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P3-87-326 

B.K.HrH8TOBHQ, D.B.HHKHTeHKo 

~"ttY3HH YRbTPAXOnOAHYX HEATPOHOB 
B HAMArHHQEHHYX HERTPOHOBO~AX 

I H nOPOWKAX . 

Hanpaaneao B '')I(YPH8JI 3KcnepHMeHT8JILHOA
 

H TeopeTH1IecKOÕ cl»H3HKH"
 

M'A'Ten~cKMH OTAen Oa~AMMeHHoro HHCTMTYT8 _Aepwwx MccneAo••H"A~ 1987Ay6Ha HoCKOBC:KoK 06nacTH: 



O,IJ,HOH H3 sanas B <pH3HKe ynsrpaxononastx HeHTpOHOB (YXH) R:BnR:

eTCR: sanaxa o paCnpOCTpaHeHHH YXH no HeihpOHOBO,lJ.aM. HHTepeCHO, O,lJ,Ha
KO., qTO 3Ta sanasa OKa3aJIaCL CBH3aHHOH ne 'rorrs sco c np06neMOH TpaHC
nopraponrca YXH (CM., HanpHMep/lI ,c.7'Ü), HO H c np06neMOH orpasceaaa 
YX~ OTo nopouncon, paswrep sepaa KOTOphIX 3HaqHTenbHO npeBOCXO,lJ.HT 
,lJ)lHHY aormsr HeHTpOHa. Orpasceaae 01' nopouncoa npOHCXO,lUlT ae rons
l{0 B peaynsrare OTpaJKeHHR: OT ÓT,lJ.eJIbHhIX sepea, pacnonoaceaasrx na no
BepXHOCTH, HO H BCne,lJ.CTBHe JJ.H<P<pY3HH HeHTpOHa Me~y 3epHaMH, qTO 
3KBHBaneHTHO ,lJ.H<p<pY3HH no HéHTpOHOBOJJ.aM CnO)f(HOH KOHCTPYKUHH. 
TaKHM 06pa30M, OTpa>KeHHe YXH OT nopounca MOiKHO MO,lJ.enHpoaaTb orpa
iKeHHeM OT BXO,lJ.HOrO OTBepCTHR: HeHTpOHOBOJJ.a, ecna sanaasr nnaaa CB06o.n
aoro npoõera H BpeMR: >KH3HH, a pacnpocrpaaeaae no HeHTpOHOBO,lJ.Y no
rraraerca uenHKOM ,lJ.H<p<pY3HbIM 121 

Ecna rropouncasi CBOHCTBeHeH MarHeTH3M, TO B03HHKaeT saziasa o 
BhlqHCn~HHH nOnR:pH3auHH YXH npa OTpaiKeHHH OT HaMarHHqeHHOrO nopour
xa, npHHUHnHaJIbHO pacxer OTpa>KeHHR: OT HaMarHHqeHHOrO nopounca ae 
COJJ.ep)KHT HHKaKHX HOBbIX oc06eHHOCTe~ no cpaSHeHHIO c OTpa>KeHHeM OT 
HeHaMarHHqeHHOrO nopounca. O,lJ.HaKO MaTeMaTHqeCKH OH osens rpynoesrox. 
B HaCTOR:meH paõore npennaraerca HOBhàÍ élJIrOpHTM nrra peureaaa sanas 
,lUI<P<PY3HH YXH HnH JII060ro zipyroro .rasa no rpyôasr. 3TOT aJIrOpHTM 
ztenaer pacxersi õonee npocrsrraa H <pH3HtleC-KH HarnR:LJ:HblMU. 

OTnHqHe nonoro nO,lJ.XO,lJ.a "OT oôurenpauaror-o ynoõaee acero npone
MOHCTpHpOBaTh B HeMarHHTH;OM cnysae. 3a,lJ.aqa q,opMynupyeTcR cnenyio
ll.\HM 06Pêl30M: HMeeTCR: rpyõa WlHHbl S , na BhIX0LJ: KOTOpoH .nanaer nOTOK 
jo' H HY)f(HO Hai:íTH nponycxaaae Tpy6hI, TO ecrs nOTOK H3 BbIXO,lJ.HOrO 
OTBepcTHR. Pell1HM 3Ty aanasy "lJ;BYMR crtocoôavra . 

