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10. PaCCMOTpHM s~a~ KOillH ~ He~HeftHoro ypaBHeHKff illpe~Hrepa 

iUt + ~ + f(t,x,u) ~ o, xER1 , (I) 

u(x,O) == uo(x) • (2) 

YpaBHeHHe (I) onHCHBaeT MHorO~Hc~eHHHe ~HsH~ecKHe R~eHRff, TaKHe KaK 
nOBe~eHHe He~eaHDHOrO óose-rasa co c~aóHM BSaHMO~e~CTBHeM Me~ ~ac

T~aMH, pacnpocrpaaanae renaosoro HMIIY~l>ca B TBep~oM Te~e, ~eHrMl)pOB

CRRe BMHH B MaSMe, a TaKlIte paSJIK1IHHe rH,I{pO~HaM~eCKHe npoueccHiI-5~ 
MHTepec, KOTOpH~ BHSHBaeT 3TO ypaBHeHHe, BO MHorOM CBaSaH c TeM, ~TO 

npa f(t,x,u)=~ lu 12u OHO ocaanaer cneUH~l>HHMH pemeHKffMH-CO~TOHaMH 

H MoxeT ÓHTl> Hcc~e~OBaHO MeTO~OM oópaTHO~, s~aqu TeopHB paCCeRHRR/I,4~ 
BonpOCH cymecTBoBaHHH, e~HCTBeHHOCTH H HenpepHBHol SaBHCHMOCTH 

OT aanansnoro YC~OBHH pemeaaa aanasa (I )-(2) paS~~HHMH MeTO~8MH HSY;'" 
~anHCl> B paóoTax /6-11/. B paóoTax /6-8,10/ ~ ~HKUHH f(u) , Y~OB
~eTBOpHDme~ HeKOTOpHM orpaHH~eHHHM, YCTaHo~eaa cymecTBoBaHHe H e~H
CTBeHHOCTl> r~OÓaH:bHOrO (onpe~e~eHHoro ~ Bcex t ~ O ) OÓOÓmeHHoro 
pemeaaa , ~eJtaIItero npa Kax,noM t B npOCTpaHCTBe w~ (R1) KaK ~HK
~ x . Hazõoaes rrozaae peSYJIDTaTH OTHOCHTeJIDHO ~OKaJIDH-oa paspema
MOCTH s~a~H (1)-(2) no~eHbl B paóoTax /9,11/, B KOTOpHX ~OKasaHbl 
~OK~l>HOe cymecTBoBaHHe H e~HHCTBeHHOCTl> peWeHHR B BeCOBHx npOCTpaHCT
Bax COÓo~eBa, oÓeCrre~HB8Dmax BHCO&yD r~~KOCTl> H ÓHCTpoe YÓHBaHHe pe
meHIDI H ero npOHSBO~HHX npa Ix] .......00 • 

HaCTORmaR pacora HMeeT IJ;eJIDIO n~eHHe aHaJIOr~HHX reopea B Óo
~ee mnpOKHX ~accax ~YHKIJ;Ha, ~eM HCnO~l>syeMHe B YKasaH~ paóoTax, 
3~eMeHTH KOTOpHX He cTpeMRTCR K HYJl!) npa , x I....... 00 , aoocme rosopa. 
B MHOrOqnC~eHHHX ~HSH~eCKHX s~a~ax BOSHHKaeT nOTpeÓHOCTl> B Hs~eHHH 

TaKHX pemeHHa /1, /. 
MSBecTHo /12/, ~TO ~~ ~He~Horo O~Hopo~Horo ypaBHeHRff illpe~Hre

pa (f(t,x,u):: O) s~a~a Komn HeKoppeKTHo nOCTa~eHa B HopMe npocT
paHcTBa C(R') (/ul = Buplu(x)/). Ms pesYJIDTaTOB HacTOR~eac XE Rf 

paóOTH BHTeKaeT, B ~aCTHOCTH, KoppeKTHOCTl> nOCTaHOBKH ~HeRHO~ O~Ho-

pO~HOa aanasa Koma aa npOHSBOJIDHOM npOMeJKjTTKe [O, T ) • rne T >O 
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B npocrpaacraax X . C HOPMOií n /lU/In =Iul c +tl~iu /2 ' 
r.n;e Ivl2 ={flv/2 dx} 1/2 t n ~ 1 • 

-00 

B paÓOTe R3y~aeTcH o.n;HoMepHoe ypaBHeHRe illpe.n;RHrepa. Ha MHoroMep
HHH c~~a~ no~~eHHHe pe3Y~bTaTH He nepeHocHTcH. B ~acTHocTR, He Bep
Ha TeopeMa 3.2. 

20. PaccMoTpRM RHTerpa~Hoe ypaBHeHHe 
~	 t~ 

u(x,t)=1k(x-y,t)u + k(x-y,t-s) f(s,y,.u(y) )dy da , (3)ir Jo(Y)dy
_00	 O-/P 

r.n;e k(x,t) = f (4 rrit)-1/2 exp(ix2/4t), 
t ~ o, 

l D(x) npH t = o, 
WYg.n;aMeHT~bHoe pemeHHe onepaTopa L = i~t + ~, ( 47Tit) 1/2_ KOMlI

~eKCHUM KopeHb, ~eEamRn B nepBott ~eTBepTR rrpR t > o H B "lleTBepTon 
n~	 t<O. 

Onpene~eHRe 

PemeHHe RHTerp~bHoro ypaBHeHHH (3) Ha30BeM OÓOÓmeHHHM pemeHHeM 
3~a~R KOlliR (1)-(2). 

