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f ap6awos E./\~., HecrepeHKO B.B. P2 - 12029 

HenpepbiBHbie CHM:VteTpHH s reop1111 IIOJHI 

J1eKU1111 IlOCB~Ul(eHbl CJieLlCTBI15IM CHMMeTp11H rr·oneBbiX TeOpHH IlpH Ueiipe

pblBI-i biX rrpeo6paaosaHH.HX KoopnHHBT H rronert V13naraerc.H sapl19.UHOHHblt'r ¢op

M8lli13M B Cnyttae HeiTpepbiBHblX rpyrrn rrpeo6pa30B8HHJ1: 1 llOKB3biBBlOTC5I 06e 

reop ~Mbl Herep, paccMaTpusaiOTC.H co6crseHHble 11 Heco6crseHHbie, CI1J1bHbie 

11 en 16b1e aaKOHbi coxpaHeHu.H. 06cy->K.aaerc.H yc11JUt:e 11 o6o6meHH:e 8THX reo

peM. KparKo pacc:vwrpeHbi CH:CTeMbi co CBH351Ml1, OTil1CbiB8eMbie Cl1Hryn5IpHbi

MH 1 ar•paH>KHaHBMH. npuse.oeHbl IIpHMepbl 113 MeXaHH:KH 1 8118KTpO.OHHBMHKH, 

reop1H IIOJ15I .H:-~ra-M11lWCa, pell51Tl1BHCTCKOH CTpyHbl 1 rpaBHTBllHH. 

Pa6ora s:,monHeHa s J1a6oparopH11 reoperHt.teCKoi1: ¢H311KH OVIH¥1. 

CoJ6meHHe 06be/lHHeHHOI'O HHCTHTyTa smepHbiX HCcnenoaaHHA. Lly6Ha 1978 

Barbashov B.M., Nesterenko V.V. P2 - 12029 

Continuous Symmetry in Field Theory 

The lectures are devoted to consequences of the symmetries 
of ield theories under the continuous coordinate and field transfor
mations. The variation formalism in the case of contir1uous group 
traJlsformations is represented. The proof of both 'Jother's theorem 
anc the Nether classification of the conservation laws are given. 
Thl ~ reinforcement and generalization of these theorems are also 
dis·:ussed. A brief consideration is given to the systems \-vith con
strc jnts described by singular Lagrangians. Examples are taken 

fro1 1 the classical mechanics and electrodynamics, from the Yang
l\1il s field theory and the theory of relativistic string, and from the 

gravitational theory. 

The inv ..,stigation has b2en performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 



rJI.ABA I. TEOmi 

§ I. BBeJieBHe 

"Cl!MMeTpHR:, B K8KOM 6 i umpoROM 

JllJilt Y3KOM CMI:ICJle MH He IIOHiiM8JDI STO

I'O CJlOBa, eCTl> Ta e,Itli!HCTBe mag R,lte.fi, 

C IIOMO~D ROTOpoft ~e~OBeR !CIIOROH Be

ROB IIHTMCII IIOCTliii'Hy'Tl> lit B:>Cnpolit3BeC

TH IIOPIJ,li;OR, Iq>aCOTY lit CO Be ;>meHCTBO" 

H.Weyl. Symmetry,Princeton, !952. 

Cm.tleTpHH, C ROTOpJDIII HMell'r ,lte~O B RBaHTOBOI TeO]>ID'l IIOJIJI, 

IIOKRO pas,lteJll!l'l':& Ha ,lliiCiq>eTHHe B HenpepBBHHe. K IIePBHM OTHOCIITCII, 

HaiipBMep, cmoueTpo IIO OTHOllleHHD R XOpoiDO lit3BeCTHHM n:Jeo6pasOBa

IDIRJI C , P , T lit xx: ROM6BHaiUIJD!. HenpepHBHHil CHMMeTPD 

.neJIJI'l'ca:, B CBOD o~epe,1tl>, Ha anre6pmAec:me lit ,IOIH8IIil~ecltl 1e • .AJire6pa

~ec:me CIDIIETpHH BOBBHRam IIpH HHBapBaB'l'HOCTH TeOpHB IIO O'l'HOme

BHD K HenpepYBHHM npeo6pasOBaHIIUIM KOOp,lliiHaT B IIMeBHX <IJymand, 

Sam!~ OT ROHe~OI'O Ha60pa ~CJIOBHX IIapaMeTpoB. A.1l::'e6pmAeCKWI 

CBIH'lTPJUl nosBOJIJleT uaccBcpHIUipoBar:& aJJ.eMeHTapHHe ~ac'I.'Hll;B c no

MO~D yHJIITapma !Ipe,ltC'l'Sl!JleHd COO'l'BeTC'l':syDJtHX rpynn U:;>e06paso:saBHI. 

IIp.mepoM orruaa rpynn JIBJUIDr ell rpynna IIyaHKB.pe, S U ( N) -rpymm. 
,!J.imaMBtiec:me CHMMeTpHH CBIISaHH C HHBapBaB'l'HOCTl>D T80p1Dt IIpH 
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npeo6paso:ea.HlltiDC, o6pasYDJlliCC 6ecKOHe'I!HHe rpymm. 3TJI: npeo6paao:eamm 

SaBHCJIT oor KOHetmoro "'HCJia napaueorpo:e-q;yHKD;1111. K11acc:neciOIMH IIPR
Mep&m 3,1{8C::& smJIJml'CJI RaJDI6poBO'IIHH8 npeo6pasOBaHJ!UI B SJieRTpO,ttHHa

umte H 06lQilKOBapJiaH'l'HH8 npeo6paso:eaHJ!UI B '1'80puH rpaBH'ftQIII. HH
:eapHaH'fHOC~~:& nOJieBOI M0){8JIH no OTHOJDemtD It 6eCKOH8tmOI rpynne npe

o6paso:eamdt nosBOJllleT HaiTH JiarpammaH BSaHMO.I{elcTmm (M~U~HMBJII>Hoe 

BSSBM0){8:1C~~BHe B 9JI8KTpo){D8MIIlt8) H npuBO){H'f It HHSKOSH8pi'eH':t8CKIIM 

TeopeMBM. 

CBOIC~ ~:ea CHMMeTpD Y,I{06HO ifx>puyJIHpOBaT:& H HCCJ18){0Ba'l':& B pa»

Ita.X Jiarpamte:ea Me'l'O.I{S, KOI',I{S CHCTeMa ITOJIHOCT:&I> Onpe,IteJIII8'1'CJI S8,Ita

HH814 c:eoel ~~ JlarpaHlt8.. Ta lWI HHWI CHMM8TpHII BBO,I{HCJI B Teo

pm> Tpe60BIIHJI[814, 'ft'o6R ){8IC'fBH8 CHCT8Mil 6Wl:O HHT8!'pMl>BHM &:eapHaH

'1'014 COOTBe~~C'l':syD.Qel rpymm npeo6paao:easd ( 014. § 3) • 
.llamnm .11e~ noc:wmteHH cJie,n;cTBIDIM CJD81e'fPD no.Jiema: Teopd 

npH senpepliBHHX npeo6paso:eaHB.SX KOop,ttHHa'l' :11 nOJiema: iPYJnm;d. Bee:& 

Ma'l'epuaJI p!IS,I{eJieH sa ,ItBe I'JlaBR. B nepBOI! rJiaBe ,n;ocraroqHo no.ztpoO

HO HSJISI'ae~~CJI Bapu~oHHHI jflopiiBJIHSI4 B CJIY'iae HenpepHBHHX rpynn 

npeo6paaoBIIHJd, ,I{aeTCJI ,I{OitasaTeJI:&CTBO nep:eo:lt H BTopol Teopel4 He

Tap, paCCMILTPH:BamCJI C06CTBeHHHe lil Heco6CTBeHHRe, CHJI:&HHe H CJI8-

6ue saitoHH coxpauemm:. 06cY3JlaeTCJI o6o6JQeHHe lil yc:wreHHe Teopel4 

HeTep. Kp~ 'ItO paCCMa'l'IJHBBilTCJI ClilCT8Mil CO CBIISJIMH, OnHCHBaeMHe CHH

!'yJVIPBHMH JtarpammaHara. Bo BTopol rJia:ee npoe,IteHH IIpuMepY npl!llle

semm TeopEll4 HeTep :e KJiaccH':tecKOI MeXaHHKe, :e SJielt'fpo.IJ;HHaMRKe, :e 

xpo!.I>,ItHHa.MlCKe, :e Teopo peJIIITHBHCTcKOI CTpymi H :e rpa:BH'f~. Oc

HoBHoe BHmiBHHe npH STOI4 Y){eJtlleTCJI CJie,I{CTBJir.IIM HHBapHaHTHOCTH no 

oTHomemm n 6ecKOHetmHM rpy!IIIaM npeo6paso:eaHHI. 

§ 2. Jlaplil8I!!f{ diYHKII!r!OHaJIS IIpH OJIBOB~JIOM lilSMeHeHD 

!J.'lHK!!!!1t H sesa:mrCHMRX neoo~~e 

PaccMoTpHM @7HKIJ,¥!OHaJIH cJie,IJ,yDI.Iero B>fM: 

J.:-u(xJ]"" jd-X'£r.:r, u, Ou, oi.), 
Q. 

(2.I) 

I',Ite U(X) OSHa'iaeT Ha60p HS m ~~ U· (X} ,j:J, 2. , •.. , m, 
sa:mrCJilQHX < •T n nepeMemmx .X1 , x 

2 
, 
1 . .. , 5:.., , KO'l'opue 

,wrJ1 COxpalQilHHII SanHCH 6Y,I{el4 0603H8'i8'1':& npoCTO X • ClilMBOJ1ll iJu 
H 8R

2
U ~13Ha~am Jlll6ym qacTeym npoHSBO.ItHYJl mma a Iii I ax.;«= Ui.r 

lil 8 U.j d1/w (}J )J = ~· •.!'",; , COOTBeTC'l'BeHHO. 
i'I;cT:& r;. - H8KOTOplUI KOHetmWI IDill 6eCKOH8'iHali HenpepHBHali 

rpynna, oc;'IQeCTBJIR!IlilBJl npeo6paso:eaHHe Itait uesa:BHCBMYX nepeMemmx 

4 



.r , TaR R ~ 1J {.X) • B CJIY'Iae KOHe'IHOit rpyrrmi ({;. 9TH 

npeo6pa30BaimJI SamtCIIT OT r TIOCTOJIHHHX nap&reTpoB C:,, , ~ , 
.•• , C,. , a B CJIY'iae 6eCKOHe'IHO:It rpytiiJH ti-,,. - OT r nap&reT

poB- qiyH~ C. (;x:), i:~<J, ... , I"'. Kax 06H"'BO, 6y]I.eM CtmT3.T:&, 'ITO 
~ 

T~eCTBeBHOMY npeo6paaOBBHHD COOTBeTCTB,yDT Hy~eBHe SHaqeHRH napa-

MeTpoB c.- . Ha:a60Jiee o6lllee npeo6pasoBaHKe m.teeT BRJI. 

); = ~ (x~ Z/, cl11, d~, ... ,. c) =~ ~ S.x;. ,_~,:J .. ,/i; 

/.t / J J~ ) ('- (2.2) : 7)::...,. t.X, Zf, (///, "t-1 > •.. ; c : ~ 0.)+-0~. (/~J ... ,11'7. 

Bap:a~ fJ.:Jtl' :a S ~ B nepBOM noJli!]I.Re no c onpe,neJISIIOTca: 

Me.nyllltHMJ/1 BUpa:aBHRHMR 

(<} 

- (b~ > 

c.=o 
t 

C't·::: 0 
IIOMRMO TIMHO:It Bap:a~ qiyHR:uml 

~U·(Y) = l}. (yo)- ll (:X) 
d d I] d 

HBM noTpe6yeTCll Bap:aan;wl lflopMH qiyHKill!R 

~ u .(,x) ::=d. (.x)- 21 (x ). 

(2.3) 

d I I 
Hs aToro onpeJI.MeHRSI MeJI.Ye'l', 'ITO onepan;w~ ~ nepecTaHOBO'IHa c 

~pe~BBHJieM: ~ Ud· 'i = a"' Su. . Mez,uy 9'l'RMR Bap:aa~ RMeeT 
MeCTO M9JI.YD11811 CBSIS:&: 1 

(/ 

3Hrut N OSHa'CiaeT paBeHCTBO C TO'IHOCT:&I) JJ;O :eeJIRTmH nepBOI'O TIOpH,D;-

Ka no E BR1lJJtDI'l'M:&Ho. HanoMIDD4, 'iTO IlPll BHBOJI.e ypaEHeHid JI.BD9-
mm liS npJIBI{IDI8. HaJDieH:&JDei'O ]1.9fiCTBIUI Bap:&:apye'l'Cll RMeBHO lflopua no

JieBHX c}yH~, a HeSamtCBMHe nepe.eHHHe OCTaJJTCR: npll 9TOM R9RSMeH-

HHMH. 
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YCTaJIOBHM CBIISI> M8liJJY fiomiOI BapJIBI(Kel JipOBSBO~ IIOJI8BHX 

~~ J[ BapJIBI{K81 J!D[ ~pMH. l!m 8'J.'OI'O BaM llOTpe6yJDTC.fl B8RO'J.'O

plile npe,]tBolpJITenBHe mlltiia.ztKH. IlpoBSBO,ltHYil djj. / dx , corJiacao 

~pMYJiaM :2.2), MOJtHO llp8,11;C'J.'amr!:& 'J.'B.K: I 

~ ~ s + rJ OY,e • 
Jxv I'" tJ.xv 

){Mee 

1_== .L ~ = L + cJ S':x;t' _L , 
dx1 8!/' 8xjl iJ;f1 d.x Jl U,/ .. 

