1H9H noJiypa3HOCTH HaC9JI9HHOCT9H HM99M 1)TCI0,!1a 

(no aHaJiorHH c (8.5), (8.6)) 

-if-< R.> =-;£-{lib>= 

- N-t ~ { v+ < R- R. + L+b>-n + ~2R. ol: +ll- R. +>} - t 0.... .., .... C1 ... • ~ '"I • ( 9.4) 

Y'lHTbiBa.F! HaJIH'llf9 HHTerpaJia ,!1BiflK9Hif.F! 

npoH3BO.I1.F! pac~enJieHHe 

< R~ R.~l;b > ~~ R~ R.~ >< b+b >:r < R~ R; > {M-< R.J>) 
-~ 

If Bbi6Hpa.F! Ha'laJioH09 COCTO.F!Hif9 TaK, 'lT06bi: ) • 0; CYI!I9CTBO laJIO B Ha-

'laJioHbiH MOMSHT JIHIIIo noJie HaKa'lKH 1:/, h; T 6biJIO BeJIHKO no :paBHeHHIO 

C ,!1JIHT9JioHOCToiO npo~eccaj Ha'laJioH09 COCTO.F!Hife lf3JIY'laT9JI9H 6ioiJIO' 6JIO-

XOBCKHM COCTO.F!Hif9M 

( 9.5) 

,!1JI.F! 

(9.6) 

8 nOJIHOti aHaJIOrHH C npe,!1hi.IIYIIIHM pa3,!19JIOM 3,!19Co TaKJKe MOJKHO nOJIY'lHTo Bbi

PaJK9HH9 ,!1JI.F! HHTSHCHBHOCTH If HCCJI9,!10BaTo npo~eCCbl lf3JIY'l9Hif.F! If norJI01!19Hif.F!. 

-L----+-- (+) 

------~'-- (-) 
PHC. 24 

TaKoe paccMoTpeHHe MOJKeT 6bi~'o npoBe.ne-

HO He TOJioKO .I1JI.F! npo~ecca, ''nHChiBaeMo

ro raMHJioTOHHaHOM (9.1), HO If ,!1JI.F! npo

~ecca pacce.F!Hif.F! C HCnycKaHHE~ aHTHCTOK

COBOH KOMnOH9HThl (PHC. 24), onHChlBae

MOro raMHJioTOHHaHOM B3aHM0,!1E'HGTBH.F! 

BH,!1a 
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B paCCMaTpHBaeMOM 3~eCb npHMepe KOM6HHaUHOHHOro pacceRfHR PORb 

B~eneHHOH MO~hl 3ReKTPOMarHHTHOrO nORR HrpaeT MO~a HaKaqKH .. Hccne~yeM 

Tenepb ~pyry!O CHTYaUHIO, B KOTOPOH 11 Bbi~eneHHOe" none He HMee1 3ReKTPO

MarHHTHOH npHpO~bl. Hccne~yeM npouecc CBePXH3nyqeHHH B KpHCTanne nPH 

HanHqHH pacceHHHH MaH~enbwTaMa-EpHnniOsHa/13 3/. raMHRbTOHHaH, npe~no
JKeH HbiH ToMnCOHOM/7 4 / ~RH TaKOH CHCTeMbi, HMe8T BH~ ( CM. ( 1. 27) ) : 

H=H, +1-1,., -+HF, 1-l,.,=fli.w.R.~· +~tn,&;b,, 

H,..,:·l-Jjrfa,.R;+Q,.~R.j){t+ ~ !CIC41o4 +1C;b1)}, 
~l q 

( 9.11) 

3~eCb HH~eKC .f. HOPMHpyeT H3nyqaTeRH,' pacnOROJKeHHbie B Y3RaX KPHCTannH-

qeCKOH peweTKH ( / = l, ... , N) , uJ, - qacToTa ~syxyposHes )ro nepe-

xo~a B H3RyqaTene, fl::f<r/±f.~/J/fJ, R.;.,(5'/ /2- onepaTOPhl, 

OnHChlBaiO!IlHe j-- H3nyqaTeRb B ~HnORbHOM npH6nmKeHHH, Qlr,~ I Qlc -

onepaTOpbl ilJOTOHOB MO~bl { ~ ). ) C qaCTOTOH Wt:. H nORHPH3aUH•lH ~ , 

C+q , b tt - on epa TOPbl ilJOHOHOB MO~bl { t( 1 ~ ) C qacTOTOH .() q H no-

RRPH3aUHeH U , ITapaMeTp ~HnORb"¢0TOHHOH CBH3H 
'V 

-r,lle I - onepaTop nnoTHOCTH TOKa nepexo~a MelK~Y YPOBHHMH + u- ' v-
ysenbHblH 06:beM, a napaMeTp ~HnORb"¢0HOHHOH CBH3H HMeeT BH~ _ ... 