IIycTb reneps X - canaxoso npocrpaac rso c HOpMot.1 fl· ti, UoEX 

HeKoTopH~ 8~eMeHT npocTpaHcTBa, A(t) - ~HellHU~ onepaTop, .n;ejcTBT~mHH 

R3 X B X npa KéUK,IJ;OM t, u( t) - q,yHK.I.UUl apryaeara t co 3Ha
~eHWIMH B x , J(t,u) - HeJIHHe;lHoe oToc5p8JKeHHe MHOJt:eCTBa R1x X 

B x: . PaccMoTpRM BMeCTO (3) aócTpaKTHoe ypaBHeHHe 
t 

u(t) = A(t)u + JA(t-s) J(s,u(s))ds e (4)o
 
O
 

l.lYCTb (T 1 ,T2) - HeJ<OTOpl:l1í aurepaan, npR'JeM T <0<T2 :
1 

IIpe.n;no~o~~, ~TO ceMeilcTBO onepaTopOB A(t) y.n;o~eTBOpHeT c~e.n;yIDmnM 

YC~OBRP.JJ: (A A(o)=E - TOEJI,eCTBeHHhlM oneparop: (A npa Ka>K,I(OM
1) 2) 

t ~ ('1,T2) A(t) E- L(X,X) - rrpOCTpaHCTBY JmHeítmnc orpaaasea-
HhIX oneparopoa, .n;eilCTBYID~X JlI3 X B X ,npH~eM /I A(t) 1\ ~ AO 
.n;.llíI scex t ; (A ) .n;JlR npOH3BOJThHOrO LfE X WYHKUHiI A(t) Lf

J
(T ~ X HenpepHBHa.1,T2)

TIyCTb TaKEe HeJmHefiHOe oT06paEeHlle J y.n;O~eTBOpHeT YC~OBHmJ: 

(J ) OTOÓp8JlteHHe J: f (Tl'T2) X x] -+ X aenpepaaao ; (J )
1	 2 

OToópWKeHHe J( t,u) y,n;o~eTBopíIeT YC~OEmo JllmIIImJ.a no BTOpOMY apry-
MeETY na MHOJKeCTBe {(t, u ) t ~ (Tl'T2 ) , /ful/ ~ r} npa JII()ÓOM r> O , 

T. e. r J(t, U 1 ) - J (t, u2 ) ~ ~ C ~ U - U 2 1\ e r 1 

2 

MMeeT MeCTO TeopeMa cymecTBoBaHHH pemeHHH. 

TeopeMa 2.1 (cymecTBoBaHHe) 
CymecTByeT T:;> O, raxos, ~TO aa orpesxe (-T, T ] cymecTByeT 

peneaae u(t) ypaBHeHID1 (4), uenpepasaoe KaK WHKInIH apryMeHTa t , 

rrpH~eM MOXHO YKa3aTb oó~ee T ~ Bcex U H3 rrpOH3B~Horo orpaHHo 
~eHHoro MHOEeCTBa B X . 

lIoKa3aTe.7IbcTBo 
OÓo3Ha~RM xepes C [-T, T] MHOJlteCTBO aenpepssaax WY~ll u( t): 

( -T ,T ] '""+ X ,1J,JIH KOTOpl:lX 

Ii u( e )11 T = sup 11 u( t )11 < 00 e
 
tE (-T,T]
 

113BeCTHO, ~TO C [ -T, T 1 - oanaxoso npOCTpaHCTBO /8/. 
I1YCTb T<min{-T SaWHKCHpyeMHeKOTopoe E.>O H1;T2}.

paCCMOTpRM MHOJlteCTBO 

M = [U(t) I uE C[-T,T], U(O')=UO ' 11 u(e) - A(t)uoll T s E: 1 
(q,yHKIJ;H.lI A(t )U O € C.[ -T, T] ó~aro,n;apH YC~OBmo (A ) ). .1(;HO,J 
~TO M - no~oe MeTpKqeCKOe rrpOCTpaHCTBO OTHOCHTe.7IbHO MeTpHKH 
'p(U,V) = [u - vII T' lloKaJlteM, ~TO npa .nOCT~T01IHO M~ e ,T 

OTOÓp8JlteHHe H3 npaBOH ~aCTH (4) (Bu)(t)~(t)u(o)+JA(t-s)J(s,u(s»ds 
o 

,n;eHcTByeT H3 M B M R RBnHeTCa CZHMaDmHM. CHa~~a YCTaHOBHM, 
~TO B onpe,n;eneHo Ha C[-T,T]. 1l0cTaTo~Ho YCTaHoBHTb HenpepUB-
HOCTb ,niKIUm A(t-s) J(s,u(s» no B, rne Ul: C[-T,T,] 
( CM. / ). SaqnmcHpyeM h E R1 H paCCMOTpHM 

I\A(t-s-h) J(s+h,u(s+h» - A(t-s) J(s,u(s» 11 ~ 

~~ A(t-S-h)[J(s+h,u(s+h» - J(s,u(s»] 11 + ![A(t-S-h)-A(t-s)] J(s, U(S)~~ 

~ Ao~J(s+h,u(s+h» -J(s,u(s) )// + ~A(t-s-h)J(s,u(s) )-A(t-s)J(s,u(s»/I. 

I1pH h ....... O nspaoe czaraeaoa CTpeMHTCa K BYJ.IlO B cwry (J1) ,a 
BTopoe - B c~ (AJ ) . TeM caMUM HenpepHBHocTb A(t-s)J(s,u(s» 

JtOKa3~a. 