.nH~~Y3HH YXH
 
no HEHAMArHHqEHHOMY REATPOHOBO)lY
 

A. 06bl'lHblH nonxon 
YpaBHeHHe ,nH<P<PY3HH aanacsmaercn B BHJJ.e 

2 " 2
Dd N(-z)/dz = -N/r, (l~ 

rne .QCh Z nanpaaneaa anons rpyõsr, N (z ) - nHHeHHaR nnOTHocTL YXH 
B HeH, O - K03cp<PHUHeHT JJ:H<P<PY3HH, T - BpeMR >KU3HH YXH B rpyõe 
no nornoureaaa. Peurenae ypaBHeHHR (1) HmeTCR B Bl1,ne 

-kz kz 
N (z) = A e + "Be • I (la) 

Gtn.-i.;. ..1 '-="l.lül r.ilc~l. 
Qll--:J:mí.rDt !:H' C.'n·:llJfi~wsf& I 

.... " J roft ~D 

~ 

_ 

.1 



rne k = l/LD, L D = "';DT -- nnnaa AM<P<PY3MH, a K03<P<PMI.J;HeHTbI A; B onpene
JIHIOTCH H3 rpaHHtIHbIX ycrroaaá aa xoauax TPy6bI. qT06bl nOCTaBHTb 3TH 

YCJIOBHH, BOCnOJIb3yeMcH onpeneneanext ,ll;H<P<PY3Horo nOTOKa 

j( z ) = - D dN ( z .) / dz , (2) 
-+ 

H B KaJK,AOM CeqeHRH TPy6bJ onpe,ll;eJIHMnOTOI<:H i( z ) H j (z) CJIeBa aanpa
BO H Ha060pOT. Ilonaraa pacnpeneneaae qaCTHU B rpyõe nOqTH H30TponHbIM, 

MO)KeM sanacars 

j(z) = Nv.l4 - (D.l2)dN(z)/dz, (3) 

j(z') = Nv/4 + (D/2)dN(z)/dz, (4) 

I'panaxasie YCJIOBHH reneps eCTeCTBeHHbIM 06pa30M npe,ll;CTaBJIHIOTCH B CJIe

,ll;YI01I..J;eM nane: 
+

j =j(z=O)+j(z O) j(z = O), (5) 
o 

+

j(z=S)=O. (6) 

,UBa rpaaaxasrx ycnonaa n03BOJIHIOT onpenemrrs naa K03<P<PHUHeHTa B 

(la), nOCJIe qero HaXO,ll;HTCH noTOK (2) npa z = S H OTp~eHHbIH nOTOK 

(4) npa z = O. TaKHM oôpasoxi.aanasa OKa3bIBaeTCH nOJIHOCTbIO pemeiraoü. 
TpY,lUlOCTb peurenaa ypaBHeHHH ,ll;H<P<PY3HH YXH no MarHHTHOMY HeHTpoHo

nony COCTOHT B TOM, qTO qHCJIO K03<P<PHUHeHTOB yzrsaaaaerca H npHXO,ll;HTCH 

peurars CHCl'eMY c MaTpHueH qeTBepToro noparnca. B pe3YJIbTaTe, eCJIH nasce 
.H y,n;aeTCH.BbInHCaTb peurenae nOJIHOCTblO, OHO HMeeT COBeprneHHO He0603pH

MbIH aan. 

fi. HOBbIH nonxon 

HOBbIH nonxon HCnOJIb3yeT pexyppeirrasre COOTHorneHHH, aHaJIOrHq

asre TeM, KaKHe HCnOJIb3YlOTCH "PH onacaaaa pacnpocrpaaeaaa neürpoaa 
B O,ll;HOMepHOM nepaozrauecxovr nOTeHUHaJIe (CM. i' 11, c.106) • " 

PaCCMOTpHM caasana 6eCKOHetlHO ,ll;JJHHHYIO.. rpyõy, pacnOJIO)KeHHYW 

B,ll;OJIb OCH Z ~ O. IlJIOTHOCTb HeHTpOHOB, nanarounrx na BXO,ll;HOe OTBepcTHe, 

0603HaqHM xepea No, IIJIOTHOCTb HeHTpoHoB, BblJIeTaIOIllHX H3 BXO,ll;HOrO 

oTBepcTHH, - sepea N [; a nJIOTHOCTb HeRTpoHoB BHYTPH rpyõsr ofiosaa
tIHM xepea. N in (z ) . IlYCTb HeHTpOHbI HMelOT CKOpOCTb v • Ilorraraa pacnpe

.lJ;eJIeHHe No H30TponHbIM B nepernnoio nonycrpepy, aaxonara nOTOI<: neãrpo

HOB, nanarontax na nxqnaoe OTBepCTHe: 

i = N V/ 2 . (7} .. o o 

Baenexr K03<P<PHUHeHT OTpa)KeHHH HeHTpOHOB 01' BXO,ll;HOrO OTBepcTHHf ou t 

2 

Nr = routN o (8) 

H K03ct><PHUHeHT nponycxaaaa .BXO,ll;HorO OTBepCTHH CHapY)KH BOBHYTPb 

rpyõsr t in , rorna ,ll;JIH N in (z ) MO)KHO sanacars cnenyrouiee asrpaaceaae: 