~ - "~.~, 
1 - \)211il1/A-

r~e r1 - MaCCa HOHa. Ilo~qepKHeM, qTO B raMHRbTOHHaHe (9.11) no~pa3yMe
saeTCH CYMMHPOBaHHe KaK_no aKYCTHqeCKHM, TaK H no OnTHqecKHM BeTBHM !PO

HOHHOrO cneKTpa. 

B3aHMO~eHCTBHe B (9.11) KBa~aTHqHO no 6o30HHbiM onepaTOiaM. Ilos

TOMY ~H nonyqeHHH HepapXHH KHHeTHqeCKHX ypasHeHHH He06XO~HMC BOCnORb-

30BaTbCR MeTO~OM qacTHqHoro HCKn!OqeHHR 6030HHhlX nepeMeHHb~. E pe3YRbTa

Te ~OBORbHO rpoM03~KHX BhlqHCReHHH ~RR cpe~Hero OT npoH3BORbHCrO onepa

TOpa (I f1 - no~cHcTeMW nonyqaeM cne~YIO!IlYIO ToqHy!O HepapxHIO: 
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/ 
/ 

I 

= N -l;~ f. Jd't" 'P e.xp[-t:w. {t·t:J} { N.~ llj {'l:) IC 

I - (I•J,') 1/-

"l~·~~ f(~e1 b1 l'tJ t-IC:b~tr:J)j[om.>,R.;,r~:J. 

"{ t+ +I l~,.b.,{t} + K;, b;, (tJ)}]+ (l+N~a)L [ll}(l:.) I( 
VN f H' r 

• { ~ + ./;; f 0<1 b1C~) + x;b; (~J)}, c0(MJ] • Ri, ft: J;c 

't1+ /,r~lK,,b,,£CJ+K,~b;,lCJ)}JD~ + r9.12J 

t: 

+N-11:.,; JJ-z: sp ~p{iuJ,.(t·t:J}.{N.'i.[Rift)x 
A __ (tt,F) /l' 

I( [1 + .Jg ~ (K,b,(t) + K:b:(tJJ}, OlMt)] R; ('r:) IC 

t {l • .j..L_ (K1,&1,l-rJ+J<:, b;,(1:})} +(~+N~Jl R.j ~)x 
. '"' ,, II' 

"'[1 + b tlK1&,ct:J + x: &~tcJJ) [0/116 ), R.1~ {t) IC 

IC { J. + f,; f. (Jc:
1
,b1, (t) + K;, &;, (tJJ}jl>._ • 

qT06hl H36aBHTbCR OT HHTerpanoB B npaBOA qacTH (9.12), CHOB8 c~e

JiaeM npe~nc,JiollteHHe o MaJIOCTH B3aHMO~eACTBHR H -no~cHcTeMiol c clloTOHHYM 

noJieM, B c•ny KoToporo 

R:~)srQ:(t}u,{+C:~(t-t:)}, b;tc)=-~l•)•x,{:;tn._ (t·t:J}. 
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Tenepb ypaBH8HHe (9.12) npeo6pa3Y8TCR K BH~Y 

(9.13) 

+ L y; N-1K:K,, <. R.?t)b;(t)[(}lf\),Rl: (t:)b,(t)] > + 

f/' ••' . 
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3.!(8Cb BBe.!(eH ,J CJ18.!(YIO!I1118 0603HatJeH11.f!; 

y+ :: 1i N-t? -ff ~: 8'(w,. -W.), 

y_: 1iN-~~ (1.;tN,.) t:t-(w~r.-W.), 

Y.: ='lfN-J.Z. ~~ 9/(z. a(w~:- w, -n,;, 
I( 

v t _ .... N -.t ~ c ~ + NIC) a, 2. ~{w _ w. _ .n ) 
'-J - Jl L tr} ~tc. tc • q ' 

" 