Tenepb ,n;OKazeM, ~TO B ,n;eHCTB,yeT H3 C(-T,T) B C(-T,T) 

PaCCMOTpHM 

3 



t+h 
11 (Bu)(t+h) - (Bu)(t)ll~ (IA(t+h)U - A(t)uoll + uS A(t+h-s)J(s,u(s»ds:.

O
±	 o-5 A( t - s ) J ( s , U( S» ds ll = 11 A(t+h)U - A(t)UoU + o 
o~ o
 

t IlfA ( t-s)J(s+h, uía-h) )ds + SA( t-s )J(s+h,u(s+h) )ds 
o -h
 
~	 o 

-SA(t-s)J(s,uCs) )dsll ~ 1\ A(t+h)u - A(t ~UJlt![fA(t-s)J(s+h,U(S+h»)dS/l+o 
o t	 -h 

+1~A(t-S)[J(S+h,U(S+h»	 - J(S,U(8»] dsll~ /(A(t+h)U
O

- A(t)u){ + 
o 

+	 hAo maxlfJ(s,u(a»1I + tA o max 11 J(S+h,u(S+h» - J(s,u(s»{f •• 

SE[0,h1 SfLO, t] 

IIp1'l	 h -...+ O nepaos cnaraeaoe CTpeMHTC.fI K HYJIlO B cHJIy (A ) 7 BTOpOe-
J 

B CHJIY (J1 ) . IIOCKOJI:blty /tl <. T ,qJyHKUIDI J(S,U(S» aenpepas
na aa [O, t] , nOôTOMY (CM. /I3/) paBHOMepHO HenpepHBHB, a CJIe,nOBa

TeJI:bHO, TpeT:be cnaraeaoe CTpeMRTC.fI K HYJIIO npa h _ O. IIo3TO

MY B ,neficTByeT as O(-T, T ) B C(-T, T) • .uanee 

t 
~B(u(t» - A(t)u ~T cllf A(t-s)J(a,u(s»dsIIT~ TA sup 8J(t,u)ll.oo	 tE(-T T] 

o JluIl4Ilollu..j,'~i 
OTCIO,JJ;a B C1'IJIY YCJIOBIDl (J1) BH.IJ:HO, 1:ITO ~- A( t )uo'~ ~ , 
eCJIH	 T ,nOCTaTO'tIHO MaJIO, T. e • B ,neticTByeT HS M B M • 

B cRJrY O~eHItl'I 

t 
IIB(U1 ) - B(u2 )II T =IIJ A(t-a) [J(s,u1(s» - J(s,u2(s»] dsr( T~ 

o 

'T Cr Ao ~u1 - u21 T 

r,ne	 C - nOCTO.fIHH8..fI JIWIIIllm;a 118 (J ) na MHOJlteCTBer 2 
{(t,u) It E (T1'T2), [u] ~Ao fluo II + E} ,OTOÓpaJKeIDle B .fIBJIHeTC.fI 

CJtHMaIOlItHM aa MHOJJteCTB8 M ,ecJIH T ,nOCTaT01:IHO MaJIO. no npHmnmy 

CJltaTHX OTOÓpaJlt8Imn ypaBHeBJIe (4). HMeeT pemeaae u( t) aa xexoropoa 

OTpeSKe [-T,T] , HenpepHBHoe no t . Hs ,nOKa3aTe~CTBa BaTe

xaer , 1:ITO MO!tRO YR83aT:b O,I(HO li TO ae T .nmr JID6oro OrpaHH'tIeHHOrO 

MHOJlteCTBa 3Ha'leHHiÍ U • TeM CaMHM reopeaa 2. I 'nosaaaaa. o 

TeopeMa 2.2 (e,I(HHcTBeHHocT~) 

IIycT:b BWIOJIHeHH npe,lUIoJIo!temm (A ) - (A ) , (J1 ), (J2) • I'or'na aa1 J
JIl>6oM HHTepBaJIe (a, b ) E ( T 1 ,T2 ) , r,ne a < 0< b , yp8BHeHHe 

(4) MOEeT RMeT:b He óonee o~oro Orp8HKq8HHOrO peweHHH. 

4 

lloKasaTeJIDCTBO 

IIpe,nnOJIOXHM, 1:ITO Ha ReKOTopoM HHTepBaJIe (a,b) C (T1, T2 ), 
rne a <O , b , HMeeTC.fI ,I(Ba orpaaaseaaax pemeaaa u 1(t) H ~ (t) • 

IIYCT:b u 
1
(t) ~ u 

2 
(O .nmr HeKOToporo t E (a, b ) R nyCT:b 

.nJI.fI onpe,neJIeHHOCTR t >O • OÓ03Ha'tIHM xepes to TO'tIHYID HIDKHIOIO rpans 
MHOJlteCTBa BCeX TaKRX nOJIOJItRTeJIDHHX T01:IeK. 3aWRKCnpyeM HeKOTOpOe 

t 1 E (to' b) li paCCMOTpl'lM 

t 
aup	 /I u - u = sup Ir SA(t-S)LJ(s,u1(s»-J(s,u2(s»] ds~1(t) 2(t)11 t. a
 

t €(t ) tE(t (5)

o,t 1	 o,t 1 ) 

~	 AoCr(t-to) sup #u1( t ) - U2(t)~ 
tE (-t;.,i.1> ~ J 

rne Cr - nOCTO.fIHH8.fI JhuIlIllm;a 1'IS (J2 ) c r c sup Uu1 ( t ) f/ +r1u2 ( t )lJ. tE[to,t1 
113 (5) BK,ll;HO, 'lTO .L sup ) 1i u 1(t) - u 2 (t)' = O )J.JIH t > t, t 1 ' 

L'E(to ,t 1 1 o 
,nOCTaTO'lHO 6JIRSKWC K t, xro nporasopesar BllÓOPY t . o o 

TeopeMa 2.2 ,nOKa3aHa. 