II09'J.'OM;y 

_d_- __L = tJS-rH L. 
(}.'Xl, OJv ~x1 OJ/' (2.5) 

AHMOI'IAH :> wm BTOPHX JipOBSBO~ oeeu 

:i_ 

iJ _ (!J 8 bfp !J ) (! db.;r-6 tJ ) 
J~ d-J~- \8}/- + OJ)< ilf;o l?jl + Jf1 dj6 = 

~ ~ 

= d + as~ cJ T 

~ !Jv 8 x/" ~ 8J~ Jt 

-r __;_'!_ (o7Sf~) L_ -+- dSx & _e_ 
~~1 dx 1 / IJ!t5 ;Jx~ OJ;.. 1/& 

B uoCJie,n~:zx 'l'pex CJlaraeMHX npoBsBO~e uo 1f MOJtHo S8113BR'l':&, 

corJiacHO (2.5),JipOB8B0,1J;HJDIII IIO X • B pe8fJIJ>'l'a'l'e DOJIY"qa8M L _ oi{ 
a7 axJ) t1 1/ tJI 1 

= 8 ~.xp _j_ _~ _ -+-- iJ x. S"_x'& L -+- a Sf 6' ...::8::__.Ji_ __ 

aa-.1' a~~~ aa; &.f)J CJ.;r-6 d.Yj a7 oad 
(2.6) 

6 



TenepL paccMO~BM nQ~HYD BaPH~ nepBol npoKsBOJ~ol OT 
~;m,IY""HI<L\IUI....,.. 

'fa.K: 
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3ar.rewm } /d 'f 
li.O /; (/ 

npoHsBolJ,Hol J / J .x.' , TIOJIY'iaeM c TO'q}{OCTI>Il 

b~j¥ (x) = 3 Jf"'Y -t- ~·)/' ,;6 ~e~:~. 
(2.8) 

~PL\l'JIH (2.4), (2.?) H (2.8) llOKaSHBa.IJT, '1'1'0 llOJIHB.fi Bap!!a

IU'!Sl KaR CliMOi ~' TaR I! ee npoHSBOlJ,HHX CKJI8,10:lBB.eTCfi HS Ba

p!!axnm; <lJoJlMH IIJIIOC H3MeHemte tfJYHro:nm; :wm ee npo!!SBOlJ,HOI sa C'leT 

npeo6pa30llaHH.Il apryr.reHTa. 3TO npaBlifJIO OCTaeTc.a: B ClifJie He TOJil>KO 

Will npOHSJIOlJ,HHX 60Jiee BllCOitOI'O llOpllli.Ka 

~ u = ~ u , . r Zl ~a 
(/ t'Y.f'-.. {/"'Yf'·· 1.,./Jlf"·· o 6 J 

HO H Will (;yHJmHft .}I(JG U, Jtt, at , qppMa KOTOphiX He MeiDieT-

Cfi np:ra: npno6pasoBaHWIX (2.2), To ecT:& Jf(x,u~ c}u, J;,u) 
nepeXOlJ,HT B Ty_ lite CaMYJJ tflYH~, HO yYlJ3 0'1' HOBHX apryr.reHTOB 

£ej, ;:;> ih 1
) rJ".Rll) • IlpH aTOM nOJIHM Bap:ra:runm S£ oKaSHBaeT-

c.a: paBHol 

- ~£ c::-,.,. 7J£=b£+ -. 0/</'. 
£!~ .. (2.9) 

3lJ,ec:& I! B lJ.aH:&HelmeM HaM qacTo npHlJ.eTc.a: HMeT:& lJ,e~o c nposs~-

MH no -~, OT £ (:x:, V > cJN., J t) , KOTOpYe Bll'IHCJUDlTCfi C 

y<18TOM He TOJil>ltO SIBHOit 3aBI!CHMOCTH £ OT .X: , HO H C yqeTOM sa-

BHCHMOCTH nocpelJ,CTBOM ll , J 11 H 0 it . BBelJ,eM cne~an:&HOe 
0603Ha'I8H!8 Will TaitOit npO!!SBOlJ,HOi 

,-xJ :=:(() .:= L -t-V L -t-ZI L t-if. L . 
,j()Jf J'< dYj- /1" J} /'J'J rJf;1 /:J~<Y; tl~;l_j (2.IO) 

O'leBHlJ,HO , 'ITO ocHOBHYe npaBlifJia lJ.l$llepe~oBamm ~ dO/ .:fJ :X/' 
6y1JYT TaRIIMH lite, KaR H Will 06y'q}{llX npoHSBOlJ,HllX. 

noKallteM qoPMY~ (2.9) 

~ £ = o~ (x-r 'iix) u -r Su
1 

d u +- S )u
7 
J~ -t ?;a'ir) -

-of(::r,v, dv) cJi't) = 
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HcnOJIDsyg <lx>PMYJIH ~ nOJIHHX Bap:a:~ (2.4), (2. 7), (~ .8) :a: 

onpe,~te.n:eH!Ie (2.!0}, nOJlYllaeM :a:s (2.II} 

9J£=8£+ £J£b~ vV'l, /'' (2.I2} 

r.tte ~ £ - Bap:a:~ £ sa c'lieT :a:swmemm <IJopw ~H~OH8Jll>
HHX apryMeHTOB 

~£ = J£ ~ZI.-r tJ£ ~U. + d£ ~21 • 
du t du , '!.~ ell/. -t.;/'1 

't ">/ .., ).JII j) (2. !3} 

Terrep:& BOSBpaTHMCJI R W'!fR.UHOHaJIY (2.!) H, HCnOJr:,syJI rrpe

odpaSOBB.HKii (2,2}, IIOCTaBHM ew;y B COOTB8TCTBH8 HOBJ:dt <~lll{UHOHaJI 

I rvftl ~J rJofJ, vy), rlt!j'J, rl~JJ, 
~+.a a (2.!4} 

r,Jte J2 + .1 Q 03Ha'lia9T 'l'Y OdJiaCTl> B ROOp,ItiiHa'l'HOM npo CTpaHC'l'Be , 

B RO'l'Opyil nepeXO.u;BT .Q np:a: npeodpasOB8HHH (2}. ~ :O:OKaSaTeJI:r:.

C'l'Ba TeopeM HeTep HaM noTpe6yeTCB: BWDICJieHHe pasHocT:a: I DHJJ]
I !"II (.x)]. MH noEUeM, '<ITO sTy :BeJili'D!BY B ne:pBOM nopg,n;
xe no c , TO ecu Bap:a:~ ~OHSJ!a J [ZI(.X)J , MO&HO 

npe,~tCTaBH'l'l> B CJie~eM BB,Jte: 
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-
r~e ';; £ onpe~e.neHo B qJQPMYJie ( 2 • I3) • BTopoe CJiaraeMoe B 
IIO,nHHT6rpaJI:&HOM BHpallt6Hlm B ( 2, I5) B IIOJIHOi!: 3aimCH HMeeT BH,l( 

§) ((Sf,)= r}:;( ~f t- cJ£2( Sx' + 
c~))', V / Jx;, / {/~. !'/' / 

-r d£ ti , ~x -+- tJ,£ Zl . ~f + If/ clS-;;" . 
..J -!Jf;" I"' , ..;>l6f' I' o<: .) , v~,l r; / / 0 Zl Ji6 (/ I ()Jr. 
{/ rl' / 

Ilepei!,neM K ~·>KaaaTeJI:&eTBY qJQPMYJIH (2. I5) 

~I =I flf'{!Jl -1 fu{~->J = 

j. i? 

= JJ .f[J, If?\ t}{ffj')? cld[!J) - (2.I6) 
{2+-Ll d! 

-J d:x'dfJ;l/(;r), rlvt:YJ, dftr~)) . 
.Q. 

!tiHTerpl'ipoBB.H ae IIO ~ B rrepBOM CJiaraeMOM MOl!tHO 3aM8HHTI> lllHTerpH-
pOBaHHeM no X • HKo6HaH rrpeo6paaoBaHRfl, corJiacHo (2.2), paBeH 

11 r 
0{3/J, .. J_,) =~~\I <a.;+ o'a?., 11=17 (1 -r d_'/t)+-o(t:J= 
d Y:x· v x-·) ; rl.:x 

1
,;.J_ o -~ 

L?"'> " j) / 

= 1 + j JS~~· + O(t:2). 
JY /'=L )" 

ifuPMYJia ( 2 .J 6) Terrep:& npmmMaeT BH.n 

~I =jd_): ld:f!)&f/J, JIJ!fJ, J~))-of&~«t-1)) tl2tfYJ:1 d~r1y+ 
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Ilepexo,WI oT nOJIHol BapH~ <;:;£ K BapH~ cpopMbl b .X: 
noMO~D (2.I2), n~aeM (2.I5). 

c 

B ciJoPMYJie (2. I5) 4Jirypxpym TOJII>KO Bapll~ cpopMH qiyHK!Udl 
Zl (:X) H HX -qacTHHX npoH3BO,mmx. IIoaTOMY HMeHHo eTy 4J<:PMYJIY, a 

~e (2.I7),y,no6HO HCllOJII>30BaTI> B TOM CJIY"iae, eCJIH MH XO~HM ycTa-

HOBliTI> CBII3I> nOJIHol BaPHB.Itmi ~I c TO! BaPHa.!UieA !lYHKIUIOHa-

Jia I , o KOTopoA I'OBOPHTCR: B npliHQl!ne HBHMeHI>mero :r eAcTBHR:. 

ECJIH He3aBHcliM!le nepeMeHHHe ~ He no,nBepraiO'I'cii npeo6pa-

30BaHHD, TO BTopoe CJiaraeMoe B ciJoPNWJie (2.I5) o6~aeTCII E HOJII>, 

H MH UOJIY"iaeM 06lrnloe B!lp!meHHe Will Bapllru:nm qiyli.KIUIOHWJ a npll 

li3MeHeHllll TOJII>KO cpopMH qiyHKUJdi ~· (X), XOpoillO li3BeC'IHOe B 

Baplla.!UIOHHOM HC'illCJieHllll. 0 

IIpe~OJiarM, 'iTO E u. (:x:) HC"ie38IO'l' Ha rpamm;e o6JJaCTH HH-

TerpzpoBamm Q , n~aeM noCJie HHTerpzpoBamm nc qacTJIM 

(2.I8) 

r,IJ;e L · - JiarpamteBH B!lpaxemtll (alnep:HaHH HJIH JiarpaElUlBH 

npou&,,IJ;HHe) 

L.= J£ -~(J£ \ + eX):{ ( JcY) 
d dl ~J.~ dlt.,J cO.Yr :;Jxv J/i'y (2.r9) 

CorJiaCHO llp:HHLtHII;Y HaHMeHI>mero ,IJ;eiCTBHII aJ = 0 , H H3 (2.I8) 

CJie,eym YJlaBHeHHSI ,ItBlllleHHSI (ypa.BHemtll 91Jrepa) Will nOJieEEa ~~ 

U (x): 

d 
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L (;r; w, Ju, .. ) = 0;) ;= 1, 2 , ... m. 
(J 

B ~W(DHeHmeM HaM ITOTpe6yeTCH ROBaR Be~~a 
KOTOPYJO Bl 1e~eM C ITOMOmDil tPoPMYJW 

~1 =L Su - .:fhzyA = 
I J 

= L ~u - c0Ar 
! d £)~ 

(2.20) 

A
1 

(x, zt, r.)u, .. ) , 

(2.21) 

,IJJm paceM lTp:HBaeM!iX <PYHrontoHa.JIOB £Je tJ A HMeeT BH,I( 

£)-til A = d) I(Jov J£ - a£ )~u.- dK ~ ll ,v]" 
XJy;. L J/?1' r)~1 J i}Jf"Y d (2.22) 

ITo~CTasn&I (2.22) H (2.19)B (2.2I),nerKO rrpoBepRTD, ~0 CITpa-
Ba B (2.2[) CTOHT RaK paa Be~'D!Ha, OITpe~eJUieMaR tpopMYnOA (2.13). 

§ 3. AoKasaT~cTBO TeopeM HeTep/3/ 

HaM mTpe6yeTca cne.nymtee onpe~eneHHe : IPYHKIJ;HoHa.JI J [ u C.X)J 
Ha.3HBaeTCl HHBapHB.HTOM rpymw c; ' e~ I o;q_n=][ZI(:x)] ' 
(eM. tpopMrJW (21) H (2.14~. O~eB~o, ~To B aToM ~ae ITonHBR 

BapRaitWI 25' I , orrpe~e;meMaR: tP<>PMYnoil (2.15), paBHa eynm. 
ITepB9.1I TeopeMa HeTep. E~ HHTerpa.JI I HHBapHBHTeH ITO 

OTHOmeHHK K HeKOTOPOH f' - ITapaMeTpH~eCKOH rpyrriTe err , ocy
mecTBRHDrn3ft HerrpepHBHHe rrpeo6pa.30B8HBR KOOp~aT H lPYHRUHR, TO 
f' nHH 3fu:IO He3aBHCHMI:DC KOM6HHa.IUl:H narpamteBHX Bb!p8.llteHHH 06-

pamaiDTCH B ~epreHUKH H, Hao6opoT,HS ITOMe~ero YMOBHR BHTeKa
eT HHBap:aaHTHOCTD I ITO OTHomeHHil K HeKoTopol rpyrrrre ({ r 
TeopeMa coxpaHHeT crrpaBe~BOCTD H B rrpe~MDHOM ~ae 6ecKoHe~o 
60Jibmoro emMa ITapaMeTPOB. 
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llpH ~OKa3aTSHhCTB6 STOi TeopeMH R cne~el BTO]~I TeOpeMH 

HeTep MH orpB.HH'iliMCR: paccMOTpeHHeM TOJihRo I.IJlliMWC YTBHpJ~QJ;eHHit, 

oTCWiasi sa ~ORa3,TaHhCTBOM o6paTHHX TeOpeM R OpRI'RHaJ:DHOI pa6o
Te 8. HeTep /3,4 • 

C~e~eT no~epJtHYTh, ~o B nepBol TeopeMe HeTep ~eT pe~ 

0 npeo6pasOBaHKRX C ITOCTOHHHHMR napaMeTPaMH, He 3aBH(H~HMH OT 

KOOp,ll;HHaT, TO 60Th C:. [=1,2, ... , r lmii.ItiYrCS: npoOTO 'llCHaMH, lle-
t ) 

peA;neM R ~ORa3aTSHhCTBY TeopeMH, Hs OOHOBHOI q,opyyJI!i ~ Bapxa.rnm 

qlyHKiniOHSJia ( 2. I5) x q,opltfYJI!i ( 2. 2I) o yqeToM Toro , '1'.1 o I C u J -
RHBapxaHT rpym:m cr f'" , ITOJIY'IaeM 

~J = jd.x [ L.~u. -~£&A + £ C£br)] = 
.Q ~ f. ./' / 

=j·J"" ('L. ~ v. -~·&B) = 0, 
t. ~ (3. I) 

.Q 

r~e ~~=A,... -£()~ . PaBeHOTBO (3.I) onpaBe,wll!BO ~ Jlll6oi 

o6HaCTR HHTerpBpoBaHRH ~ , ITOSTOMY no~TerpanhBOe·BUpaEeHHe 

~OJiltHO TOJt.D;6CTBeHHO o6p8IIIaThCR: B HOJih 
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llo~cTaBnRH (3,3) H (3,4) B (3,2), nonyqaeM HCKOMHe COOTHOWeHHH 

L - (t) (t) 

d bz;J =JJi&B, i=1,2., ... _r) (3.5) 

r~e 

B,(tJ=( £) d£ - d.:£_) ~u (t!._. J£ ~u (-tJ -£6::xrt; 
/ )I J~-·7 d~'/' I Jij;l'v !'v /' 

=[( ~;)- - PJv :;, )~.6+ 1~ Z~,v6- £~,& ]2)x:t!_ 
If ;·'7 1'16 

( 

J_-£ J£ ) (t) -J_£ .(t} (3.Q) - - -!iJ ~v.- _u_\:'21 
01{;'/" J/ O~·,Vf' / cll/· . .f'JIO J•V. 