-kz
N. (z) = e t . N . (9)In In o 

31'0 nsrpaaceaae HBJIHeTCH pemeaaere ypaBHeHHH (1), H OHO eCTeCTBeHHbIM 

06pa30M CO,ll;epJKHT TOJIbKO O,ll;HY 3KcnOHeHTY, nOC~OJIbKY <pH3HqeCKH oxe
BH,ll;HO, qTO BHYTPH 6eCKOHellHOH rpyõsr nrrOTHOCTb HeHTpOHOB ae MO)KeT 

conepncars 3KCnOHeHUHaJIbHO pacryuieã KOMHOHeHTbI. Florcaaarens 3aTY

XaHHH ijJIOTHOCTH, KaK H panee, paaea 

k = l/LD = 1/ vO-;- (10) 

K03<P<PHUHeHTbI r ou t H t in HeH3BeCTHbI li ,ll;OJI)KHbl 6bITb onpeneneasr H3 

rpaHHlIHOrO YCJIOBHH B TOqKe z = O nYTeM crnHBaHHH peuienaã MH nnor
HOCTH HeHTpOHOB BHYTPH H CHapY)KH rpyõsr. Ilepaoe rpaaasaoe YCJIOBHe 

oseannaoe CJIe,ll;CTBHe HenpepbIBHOCTH nJIOTHOCTH HeHTpOHOB: 

N + N = N· (z = O,) -+ 1 + r out = t in .o r In (11) 

Bropoe YCJIOBHe - CJIe,ll;CTBHe COXpaHeHHH nOTOKa aa rpaanue. ECJIH csa
rars, qTO BblJIeTaI01I..J;He H3 BXO,ll;HOrO OTBepCTI1H HeHTpOHbI pacnpeneneasi 
nOJIHOCTblO H30TpOnHO B 3a.II.HIOIO nonycrpepy (qTO COOTBeTcTByeT nyxy 
,ll;HcP<PY3HOHHOH MO,ll;eJIH), TO AJIR OTpa)KeHHOrO nOTOKa MO:>KHO sanacars 
BbIp8JKeHHe 

= N v/2. (12)ir r 

Henpepsraaocrs nOTOKa npa z == O MO)l(eT 6bITb npencraaneaa CJIe,ll;YlOlUHM 

crrocoõosr: 

(13)j =i(z=O)+j -+ l-r =pkt.,
o r ou t 1n 

r.o;e 

p 2D/v (J4) 

H nna nOTOKOB MCnOJIb30BaHbI BbIpa)f{elHiR (7), (12) H (2). 113 (11) H 

(13) cnenyer 

f o u t =, (1 - pk )/(1 + pk L t in = 2/ (1 + P k ) . (15) 

,UnH peureaas 3a.u.allH B cnyxae KOHeilHOH rpyõsr He06xo,ll;HMO paccsror

pers, qTO npOHCXO,nHT y BbIXOAHOro oTBepCTHH. .llJIR sroro enaxarra onars 

paCCMOTpHM õecrconesayro rpyõy, pacnOJIOJKeHHYW B,ll;OJIb oca Z < O. 
3 
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2 

Ilpar-rera, tITO nnOTHOCTb BHYTPH TPy6h! HMeeT nae KOMnOHeHThI. Onaa 
3KcnOHeHUHaJIhHO saryxaer cneaa narrpaao N (z ) , npyraa - cnpana HaJIeBO 

N( z ). Cnapyxca nnOTHOCTb HethpoHoB N o u t H30TponHo pacrrpeneneaa B ne

pennsoio nonycrpepy. CHOBa BBeneM K03Q:>Q:>HUHeHT OTpaJKeHHR BHYTPH 

rpyõsr fin H K03<P<PI1IJ;HeHT nponYCKaHHR asrxonaoro OTBepCTHRt o u t 
HapYJKY: 

k z ....k z ~N(z ) = e- N(O), N(z ) -c e f 
i n N(O) • N out = toutN(O). (16) 

YcnOBHR HenpephIBHOCTH nnOTHOCTH H nOTOKa y asrxonaoro OTBepCTHR 

npHBOnRT K rpaHl1tIHblM ycnonunr-i: 

N(O) + N(O) = N t1 ' ri n (17 )o u t o u t 

d.... .... 
-D~(N(z) + Nj z ) N v/2 .... kp(1-f. t (18)dz Z"7() 0111. in out 

peuieaae KOTOphlX HMeeT BHJl. 