IIYCT:b u(t) , v(t) - pemeaaa ypaBHeJm.fI (4), orrpenenesase 
Ha lIHTepBaJIax (a,b) II (a1, b1) cOOTBeTCTBeHHO, r,n~ 

a1 <a ( 0..( b <. b
1 

• HeHo, 'tITO qJyHKIJ;IDr v( t) .fI:BJIHeTC.fI pemeHHeM 

ypaBHeHR.fI (4) Ha HHTepBaJIe (a,b). IIYCT:b u(t) = v(t) Ha (a,b) • 
Peneaae v( t) Ha30BeM rrpo,nOJDll:eHHeM pemeaaa u( t) na HHTepBaJI 

(a b ) . AHaJIOrH"tlHO MOJltHO onpenezars npo,nOJDteHIDI penieaaa u( t)1 , 1
Ha 1'IHTepBaJIH (a

1,b) 
li (a,b

1
) . 

TeopeMa 2.3 (HerrpepHBH8.fI 3aBIICHMOCT:b pemeHHK OT Ha'tIaJI:bHOrO 

YCJIOBIDI) 

IIYCT:b BHnOJIHeH1l npe,nnOJIOJlteHHK (A1) - (AJ), (J1),(J2) H nyCT:b 

Henpe~BHoe pemeH1'Ie ü(t) ypaBHeHl'I.fI (4), OTBe'tIaromee HeKOTopoM,y 

uo=ú ' _ orrpeneaeao aa 1'IHTepBaJIe (ã, b), r,ne
o 

T 1 s ã < 0.( b ~ T2 . Torna )VU1 JIIOOI:iX a, b , TaKHX, 'tITO 

ã <. a <.O <. b <::. b ,,nJIfI Bcex u o ' ,nOCT8T01:IHO ÓJm3KRX K üo ' perna

Hl'I.fI ypaBHeIm.fI (4) MOryT OHT:b npo,nOJDll:eHIi HenpepHBHUM oópasoM Ha oTpe

30K [a , b] li RMeeT MeCTO paBeHCTBO 

11m max II u(t) - ü(t)1I co O • 
- t€:la,b1u o-"" U o 

lIoKasaTeJIDCTBO 

060SHa1:IRM 'tIepe3 a TO'tlHYIO HIDKHIDIO rpaas T01:IeK a, a xepea
1 

b - T01:IHylO BepXHIOIO rpaas T01:IeK b ~ TaIGIX, 1:ITO npa scsx SHa1:IeHIDIX
1 

u, ,nocTaT01:IHO ÓJIl'lSID!X K ü, coorsercrsymtae pemeaas ypaBHeHRH 
o	 o 
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(4) MOryT OHT~ npo~~eHH Ha oTpesoR [a,b] H HMeeT MeCTO paBeHCT-

BO 11m max I/u(t) - u(t)/1 = O. 
u _ü tE:la, bJ 

Epe.n;noJIOiRM,°'lITO reopeaa aesepaa. Tor~a JIHOO a, > ã , JIHOO 

b 1< b • IJyCTb ){JIlI Onpe~eJIeHHOCTH b, < b • 

no onpenezesan 8, H b, MH JIlDCíoro c >° HaítneTcH 

o<. =o{ (8) > o , raaoe , 'lITO .IVlJI JIIOOoro u : , u - U K ~ o( (E)o o o 
cooTBeTcTBYIDmee perneHHe u(t) ypaBHeHHH (4) Mo~eT OHTb rrpO~OJIEeHO
 

aa orpeaox [a, + E., b 1 - E, ] li RMeeT MeCTO HepaBeHCTBO
 

max 11 u(t) - ü(t)/I ~ , • (6)
t €l 8, +e., b,-t:] 

MO'ltHO C1JHTaTl> o< ( e ) orpaHlIlIeHHoH W'lIKI:(Hett. Aru1 K8]i{,I(Oro 

t; €min {-S1;b13H xasnor-o pemeaas u(t) ypaEHeHIDr (4), y.n;OBJIeTBop.a:ro

mero YCJIOBmD Ruo - Ü 1I ~ o/... (ê), paCCMOTpRM MHOJKeCTBoO 

M ={v(t)Iv€([a 1+t , b 1+T] , v(t) c u(t) Ha [S,+E ,b,-.:J
 
gr€
 

f{v(t) - A(t)uo - 5A(t-a)J(s,u(s»dall ~k rrpa tE (b',-e,b,+T]} , 
o 

r,ne x >o, TE(O,b-b,) 

081,leTliM, 'tJTO B CEJ1Y (6) .D,.JJR scex tyHKr(j:;~1 u(t):lIu(O)  üoY~O«(é') 
cnpaseaznso He;:ê:t.fi:iCTBO 

ma:x l!u(t)1/6R, (7)
tE [a , +[, b 1- t:) 

r.ae R1 = , + ma:x l/ü(t)1I •
 
. tE(a,+ê,b1- E]
 

La:Jee .D,Jl.R Jrn60fi qyHY..rnm v( t) E II H, JIlO6oro e s (b,-e.,b,+"} 
l~t.eeMf nCnOJThSYH (A2), (J,): 

"v(t)lI~k+ Aol/uoll +(b1- ê )Ao ma.x 'J(s,u)I{~~ ' (8)
 
/I uft:iR" O!:B~b,-E.
 

rae ~ He SaBBCBT OT e 11 1/ U 1I • ÜO'he.n;HHHR' o~eHIGI (?), (8 ) , o 
nO~HM 

sup 1I V(t)l/f::RJ
tE{a1+ê , b,+T] (9 ) 

.n;~1.q acsx v E 1.1 , r.n;e RJ ... max {R1;~3 . 