TaKHM 06p&3·>M, I'" JIHHefulo H83aBHCIDI!IiX KOM6HH~11 Jiarpamt8BIIX BH-

pameHHD nep3XO~T B ~Bepre~. 

0TM8TH~, ~TO HM8HHO B 9TOM M8CT8 MH BOCIIQnb30BaJIHCb T8M, ~0 

paccM&TpHBa OTM npeo6paaoBa:aHJI ( 2. 2) , o6pasYJ(mHe KOHetUiyD rpynny, 

H IIapa.MeTpH <5 t' He 3aBHCHT OT :X: • llo3TOMY TIOCJie IIO~CTaHOBKH 
(3.3) H (3. <!) B (3,2) MOlltHO 6HJIO BHHeCTH c... H3-IIO~ 3HaRa ,£}.;)-

H ITp:HpaBHl1T b K03~8HTH npn O~aKOBIIX napa.MeTpax C i B JI6BOD 

H rrpaBOA qa~THX (3,2). 

JI6TBO~p~~~~e~)~~~~~~~~c:~T~T:~~TO~~~~:e ~~~~ 
TH B (3.5) o6p31llfWTCH B HOJib, H MH HM88M r 3aKOHOB COxpaHeHWI 

(t'J 

~·tJB=o, t'=J)R, ... ,r. (3.7) 

IlepeimeM TEII8pb K 6eCKOH8W011 rpynne Cfoor , KOr~a napaMeTpH 

npeo6pa30B~IHRII J1B1L'm'l'CH qJyHKQW!MH KOOp;o;HHaT: c.=c. (.:t), t.' =1,2, •.• Jr'.. 
( ... 

B aToM cnyqae HMeeT M8CTO BTOpaH oreopeMa HeTep. 

ECJIH BHTSI']lSJI I HHBapl[aHTeH OTHOCHT8JibHO 6ecRoHewol rpymm 

troo~ , OC~8CT~el HenpepHBHH8 npeo6pa30Ba.HHJI ROOp;o;HHaT 

H qJyHKUZI, npH'I8M 8TJII npeo6pa30Ba.HHH 3aBHCHT He TonbKO OT ca-
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MHX napB.MeTpoB..qlYHKitldl Ct' (X) , -i = 1 , ;?.. , • • • , f" , HO H 

OT rue npoH3BO,IUWX ,ItO ~ - I'O TIOpsmRa BltiiiOtmTeJI:bHO, TO RMelOT 

MeCTO (" TOli,IJ;eCTBeHHHX COOTHOWemtli MeJK,ey JiarpaRJKeBJIMH B!ipa-

JEeHl!UlMH H npOH3BO,ItH!iMH OT Hruc ,ItO ~ - I'O TIOPfl,ItRa; 3,IteCh TaiOKe 

B03MOJltHO o6pBI!IeHHe • 

BapJI[a.Iijm tPoJlMI:l cWHRUHA U (x) npe.ztCTa.m!M B CJie~1lllleM Bl!-

.zte~ d 
- (r) . /) (0 

6~ rxJ= a (X;ZI,tl?.t, ..• )c r:1J +6. r.x;21tlzL.) dt,rJJ <
3 8

) 
o I ' ;/' ) ' -, - · · 

Jy/'' 
.111m npocTOT:LI M:LI orpaHH'U<l'Jll!CI> CJIY'{aeM /= 1 • AHaJiorn'lliaR: tlK>PMYJia 

RMeeT MeCTO H ,!WI 8 :Xj.. , O,ItHa.KO .HBHWi mr.zt 3TOit BapHai;Im B 

,ItaJII>He!weM HaM He TIOTpe6yeTCH. llO,ztCTaBn&ff (3.8) B (3.!; Jl[ HCTIOJI:b-

sysr paBeHCTBO 

(3.!0) 
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oTHMn T0~6CTB8MK, KOTOpHe 6HHR nanyqeHH npR ~aCTHOM BH60-
pe napa.MeTpoB-<l>YHIW;R:It c. o.') , He Hc~epmmamcH Bee CJie;ncT-

• 
BEH CKMM6T~ ~IW;ROHana (1) OTHOCHT6~bHO 6ecKOH6~0ii rpyTITIH 

r:_ 5 '6 • HoBHe TOJK,Il;8CTBa B03IDIKBm' B TOM CJIY'lae, eCJIH B '-fcnr 
TIO,ll,lmTerpa JlbHOM B!ipalltelmR B qJopJ.!Y~e ( 3. 9) (Will B ( 3. I) np:HpaB-

HHTb HYJIID no oT,nMbHOCTH Roa~eHTH npR RalK,II;oii WYHK~nm c. (.T) 
' t 

R npR Ral!D;OJ! ee npOR3BO.n;HOii S·,/"y ... 6 (X) • oT0,0~6BH.n;HO,COOT-

B6TCTByeT mt6opy 4JYB:KI~RE S· (X) { CJie.IJYI0016M BH,Ite: C ( ~) ·" 
"'C .. X ;r . . . ~l'.f'' .::r·_, • llOJIY"'llM 9TH TOJr,n;eCTBa ,ll',IIli CJIY'IM, RO~ 

... /' y 0 

,na li!M6:m' N6CTO TOJl:&KO npeo6pa30BaHHII (3.8), He 3aTpai'HBamtJ1[8 

KOOp,nHHaT .:X/" • By,n;eM C~TaT:& ,ll',IIli npOCTOTH, "'TO £ He 3aBH-

CHT oT BTc PllX npmmBo.n;HHX cWHKUKI Yi ( ~') . B aToM CJIY'lae 

qJQIJMY~a (3.1) C ~eTOM (3.6) R (3.8) npmmMaeT BH,It 

~ 7 J' d (f.') ( t) o_ = .x[L. a. t. + L. t /VI c. +-a J d t 1 1/ t 1" 

Gel£ ( t) ;} (tj 

-r ) (a. ct+tJ:vcrv)+- (3.II) 
d l';~i' '/' I cl , 

d/ (t} (0 (t'J . (t) 

+-;;-- ( a.i ., c'.+ a
1

. ~·.,., + 11."' c-, .. +I .. c, j);;.t)] = 0. 
v~>/' u Y l 'l' I '/ . , I, , / . 

llPltPEEHHBM HYJIID Roa<I$UJ;HeHTH npR t.- (:X) H IIPH nepBUX H 

BTOpllX !1PC H3BO.n;HHX 9THX ~ B llO,n;HHTerpan:&HOM B!ipa&elmH B 

qJQPMY~e (~.II), n~aeM TOJK,IteCTBa 

. (t) (cJX (r') (3.I2) 

L.a. + rJ ~· ) = 0, t'=t,;( ..... fJ 
I J ~:.i o '/"' 

(t) rJ£ (r) rJ,/ rr'!_ 
L,. ~~ -t- ( -:;-ly ) +- 0'. = rJ, 
G 1 . v ~·'i ' r tJ z; ·, t 1 

t=:f,.f(, ••. ,r~ l,/"'=i.~ .... ,n; 

_Cl£ I (f) 

(YJ/, ,) I/ + 
I'' 

d.fl (t) 

iJZI. ~-~ =. 0 
I'~" v ' 
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---

,lJ.Ba CJiai'aeMHX B ( 3, I 4) BO 3HHKJIH Sa Ctl6T TOI'O , tlTO C · . , 
~) '1" 

CHMMeTpRtlHO IIO muteRCB.M V l:l: .J'-' , 
Hs Tolll.neCTB (3.!2- 3.!4) CJie,eyeT (3.IO). ,llelcT~Il'ITeJII>HO, I)M 

.mt@JepeHnHpySi (3.!3) IIO 6() j.iJXJ/ l:l: Y'fHTHBasr, tlTO(rllf/dll:, ) b Jl• 

corJiacHo (3. I4), aHT:e:cHMMeTpRtlHo no mmexca.M f' :e: v <!' HMieM 

ITO~CTaansrJr STO B (3.!2), IIanytlaeM (3,!0). Cne,eyeT OT~~TRTI>, tlTO 

aa rrpaKTHKe Ol'ta3HBam'csr 60Jiee Ba:mmm TOJr,Ite CTBa ( 3. IC 1) , ROTOpHe 

o~opo~ :e: mmeiHH no L;. 
TOJr,IteCTBa ( 3, IO) :e: (3, !2 - 3. !4) YCTa.Ha.BJIHBaDT ~ amiCHMOCTI> 

Mellt,IJY JieBHM:e: t~aCTJIMiil ypaBHemd: 3Airepa, TO ecTI> oim y1:as!lllalOT, t~To 