1 - kp 2pk 
r.

in t 
O l1 t (19)

1 + kp 1 P kI 

... 
BepHeMCR .:renepb K rpyfie «OHetIHOH MHHhl S • llnR nnOTHOCTH N ( S) Y 
BhIXOnHoro OTBepCnlA -- roü ee KOMnOHeHThI, KOTOpaR 3KCnOHeHI..UiaJIbHO 

cnanaer OT axonaoro ornepcrun K BhIXOnHOMY, aanauresr pexyppearaoe 
COOTHOllleHHe: 

.... -kS --kS - kS • 
N(S) = e ti n No' ~~ r i 1\ 1e r in 2 N( S ) . (20) 

CMhICn.... aroro pexyppenruoro ('OOTIIOllleHHR COCTOHT B cnenyrouier-r: nnor
HOCTb N (S) acnencrnne orpaxceaaa .01' BhIXOnHOrO OTBepCTHfl (K03<P<PI1

'IJ;HeHT f i n 2 BO BTOpOM cnaraer-rost) noposcnaer nnOTHOCTb N(z ), axcno
HeHUHaJIbHO y6hIBaJOlIJ;YW no aanpaaneamo KO BXO):(HOMY OTBepCTHIO. OT

l 
pazceaae 01' xoroporo (K03<pqHrUUeHT f inl ) naer axnan B nnOTHOCTb N (Z), 

3KCnOHeHr.u1anbHO y6hIBalOLUYlO no aanpaanemno K BhlXOnHoMY ornepcraio , 
H 3Ta lIaCTb nnOTHOCTH BMeCTe c noneü, OIUlChIBaeMOH nepBhIM cnaraesn.rr-r 
B (20), C03naeT HCKOMYIO nnOTHOCTb N(S) Y BhIXO):(HOrO oraepcraa. 
Peuieaae percyppenmoro cooruourenaa (20) HMeeT BHn . 

.... -kS -kS -1 -kS 
N(S) =(1-e finte ) e tinNo' (21)r i n 2 , 

OTClOna nerrco onpenenars rInOTHOCTb BhIJIeTaJOmHX 1'13 HeHTpOHOBona YXH: 

= t N(S) = TN ' (22)No u t o u t o 

H K03Q:><pHUHeHT nponycxanaa Hel1TpoHOBona: 

T = t (1
out 

- e- k sr. e- k S 
í n I 

f. f 1 e - k S t . 
In2 In 

• (23) 

AHanOrHtlHhIM 06pa30M HaXOnHTCR H K03<pQ:>I1IJ;l1eHT OTpaJKeHHR neürpo
1]> HOBOna: 

l 

- k S - k S - k S l -- k S 
R = f ou t + toute - e finte 

-o 

e t ( 4)r i n 2 ( 1 r i n 2 ) i n• 

3,neCb nepaoe cnaraevroe orrncsraaer orpaxcenue 01' BXO):(Horo OTBepCTHR, 

a aropoe - asrxon H3 axonaoro OTBepCHIH r ex YXH, xoropsre, OTpa3HB

llIHCb 01' nsrxonaoro OTBepCTHR, rrpeoôpaaoaanacs B KOMnoHeHTY, axcno
HeHl.I,HaJIbHO aaryxarouryro no aanpaanernno K B XO,nHOMY o rsepcrmo, H 

asnnrra 1'13 axormoro OTBepCTHR c K03<p(pHUl1eHTOM t t ' B cnyxae, teoro u 
na aeãrpoaoaon OTKphlT c 060HX KOHUOB, I1MeeM f in 1 == f in'2 = - r out . 

nO,nCTaBHB B (23) H (24) BhlpaJKeHHR (15), (19) l Jl er KO naxonar-r 

4kp exp (- k S ) 
T ----- 2 ' (25) 

(1 + k p ) 
2 

1 - [(1 - kp) I (1 + k p ) I exp ( - 2 k S ) 

1 - kp 1 - exp ( - 2 k S ) R (26) 

1 + kp 1 - [(1- kp·)j(l + kfJ )1 2 exp(---2kS) , 

lITO connanaer c TeMH cPopMynaMH, xoropsie nonyuarorca B 06hItDiOM non
xozre. 

Ilpa HaJIHtIHH nHa<pparMhl na KOHue HeHTpOHOBOna ace <popMynhl H~

CKonbKO BH):(OH3MeHRIOTCR, HO YllecTb 3TH H3MeHeHHR speaasrsaãao npocro. 
llnR sroro ynoõaee ncero MhlcneHHo OT,neJlI1Tb naadipareay 01' HeHTpoHono

na H paCCMaTpHBaTb Heii:TpoHonon H naadiparr-ry KaK naa KOHUa HeKOTopOH 

CHCTeMhI nyrresoã ,llJIHHhl/3/ . nYCTb norm OTKphlTOH nnoutana nHa<pparMhl 

COCTaanReT ~ , Torna OTpIDKeHHe .D.HacPparMhl, OlJeBH,nHO, PaBHO f d ::>I 1 - ~ , a 

nponycxaaae - t d = ç. ,llnR onpeneneuaa nponYCKaHHR aceã CHCTeMhl 

MO>KHO aocnonsaoaarsca BhlpIDKeHHeM (23) I nOnO)f(HB B HeM f ou t =:: r in 1 = R , 
t i n = T, t o u t" ç , r ínz " 1 - ~ H S = O. Torna OHO MO>KeT 6hITb npaneneao 
K aany 