6 

, TaK ~e, KaK npH .n;OKa3aTe~bCTBe TeOpeMH 2.I, MO~HO .n;OKa3aTb, 'lITO 

HaM.IJyTC.ff k >o, T E (O, li - b,), TaKHe, LfTO M.Fl acex .n;OCTaTOLfHO 

MaJIl,IX ê>O OTOÓp8JKeHlle B (CM • .n;OKaSaTeJIbCTBO TeopeMbI 2.1) .n;eí1:CT

ByeT 113 M B M 11 RBJIReTCH CilillMaIO!IlRM. CJIe.n;OBaTeJIbHO, npa scex 

.n;OCTaTOLfHO MaJIl,IX 6>0 peuenaa u í t ) : llu(O) - üoll~o«e) 

MOryT ÓHTb npo.n;o~eHH Ha npOMeK,yTOK [a + 6 , b np~eM B CH-
1 1+TJt 

JJY (9) pasaoaepao orpaHH1JeHH: ua [a, + e , b 1 + T J :, 
(IO) 

sup li u ( t) ,,~ ~ 3 . 
tE.(at{ ,b,+T] 

3açpllKcRpyeM JlIOOoe ~ E ( O, T) • no onpe.n;eJIeHIDü b 7lMeeM1 

11m rnax 11 u(t) - ü(t)/I > O • (lI) 

uo~ U t~[0,b,+}1o 
B CHJJY ypaBHeHHR (4) 

max I/u(t) - ü(t)lt~ Aol/uo - üo~ +(b,-})AoCr max Ru(t)-ü(t)~ -+ 

tE[O,b +f>} tE lO,b,-}J
1

+ 2JA C max lIu(t)' - ü(t)/1o r tE to;b 1+J] 

rne C - nOCTOHHHaR J1Hnum~a aa YCJIOBIDi (J2) C r=R3 • Y'tffiTllBéJl , 
r ' 

'lITO lim max II u(t) - ü(t)/~ =0 no onpeneaenmo b, , nOJIY
uo-"üo te-(O,b,-}J
 

~aeM H3 nOCJIe.n;Hero HepaBeHCTBa 

lim max nu(t) - ü(t)I\~2JAoCr 11m max /lu(t)-ü(t)~. 
u fio tE: [o, b,+J'] uo~ Uo t~:{O, b,+p1 ' 
o'" 

B cany (11) 8TO HepaBeHCTBO rrpoTHBope~RBo. ec~ fi ~OCTaTo~HO MallO. 

TeM CaMUM TeopeMa 2.3 .n;OKasaHa. 

30 • Bepuexcn K ypaBHeHHIO (3). IIpHCY'I'CTByro~ B 8TOM ypaBHemm 

HHTerpaJI rk(x-y,t)g(y)dy 6Yll.eM 11m S~(x-y,t)g(y)dy.nomwaTb R8K 
-00 00 R,...... CO-R 

nOJIOmIM [A(t)U] (x)=S k(x-y,t)u(y)dy ,n.IDI t" O, 
-00 

(A(O)U](X) =u(x) - To~ecTBeHHHtt onepaTop. 

V1MeeT MeCTO 

TeopeMa 3.1 (CM. /8/) 

IIYCTl> ué L ( -00, oo ) • Tor.n;a .n;JIJl JII06oro t
2
 

A(t)u~L2(-oo,oo) 11 HMeeT M8CTO HepaBeHCTBO
 

IA(t)u I 2~ \u12 • 
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OÓ03Ha'tIKM xepea X e.. rrpOCTpaHCTBO e.. pas ,lJ,H<IxJ)epeHIUIPyeMl:lX aa R1 rr , B. 

1JYHKIU!tí: u(x) , rrpOH3BO.nHHe KOTOpHX no rrOpR;IJ;Ka (e-1) aÓCOJIlOTHO 

aenpepsaaa, ,1J;JJR KOTOpHX KOHe'tIHa HOpMa IIg If =19 'o + t;l~I 2 • 

:icHO, 'tITO Xe. - caaaxoao rrpOCTpaHCTBO. 