tlaCTI> 3THX ypaBHemd: JIBJUI6TCJI CJI8~CTBli6M OCTWII>HHX. I:OSTOMY '1110-

JIO H888Bl:I:CHMHX ypa.BHemd: MeHI>We tll:I:CJia l:I:CKOMHX qJyHBinti: Z/. (X). 

~~~~~=~~~:=T:~o=~:m~a:~R0~=7CJI~::mmt:a ( 2z}~~) 
:a: l'IX rrpo:e:sBO~e, To ecT.I> BH6paTI> TY wm 1myJJ RaJIH6P< 1Bicy", :a:cioM 

yu :a:s qms:a:t~ecmx coo6paJKeimii. 

Bo BTopol rJiaBe MH mrn:mneM IIOJIYtleHHHe s~ec1> TOJEJ:ecTBa ,IT,liR: 

KOHKP6THHX IIOJieBHX MO~eJiel, 

Cxe~CTBBH 113 CBOICTB HHBapHaHTHOCTJ:I: JiarpaHEHa.Ha B paMRBX 

Bap:a:anzoHHHX M8TO~OB l:I:8YtfaJD1[CI> B I9I5-I9I8 ro~ax r. j~ope~OM, 
.Jl, I'lr.1n.<)8P.TOM, <fl. KlreiHOM, r, BelneM ( CCHJIIGt Ha 9TH ]Ja60TH MOJIHO 

HaiTH B' G7), Ha:e:60Jiee '16TRO OCHO~e peayJII>TaTH B Bli,J(e ~yx TeO

peM 6HJIR ~PMYJlHPOBaHH 3. HeTep/ 31 • B aeMBnol cTenei~ 3TH HcCJie

~oBaimsr 6HJIR CT!Do!YJIHpOBaH!l o6mel Teopzel OTHOCHTeJII>HOCTH, paapa6a
THB8BW6RCJI 31HmTeiHoM B 9TH I'O~. 

§ 4. 06o6meHHe TeopeM HeTep 

A. TeopeMH HeTep ~orrycRBJDT o6o6meime Ha CJ!Ytlait, xor~a @yl:!R

~oHM I [ZI(X)} He cTporo !itHBapHaHTeH oTHOCRTeJII>HO lrpeo6paaoBa

HID!: (2.2), a HHBapHaH'l'6H TOJII>KO C TOtlHOCTI>JJ ~0 .mtBepre~2 ,?{ 
BapHaqH!l TaKoro @yl:!BintOHMa b I MoxeT 6HTI> rrpe~1:TaBJieHa 

(4.I) 
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r,n;e nOJIHM ,IJKBepremnm cXJHJ C =£Jt;..j£Jx JmHeiHa no rpynnoBI:iM 

C 
r ttl I' 

napaMeTpaM c < : = -f c I' c < • TaKHe npeo6pasoBamm HHor,n;a 

H83HBaDT ~epreHTHHMR12/. Qqe~O , qTo B STOM ~ae B COOTHO

ruemmx ,n;HBeJreHD;H! (3.5) H B saxoHax coxpaHeHHJI (3. 7), BHTeRai!IJIIIIX 

8 (0 c<u 
H3 nepBoil: TE opeMH HeTep, K BeKTopau _/ CJie,n;yeT npH6amrr:& I" • 

ECJIH ~- 3aBHCHT TOJI:&KO OT ~ (:x.) H X , TO ,IJ;06aBR&. (4.1) 
He npHBO,n;HT K H3MeH8HHD ypaBHemU!: ,n;mtllteHH.II (2,20), ,UeiCTBHT8JI:&

HO, 

noaToMY 

c£J(/.~ = 

.:0~ 
tJ {/-~ -+- d CC' 2/. , 
rl.x;., dll· I 'i 

I 

d (cXJCJ~ )= 5i?_ ( & ) 
d~· cf)'l· dJy;- \ r} ~· )) 

rJ ('_cfJC'"") dCv 
rl~~JJlof.J;; = rJz/ · 

B pesyJI:&TaTE n~aeM 

d £) J ~'\ 
- vOt:.v C- ·- (-cfh&{> = 
O':; £Jy dv .. v J/ I ,Y 

_ c0 (dC~) ~ (JCv)- O 
. - cf)~ tlzT/-tX}f rl Z/ - . 

/ I Y I 
Xapa.KTnpHHM npHMepoM s,n;ec:& CJIYD'l' HepeJIJITl!BHCTCKM MaccH-

qecKM CHCTilMB. JY MaTepHaJI:&HHX ToqeK, B38JD40,~teitCTByDI(IIX MeZJJY 

co6oi napHwm n;eHTpaJI:DHHMR CHJiaMH (eM. § 8). Ilo OTHomeHlUJ K npeo6-

pasoBaHHKM :~aJIHJieR ,n;eiCTBHe STOi CHCTeMH HHBapHSHTHO C T01iHOCT:&D 

,n;o ,IJ;HBepremJ;HH. CJie,n;CTBHeM aToi HHBapHaHTHOCTH .IIBJIIIeTc.ll saKoH o 

paBHOMepHOM H npsMOXHHeiHOM ,n;mtllteHHH JJ;eHTpa MBCC TaKOit CHCTeNH. 

liTO Ka}aeTC.Il To.-,ll;eCTB (3, IO), BHTeKalllii!X H3 BTOpol TeOpeNH 

HeTeJl, TO o:m OCTaDTC.Il BeH3MeHHHMH I! B TOM ~ae, KOr,n;a W'liKJJ;Ho
HaJI ]['ll(~) 7 HHBap!!aHTeH C T01iHOCTl>D ,ItO ,n;mepreHD;HH npH npeo6pa-
30BaHl!lltX rp vmm G-... r • II PH n0JIY11eHHH 60Jiee lllllPOKOI'O Macca TOlt

,~teCTB (3.I2 - 3.I4) Heo6xo~ ODHTl> B ~PMYJIBX (3.1) x.K (3.9) 
npH68.BHTl> c/" t< BeKTOPY B r . 

Ilp&MepOM 6eCKOHe1iHOI rpynnH npeo6pasoB8HJ!I,OTHOCHTeJil>HO KO

TOpwt ,~telcTBHe mmapHa.HTHO C T01iHOC'l'l>D ,ItO .ttJ[BepreHJJ;HH, JIBIIJDITC.Il 
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cnenHaKLHHe ~ORanbHHe KaRH6poBo~e npeo6paaoBSHEH B c:e:cTeMe ~

Pa.KOBCKOI'O UOJISI, ~7~,IJ;e:ftCTBYl!Jli9I'O C He!TpaJil>HHM B9KTOIJ HHM UM9M 

c Heay~eBol Maccow 81 (eM. § II ). 
E. IIepJiaR: Teop&Ma HeTep MOlleT 6HT:& yc:wzeHa eme H B CJie.DYJOOieM 

HanpaMeHml9 • IO/. 
E~ npeo6paaOBBHHH KOOp,I!;iiHaT ii ~KnH:ft (2.2), o6pa3~e 

HeKOTOPYIO KOHelffiYIJ r - napaMeTpatiecicyJJ rpynny, nepeBO,IJ;IT ~I06oe 

pemeH:He ypa.BHeH:Hii Sitn:epa ( 2. 20) oiiSH':& B pemeH:He aTHX xe roa.BHeHH:ft, 

npJAeM ~KnHOHBJI J [U(X)] , paCCMBTPHBaeMi:dt T~KO Ha 3KCTpe!.W.Jl.f!X
1 

liiHBapJr8HT9H IIO OTHOmemm K 3TBM npeo6paaoBSHEHM, TO BMeJOr MeCTO 

r- sa.KOHOB coxpB.HeHHJJ: (3. 7). 
B OTJI:H'me OT <_PopyYJDipOBKII TeopeMH, ,IJ;aHHOI HeTep, SaK•>HH coxpa

HeHIISI, BOSH:HRB.Bllll'le S,IJ;eC:&, He OMSBHH 6HT:& Bee ~eiillo He~l8.Bl'ICiiMH, 

TaR KaK paccMaTPHBaeTCR: orpBHJAeHHJ:rli Mace ~KnH:ft u. ! .:c ) 
( TM:&KO aRcTpeMaMH), Ha KOTOpHX mtBap:HaHTeH r'fJYHKnHoHaR I [!..(ex J J • 

I'pynna npeo6pasOBaHiii, JipH KOTOPHX HHBap:e:B.HTHH ypaBHmnm: 

.IUlDeHltii H r'pyH~oHa.n I [U c.x>] , paccMaTpHBaeMHi!: TM:&KO Ha aKcTpe

Ma7DIX, MOlleT ORaaaT:&Cll 6Mee WHpOROii, '19M rpynna HHBapHaHTHOCTH 

qJyll~oHa.na I C uc~ U Ha Bcex ~RilWDt: u. pr.) . IIoaTOMY : :,n;ec:o 

MOXHO UOJIYtiHTI> B npHHnHJie 6M:&me SaKOHoi COxpaHeHHJI ITO C]laBHeHiiiO 

co CT~apTHOI <_PopyYJDipOBROI nepBOI TeopeMH HeTep. 

~OKaaaT~CTBO yc:wze~Oit TeopeMH HeTep H COOTBeTCTB3~e npH
Mepli MOEHO Haih'H B pa6oTaxf9,I0/. 

§ 5. Co6CTBeHHHe H Heco6cTBeHHHe saKoHH coxpaHeHHR 

PacCMOTPBM Cll9nHaKLHHI MY'!:al, KorJJ;a KOH9'!:HaR: rpynnt: q,. 
no.nyqaeTCR: HS 6ecKOH9'lHOI Cfoe r , e~ napaMeTpli - <IJyliKnH:H 
C t ( :J<) B <1;.,,. C'IHTaT:& ROHCTaHTSMH. Ey,IJ;eM npe,n;nMaraT:& IIC -npellt

HeyY, 'ITO ~OHBJI ( 2. I) JIBJIII9TCR: mmapJIBHTOM I'pyniiH ( r:-. , oor 
H, CJie,IJ;oBaTM:&Ho, rpynnH c;,. . B aToM MY'!:ae pa6oTam ode Teo-

peMH HeTep, TO 9CTl> ·BMeDT MeCTO R COOTHOWeHHJI ~BepreHnH1! (3.5), 
H TO*.D;8CTBa (3.10). COOTHOIDeHRH ,IJ;HBepreHU»M (3.5) RBnffiDTCff CJie,n;

CTBRffi~I TO*.D;8CTB (3,10), TaK KaK cymeCTBOBaHHe STHX TO*,IJ;ECTB B CH

JIY BTOpoi1 o6paTHOM TeopeMH HeTep 03Ha'laeT HHBapHa.HTHOCT:b clJYHI<m!OHa-

~a I OTHOCHTMLHo Cf OQ ,. , a cne,n;oBaTM:&Ho, H OTHocH r~Ho 
c;,. ; IIOCJie,IJ;Hee YTBePlK.Jl:eH:He llpHBO,IJ;HT R COOTHOWemmM ,IJ;HBept'em:ntli 

(3.5), !I09'l'ONY COOTHOW9HHJI ~Beprem:ntli (3,5) 9CTL .mmeihm•~ KOM-

6mt~ T03,IleCTB (3.I0), llpH STOM 11 (3.5) H (3.I0) ,IJ;OJili[IIH 6HT:& 

Bl:liiliCBHH .IWI npeo6paaoBaH:HA HS rpyniiH Cf,. . Tox.n;eCTBa ( 3 . IO) 
l'!Me!OT TOT :ate mr,n, 'ITO 11 COOTHOWeHHJJ: ~preHnHI (3.5): ~e:me 'lac-
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TH ( 3. IO) fi ( 3. 5) e CTl> JIHHe:ihnle RoM6:rmaum Jia.rpa.H:liteBb!X 11JlOR3BO,ll;Hb!X 
L. I cnpaaa CTO.fiT .n;HBepreHD;m. Ilo<>TOMY npaaaa qacTl> (3.5) HBJIH.eT
Jr. JIHHeiiHciii KOMO:rman;He! npaab!X qacTeit TOJK.necTB (3.IO) I To ecTl> 

.J.J (t) 

-B
.v~~ /' 
:1) 

~(II (r) 

.f.JJ/' I i/' ), (5.1) 

IIPR'ieM ~.. BN'iRCJimOTCJI no cix>PMYJie ( 3. 6) .ItJill npeo6pasoBaHHiii R3 
KOHeqHOit l'Pymii:l r;,.. . (tJ 

Ca:MH coxpaHSmi~ReCJI "TOI<H" 8.1", corJiacHo (5.I), eCTl> JIHHe:i!ml:e 
ItoM6:rm~: Jia.rpa.H:liteBHX 11JlOR3BO;nHb!X wnoc ~I .n;HBepreHD;m KO
Topb!X TOJK,J\eCTBeHHo pamm eyJIJO. Tai<He 3a.KOHH coxpaHemm 3. HeTep 
Ha3Ba.n:a HE :C06CTB8HmiMPll BCe OCTWil>Hiie - C06CTBeHHHMH • ECJIH 
yqeCTl> ypmmeHRR: ,JtBltlleHRli 1 TO HeC06CTBemme TOIGI OR8.31:1Bal0TCl'I pa:B
Hw.m ,n;HBeJ>reHD;m oT HeKOToporo acHMMeTplri'IHoro TeHsopa. IIpoJI!Jt1ID
cTpHPYeM :ITO Ha npm.repe npeo6pasoBBHH:A ( 3. 8) I C'iRTaJII 'iTO ca.xt = o, 
lt £ 3a: UiCHT TOJil>KO OT .. nep:BHX 11JlOH3BO,ll;Hb!X nOJieBHX qiyHKU;d U~-· f.X). 

- c•> B t•> 06osJta'!HM qepes Jt' TY qacT:& /' I KOTopaJI He Rcq -
3aeT npH :tepeXO,lte OT nap&reTPQB -~ C~. {X) K nap&reTpaM 
- 'iRCJiaM c £ • IIpn npeo6pasoBaHR!iX (3.8) 

r,1te 

(tJ i£ - (t) /} (tj 

8~ _c, 1J.) =-~ L~ ra;;,;,Jv, .. )S r:xJ-t-6.1 r,;r;v,dv,.) dt_,;(xJf= 
I u ~ 1" (/ I tb"v .J 

( ) . ul /} (t) (5.2) 
=1 C,x)f r:xJ-~ b

1 
Jt, :1 

r ' J~>J'I I d.rv 
J (t). Jot (tl 

1
, (:x)=-_-.J 0 (.r,z;, clzt,.,.). 

vl/. I 
J'.l' 

IlO,ltCTaBJISJSI (5.2) B (3. 9) lt npllpamnmaJI HYJIJO KOa@ml;HeHTH npH 

C. (:X) , C (X) l'I C. , (X) , nOJiyqaeM 
t t JJ) t ) "!" 

t:'l J (•) L. to 
OC,/t'tJ (X) = . (} 

(/ d , 

] 
{t) -1 /} {t) :!!.__ (Jot' /} (tJ. (5.3) 
(:x)- . 6 -t- 6. ) 

I' I II' ciJxv Ju.,v ~~ 
J (~ 

l'I TOJK,Itec~BO (3.I4), corJiaCHO KOTOpoMY Be.1IJ!1Dma { d.Jf/o~·,v)1)" 
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9CTI> T9H30p, aCHMMeTpH'IHl>lit TIO HH,I(9RCaM _/A H V • ECJIH 
BHIIOJIHeHH ypaBHemm ,J:Umllemm, To , corJiacao ( 5. 3) , 

(<) d£ (f) 

J I (~J = ~ (- ! ) ) 
/ £h J) 0~·,,; j/' (5.4) 

- (r) 