Y...t = 7i ,.;-~ 'i.l( 9-: 6'-( wlc- w. t n,J 
~ k ~ J 

1 /1/-JJ_ (1. +N,.) z f\.( /""\ Y..2 =1i 1i.a 9-,.u WIC -uJtl .. u9). 
lc 

0TM8TI1M, "!TO np11 Bb!BO.!(e ( 9.13) Mbl npeHe6perJ111 6biCTPO OCU11J1J111PYIO

!I111MI1 tJJ1eHaM!1 Bl1,!(a RJ R:, ' bq Rj R.J:) o; ": R.~~' ~:,•, b;. I h" b,,. 
ITonara.f! 3.!(ec s () = £2 

7 
R.J R,s~ 

1 
b; b1 , nonytJI1M 113 ( 9.13) 3aMK-

HYTYIO CI1CT8MI' ypasHeH11if, oni1ChiBaiO!I1YIO .!li1HaMI1tJecKI1e napaMeTpbi M -no.!(-

CI1CTeMbi. 

ITpoi13BO~.f! pacuenneHI1e Bl1.!la 

< {.~ bq, R; R4~ > = <~ b11 >~ R.; fl;, > ~,., 

+ + - "' -t' - f\. < ~'""' R-1 R1, > =<.bqb11 ><.R.1 R.J, >oqq' 

t - ( R.~ 2 
11 Y'li1ThiBa.f!, -ITO ~ I..,R.I R..p "7 = - < f I > ' 
KOHCTaHTa, 01pe.!(e~eMa.f! HatJaJ1bHb!MI1 YCJ10BI1.f!MI1, 113 

H8H118 

r,!(e CM -
(9.13) nonyqaeM ypas-

X=(y~,-y.)-f -(y~.•y.)X+N'"(y~,-r,)(f -/ll"'x), (9.14) 
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r,L~e 

Xai<Rt>, 
~ 

Yt =2r. + 2Z y~•} K9/'< b1 b: > + v.: I K41 (
2< b; b9 >, 

Mbl npe,L\UOJIOJICHJIH 3,L\eCb, qTQ Haqa.JibHOe COCTOHHHe 6b!JIO llOJIHOCTb!O ,L\eiiOJIHPH-

30BaHHbiM, T. e. C: ~~~~. H rrpeHe6perJIH 06paTHb!M BJIHHHHeM 11>01 OHOB Ha 

!POHOHhl. 0TCIO,L\a ,L\JIH HHTeHCHBHOCTH HaXO,L\HM 

r(-t). x~.~.~-x& f ,e:~a.&-f-(-t-t.o)) (9.15) 

r,L\e f =[N'"fY,-Y1) 1 +2N(Yz.-Yt)'+ (~•Ytf'] 11~ 
~- KOPHH KBa.LIPaTHoro TpexqJieHa no X , CTOHmero a rrpaaoii qacTY- (9.14). 

H3 COOTHOffieHHH (9.15) BH,L\HO, qTQ yqeT pacceHHHH CBeTa Ha !POTOhax.Be,LleT 

K ycKopeHHIO rrpouecca H3JiyqeHHH sa cqeT BKJia,L\a rrepexo,L\OB c yqacTHeM ~t>o

HOHOB (eM. TaKJICe PHC. 25). 3aMeTHM, qTQ MaJIOe BpeMH 3a,LlepliCKH ~OrepeHT

HOrO HMIIYJibCa XapaKTepHO .L\JIH KPHCTaJIJIHqeCKHX cpe,Ll/53,5 4 /. 

COOTHOffieHHe ( 9.15) OIIHCb!BaeT H3JiyqeHHe Ha pe30HaHCHOH qacTOTe CU0 

AHa.JIOrHqHb!H BH.L\ 6Y.LIYT HMeTb Bb!paliCeHHH ,L\JIH HHTeHCHBHOCTH H3JIYq€ HHH Ha 

CYMMaPHOH H pa3HOCTHOH qacTOTax. 

PHC. 25 

qecKOH MO,L\bl C qacTOTOH .{'). 

HO noKa3aTb, qTo 

I/(Iw. +n. +I14-n) )~o+J 
B 06JiaCTH llHKa HHTeHCHBHOCTH (3,L\eCb 

1 ••• COOTBeTCTBeHHO HHTeHCHBHOCTH Ha 

CYMMaPHOH H pa3HOCTHOH qacTOTaX). 