IIpOBepRM, 'qTO,1J;JJR A(t) BHrrO~HeHl:l YC~OBRff (A - (A ) . 
1) J 

.AHan:orH'tIHO On;eHHBa.R: IIII I ' nOJIY'IaeM 

\:co: \~ 05 j>-1/ u lo + 06 t 1/4(21' )-1/2Iu ' 1 2 
(15) 

113 HepaBeHCTB (12 )-( 15) c J== I Bl:lTeKaeT c~e.lJYlOlnee HepaBeHCTBo: 

TeopeMa 3.2 

CeMellcTBo orrepaTopoB A(t) y.no~eTBOpK~T YC~OBRHM (A -(A )
1) J 

na .moÓOM KOHe'tIHOM asrepaaze (T rne T <0< T :)1.T2), 1 2 
c X = X.f.. • t ~1 • 

liOKa3aTeJThCTBO 

IIo orrpeneneaan [A( O)u] (x) = u(x) . IIyCTb t I: O H rryCTb 

JJ.JüI onpeJJ.eJIeHHOCTH t >O • PaCCMOTpHM 

00 2 
LA(t)u1(x) = (4~it)-1/2S ei(x-y) /4t u(y) dy = 

l 
-00 

2 ~ +00- 2 r~ 2 S 1z
=(1T1)-1/2 Jei z u(x+2 ft z)dz + j e1z u(x+2~ z)dz·+ e u(x+2vt'z)dz= 

00 _p ft 

= (TT1)-1/2 { I + TI + III}. (12) 

rne J> >O - rrpOK3BOJI:I>Hoe. (Rue óy.neT nOKa38HO, 'tITO seccocraeaase 
HHTerpaJIH 3.neCb CXO,nHTCH'). 

He orOBapHBaR aToro K~M pa3, óy.neM HCrrOJTh30BaTb oi (1=1.2•••• ) 

,1J;JJR OÓ03Ha'tIeHHR HeKoTopax rrO~OEHTeJIbHHX nOCTOHHHl:lX. 

~3 (12) nany-qaeM 

I[A(t)u](x)l~ 01~lulo + Jf-1/2{III +IIIII}. (13 ) 

On;eHHM I I I . fICnOJTh3YSl epOpMYJIl:l 3aMeHH nepeaeaaoro , RHTerpHpoB8

HHe no 'tIaCTSIM K HepaBeHCTBO lliBapn;a, nony-qaeM 

-~ 2 
l 

ftã'II I ::I/11m re1z u(x+2~z)dz I ::I 111m r eis u(x-2;t!) ds I6 (14 ) 
~~- 00 l or:'''''oo 1>1 1 2{S 

~111m [ _1e 1s U(X-2fu>] Is.t 1.+ ~ 11m Ir eis J Bu 1 (x-2ft!') + 
c{-OO 2{S 8=d'- .,(....00 JI t l s 

-~~ 1 
+ u(x-2ffi"')1da 1.( o (1)-1IUI + J. 11m { lul c ~ + Vi' T lu1 (:I:+zl1dz ~ 

j/2 - - 2J c t:. ol 2 -:Jl'l.s J Zr28 -++00 J -2d.Vt 

s cJC11ulc + t ft'IU'\2tIff .-2 dz11/2. CJf 1\Ulc + c4t1/4(2j1~lu'b' 
1

IA(t) u\c ~ Ilull ~ . (16)0 7 

On;eHKM I~[Â(t)u]12 • Me TO.naMH, pa3BHTl:lMH.B /14/, zerxo ao
xasars , 'tITO illL = U(X+d)-U(X) €..L (R1)H~ LJ2((~1 npa 4~ O 

6 II ] _2 k (R") 
.uan:ee, no reopene 3.1, ,\[A~)U= A(t) ÂAu ~ A(t)u ,H c~e-' 

.nOB8TeJThHO, A(t)u RMeet OÓOÓ~eHHYD npOH3BO.nHYID, KOTOpaR nO'tITH Be3

ne B R1 pasaa A(t)u t' 
fI3 nany-qe~Horo pe3Y~TaTa, TeOpeMl:l 3.1 H HepaBeHcTB8 (16) c~e-

;rryeT Orpa.H:KtIeHHOCTb onepapopa A( t) : X 1 .......,. x1 • ECJm 1. > 1, TO, 

nOBTOp.R:.R: npHBe.neHHH8 paCCYJlr,IJ;eHIDI, n0JJY'tIHM, 'tITO J~ [A( t )u] ::I 
dl(u :-Jl=Ao( t) (!iK. (k = 1. (.. ), a OTCKl)J;a 1'13 TeOpeMl:l 3. I H Hep8

BeHCTBa' (16), KaR H paasne , sarexaer CBolcTBO (~) • 

.uOK8JKeM CBOitCTBO (AJ ) . Ey.neT .nOKa3aHO J.IHIIffi, 'tITO A(t) \f' ~ lf 
npa t --.... O, T8K KaK CBO~CTBO A(t)\f -+- A(t ) Cf npa t ......... too
.nOKa3HBaeTCSI aHanOrH'tIHO. YKa3aHHoe CBoMcTBO paaHOCRRDHO TOMY, 'tITO 

/{A(\)cf -lf11f--" o (17 ) 

npR t-+-O. ~, 
nOK8JKeM (17). 3a~HKcHpyeM aesoropoe E > O • ~3 HepaBeHCTB (I4) 

H (15) Bl:lTeKaeT, 'tITO HmmeTcSI j >O , TaROe, 'tITO ,1J;JJR scex t : I t I < 1 

Bl:lIIO~HRIDTCH .n;Ba HepaaeHcTBa: 

k (111 + ITIl I }'<'E/J(8+1) (18 ) 

R 
u 2 

\ ( 11 i)-1/2 S~ e dx - 1 1<. é./J( t +1) (19 ) 

-ft 
(HepaBeHCTBO (19) cnp8Be~Bo ~ .nOCT8TO'tIHO ÓOJThmHX ~ > O"'" '2 
nOCKOJThKy" (1T i )-1 /2 J e~ d:z:a1 ). B cFI.JrY aenpepsaaocra <lJymtD;R:H 