TO 9CTI> TOR ,j/ (:X) 9CTI> ,ItHBepreJmW~ aHTBCRMMeTpli'IH<>ro T9H3opa. 

PaBeHCTBO (5.4) noRa3I:maeT, 'iTO B CJIY'lae aeco6c·~BeHHWC cox

PaHID!lltHXCII TOKOB ,no6aBJieHHe R HHM ,ItHBepremndi OT aHTltCHMMeTpH'IHHX 

T9H30poB ( TaKafl npon;e.nypa KCTIOJII>3Y9TCII, HanpHMep, npJt nepexo,ne 

OT RaHOHaq9CROro T9H30pa SHeprBB-JIIMTIYJI:&Ca R CHMMeTpwlHOMY T9H30-

py SHeprBH-JIIMTIYJII>Ca) Tpe6yeT OC060I OCTOpo3HOCTB. 

§ 6. C-lra6He :e: CHJII>HHe 3aROHH coxpaueHBII 

IIoMBMO ,neJiemm aa co6CT:seHHHe :e: aeco6cT:&eHHHe saxo~ co:x;pa

HeHHII pa3JDl'mllT e~qe CJla6He II CHJII>HHe 3aKOHH COxpaHeima:/II,I2/. 

Cnaaue 3aKOHU - 3TO oOuqHue 3aKOHU coxpaH9HMR,Koroput B~nonHRDTCR 

TOJII>RO C y-qeTOM ypaBHeHHI ,ItBlDleHl'ISI. CHJri>Hble SaKOHH C! lxpaHeHl'ISI 

BHTIOJIHIDlTCII TOJJm9CTB9HHO 6e3 y-qeTa ypaBHeiDII ,nBli[JiteW!H. ~aRTH'ieC

RH 3TH 3aKOHH npe,ncT~ co6ol TaRHe ROM6HH~ TOlmecTB HeTep, 

ROTOpHe HMem BH.n ,ItHBepreHIJ;ldt. HanpHMep, B 3JieRTpo,IUD!aMHKe (eM. 

§ IO) CHJII>HHM saxoHoM coxpaaeuwr .fiBIDieTCII To;amecTBO 

cJ ( d p/'fxJ) = 0 
r.ne /' i'".:: (F/-1 v_ d ~/'./' 1 

' 

§ 7. Cm!rymrpHHe JiarpammaHH 

ECJIH ,neHCTBHe CHCT9MH HHBapKaHTHO no OTHOmeHHD J: 6eCROHe'iHol 

rpyrme npeo6pasoBaHltli, To, corJiacHo BTopoA TeopeMe He~·ep, ypaBHe

mdt ,nmmemm ORa3I:maeTCII He,nocTaTO'iHO ,!VIII O,nH03Ha'iHOl'O Onpe,neJie

HHII ~eCIGIX nepeMeHHWC B TaROH 3a,na'ie R Tpe6yeT<:R: HaJIODTI> 

Ha 3TH nepeMeHHHe .nonOJIHHTeJI:&HHe yCJloBwr. B pesyJII>Ta~·e sa,u;a-qa 

CBO,nl!:TCII R pacCMOTpemm CHCTeMH CO CM3.11MK. Teopwr S~'KX CHCTeM, 

TIOCTpoelJ!e rBMWII>TOHOBa qM>p~3Ma ' KBaHTOBaHHe pac< :uaTpHBaJIHCI> 

,lJ,:e:paROr/ !3/ ( CM. TaiOKe pa6oTII I 4 • ! 5 ) • 
B M9XaHKKe TaRHe CHCTeMH OnHCI:mamCII CHH!'YJIR:pHIOOl Jiai'paH

DaHaMH. ITo onpe,neJiemm,cHHrYJI.fiPHHM aasi:maeTCII Jiarpruomaa L Uf-,9J• 
~ ROTOporo CnpaBeMJ!llO paBeHCTBO 
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(/Pf II d~ (if: ¢J 1\=0. 
d9,- 09;. (7 .I) 

To-rma o:3Hatt~lT s,nec:& .ItH@lepemnq>oBBHHe no nepeuemiO!, Hl'Paiiiieii 

poJID BpeMeHH • .lJ;ml: llOJieBOit TeopHH C JiarpamteBOit nJIOTHOCTLIO 

£(v1 dlf) eT•> YCJIOBHe m.reeT BH.n 

Jt 

ckTjj;\ (xJII=O, !1r>-J=dd'fu,tlNJ 
Y I' dz~.f.JJd~JyJ. (7.2) 

PaRI' MaTpm!;ll J,./ ,nMxeH 6HT:& OTJIKIIeH OT HYM, TaR KaK B npoTRB

HOM CJIYllae C!CTeMa 6y,neT OnRCHBaT:&Cff ypaBHeHBRMR He BTOporo llO

psmKa no Bpe lfeHH, a nepBoro. 

Pa.BeHCTBa (7.I) R (7.2) rrpRBO,wtT K CJie.nyi<IItHM CJie,ncTBRIIM. 

YpaBHeHRH 3!~epa-~arpaHXa 

dvf- !2 (rJ£ -
Jzj ar)<. d~"!") = 

J,f J~ tl~ (7.3) 
- - - 2(. - 21 = 0 

J z;.· Ju Jll · '~" r]y dv ';'j" 
I ' rf/ .,_.~ If 

B 9TOM CJIY'l6 e HeJILSH paspelllltlTL OTHOCRTeJil>HO BTOPHX IrpOR3BO,nHHX 

no BpeMe~ ~· (~). I!09TOM;y ;rJ,1lll CRCTeM!l (7 .3) HeJil>SH peiiiRTD 3a,Ita-

llY Konm" I6/. )J.ettcTBHTeJil>HO , 3a,na.B B HattaJIDHI:li4 t.K>MeHT f = f 
0 

;namrue Koum 

u. ( ~ X) I = f (Y."7) ., 

I t=f I 
0 

zi.r (;'J = r (Y.-J, 
J -,t=fo I 

Mil He CMOJitell BOCCTBHOBHTL BCe IrpOR3BO;nHW! ifJYHKin!it ll · ( :l) B 9TOT 

MOMeHT, a ID!eHHO,He orrpe,neJIHM IrpH f = fo 3Ha'leHHe T'X npoRSBO,n

HHX, KOTOpa:o co,nepJKB.T ;nBa H 60Jiee ~pe~BaHRH no BpeMBHR. 

B pesyJil>TaTo HeJIL3Si 6y,neT nOJIY'lliTl> ~ ( f, 5:') B IIOCJie,D;yl(IIIHe MO-
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MeHTH BpeMeHH nyTeM CYMMRPOBaHHH ~a TeAnopa. ~e~oBaTai:LHO, 

rmrepnoBe~ioCTI> f- = to B aToM CJIYllae oita.StmaeTCH xapanepRc

T:PI'IecRO:w' 16 • 
ITpH nepexo~e K rSMHXbTOHOBOi TeOPHH YCHOBZH (7.1) R~ (7.2) 

npHBO,IUIT K TOMY, 'ITO H3 ypaBHeHHi 

']'(. (:x) = d cfr v, dzt) 
d tlzi. (:x J 

. I 
(7 .4) 

HeJih3Sl onpe~eJ.llliTh lf. KaK WJUt!:(lm ROOp~HaT R HWIYJibCOB, ITOSTOMY 

RMeyJI:LCH Tip·) I'! KOO~~aTH Ui (.JC} HeJih3Sl paCCMaTpiDlaTD KaR Heaa

BRCRMHe nepeMeHHHe, ~To Heo6xo~o ~ nepexo~a K raMHJI~ToHoBy 

!P<>PMaJm3MY. MelK,IIY 'Ji. ( ~) R U ( ~) RMeiDT Me CTO CBHSR 
~ I 

- t I <;?_ (Jt(.::f)> Zfr:;r;~ clztr~J) = 0
7 

=f,. -/n-r, (7.5) 
I ~ 

r~e d 2/(J.) OSHa~aeT JID6ym ~aCTHYKJ npOHSBO~ <PY'Hro:nn'I ,',/ (~) , 

Iq)OMe npoR3BO~OI ITO BpeMeHH , 1'1'1 - 06111ee ~CHO nOJieEHX·<PY'HK-

~ V (.:x) , r - paHr MaTPHUH /l. . r ::t) B cfx>PMYJie (~ .2). 
' 'd CBIISR ( 7. 5) onpe~eJISliD'l'CH He npoHSBOJibHO, a Henocpe,I CTBeHHO 

CHe,Dy!OT H3 CaMOro JiarpaHJDiaHa R Ha3tmaiDTCH no TepMHHOJIOimi .!J.RpaKa 
nepmt'!HHMR cBSiaSIMH. 

B raMPIJil:,TOHOBOM cpopMaJIHaMe cBSiaei ( 7. 5) He~ocTaTO"CJf o ~ 

O,IUIOSHa~oro onpe~eJieHRSI ~.(~) rl ~ (x). 3TO MOlltHO noSICH~ Th TaR. 

B Jiarp8.ID!teBoM MeTo~e, r~e ypaBHeHHSI ~BWKeHRSI ecTI> ~!MJei'eHI(I!aJih

HHe ypaBHeHHSI BTOporo no~Ka no BpeMeHH Ha m <PY'Hlllll' i 

U (X J, ,/.: t, 2, ... , W7 , B CJIYllae CRH!'YJISlPHOro JiarpaHJmaHa Tpe6yeTCH 

rftm-r1 ~onOJIHHTeJI:LHHX yCJiomtl ~ onpe~eJieHHSI u (x) • B Me

TO~e I'a.Mwr.bTOHa ~CJIO nepeMeHHUX y~BaeTCH, nos'lfbJ/fY H 'DIICJIO ~o
IIOJIHHTeJlbHHX ycnomtl ~OJillHO 6HTh paBHO ~ {171- r) . ~e~<,BaTeJihHO, 
CBIISH ( 7. 5) He06XO,li;HMO ~OIIOJIHHTh e111e (m- r) YCJIOBH.flMH Ha U · (:X) 

H :J7 (J<) (/ 
t 

71/ ( ~7 e? -) 0 • . 't'. u, u 21, Jt =&, t -=f,i, ... ,m-r. 
t 

(?.6) 

CMaH (?. 5) H (?. 6) 6ylrfT o~oaHa'IHo onpe~eJISITI> KaHO~ncme nepe

MeHHHe, eCJIR ¥:- no.noopaHH TaR, 'ITO 
t 
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~~)1/j} =1=07 t)'=f,).,.,m-r> (7 •7) 

r.ne J } · · cKo6xa IIyaccoHa ( eM. , Hanpm.tep / 14/) • B coBOKYIIHoc-

~H CBH3H ~~· . H . ~· (ROTOplie Mli 0~03Ha'IHM O,nHOil: 6yld3oif 

;;i.(, 1=1, .. ,.Zrm-r):;t, = fz·,;i,_r+i o= ~, t=-1,2, ••• ,m-r) JmiiSiiOTCf! 

CBH3JIMH BToporo po,na IIO TepMHHOJIOrHH .Il.RpaRa, TaR RaR JrfX CK06Ka 

IlyaCCOHa (". 7) OTJO!'IHa OT HYJIJI • .Il.RpaR IIORaaa./13/, 'ITO raMWil>TO

HOB iflopMaJn[3M MOXHO 0606JJtKTl> H Ha CHCTeMR CO CBH3RMH, eCJUI B ypa.B
HeHWIX .nBRl~HIDI ( a Ta.RJKe H rrpH rrepexo.ne K .KBaHTOBO! Teopo) 

MO,nRcpHJU!POHaTl> cKo6m IIyaccoHa CJie.IJYDIIHM o6paaoM 

. * -1 
{fl, Bj --{fl, Bj =fA, B} -/A,j1}1~.,~ j f5·,B} J 

t'/ = 1,2, ... , ~(m-r), 

r.ne / j.1 , J 1 j -
1

- Ma.Tpl!I(a, o6paTHEUI /f. , j J . B cwry (7. 7) 
TaRaS! Ma.Tpi~ cymecTByeT. Cxo6m 1 f * • n~H HMBaHHe cito-

6oK lHpaxa. BOJiee rro.npo6Hoe H~oEeHHe TeopHH cHcTeM c cHHryJIJipHH

Ml'!. Jiarpam!tP a.Ha.MH MOl!HO Ha.iiTH J/ I3-I5/. 

rJIABA IL I PHMEPI:l 

B aTot 'laCTB Jie~ 6y.nyT p;paTKO pacCMoTpeHH CJie,ncTBIDI H3 

CBOiCTB CH&MeTpBH B HeROTOpHX clJH3l'J.'I8CKHX CHCTeMaX. 0CHOBHOe BHl'J.

MaHHe 6y,ne~ y,neJieHO l'IHBapHaHTHOCTH IIO OTHOWeHHD K 6eCROHe~ 

rpynqaM npeo6paaoBaHHI. 

§ 8. ,!:JiaCCH'IeCKEUI Cl'ICTeMa # Ma.TepHaJil>HHX TOlleR 

IIpe.nrrc Jiarasr, 'ITO B3aHMO,nelcTBHe MelKJI.Y 'lacT:tn(a.MH o6yCJioBJieHo 

IIapHHMH W3f. TpaJil>HHMH CHJia.MH, JiarpaHDaH CHCTeMR B03l>M8M B CJie.n,y»

llleM BH.Ite 

. I IV .:_7-z v; f I . , -> ~ 
1. = T- U -== £.2 ~· r; -2 (I r. - r· I) . 

t=J '(L/ "t J 
(S.I) 

~KUROHaJI neii:CTBIDI 
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I: .. 

Sr~~d>J=fdfLtfJ <8•2) 

HHBapHaHT6H OTHOCHTBnbHO I0-napaMeTPH~6CKOi rpynnH npeo6paaoB8HHtt 
KOOp,IUmaT r; H BpeMeHH f (npeo6paaOBaHRl'l: liJ,IOTOHE-raJIMJie!I). 
EecKoHe~o-ManHe npeo6paaoBaHH!I aToi rpynnu HMeiOT B~ 

a) t'= f + 8f, 

6) 

B) 

r) 

ITo OTHomeHWO K C06CTBeHHO npeo6paaOBB.HIDIM raJIKIIeSI r) ;teil:CTB!tle 
(8.2) wmapHaHTHO TOJibltO C TO~OCTbiO ,JJ;O ,JJ;HBepreimHR. (!Jre,JJ;CTBHeM 
aTo:lil cHMMeTpo SIBJI.IIXlTCJI, KaK xopomo H3BecTHo, IO HHTe::opwroB ,JJ;BH

JKeHM B cHcTeMe IV re11 : HHTerpwr aHeprHH (npeo6paao:~rume a)) 
N 

E - 'T JJ .t "'>' ..:./?. --.-,> -,> t 
- + Uf = J< ,L.., m.- "";_· + .2'. V (I r: - r. I) = rxns , 

t =1 t "I , I 
coxpaHeHHe nOJIHoro HMITY~bca cxcTeMU (npeo6paaoBaHH!I 6)) 

-> N ·. 
P =2' m.r-:(1) =cons! 

t'=t t l 

H coxpaHeHHe nOJIHoro yr~oooro MOMeHTa (npeo6paaoBamm B)) 

-> IV • 
11 =2m. r? xr'] =c(lnsl 

t'=i 1 t z 

ITpeo6pa30BaHl<Ie ranHneSI npHBO,JJ;HT K ~e,JJ;yrome~ H3MeHeHHIO ~K
UHl! Jlarpamta 

. I At 
L -1-.1 L -> ._,.) or /c-<::;1 - V (r., /. ) = {r. r + ;-t t o'll .L.Jn. ~· 'IJ -• I t > (/ or , ·t:= t ~ 