T d = ç TI [1 - (1 - ~ ,) R ] . (23a) 

Conepureano 8HaJIOrWIHhIM 06pa30M npeoôpaayerca H asrpasceaae (24), HO 

cnenyer 3aMeHIITb ua T, D peaynsrare 6y,neM HMeTb 
~ 

B HeM t o u t 

R d = R + (1 - ~ ) T 2Ir 1 - (1 - ~ ) R ] . (24a) 

Ilpa ~ = 1 1'13 (24a) crrenyer BhlpaJKeHHB (24), xoropoe MO)KHO npasecra 
K aany R == (1 - k p cth kS) I (1 + k p cth k S) ,a npa ~ = O nonysaev 

fi 4 



R = r + t e-k S (1 - e -kS r. e-k S r 1 e-k S t in (27)o u t out 1n1 

= (1 - .k2 P2 )/ (1 + k 2 P2 + 2 k P cth k S ) • 

B npenensnosr CJIYtIae aenornouraiourero HeHTpOHOBo,na (k -+ O) "3 , 1\ 
(25), (26) nOJIYtIaeM COOTBeTCTBeHHO 

T = 1./(1 + S/2p'), R = (S/2p )/(1 + S:/2p'). (.28) 

JU1<1><I>Y3HH no HAMArHHqEHHOMY HEATPOHOBO)JY 

B 3TOM CJIYtIae aeofixormr-ro npaaaxsars BO BH"MaH"e nonapasanaro 
HeihpoHoB. Bsrõepera OCh KBaHTOB8.H"H I:f 0603HatmM tI"CJIO HeHTpoHoB, 

nOJIHp."30BaHHhlx npOT"B OC" (aaepx) , xepea N t , a tIUCJIO HeHTpoHoB, no

JIHp"3bBaHHhlx no 3TOH OC" (BH"3), - xepea N.. Jl"cPcPY3"H HeHTpoHoB 

onacsrsaerca C"CTeMOH YPaBHeH"H: 

d2 N (z ) 
D  l' 

= N (z)/ T - N / T , D. d 2N /Z")/dz
2 

= N,j; (z)/TU - Nt/r ,l' dz 2 l' tt -I- t./. H 

(29) 

KOTOpylO MO)I(HO aarnrcars B nane onaoro MaTp"tIHOrO ypanaeaaa: 

d 
2 

t/J(z)/dz
2 

= M ljJ (z }, (30) 

r,ne 
-2 -2N t (z) Ltt - Lu 

tjI(z) ( ) , 2 
), M = <_ L-2 L ik Di' ik . (31)N .(z) L-2 

• l' .j. .j. 

B ypaaaeaaa (29) T tt - BpeMH )KH3H" HeHTpoHoB co Cn"HOM naepx zto 
nOrJIOmeH"H UJI" nepeaopora cnaaa, T H - aaanorasaoe BpeMH JK"3H" 

WIH HeHTpOHOB co Cn"HOM BH"3. BpeMH '1' ./. = r +t xapaKTepH3~eT CKO

pOCTh "3MeHeH"H nOJIHp"3aIJ;"". PaBeHCTBO 't.j. = T .. t CJIe,nyeT"3 YCJIOB"H 

,neTaJIhHOrO paBHOBeCHH (rrpa YCJIOB"", tITO aaemaee nOJIe BHYTP" HeHTpo

HOBO,na ,nOCTaTOtIHO MaJIO). K03cPcP"uueHThI ,n"<PcPY3"" D l' "D.j. MorYT 

pa3JI"tIaThCH npa HaJI"tIU" nOrJIOmeH"H, nOCKOJIhKY, no onpeneneaaro , 
D = fv/3, rne v - CKOpOCTh H eHTpOHa, a f - cpenaas ,nJI"Ha cBo60,lUlOrO 

npoõera, B KOTOpoH yxarsraaerca ,n"cPcPY3Hoe pacceaaae, nepexon "3 on
aoro CIIHHOBOJ;'O COCTOHH"H B npyroe a nor'noureaae. Ilocnenaee JKe MOJKeT . 

õsrn, pa3HhlM WI.H ,nBYX HanpaBJIeH"H cnaaa, 
K~ylO MaTpHI~Y 2 x 2 MOJKHO p83JIOJKHTh no MaTp"~aM naYJI". B ,n8H

HOM cnyxae M = b+ + b_ -; ~ rne . 

1 -2 -2
b+,., - (L+ L (32)I I ).2 1'1' + + 

6 

b _ 1 -2 -2 . -2 -2 -2 -2 
. - - 2( L t. + L .t t ' 1 (L r , - L .. r ). L -. L l' l'j.J. ). 