-00 

u(x) WYHKUIDI U(X+ 2 \ff: . z . ) paBHOMepHO no z E [ -j> 1 PJ CTpeMRI:T

CSI K u(x) npa t ~ O , noaTorq H B cFI.JrY (19) Haftn;eTcSI t >O) TaROe ,
o 

'tITO IIpH It I<. to BHIIOJIllfIeTCR uepaseacrno 

'f 
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\ (rri )-1/2 J~eiZ2u(x+2 ft z )dz - u(x) 1< 2 E /3( l+1) • (20 ) 
-j!J 

k k n CBOllCTBO).l.8JIee, d)(t)U = A(t) ~ (k=1;t 

dk[A~t)41] _ d
k 

lf	 npn t~O BHTeKaeT R3 C~hHO~I-O 
dT 2dX	 

eiB t na 1 1) (r.n;e B=- ~ /8/.
Hellpep~BHocTn YHHT8PHO~ rpYllll~ 2(R dx 

raxoe , 'tlTO npn lt I ~ Bl:UIOJIHmOTC.fITI03TOMY H8M,n,eTC.fI t 1 Ec (O,t o ) ' 
t 1 

HepaBeHCTBa 

~[A( t) lf J _ ~ 1 ~ E/( E+ 1) (k=1, e. ). (21 ) 

\ dxk a.xk 2 

VI3 uapaaeucra (18"), (20),. (21) no.nyqaeM MR scex t: I t I ~ t 1 

t k 

1\ A(t)lf -lfll. t = (A(t)Lf -lf[c + L I~ LA(t)lf - lf] \2 <E. 
k= i 

~ TeopeMa 3.2 ~oKa3aHa. 

neper~eM Teneph K BRfICHeHnID yc~oBnn H8 WYH~ ~ , oóecne'qR-
BaIDmHX B~no~eHHe YC~OBRll (J ) , (J 2 ) . B ~8JIhHeHrneM oy~eM paccMaT

1	 2 2 
paaars !PYHKIJ;HH f = f(u), ,noHHM8eMHe KaK OTOopaJKeHHe R ~ n 

2	 2
T.e. oy~eM C'tll1TaTh u = (ul'u2)E R', f = (f1 , f 2 ) é R I r~e 
u	 = Re u , u Im u , :f1 = Re f, f 2 = Im f .
 

1
TaKRM OOpa30M,
2.,

HanpHMep, f~ ecTh MaTpRua HKOÓIi 

Ô :f 1 

0ü1 'õ "a 
'O( fl' :f2 ) =(' ~)

'ô f Ô :f2ô (u1 ' u 2 ) 2 
oU2~1 

TeopeMa 3.3 

IJycTh l ~ 1, se Ci~~ (R2). Tor~a OTOOpaEeHHe 
(J	 ) ,(J2) MR rrpOCTpaHCTBaJ(u)=if(u) y.n;o~eTBopgeT YC~OBRHM 1


Xe.
 

nOKa3aTe~CTBO TpRBHa~HO H OCHOBaHO Ha'~OPMY~e KOHe'tlHHX rrpn

p~eHnfi ]arpaHEa. 

. 40. B 3aKJIJO'tIeHRe .n;OKaxeM, 'tITO ,lt7I.H .n;OCTaTO'tIHO "XOpOIIlHX" <pyHKIJ;H:M 
r, u pemeaae HHTerpaJIhHOrO ypasaeaaa (3) y.n;OBJIeTBOpHeT aanaxe 

Koma ~1 )-(2 ) . 
CHa'tIaJIa .n;OK82lteM zse ~eMMH. 

]eMMa 4.1 
1IIyCT:b u € x • Tor.n;a ~ scex t , X E R npoaaaonaae 

o 32.I'.
~ -h[A(t)uo] li ~[A(t)UoJ onpeneneas H aenpepssas , llplftIeM 

It	 
()X 

L(A(t)u) = ( i ir + ~ )[A(t)UoJ = O. 
()x 

1l.0Ka3aTeJI:bCTBO 

M3	 pe3YJI:bTaTOB rr.3° BHTeKaeT, 'tITO 

?l	 é)2 u 
~[A(t)Uo) =A(t) d
'Ox (1X 

rrpH'leM 3Ta wyHKUW1 aenpepaaaa. nOKaxeM, 'tITO Cyn{eCTByeT .rt-[A(t)U ] ' o
rrpH'tIeM L [A( t )uJ = O. .ue~8.fI 3aMeHY nepeseaaoro z = (y-x)2/4t :H 

C'lUIT8.fI t > O, IIOJlY'IaeM 
1/25

00 
1 u (x + 2 ftZ')+ u o(x-2 ffl)A(t)u = (4TT1)- e z o	 dz 

o 
o	 {Z' 

OTKY.n;a <l>OPMaJThHO rt> . 

'õ (A(t)uoJ ... (4711)-1/2 S e1z u~(x+2 ~)- u~(x-2 ...rtz') dz '(22) 
'Ot o {t'I 
Cor~aCHO H3BeCTHOM TeopeMe rrO~eHH8.fI <l>opMY~a crrpaBe.n;~a ~j 

I HeKoToporo t = to ' ec~ HeCOOCTBeHHHA RHTerpaJI A(t)u CXO.n;HTCH
I o 

B HeKoTopoM OKpeCTHOCTH TO'tIKH t = to li ec~ HecoOcTBeHHHM HHTerpaJI 
H3 rrpaaoM .'tlaCTH (22) CXO.n;HTCH paBHOMepHo no yxa38HHoM oKpecTHocTH.I TIepBoe YC~OBHe TeOpeMH, O'tleB~O, BHIIonHeHO. llpOBepKM BTopoe. 