B~a ( , rim'Yl>HPYDilaSI B lfx>p~~e ( 4. I) , B ,JJ;aHHC M CJIY"'ae 
HMeeT ~ 

;11 
Q.- "" -> 
0 ?J LJ "?· t;· . 

7.'=t 
(8.3) 
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C DOMOIIU>Il qxpM,YJIH (3.6) H (3. 7), B KOTOPHX R 8 Ha,no npH6aBHTI> 

(8.3), DOJIY'!HM 

cl /z/\1 ...:.; t · .; ->) - ( - m. r. -r LJ mt. ~· = 0 
elf . t t t'= i 1 :( 

wm 

- AI 
/?.(!)= ~ ~-0ctJ 

M -

AI .:,. 
zm.rt' 
t=f t 

N 

--? ~ -p 0 t+l?. =-t +- /\ ' 
0 1'1 0 

IY 
r.ne N =.:?:' 11 ~· - nOJIHaR: Macca czcTeMhl. TaRHM o6pasoM, zs raJmJiee-

rtJ 
BO~ HHBapHaHrHOCTH BRTeRaeT SaROH 0 paBHOMePHOM H npHMQnHHe!HoM 

.znnmeHHH ueH rpa Mace cHcTeMI>I N TeJI. 

§ 9. 3aJJDKeHHRe 'l:aCTHI!Ii, BSaHMO.IIe~CTBYJili!He C SJieRTpOMa!'HHTHI:lM 

!!Q~ 

~RUHOian ,neiCTBHH B .liaHHOM cny'l:ae HMeeT BH.D;: 
;\ 

S =-2 ~-jl/icn' dr.- .i 1 d.''r F' F'r'-
·- t ~ '( 4 J /"" 1-i 1\1 r "/" 

- e .Z J A;JZ.J~i (r;)drt,_, (9. I) 
/' 1 :J 

r.ne l-i (7[) - napaMeTpH'IecRoe sa.nrume TpaeRTopzi 'IaCTHU. 3To 

,neicTBHe HHBlPHaHTHo oTHOCHTeJILHO IO-napaMeTPH'l:ecKOi Heo.IJ;Hopo.IJ;Hoi 

rpynrw: JiopeK~a, OTHOCHTeJILHO JIORanLHHX RanH6poBO'IHHX npeo6paso

BaHHi H npH :IaMeRe rrapaMeTpoB 7. , '!. = I,2, •.. , 1\1 HO-
t 

BRMH napaMeT:>aMH 

T. = /) CT) 
-t ft' t (9.2) 

c N npoz: JBOJILHllMH <PY'Hm:nmMH /.· • OcTaHOBHMCSI Ha CJie,ncTBRIIX 

mmapzaHTHoc~ ~H S npH saMeHax ( 9. 2) • CorJiacHo BTopo! Teope

Me HeTep,ypwiHeHHH .D;BHEeHHH 'IacTHU 

L d'(Z.•{7.-J} . ·r,..,. 
.J<=J:?.- 2-- +e5.,;(l.);t,(r,.J=O, 

~.. t rl~· y j~(T.)' .. 
~ ~ 

t'=t,2, ... J IV 
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,nOJIJKHH y,nollJieTBOPJITb IV T~ecTBBM. YtmTHBaR:, tiTO 'S 't~'c7.)= 
=-l""('T.)C.(7) TIOJIY<IaeM c TIOMODib!O qJQPMYJJ.J (iiO): 

t.' "( "(. '! ' 

(9.3) 

(no -r.' CfMMHPOBaHIDt HeT) • B cnpa.:se.n;mrnocT:H ( 9. 3) ;rerKC y6e,n:HTT:>

CH Henocpe,ncTBeHHO, Y'iHTHBWI , tiTO fj. ,; - a.HT:HCIDIIMElTPJZ tiHI:rlt TeH-

30p :H npol1r3BO.nHWI e,nmnrqHoro BeRTopa i , (~ ) j....; i.~ C?:; ) Bcer.na 

OpTOroHWI:&Ha K STOMY BSRTopy. /' 

HaJmlme CBII38R (9.3) MSJYJJY ypa.:BH8Hl'!J!Ml1r 3A1iepa TI03BCJISIST 

HWiolllliT:& Ha nepet.teHHHe li (7.·) !Y yCJio:ad, Hanp:HMep, , ~? = 1 , 
t' = t, ;2 • •• N . B BTOM CJij"lae '(. ecT:& co6cTBeHHHe J:peMeHa 

' ' " qacnm. 

KpoMe TO~SCTB (9.3) B paccMaTp:HBaeMOI MO,neJm :HMSIO'l' MeCTO 

CJie.n:ymnre TOli,IleCTBa, BliTeK8.D!ll!:e :H3 :HHBap:Ha.HTHOCTH ( 9. I) ~ 
npeo6pa30BalmSIX ( 9.2) 

r.ne £. 
t 

1../)(1)- rJ~· (Z<) l.. = 0 t'.::J 2 ... N. 
dt i Ji. 1.j' ' ' , ' . 

t;" 

t' - ol qacTHD;Ii: 

(9.4) 

ECJI:H OTllJIS'I:&CH OT KOH:KpeTHOro Bl'I,Il;a JiarpaH.lltlla.Ha B :9. I) ii 

noTpe6oBaT:b TOJI:&KO :HHBapl'Ia.HTHOCT:b S OTHOCl'tTeJll>HO !Ip•~06pa30Ba
mrlt (9.2) ,TO y&e O,nHO STO YCJIOBl'rS O!'pa.Hl'I'Il!BaeT ,nonyc·~JlMYIO qJ()p
MY £ , a HMeHHo , cor,nacHo ( 9. 4), Jiarpamtll8HL1 £. oT. c;eJI:&HHX 

"' 'laCTl!U ,nOJDtlW: 6HT:b B a;roM CJij"lae O,nHOpo,nHHMH <fJYHKUWIMl'r nepBOI 

CTeneJm no CKOPOCTJIM ~.I' i Cfi ) . 
l<aHOJm'leCKK COnp!DleHHHe :HMfiyJll>Cii 'lacT~ onpe,ne.mmrCH qJopf.\1-

JIOI 
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,P,!'a:;=- d£ = 1??. i(ct;J _,_ e A1~.J 
l < r).i t y~ t . 

~(7;) ~· 

0TCIQIJ;a HellO< :pe,n;CTBeHHO CJie;rzyi!Jr CB.II3K 

_!( 2 i? 
[ b ("") - o A ~<( >] :::: m · - . .N i { t '- f.· t' ' t - f) 2 , ... ) . 

TarotM o6pasoM, JiarpammaH B ( 9. I) cKHryJISipeH. 

§ IO. ; lJieKTpommru.m:Ra 

Hs Jiai'] laKJmaHa Ma.rtcBeJIJia-JLHpaxa 

£==j[\if(l"(cf -r·eA1)~- ('} rte;}.)i(~"ttJ-
- m ;/-; ;v - .i. f' p.l'"' ( IO. I) 

r' T 4- /"" 1 

r,n;e ;.:;. .J = 1- A,~ - dy A/' , CJie.n:ym ypaBHemm ,n;mmemm 

Ly; = c~t·~ + e 1--) rf (~'-mf = o, 

L_ =rt;~'d -t-eA (~'-m)r =o~ 
5P I / <ro.2> 

L =oA-<- d/1dvA v-r-ef/j/';r=o. 
AI' 

,Ueli:CTBK6 C .lai'paKJmaHOM ( I0. I) KHBapKaHTHO OTHOCHT6Jil>HO Kalll'I6poBO'l:-

HHX rrpeo6pa:lOBaHKit BToporo po,n;a 

I z CX(:t) 

JP (J" = e ?f'(;t), 
- I -/o((.Jt J-

?f/ r:xJ = e ~ ri J, 

I 

A/' (.2J =A/ 6J - ef ij.,. d (i: J. <ro.3) 

Bapx~ !flo: JM!l rrOJieBHX <fJYHKintii B ,n;aHHoM CJIY'Iae KMeBJT BK.D: 
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-
'b lj/(xJ = t'cxu.)y.;(xJ, b ifrJ.)=-ta<{:J.Jfc:xJ, S ~./.:l >=-- f cj..cxr">-). 

BHrrmneM KOs<I¢m.U'leHTH a H g , BXO~e B iPoPMYJIY (;;. 8) : 

a = z' ,'// tf = 0 . (/ =- - t ;,/ t = 0 . 
Y" r , (!;!' ' y7 r , y// ' 

' // ( ~ Q = 0, tJ. =- - 0 . 
~· A.,f'' e f'" 

Cor~acHo (3.IO),BMeeT MeCTO ~e~ee TO~eCTBO HeTep: 

z'e( 1 ~(::k)- firxJ /_) -t- d) (j ) = 0. 
Y" SV &J..x 11 Av (I0.4) 

8'1'0 03Ha'laeT, 'ITO KB.R MJillliMYM,O~O H3 ypaBHeinrlt B CHCT,lMe (I0.2) 

JtBIIlieTca ~e;rtCTBHeM OCTaJI:DHHX. I!OSTOyY ypaBHeHHII ( I0.21 He 

onpe;rte.run>T noJIHocT:&Rl ~ ( .::t:J , rj t .x J , A/' r .x) , R Ha STH 

®'It~ MOJIHO HaJIOJmT:& o~o y~oBHe, HanpHMep,y~oBHe . IopeJma,: 

(10.5) 

O~aKO To~ecTBOM ( IO. 4) He HC'IepnHBamca Bee ~ ~.UCTB:wi 

KHBapHaHTHOC'l'H aHeRTpO;rtRHaMHRH OTHOCHTeabHO KaJIH6poBO'I{UX npeo6-
paaOBa.Hd (I0.3). \liopyYJIH (3.I2)-(3.I4) .uam 60Jiee nmp:>RHI Mace 

TOJr,IteCTB 

(10.8) 
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ITocne~ee Ta»~eCTBO (10.8) TpHBHSRbHO, TaR KaK OHO 03Ha~aeT, ~TO 
;;_, =- ;:;!" . .II.Hcppepemoo>YJI no .r.; ( ro. 7), c ~eToM ( ro. 6) 

H (I0.8),JieriO TIOJIY'fi!Tb (I0.4). Il03TOMY Mhl HMeeM 3~6Cb Bcero 
JIHllib 0~0 HOIOe TO~eCTBO. CJie~oBaTeJibHO, B CHCT6M6 (10.2) Ha Ca
MOM ~eJie ~a ypaBHeHRR: JIBJIJIIOTCJI Me~CTBHeM ~YI'HX, 1'I IqlOMe YMO
BHJI (IO. 5) MC litHO HSROliCKTb eme 0~0 YMOBHe, HanpRMep, K;VJIOHQBCeyxl 
Ra1m6poBey 

A (XJ=O' 
0 (I0.9) 

~T06H ypaBHeF.HJI (10.2) BM6CT6 C YMOBRRMH (10.5) H (10.9) 0~0-
3Ha~o orrpe~eJIILJil'I zcKoMlle \PY'Hmnm (!/ r:x; , <j/ (:l) z A/JjtJ . 

MHBapHaF.THOCTb (10.1) OTHOCl'ITeJibHO rJio6aJibHHX ~6pOBO~HHX 
npeo6pa30B8.!Ul ~ (o< (~) = C07?S f) TipliiBO~T K COXp8.HJUJ116MYCJI TOKY 

' " J; ~J = - e ?j/('lJf~"ct (:x) J 1-;'I(Jr; :o_ 

CorJiaCHO KnaCCH~~ HeTep 1 3TOT TOK HeC06CTBeHHHi, TO eCTb OH 
Bl:lpaEaeTCJI ~epes JiarpaHlKliaH Bl:lpaEeHRR: z .zumepremnno aHTHCHMMeTp~
Horo TeHsopa. 3To Henocpe~cTBeHHo cne~eT zs (10.2) 

·!: L :-~ /" ,., p /'J) 

I (J<J-=- -r d A - tl (} A =- i - rJ I' 
/' y A y • 

/" ~ 

§ II. 

JlarpB.HlKiilaH B ~aHHOM ~ae RMeeT B~ 

<~- I A A,.,,~ milA x 
. o< --~ .!'',I -r T I' T 

+ t {tj ( 1:cj.. -~ -})~ -(~ t-tj-} )i/1t}-mtf(II.I) 
~elCTBl'!e B 3TOii MO~eJIK HHBapRaHTHO C TO~OCTbD ~0 ~epreHUHH 
npz Ralm6poBC~HX npeo6pasoB8.HWIX (I0.3) c lj)yH:KI:Ufeii o((.;r), 

y~oBJieTBOplmlleA ypa:BHeHHD 
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Ji. .i 
~· [ d -r m J ex (~') -= 0. (II.2) 

B aToM CJIY'Iae ( IO. I) nepexo,IU~T B 

£ r J -1 ~ {A Jl (:?) 0- ~ a' (.x)). 

CooTHomeime ,IU~Bepremmii (3.5) c yt~eToM ypa.BHeHHii .n;BIDKemm HMeeT 
B:I'I,Il 

.;0 (i (Y-) -/A (xJO:, d
11

c;((;?)) = 0 
,:£/.x;.. if/' II 1 '/ > 

r,n;e It (X)-= -~ ?j/;; )t" . IlpH d (X)-= C0?J5( . STO ypa.B Ieime 

nepexo.n;:HT B o6wnmii saROH coxpaHemm TORa jr (x) 

ilonyqHTl> TO~eCTBa HeTep no ~PMY~aM (3.IO) H (3.I2 - 3. :4) 3,!1;8Cl> 

HM1>3.fl, TaR KaK o( (.:X) He TipOH3BO~l>HO, a y,n;oMeTBOP.fltlT YMOBRlll 

( I2 .2). YpanHeHM .n;BIDKemm, rro.nyqaeMble np:a napi>Jl:POBaHHH . I2. I), 
ITMHOCTblll orrpe.n;eMIOT noM A r Jr. J H (fl (:xJ • .UorrMHHT mi>Hoe yc

~omm B sTot:l: TeopHH 0- A I" (d)-=- 0 MOJKHo H8JIOJK~Tb, ncxo;r fl 

H3 qM3H~8CKHX coo6paJKeHHH, a KMSHHO, ~T06a HCKHD~Tl> H3 )aCCMOT

peHM none emma 0. 

§ I2. XpOMOgHHaMHRa 

ITo~e HHra-~~ca, B3aH~,n;e!cTB~ee co cUEHopHHM noneM, 

OIIJ/ICRBaeTCf! ~arpaHJKHaHm/I? 

vf' = i ('f/ /l'dr V- ( q. f)/'l''t'} r /J {/ /~" /).lf-
- my/y- _f lr F ;-'/'¥ (I2.I) 

r,n;e R I"" ' 
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7'~J" r-<7 <1 B=-o F-£ 
/"' 1?. /' ' /'"' - ;(. t.~ ' 

---? "-?' --:> > ·-

;, =d! -dt + c;fl ;ct7 
/'' /' J) 1 / d I' r · 

]J.n.R: IIpOCTO'I ll paCCMaTpll:BaeTCR: RaJm6pOBOtffiaJI rpyrma S v ( 2 ) . 
Jiarpru; JKPiaH ( I2. I) mmapHaHTeH OTHOCHTeJI:&Ho rJio6aJI:&HHX n JIO

KaJI:&HHX ~H6pOBOtffi~ rrpeo6pa30BaHHn 
-> . 7 -> 

1£d(.:X) 