MOJKHO BBeCT" e,nHH"tIHhIH aercrop li ,,~ b_ / h_, npn 3TOM }J,JII,ma aexropa 

b_ paaaa 

1 -2 -2 2 -2-2b 2 y(L tt - L .../.) + 4L t • L H (33) 

Cnenyer 06paTHTh BH"MaHHe na MHHMYW eJ~HHHIJ,Y B onpenenenaa BeKTO

pa s ,COOTBeTCTBeHHO ona BOH,neT H B onpenerreuue n.Ee nOHBJIeH"é lJ,eJI"

KOM 06ycnOBJIeHO MH"MOH enaaaneü B unperl02JIeHI1H MaTp"1J, naYJIH " ne 
npaaener K nOHBJIeHHlO- KOMnJIeKCHhlX 3HalJemüí Nl' N.. •
 

Petuenae ypaBHeHHH (30) np~Be.u.~M B BI1)le
 

-I{z
ljJ ( z > O ) = e t/J (z = O ) , (34) 

rne nOKa3aTeJIb k npe}J,cTaBJIHeT C060H vrarpnuy k yM: 

" -+~ -+ -+ 

k = k+ + k n o , k = k n. (35) 

"2 
H3 YCJIOBHH k = M nOJIYtIaeM 

1 --- 1 ----~. --
k+ =~ \/ b+ + b_ + vi b+ - b_ ), k 2' (Jb-j + b_ - Jb+ - b_). (36) 

I'paaauasre YCJIOB"H na BXO,nHOM KOHu,e I1MelOT BH,n, aHaJIOrHtIHblH (Tl }, 
(13) : 

" 1 + Fo u t = t in ' 
(37) 

1 - r = pkt. ,out In 

rne p - naaronansaas MaTp~u,a C MaTpl1lJHhIMH 3J1eMeHTaMH p t, .j. = 2 D. l' .j. Iv . 
Ee MOJKHO TaKJKe npencranars B nane pa3JIQ)KeHHH no MaTpHlJ,aM ITaYJIH: 

p = p+ + p_;; p+ = (p t + p .)/2 ~ p = ( O, O, ( p - p )/2 ) • (38) 
- 1 ... 

" " 
Marpaxasre K03cP<P"UHeHThl ,t in li nOJ1YtIeHHhle !i3 aH~OrHtIHhlXro u t 
rpanavasrx YCJIOB"H na BhIXO,nHOM KOHu,e HeI1TpOHOBo,na r in H t out MOJK

HO npencraaars B aane 

=-ri n =(1-q)/(1+~), = 2/(1 +q), t = 2q / (1 + q :) , q·.= p k . (39)fo u t t i n o ut 

Marpauy q= pk M<?')l(HO aanacars aHaJIOrHtIHO (35) q. =q+ + q_; , np"tIeM 

KOMnOHeHTbl q+ H (L JIerKO BhltIHCJIHlOTCR H3 npoaaaeneaaa pK c YtIeTOM 

npaBHJI YMHOJKeH"H MaTpHl~ naYJIH: 

'1 



(40) .q+ = p+ k+ + p_ k_. q_ = p + k _ ~ + p_k + + i [ P_k_] . 

Y,no6Ho BBeCTH e,nHHHtIHhIH BeKTOp 

~ ~ 2 -~22 .... ~ ~~ 2 
n'=q, [q , • q = V(p k ) +(p ) k +2p k k (p n )-![p k ]\ . (41) 

- - + - - + + - + - - -' 

Ilponycxaaae ri, OTpa)f(e~He R OT OTKphlTOrO c o6eHX CTOpOH HeHTpOHOBO
na, a TaK)I{e OTpIDKeHHe R OT neürpoaoaona, saxpsrroro na O,nHOM KOHue, 
3anHChlBalOTCII B MaTpWIHOM nane aHaJlOrHtIHO (23), (24) H (27) : 

T t(1-erer)-l et,. R -", r - ter(l-erer)-l et" 
:; (42) 
R r + te (1 + ere r 1 et ' t 

rne ,lI,J1H ynpOI.QeHH'! 3anHCH BBe,neHhI 0603HatIeHHH t = t ou t ' t ' = t \n ' 
r == r ou t , e == exp (- k S) . 