PaCCMOTpHM aexoropos o >-0 ,Tor.na
c	 .
 

1z u~ (x+2 '-ItZ)- u' o (x-2 \ftZ)
 
e	 dz coI S 

O	 -r:r 
10 u~(x+2~ )- u~(x-2 ~ ) ( 1z U~(X+2ftZ)+U~(X-2..[tZ) 

= - 1e .rz- + 1Je dz • 
~t	 o fZ

J. IIOCKOJI:bKY u~ (x)~ O rrpa Ixl--+ooo, IIpH J1lO00M <l>HKcHpoBaHHoM 

tI 
x nspsoe caaraeace cTpeMRTcH K HyJIRJ rrpa c-... +00 pasacaepao no 

mo6oyY KOHelffioMY miTepBaJIY H3MeHeHHH t ,He conepaameay HYJl1>. 
Jlaaee , BTopoe caaraeaoe npa o = + 00 npencraanser coooã ascoõcraea

\ HHA RHTerpaJI, xoropaã CXO,n;HTCH paaaoaepuo no .moOOMY ROHe'tIB0M'Y HHTepBa

11lO 



JrY ll3:vIeHeHllH t .ae cO,I(ep1KaIl\eMY HYJIb;,aTO ,n;OKa3IiBaeTCH MeTo,n;aMH, pasaara
Mll npll ,n;OKaSaTeJIbCTB8 TeOpeMH 3.2 (CM. HepaBeHCTBO (14)). TaKHM Oó
pasoM, ,I(OKaSaHO, ~TO 

00 

â [ 1 -1/2 J iz 
- A(t)u "" i(4rri) e
'Ot o o 

co 2r	 i (;r-x)
= i(4TIit)-1/2 J e 4t u~(y) 

-00 

TaIlliM OÓpa30M, L [A( t )uol = °. 
OCTaeTcH ,n;OKasaTb ~OPMY~ L[A(t)uol\t=o =0 . rrOCKOJIbK,y 

A(O)U '= U ?J~2 [A(t)Uo] I t=O = u~ (x) . KaK ,n;OKasa~oo o 
aume , A( t )u aenpepasaa KaK W"HKqaH t rrpa BCex t ,a,n;JIIi 

tI:.O 

npll Bcex 

cy~ecTByeT 

neMMa 

u~(x+2m) + u~(x-2ftZ') 
'dz ::..rz 

ro Z 1
dy:: i ~ [A(t)Uo u 

'ô x 

o 
'<'~ (A(t)uol= iA(t)u~ ,T.e. -ft (A(t)Uo] usnpspsaaa 

tI:. P II cymecTByeT l~ ~ [A(t)Uo] = iu~. C~e,n;OBaTe~HO, 
ô t-o· l

npoa3Bo,n;HaH ~t(A(t)uol It=O ' npHqeM L(A(t)uo) t=o=o. 

4.1	 ,n;OKasaHa. 

neMMa 4.2 

I1YCTb W"HKUIDI f y,n;OBJIeTBOpHeT YC~OBaHM reopeas 3.3 C e=3 

a rrycrs u( t) - asrrpepasaaa W"HItnIDI t co SHa~eHIDIMH B X3 ' onpe
,n;e.rreHHaH aa aarepaaze (a, b) , r,I(8 a <°<b • I'orna ,I(JIIi .JIIOCíoro 
tI:.O ,t f (a, b) a JllOÓoro x E R1 aMeeT MeCTO paBeHCTBO 

t oe
 

L{t)_I k(x-y,t-s) f(u(s,y»dy dS} :: - f(u(t,x».
 
o 

lIoKa3aTe~bCTBO 

..B c~ JleMMH 4.1 <l!Y1IKI1l'H ~li:(X-y.t-S) f(u(s,y»dy J H
 

~x~ t5k(x-y, t-S)f(U(S,y»dy} aenpepaaas 11
 

L Lr k(;'y,::-S) f(U(S,y»dy} os 0. ,. KPOM8 Toro, B CHJIY peSYJIbTaTOB 

II.3	 WHKl.U'1H Sk(x-y.t ....e) f(u(a,y»dy 
-00 

C~e,n;OBaTeJIbHO, rr 
. LtiI)ook(X-y,t-a) f(u(s,y»dy da} = 

+ iJ:L [rk(X-y,t-s) f(u(s,y»dy dS} 
O	 ~ 

11 ~eMMa 4.2 ,I(OKa3aHa. 
~3 ~eMM 4.1 11 4.2 BHT8KaeT 

HerrpepHBHa no x . t 11 a 

o.-:.1k(x-y,t-a) f(u(s,y»dy dsl sal 

= - f(u(t,x» 

Ir 

. f 
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I	 PyxOITlIC:h nOCTynan8 B Hs,n;aTe~:hCKRi OT,n;e~ 

29 vaR 1987 ro,n;a. 

TeopeMa 4.1 

o	 3
IIyCT:h U e. X li nyCTb W"HRl(IDI f y,n;OBJIeTBoPffeT YC~OBRilM r eo

peMH 3.2. I'orna penieaae u(x, t) liHTerpaJThHOrO ypasaeaaa (3) aenpe
pHBHO, u(x,O) = uo(x) a y,n;oB~eTBopReT ypaBH8HKID (I), T.e. u(x,t) 
RBJIlieTCR pemeHHeM sa,n;aqK Koma (1)-(2). 
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