TaKHM o6pasoM, npoae,LleHHhlH aHa

JIH3 BJIHIIHHII pacceHHHII MaH,lleJibffiTaMa

nPHJIJIIOSHa Ha ,L\HHaMHKY CBepXH3JiyqeHHH 

B. KPHCTaJIJie llOKa3biBaeT, qTQ 

a) Ha.JIHqHe TaKOrO paCCBHHHH llPH

BO,L\HT K YCKOpeHHIO IIPOUeCCOB Bb!CBeqH

BaHHH KOrepeHTHOrO H3JiyqeHH~j 

6) H3JiyqeHHe Ha CYMMaPHOH H pa3HOCTHOH qacToTaX He Be,Ller K 3aMeT

HOMY YMeHbMeHHIO HHTeHCHBHOCTH H3JIYqeHHH Ha pe3oHaHCHOH qacTore. 
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r 

'U)IJC. - uJ. - .at), 

I Mbl npeHe6perJJI1 6b!CTPO OCL\11JJJJI1PYIO-

' b; R.: R-~~' t:, ~:>;. I b "h,• . 
, TIOJJYqi1M 113 (9.13) 3aMK-

TIO ,n11HaM11qeCKI18 napaM8TPbi M -no.n-

y R.z ,z "'f 1 r , r.ne CM -
YCJJOBI1RMI1, 113 (9.13) TIOJJyqaeM ypaa-

(9.14) 

78 

r.ne 

XaZ<.e:>J 
.J. 

~ =2Y.. + zzy._i IK,J'<b, b: > + v.: I Ktf(z~b: b, >' 

Mbi TIP8.!\TIOJJOJKI1JJII 3,!\8Cb, qTQ HaqaJJbH08 COCTORH118 6b!JJO TIOJJHOCTb!O ,l\8TIOJJRPI1-

30BaHHbiM, T. 8. C: :J/'1, 11 npeHe6perJJI1 o6paTHbiM BJJI1RH118M tPOTOHOB Ha 

tPOHOHhl. 0TCIO,na ,l\JJR 11HT8HC11BHOCTI1 HaXO,l\11M 

rtt.J. x,-x. 
lJ (9.15) 

f = [N'"ty,- Y1 )2 + 2N {Yz.- Y~.J' + ("'h+ Yttl '1f, 

X~.- KOPHI1 Kaa,npa~·Horo TpexqneHa no X , CTORI!Iero a npaaoif qacTI1 ( 9.14). 

H3 COOTH01!18H11R (9:15) BI1,!\HO, qTO yqeT paCC8RH11R CB8Ta Ha tPOTOHaX B8,!\8T 

K YCKOP8HI110 TIPC>L\8CCa 113JJyqeHI1R 3a cqeT BKJJa,na nepexo,l\OB ·c yqacTI18M tPO

HOHOB (CM. Ta~:e PI1C. 25). 3aM8TI1M, qTQ MaJJ08 BP8Mn 3a,nepJKKI1 KOrepeHT

HOrO 11MTIYJJbCa J:apaKT8PHO ,l\JJJI KPI1CTaJJJ111qecKI1X cpe,n/53' 5 4 I. 
COOTHOIII8H~ e ( 9.15) OTII1CbiBa8T 113JJyqeHI18 Ha P830HaHCHOH qacTOT8 c.J0 

AHanOrl1qHhlH Bl1), 6y,nyT HM8Tb BbipaJK8HI1JI ,!\Jill HHT8HCI1BHOCTI1 113JJyqeHI1JI Ha 

CYMMaPHOH 11 pa:HOCTHOH qaCTOTax. 

npe,nnoJJaraJI HaJJHql1e Jl11lllb 0,!\HOH OTITI1-

qecKOH MO,l\bl C qacTOTOH .{). , H8Tpy,n

HO noKa3aTb, qTo 

I/(tl/). +!1. +X144 ) j.~o•• 

B 06JJaCTI1 TII1Ka 11HT8HC11BHOCTH (3,!\8Cb 

1 ... COOTB8TCTB8HHO 11HT8HC11BHOCTI1 Ha 

CYMMaPHOH 11 pa3HOCTHOH qacTOTax). 