~~~) .= e 'f!(:x)) 

·T-> 
- 1 -tr7((.:;t!_ 
~ (:A:)= e t.rr:;,c), 

F 
I t' .:t;;-(.:;tJ -t' !{~-(:;r) 
(x) = e z f..,. a ~ 

/"' /',/.:;t) c 

llpH HH~T33HMaJI:&HHX rrpeo6pa30BaHHRX 

- .. 1 -> ->-

;} r--J = ;} r~J + L- /) (~Jxctr~J7 + 9 -J d&~J {;.-} ~· ·-(/ / } 

_,., -)' -.. 

j (xJ =/ (.x) + [ f (j:) ;co(~~·J]. 
'/',; /'1 /' 

TaJ<:HM o6paaoM, rrpn r;ao6aJI:&HHX H30TOITH'IeCKKX rrpeo6paaoBaHHR:X, Kor-

~a<X(~) = Q>n 5 f , r ( .:J.") npeo6pa3yeTCR KaK B8KTOp, HO Ilpll: JIOKaJI:&-
1"' f ...;) -· 

HIDe rrpeO~IOBB.HRJJX ITORBJIJI8TCR: ~OITOJDmTeJID!Udi 'IJI8H CJ- V 0( (.:l.) • 

TeH30P ~/X) Bcer~a rrpeo6paayeTCR: KB.K H30B8KTOp. (/ / 

YpaBHeHWI ~RllteHWI HMellT ~ 

-> -> --:> 

ill = ~~ ~ _,_ j L1~ f;~J +Jill; J, y =- o, 
/' 

Li=f7'/'~ -;;f?r/'-m)tro (I2.2) 

ECJDI d(:.t:) = CO??.f I 
) 

To no rrepBOI TeopeMe HeTep HMeeM CJie-
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(12.3) -
KaJm6poBO'IHOe IIOJie ~{X) Ca.MO H8C8T R30TOIIli'l8CrliH sapll.n; 

R .n;aeT BK1Ia.n; B cy-MMapHHii RsocrnmoB!d TOK (BT~e Harae~1oe B 

<fx>pr.zyJie ( 12 • 3) ) • 0TM8TRM, 'ITO BeJilitiRHa f} ( r;,., ~ g v) , ! CJie.n;o

BaTeJibHO,R Ca.Ma llJIOTHOCTb R30CIIliHOBOro TgKa li2.3) He Hl~Cff 
R30TOIIlitieCKRMH BeKTOpaMR npR JIOKaJibHHX KaJIR6pOBO'IHHX rrpt06paso

BaHHRX. TeM He MeHee, IIOJIHHI R30CIIliH CRCTeMH 

f = JJ: (~>d.~ 
R3 

eCTb R30BeKTOp IIO OTHOWemm K JIOKaJibHHM KaJm6pOBO'IHHM n:Jeo6pa30-

Bamm:M, KOTOpHe Ha IlpOCTpaHCTBeHHoit 6eCKOHe'IHOCTR IIepeX<l,WlT B 

IIOCTOHHHHe, He 3aBRCffil.llle OT KOOp,D;RHaT R30TOIIli'leCime npe•J6pa30Ba

HRH: dfx) 1-x 1 
.... -;:;;;-const • .Ue:iicT~TeJibHO, RCIIOJib3Y.fi ypameHRH .n;BH-

JKeHRH ( I2. 2) R YtiRTHBaJI, 'ITO j = 0 , IIOJiytiaeM 
00 

J=lJ/:Jt.)J!;e =j Jf7o d~= -Jcl~l; }.£ 
d.::~ z=t Jr r 

R3 v 

3TOT RHTerpaJI no TeOpeMe fay.cca MOllteT 6HTb CBe.n;eH K RHT~rpaJIY OT 

/ no rroBepXHOCTR, co.n;epliWII1e! TpeXMepHYJO o6JiacTb R , . 
tO _,. _,.. J 

ECJIR Ha aTo:ii noBepxHocTR o( (x) = C{)nS f , TO T - aeKTop 

no oTHoweHH~ K rrpeo6paaoBammM e xp I t' Po<.-.(~ J /I!. j . 
ToK j_~~ (x) Heco6cTBeHHH:ii, noToMY 'ITO paccMaTPHB:leMaJI Teo

pHH RHBapRaHTHa IIpR rJI06aJibHHX R JIOKaJibHHX KaJIR6poBO'IHH[ rrpeo6paao-

BaHHRX, II03TOM;y j..,... (X) .fiBJI.fi8TCff ,D;HBepre~eii aHTRC Wv!MeTpR'l-- "" Horo TeHaopa f ( :x) 

ITo <fx>PMYJie~3.IO) nOJIYtiaeM TPR To~ecTBa HeTep 

(12.5) 
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r;n;e \J 03Hali: l8T ROBapl'IaHTHYJO IIpOH3BO.IJ:HYIO 
I' 

L cf) L L /}I ale 
~ B;_ = dLx; ~c - j !l'q ':r C 

fiosTOMY ypaBHemm 3it.l.repa (I2. 2) MO.lKHO ;n;orro.mmTI> yCJIOBHeM RanH6poB-

KH, HaiipPIMep MO.lKHO TIOTpe6oBaTI> 

-+ 

rJ!' I (%J -=o. 
/' 

Tox,n;e CTBa ( I~ • 5) I'IM8IDT TOT .lK8 BH.IJ: , liTO J1I aHMOI'll'm!:le TOJK,JJ;8 CTBa 

B 3Jie KTpo.IJ:HHLMJIIRe ( clJoPMYJia ( I0 .4) ) • 0TJ!Rl{H8 COCTOHT TOJII>RO B TOM, 

liTO 06WIH8.!I r p0l'I3BO;n;H8.!I Terre pi> 3aMeHeHa Ha ROBapHaHTHYJO. 

0TM8THM CJie~e o6mne l!epTH B pacCMaTpl'!Ba8MOH MO.IJ:8JIH JII B 

T80pl'IJII TJiroTE HJIIJI 3itmrrTefiHa ( CM. § 13) . 
finOTHOC~:b H30TOITJII'i8CROro TORa (12.3) COCTOJIIT H3 ;n;Byx qacTe~: 

rrepBoe CJiaraEMOe o6yCJIOBJI8HO 11MaT8pHMI>IIHMH" TIOJLiiMI! (TIOJLiiMI! C 

l'J1 =f: 0 ) JII Ilp8.IJ:CTaBJ!JI8T co6oJ.i H30TOTIJI!l{8CRHfi B8KTOp, BTOpoe 

CJiaraeMOe, ru: R Y.JK8 OTM8lia!IOC:b BWJ!e, OITJIICHBaeT H30TOITJII'i8Crodi: CTIHH 

TIOJIJI HHra-MRJJ Jica. 

CyMMapHI>fi T8H30p 3HeprHH-HMrryJII>Ca B 06~ea T80pMM OTHOCMT8Jib

HOCTH ~J COCTOHT TaR.lKe H3 ;n;Byx '!aCTefi: 

f}v= ~v + ~~' 
r;n;e ;r7 TeH30I 3HeprHH-HMTIYJII>Ca TIOJI8H MaT8PJIIJII (Bcex TIOJieH, RpoMe 

rp~ai~WHHC ro) , f ,; - rrceB;n;OT8H30p 3HeprHH-HMTIYJII>Ca !'paBI'I

Ta.IUIOHHOro TIC JIJI. I1p~061118KOBapl'IaHTHHX npeo6pa30Ba.HIDIX KOOp;n;HHaT 

(13.2) 'T"' U; npeo6pasyeTCJI ru:LK TeH3op, t ,rxJ - Ka_!i _, 
TIC8B.IJ:OTefGop. ilo a.Ha!!Orl'IJII ;n;o6aBey B JII30TOITJII'i8C~ TOR 9 { f / g ) 
MO.lKHO 6WIO 6L Ha3BaT:& TIC8B;n;OTOROM. ~ ')" 

§ 13. TeopHa TJiroTeHHff 

TeopHa IpaBHTanBH 3iHmTeHHa rrpe;n;CTBBnH8T co6o:ii rrOJienyn Teo-

PHD c:HMMeTpl!'luoro MeTpH'iecKoro TeH3opa £ ,l-71') , onpe;n;eJIIIeMy.KJ 

;n;e~CTBH8M ~ 

S =-~-1J R1J Ji: -r j ~ 1/J d~, (I3.I) 
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r.ne R - cKa.,wipHasi KpmnrsHa , £ - JiarpamiteBa IL7IOTHC 'CTI> Bcex 

TIOJieit ~·(X) KpOMe rpamiT~OHH~ro. ,lleil:CTBHe t') HBJIJ:6TCII IDIBa-

pRaHTOM npH flPOH3BOJil>HHX npeo6pa30BaHHHX KOOp~aT 

(I3.2) 

TIOBTOMY,COrJiaCHO BTOpoil: TeopeMe HeTep,ypaBHeHRH 3~IDTeftaa 

( I3.3) 

.llOJIEHH Y.lloBJieTBOPffTI> 4 To~ecTBaM. 
llonyqRM BTR T0~6CTBa B HBHOM BH,ll6 ~ ~as!, KOr,lla 6CTl> 

TOJII>KO O,llHO rpamxT~OHHOe TIOJie 

~ = Jc) YJ i~ _ -(I3.4) 

He 6y.neM rrpe.nnoJiaraTb, 'ITo £ o6HsaTeJII>Ho paBHO -~·-'/?. 
HaM 6y.neT .nocTaToqHo Toro, ~To ~ ~~ ecTI> RHBapKaHT npn o6meKo-

BapHaHTHHX npeo6pa30BaJUlliX (lJ.2).Hanp:m.rep, Of MOJKeT 6HT1> 

KBa.JlPaTHqHa no KOMUOHeHTaM TeHaopa PKMaHa: J 
£ ==(I R 

2 
+ g R. R /If,) 

~ _1-'Y • 

~ ') , corJiaCHO ( 3. I), MOlltHO npe,llCTaBKTl> B CJI ::l.JlYIW18M BapHaumo 

b1 ~ j~,'-o{~c:jd~ + j£J.-t3J1·, 

r.ne 4-. , - cHMMeTpl'f<lHHii TeHsop. ,lJ,Jr.!l Teopim 3itlrorre:fula 
J''' 

(I3.5) 

3aMeTHM, ~TO Mil He npe,lliiOJiaraeM, 'ITO ypaBHeHRH ,llBID!tBHRH J.HIIOJIHe-

Hl:l R c;-./"'.; = 0 . 11pH 6ecKoHe~Ho MB.JIHX npeo6pasoBaHKIIX ( I3.2) 
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/,y ./" ,., 
..'X'/= X -r-c ( .. ;d 

- J"j) 
Bapz~ dloP. ..ru: MeTpRtrecKoro TeHsopa b 9 C.:x) onpe,IJ;eJmeTCSI 

!lJopJ~qJio.!!IIB7 0 
- ;"'" /";; . v· 
~O (:x)= t (x) + c5 '/(x), 

r,IJ;e TOtlKa C JanHTOi OSHatraeT KOBapRaHTHOe ~peHURPOBaHRe. 0nHTL 

BH6epeM C /( ~) TaR, 'iT06Ii BTR qiyliiti:tJm BMeCTe CO CBORMH ITpORSBO,ll;-

HiiMR, BXo.ztmll]re B B B qx,puyJie (I3.5), HctreSJIH Ha rpamm;e o6-
JiacTR HHTerpnpoBa.IIR~I. B pesym.TaTe nOJIY'iaeM 

~ C' j (·_ )";J~ /' j r J(acb.·) rr ~~\ ~ 
O.JJ' =I( ~; c V-j aa: =Z y-i dx 11 + 6~ C<~-Fjdx: 

} 

~ _,(/;,; ,; 6 r + (I3.6) 
=!J t ~ f/(V-;j J'AJ-+- ({ F v)t:.raJY-9 cl.r. . t-; (Jxj) 6 /" fl 

TaR Kait qiy!IHI.Jm cl'(x) BHYTPR o6Jiac'l'R RH'l'8rpRpOBa.IIRII ITpOH3BOJIL

HH, TO R3 (!~.6) CJI8,IJ;yeT, liTO 

_I !:_1_ 6H' J) - . j) I' 6 
= j} = 0 -V-j. rJ..rv ;! ~) .. c;& ;-jl Cf;u,-v - ' (I3.7) 

/"- O,.i,;K.,3. 

B TOM CJirtrae , KOr,IJ;a £ =-£-I R. , TOz,Il8C'l'Ba (I3.7) 
8CTL IIPOCTO Cll8JICTBH8 'l'OlfJJ.e;{Ba BRallltH MJI '1'8H30pa Iq)HBRSHH 

PHMaHa-KpRCTO·fxiJeJUI/IB/. 

TOlfJJ.eCTBi (I3.7) npe,IJ;cT~ co6ol nOJIY'ieHHHe pSHee B o6~eM 

BH,JJ;e Toz.necTBi (3.IO), aanHcaHHHe Tenep:r, MJI rpaBHT~oHHoro no

M. Ka!t R B C.IYtlae SJieitTpo,ll;RHSMHKII, MJ1 ypaBHemtl: 31:Hurreibl:a MOZ

HO nOJIY'DITI> 1SOJiee IIIIIPOKIII Mace Toz.necTB, cooTBeTCTBYJJ!tHX !lJopuy

JIBM (3.!2)-(3 .I1§• Mii H8 6y,IJ;eM OCT8Ha:B11lma'l'l>CSI Ha S'l'OM, O'l'CWlali 

R pa6oTe K1J:ei1Ha! I. 
TaKHM oc5paaoM, ypaBHemm ,IJ;BDemm B oc5~el Teopo OTHOCR'l'eJII>

HOCTR MOltHO ,IJ;< tnOJIHJl'l'L Kait MHHHMYM 4 YCJIOBBmm:. HanpRMep, MOmlO 

BH6paTl> TaxyJ.l KOO~aTHYlJ CRC'1'6yY, MJI KOTOpoi BHnOJIHli6'1'CSI yCJio

BHe rapmHlltlHocm 9 • 
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rJ (·~-· o< I) tlx r-;/ (~J = 0. 
j3 

(I3.8) 

ECJIR BIIDOJIH8HH yprumeHRfi ,nBIDKeHRfi ( I3. 3) , TO B CH 1IY TOllt,ll;8CTB 

(I3.7) T8H30p 3H8pr:HR-KMITY~:OCa MaTepHH Jr. y ~~H y~o~eTBO
/ Pf!Tb ypaBH8HHffM 

,.,...v 
~P' (x) r 0. 