EcnH nanWQlUHH nytIOK HeHTpOHOB He nonHpH30BaH H Hac HHTepecyeT 
nonaaa HHTeHCHBHOCTb npourenuiax HnH Oipa)KeHHhIX HeHTpOHOB, TO 3TY 
HHTeHCHBHOCTb MO:>KHO BhltIHCnHTb cnenyioutase 06pa30M: 

I:lI: I t + l .1. = (Atf+ Ap)I O t I- (At.1.+AH)lo-l. = 

(43) 
== (A + A + A + A I ) I /2 == t/J. Â t/J I /2.Itt .1.t t ~ ++ o o o o 

rne lo == lo t + lo + == 2 lo r - nonaaa HHTe_HcHBHoCTb nepaaxasrx aenona
PH3QBaHHbIX HeiiTpOHOB, KOTOPYIO Mbl B .u.anbHeiÍl-!1eM 6y,neM aopsrapoaars 
na 2. Marpaua A npencraanaer coõoã T, ti HJlH R , A t J.- cOOTBeTCTBYIO
I.QHe MaTpHtnIhle 3neMeHThI, a til o - .lJ.BY.MepHhlH BeKTop: 

1 
t/Jo = ( 1 i , (44) 

Ilpa HOpMHpoBKe lo = 2 nponycxaaae H BepOIlTHOCTH OTpIDKeHHII nony

Ilonapnsanmo OTpa)l{eHHOrO HnH npouremuero nysrca TaK)I{e MO)KHO sana
cars B KOMnaKTHOM nane: 

:\
 P = (I t - 1.1. ) /(1 t + 1'.1. ) t/J a A t/J Ii . ( 46)
o z o 

}
 Ecrra nepBHtIHhIH nYtIOK nonHpH30BaH, TO npaasrü BeKTOp t/J B (43), (46)
o 
1
 

HY)KHO 3aMeHHTb na aexrop t/Jl = (O),
 

• ., ~,-+

Cnenyer 3aMeTHTb, tITO r, t ,t 3aBHCHT rorn.xo OT na, a e - 'rons.... .~ 

KO OT na, n03ToMY HX MO)KHO aanacars xepea npoercnaoaasre oneparopsr 

P==(1+~';)/2. p (1 - -;,-;, )/2, Q = (1 + ~;)/2. Q = (1- ~;.)/2 (47) 

cnenyrourast o6pa30M: 

-
r = rI P + • e = e lQ + e 2Q ( 4~)r2P 

rne r 1 , t l' t í H r2' t2 ,t2 onpenenatorca <POPMYnaMH (39), B KOTOphlX 
A + 
q 3aMeHHeTCH na Ql,2= q+~ q_., a. 

e1, 2 T' exp ( - k 1~ S ). k 1, 2 = k+ ~ k (49) 

Iloneaao TalOKe yxecrs , tITO BeKTOp 1/1
0 

ynoaneraopaer ycnomno 

a x «: % t/J o ' (50) . 

npa 3TOM Bblpa)KeHHII (43) H (46) MO)f(HO aarmcars H c nOMOI.QblO npoex
UHOHHoro orreparopa X = (1 + a )/2:x 

A A 

A = t/Jo A t/J o ~ r/J X A X t/J o . (51)o 

Marpaua X A X npHBO.lJ.HTCH K aany A X, H nrra onpenenenaa A ,nOCTaTOtnIO 
nOnO)KHTb X = 1. 

B cnyxae nepammoro nonapaaoaanaoro ny-nca MH HHTeHCHBHOCTH 
HMeeM 

,. 

1 
" 

1 I = I t + I -I. = (A t t + A +t ) lo t t/Jo A t/J 1 lo /2 . (52) 

•

"",'"
 
,UnH BhltIHCneHHH y.u.06HO aocnorrsaoaarsca TO)f(.neCTBOM
 

( I t/J A t/J1 = t/J1 Z (1 + a
x

)AZ t/J 1 ' 
(53)

o 

tIalOTCII neneaaexs HHTeHCHBHOCTeH na 2: rne Z = (1 + 0z )/2. 

W· 1/2. (45) 
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,UJIR nOJIHpU3aU.UU npa 31'0M nOJlYlJaeTCH cnenyiomee BóIpIDKeHUe: 

p == tP1 2(1 - a ) A .Z 0 I. (54) 
x 1 

~ 
B MaTpuce 1 npnrrenem.r pa3JIUlJHhIe oneparopasre COOTHOllleHI1H, KO

~ II' 
ropsre I1CnOJIb3YlOTCH B MaTpl1CaX 2 11 3 ,n;nH BhItmCJleHI1H I1HTeHCI1BHOCTeH 

j 

11 nOJIHpM3au.uH npouieruuax 11 OTpa)l(eHHhIX HeHTpoHOB. MóI npaaener-i ~~ 
snecs TOJIbKO np116JIlDKeHHLle BblpIDKeHI1H ,n;JIH HHTeHCUBHOCTI1 11 nOJIHpJ1

3au.1111 OTpa)KeHHhIX YXH, teor-na nsrxonnoe oraepcrae HeHTpoHoBo,na sa
KphITO U ,n;JIUHa S aeárpononona ,nocTaTOlJHO BeJ111Ka, lJr06ó'I MO)l(lIO 6hlJIO 

npeaeõpesrs exp (-k 1 S) : 

t 1 t { a 2 t3 1 t" t2 t; a 1132 - (t 1 t ~ g 1x + t 2 t ; g 2x) e; 
I R = r l Pl + f 2132 + ------"----".- 2 , (55) 