TaKI1M o6pa3oM, npoae,neHHhlif aHa

JJH3 BJIHJIHHJI paCC8JIHHJI MaH,l\8Jlbi!ITaMa

hPHnnD3Ha Ha ,l\11HaMHKY CB8PXH3JJyqeH11JI 

B KPHCTaJJJJe TIOKa3biBa8T 1 qTo 

a) HaJJI1qHe TaKoro pacceJIHHJI npH

BO.l\HT K YCKOP8HI110 TIPOL\8CCOB BhlCB8qH

BaHHJI KOr8p8HTHOrO H3JJyq8HH!Ij 

6) H3JJyq•3HH8 Ha CYMMaPHOA H pa3HOCTHOA qacTOTaX He B8,ll8T K 3aM8T

HOMY YM8HbM8Hl~D HHT8HCHBHOCTH H3J1Yq8HHR Ha P830HaHCHOA qaCTOT8. 
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3AKJII0"1EHI1E 

"Hut<mo He npuoaem KHUee maKol?o 

eeca u oocmouHcmea, KaK noc~e

CJ'loeue "· 

MapK TeeH "floaa~ot<eHH~tJ. eeK" 

B 3T11X JJ8KU11.f!X Mb! !lOCTapaJJHCb 113JJOlKI1Tb OCHOBHb!8 clJH311'l8CKI18 11,n811 11 

COOTBBTCTBY OII\118 liM MO,neJJbHb!e 3a,na<m, 11Cll0Jlb3Y8Mb!8 B T80PHI1 CB8PX113JJY<Ja

T8JlbHb~ llPO~eCCOB, rJJaBHOe BHHMaHHe CKOHU8HTPHPOBaB Ha MBTO,ne 118papXI1H 

K11H8T!i'l8CKHX: ypaBHeHHH. TIPI1B8,n8HHbi8 3,n8Cb llPI1M8Pbl ,neMOHCTPI1PYIOT B03MOlK

HOCTH 3TOrO MBTO,na, !lpe,ncTaBJJ.f!IOmero C060H peryJJ.f!pHb!H !lO,nxO,n K 3a,na<JaM 

T80PI111 CB8PX:H3JJY<J8HI1.f! 11 CMBlKHb!M !lp06JJeMaM clJH3HKI1. 

Pa3YM88TC.f!, B KPaTKOM Kypce JJ8KUHH Mbl He HM8JJI1 B03MOlKHOCTH TIO,npo6-

HO paccMaT]:HBaTb BCIO COBOKYTIHOCTb 3KC!lepi1M8HTaJJbH~ ,naHHb!X H TBOP8TI1'l8-

CK11X MBTO,nCB, OTHOC.f!mHXC.f! K llP06JJeMe CB8PX113JJY'l8H!i.f!. Tio 3TOH lKB llPH'lli

He 3a Tipe,neJJaMH HaMero paCCMOTP8Hii.f! OCTaJJHCb ,npyr11e KOr8P8HTHbl8 .f!BJJ8HH.f! 

(clJOTOHH08 ~XO, O!lTH'lBCKa.f! HYTaUH.f!, CaMOHH,nyUHPOBaHHa.f! llP03pa<JHOCTb 11 

T.,n.), HMeKmHe MHOrO o6m11x qepT CO CBepXH3JJY'l8HHeM, HO He OTHOC.f!mHXC.f! K 

<JHCJJY CllOH1aHHb!X KOrepeHTHb~ llPOU8CCOB. BalKHOe MBCTO B COBpeMeHHOH T80-

PI111 B3ai1MO,l 8HCTBI1.f! BemeCTBa C 113JJY'l8HH8M 3aHHMalOT TO'lHbl8 peM8HH.f! O!lepa

TOPHb~ ypaE HeHHH ,nBI1lK8HH.f!/ 134- 136 /, 0630P KOTOPb~ caM !10 ce6e MOr 6bl 

COCTaBHTb C6M11PHYIO MOHOrpa¢11!0. 

HaK_DH~U, 3a,!\a'll1 T80PI111 CBePXH3JJY'l8HI1.f! HMBIOT MHOlK8CTBO aHaJJOrliH 

B clJH3!1K8 T!ep,noro TBJJa, KBaHTOBOH TBOPHH llOJJ.f! 11 T80PI111 .f!,npa, r,ne MBTO,n 

H8PaPX11H KI:H8Tii'l8CKI1X ypaBH8H11H TaKlKB MOlKBT 6b!Tb l1PI1M8H8H. 
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