( I3. 9) 

Ta.K Ka.K 3~80:0 CTOHT KOBapHaHTHM IlpOH3BO~M, TO H3 3HIX paBeHCTB 

He ~e,mreT HHKaKHX 3aKOHOB COXpaHeHRfi. B 3TOM 38.RJIJO'!aE TCSI o~a 

1!3 OCHOBHHX Tpy~oCTeH TeOpHH 3funnTetiHa. 3aKOH COxpaHHriDI 3Hepr:HR

llMiry~:oca BBO,ll;IITCSI ~C,IJY!OUUiM o6pa30M. iiO,I\6JipaeTCSI Ta.KaH BC~H'!III!a t; , 3aBHCSI1!18.fl TOJI:OitO OT (} j..v II OT IIpOII3BO,IJ,HbiX r? ~ 1 f . , 'IT0-

6bl IIM6~0 M8CTO ypaBH8HU8 (/I 

8 ,.,..J y 
- (! r f )=0. 
dx v I' I 

Ho BH8IUH8MY BII.IC9" 3TO ypaBH8Hlle HC!toBapnaHTHOe, T6M He MeHee ero 

MOJKHO C).\e~aTb ltOBapnaHTHUM, 80Jm B KalJ:eCTBC ~,; B3HT:, H8T8H30p

HYJO Be~nllllny. BBe,I\eHHbiH TaJtUM o6pasoM KOMILJieKc t" l!HTeprrpeTn

pyeTCSI !taR IIC8B~OT8H30p 3Hepnm-HMIIY~I>Ca rpaBHTa!UIOHH•)ro II~. 

S~ec:o B03HHRaiOT C.ile,l~J11Wl~Ie TPY~HOCTK. Bo-rrepB!llC, rrpou;e.nypa 

BBe~eHWI fj.J) CYJn6CTB8HHO H~,0~03Ha'Ula. Bo-BTOplllC K3-3a 

IIC6B,IJ;OT6H30pHOro xapa.ItTepa t/'. Bcer~a MOJKHO Bii6paTh Ta.KylO 

KOOp~aTHYID CI!CT8MY, B KOTOpoH BCe 'OMIIOH6HT!i ~ B ~aHHOH 
TO'IK6 IIpoCTpaHCTBa o6pamaroTCSI B HOJI:O 

20/. 
CJJ:e,mreT ll0~6PK!IYT:O IIpJIMyiO CBfl3b M8lll',lly o6meii KO 3apl!aHTHOCTD!O 

T80pi!H 3iHmTeHHa H Tpy~OCTHMK C 3aKOHOM coxpaH6HI!ff }H6pri!H-RM

ny~:oca B 3TOH TeOpHH. 

illHpoKOe I!CIIOJI:030BaHHe BTOPOH TeopeMU HeTep B Te)p~ IIQnfi 

HHra-MwiJica Jd B T60PK:Ii rpaBKTau;HH MOJKHO HaiTH B pa6o rax 2I/. 
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§ !4. J'enHTRmtCTCRB.R: CTp;yHa 

PeJlliTHJ~cTCKBR cTpYHa rrpe~cT~eT co6o~ o~oMepHO-rrpoTH
xeHHH~o6~exr,~eAcTBHe KOTcporo rrponopnHOHarrbHO uno~~ MHpoBOA 
fOBe~~OCTH, OOKpUBa8MOM HM npH ~BHK6HHH B npoCTpaHCTB6 MHHKOBCKOrO 
22- 4 • ~CJR 1/" (6, 7) - napaMe'l'Plf'Iecxoe sa,n;aHHe aTol noBepXHoc-

TR, TO ~enc~BRe CTPYHU RMeeT ~= 
?i. t 

S =-r J dr J d6V(.ix)
2 -x2x 12 

, 

71 0 

• I (I4.I) 
r~e x = clx /(}7 , x = cYJ/ d6 . llapm.reTp 6 uyMepyeT TO'l
Im cTpYHU, ~:: '7 nrpaeT pOJI:& napaMeTpa aB~. 

PeJlliT~BHCTCRYID CTPYHY MOXHO paccMaTpRBaT:& KaK CHC'l'eMY 4 
nOJie~ ~ (6, {) , 38,II;a.HHHX B .n;BYMepHOM ITpOCTPaHCTBe 6 , '{ . 
~e~CTBHe (I4.I) HHBapHaHTHO ITpH 06~eROBapRaHTHHX rrpeo6pasOBBHHHX 
xoop:I~HHaT ~ = r H ~ = 6 

·::! ~;. 

~I =I(~), i=1,2. 
1 t (I4.2) 

3TH rrpeo6pas OBaHHH orrpe~eJIJIIOTCSI .ItBYMII npoHSBOJI:&IWMH tJ!YHrontmm, 
OOSTOMY,COr~lCHO BTOpo~ TeopeMe HeTep,~eBHe 'laCTH ypaBHeHHA ~
Xelm.fi B ~aHHOI 38,II;a'!e ~OJ!l!HH Y~OMeTBOpHT:& .ItBYM Tox,necTBaM. 
~m:nm XI" ~6. y) no OTHomemm K npeo6pasoBaHWIM (I4.2) HBJllllOT
CSI CKa7ISipaMH 

Yf.
1 
(6: rJ = .J:/ (6, <'l') ~ 

Me~OBaT~H :>: 

. ~~(~)=0, b'}(_~)=-7,i~-(~)) 
r~e c. (.5)- 6ecRoHe'!HOMaJIHe rrpeo6pasoBamm napaMeTpoB ..§. 

~ l 

I 
~ =~ T-c. (~). 

·i ., "( ;> 

Bapll:anHI % S , paBHBR HYJIIl, HMeeT ~ 

s s = jd5 [8£ +~. cors.)J = o, (I4.3) 
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IP<>PMYJIY ( I 4. 3) npeo6paayeM c.n:e,nyRJI\HM o6pasoM: 

J 
~ { . d£ - ~ SS = d~ [(£8' .. - ·- S"x .)c-.] .-L~ .t.j=oCr4.4) 

'l dY)",t' /j 1 ,~ i3 d 

BHa'l:a.ne paccMOTPliM Trume Bapzmnm: E. ( ~) Hesamicm.m:x n epeMeH-

HHX ~. , KOTOpHe RC'l938JOT Ha rp~e o6JraCTR HHT9rpKp<JBaHHII. 

Tor,na /O'leBl'l,nHO, 'ITO c.n:araeMoe B RBa,IIJl8THHX CK06KaX B !lJ<>p~yJie 
(I4.4) He ,naeT Bltii~a B s-S , R KaR c.Jie,nCTmte 3TOro,n0JIY11aeM 

,nBa TOJJt,n9CTBa 

L .i~' =o I-, L x/=o / - . (I4.5) 

~aRTH'leCKR 9TH paBeHCTBa HBJIHDTCH o6o6~eHH9M T9X T~eCTl, KOTOpHe 

:~:tmm M9CTO B peJIJITllmtCTCKOi l\49X8Hlllte TO'l9'1HHX 'laC~ (c~:. !lJ<>p

MYJIY (9.3)). 
Y'll!THBaH T~eCTBa (I4.5), ypa:BHeHM 3:AJiepa B ,na.HHot T80pml 

MOJmo .nonOJIJD[T:& ,nByMI'l yc.n:o:BHJIMH Ha .X/' (6, 'l") • 06H'l:Ho m~6JIP88T
CH~3/0TepNH'l:ecKSH CHCT9Ma KOOp,nHH8T Ha MZPOBO~ fiOBepxHOC~~ CTpy

HJ/ .:;5 , B KOTOpOI 

I. I J!. 
\X .±.x) = 0. 

B BTOM c.n:y'lae ypaBH9HM ,nmmeHM CBO.nHTCH K ypa:BHemm ,UanaM6epa 

Ha .x/' (6/l): 

39 



B IqJyrJU:X CK06Ka.X B no~TerpaJil>HOM Blipalltelllm B (I4.4) CTOHT 

~pHHt Te~30p 3HeprHH-HMny~DCa no OTHOMeHHID K C~BHraM B llpOCT

paHCTBe ~. 
i 

d£' / ('-
t, = o.xl',. J:; - o? £. 

t 

B03DMeM B Ka'leCTBe napaMeTpo:s-qiyHKm!i ~· ()) B iflo:PMY~e 
(I4.4) BHa'la~e KOHCTaHTH, a 3aTeM lf!yH~,~efuwe no ~·, H 

Y'!TeM TOllt,Il;ecrBa (I4.5). B pesy~bTaTe n~aeM HOBHe ToziecTBa 

t =0, 
~· 

t:/= .I 2 
~ ' . (I4.6) 

3Ta npon;e~.l armHBaJieHTHa ITPHPaBHHBaHHXJ HYJID B ifloPMY~e (I4.4) 
K03~eHTO 3 npH C:· ()) H npH npOH3BO~ c

1
. · ()) . 3aimmeM .. , 

TOllt,Il;eCTBa (11.6) B HBHOM ~e 

£-i~J:=O f/_ rJof.r'=O ,i'l I' , o< t!Yj. I' ' 

d£ X I= 0 8£ X = 0 
d.i ~"'- ' dx' 1'- · 

IIepBoe paBeH• :TBO o6Ha'taeT, '<l:To r~bTOHHaH, nocTpoeHHHt no KaHo

HH'<l:ecKHM npamJJiaM, B ~aHHOM MY'lae paBeH eyJID. Tpene TOllt,Il;eCTBO 

rrpe~cTaBnHeT co6oi CBH3D M~ KaHOHH'<l:eCKRMM rrepeMeHHHMH)r/"' H 

'Jir::- rJ£./c'.il" : ~7i~' = 0 . TaKHM o6pasoM, ~arpaHDaH 
peJIJITHBHCTcRo:ii CTPYHH HBJUieTCH cHHry~HHM. 

PaBeHCTllo HYJID napaMeTpH'<l:ecxoro TeHaopa aHeprHH-HMIIY~Dca B 

TeopHH CTPYHII,KOHe'<l:Ho,He osHa'<l:aeT oTcyTCTBHH ~ CTPYHH noHSTHH 

8HeprHH H IDIIHY~DCa. Ta.It Ka.It 3~eCD HMeeT MeCTO HHBapHaHTHOCTD no 

OTHomeHHXJ R Heo~opo~ npeo6pasoBBHHHM ~opeHn;a 

. Jl 
x '(6 r) = .A Jl x (6 ct) +a 

/ , /' l /'J 

TO 06li'<l:Hlil TE !H30p 8HeprHH-HMny~DCa r&>lleT 6HTD UOCTpOeH TO'<l:HO TaR

lEe, Ka.It H wrs: TO'<l:e'<l:HOI peJIJITHBHCTCROI '<l:acTHII;Ii, H OH OT~eH OT 

HYM. 
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.J];Jul: TOI'O, 'iTOObl MOrJilii pa00T8Tl> TeOpeMbi HeTep, HeOOXo~ ycTa

HOBHTl> CHMMeTp:rm B paCCMaTpHBaeW>it sa,naqe, Bwm.neH:He CRM!IeTpHH, TO 

eCTl> rpynnH npeo6pa30BaHHit KOOp~aT R IIOHeBbiX ~KUKI, l!O OTHOme

HJm K KOTOpb!M ;neiCTBRe RHB8pRaHTHO, B OT."neJil>HbiX ~aJIX I ~OJiteT 

ottasaTI>C.A: He MeHee .nerKRM .ne.n:oM, tteM Haxolii,Il;eHHe CBMHX satoHoB cox-

paHeHB.Il. 3TOMY HeMaJIO npRMepOB, 

naBHO R3BeCTeH .nonOHHHTe.ni>Hbll RHTerpa.n B sa,naqe Kenrepa c no-

TeimRa.nOM ex / r ( SHaK eX .nBJ6oit) - TaR Hasb!BaeMWi BeRT )P PyHre-
-]eHUa-]annacaf26/ 

!<.- = [t X M) +o( r =cons f. 
I 

TOJII>KO RMeJI 3TOT RHTerpa.n B .IIBHOM BR;ne, y;na.nOCl> YCTaHOBlHl>, 'ITO 

s;necl> RMeeT MeCTO rpynna CRMMeTpRR, R30W>JXPHasi rpYJIIIe BpanteHRH B 

'l8Tb!peXMepHOM eBRJil/I,ll;OBOM npocTpaHCTBe 0 ( i; ) /277, 

nPyrRM npRMepoM MO:ryT CliYDTI> oecKoHe'IHble cepo saiWHOB 

coxpaHeHB.Il B HeJIRHeitHbiX ypaBHeHHHX ( ypaBHeHRe C:HHYc-ro~noHa, 

HeJil/IHeiHoe ypaBHeHRe lllpe~repa, ypaBHeHHe KopTeBera - .De Bpz

sa), KOTOpble OHHH H~eHbl MeTO."nOM OOP,8THOI sa,na'!R pacce~HHH R.nR 

lite C IIOMOllll>ID npeo6pasoBaHRI BaKJIYH,D;J2S-30/, .limuJ, IIOTOM 6H.na Bbl.llC

HeHa CBK3l> 3TRX 3aKOHOB C CRMMeTpRel COOTBeTCTBymmHX HeDRHeiHbiX 

ypasHe1mH. TaK, HanpRMep, ;n.na: ypaBHeHB.Il CRHYc-rop;noHa 6E.no notta

saHo, 'ITO oecKOHe'lHaa cepR.Il saKoHOB coxpaHeHR.Il ecTI> c.ne]CTBRe 

RHBapRaHTHOCTR 3TOI'O ypaBHeHR.Il OTHOCRTe.nl>HO 6eCKOHe'!Horc '!Rc.na 

O;nHOIIapaMeTpRtteCKRX rpynn npeoOpa30BaHHtf3I/. 
3TH 3aMettaHH.Il He CHBlltamT po.nl> TeopeM HeTep B TeOp~ IIo.n.ll, 

TaR KaK npR IIOCTpOeHHH HOBhiX no.neBbiX Mo,ne.nel B Teop:rm O(bi'IHO sa

paHee BMa,nb!Ba.IIJT TY R.nR RHY11J cRMMeTp:rm. HanpRMep, Mo;ne.nJ. BaJiH-
6epra-Ca.nm.m CTpoKJiaCI> Ha CRMMeTpRR S lj ( 2) X {/( 1) , 
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