1 -t (f1 a 2 + r 2 a1 ) e 2 

(i) _ II t ' (a. - a ) O - t t .' t'tl 2 
J = (f - f ) o/ I ã + _~1_1_:2 1 12 Yl + 2 y 2 ] e 2 (56)R 1 2
 

11 ~ (l'lu 2 + l'2al)e:]1 R
 

B npenern.nosr CJIYlJae, xorna B (31) Lt.j.. == L.j..1" , L tt == L H 11 P1 = P2 ' no

JIYlJaeM npenerrsaoe COOTHOllleHHC (27) ,nJIH IR U O ,n;JIH nonapasauaa. 
Ha pUC. 1-3 np11Be.u.eHLI pe3YJIbTaThI lJUCJIeHHhIX paClJeTOB nOJlHpI13éU.\J1H 

PT 

nyxxa B 3aBUCUMOCTl1 01' nnuasr HeHTpoHoBo.u.a npn pa3JIlllJHhIX 3HalJeHUHX 

BepoHTHocTeH norJIO

meHUH /11 II /12 B 060llX 

cnaaoasrx COCTORHI1HX 

11 BepOHTHOCTU nepe
--.-.,..,. 

--.--._.,..,. 
./ xona 1112 113 onaoro 

cnUHOBoro COCTOHHI1H 

B npyroe. Kpansre na 
pUCYHKax noMelJeHhI 

TpeMH aanexcaraa n 1 , 

n2' n 3 (nl =: 19 fL"1\ 
n 2 =: 19fL"2l,n 3 =: 19fLIP' 

0,5 

PuC. 1. IlOIlJlPU3a14UJI npo

tueàtueeo nYIIKa PT npu 

pa31lUIIHblX suaseuusx UH

oeKCOB n 1 ' n 2 U n 3 B n]3aBUCUMOCTU or OIlUHbl í , 
neürponoeoôa e (e eõunu

~ 

uax OJlUHbl npoõeea MeJIC

oy oeYMJI CTOIlKHOBeHUJl

MU). I1aoaJOU4Uu nysox He
100 15050 nOIlJlpU30BaH. 

P
R

0,1 

I I I 

" 

1// 

~ (. L?7 __--=-1
 

I 

411
 
0,05 I1 I
 

I 

25 50 75 

142 
PuC. 2. I1oIlJlpU3a14UJI OTpaJICeHH020 

nYIIKa OIlJl OTKpblT020 PR (WTpUXOBaJi 

IlUHWl) Ú 3aKpblT020 c OOHOU croposu 

PT 

0,5 

I\"l..\ \ \ 

O 

15 30 45PR (CMOWRf1Jl IlUHUJI) neürponoeo

õa B 3aeUCUMOCTU OT e20 OIlUltbl e. 
Ilaõaioiuuü nYIIOK HenOIlJfpU30BaH. 

Puc. 3. l101lJlPU3a14uJI npoXOOJlU4e20 

Ha pUC. 1, 2 rrpasezteasr nYIIKa P T 8 3a8UCUMOCTU OT OIlUHbl 

xpaasre U3MeHeHUH nOJlHpU3~UU HeÜTpOH0800a e . Ilaàatotuuii nysox 

MH npoureznuero P T 11 orpa nonnpusoeau. 
)KeHHOrO PR nYlJKOB, eCJIU nanaro

mU" aa cpeny nYlJOK ae nOJlH

PU30BaH. BU,n;HO, lJTO npa aexoropsix 3HalJeH11HX I1H,IJ,eKCOB n , n ,n nOJlH
1 2 3 

pasanaa P T nocraraer e,Il,HHHUbI Y)Ke npa nnaae B HeCKOJIhKO MHH npoõera 

Me)K.n,y .n,BYMH CTOJIKHOBeHHHMU. llOJIHp113aU.llH OTpa)KeHHOrO nyxrca npa 

onaax 3HaQeHllHX llH,IJ,eKCOB n n 2' n OI<a3hIBaeTCH MeHhrne nOJIHpU3au""
1

, 
3 

rrpoureznuero. 

Ha pHC. 3 npaaeneasr xpansre H3MeHeHHH nOJIHpu3auHU MH npouien

mero nyxxa, eCJIU nanaronnrâ nYlJOK 6hIJI nOJIHpI130BaH. 113 npaaeneansrx 
38BUCUMOCTeH MO)KHO 3aKJIIOQHTh, lJTO eCJII1 BepOHTHOCTh nOrJIOmeIDIH BO 

BTOpOM cnUHOBOM COCTOflHHH MeHbllle, lJeM B nepaosr (n2 > n 1 ) , TO 3Ha~ 

nOJIHpH38.UHU U3MeHJ1eTCJ1. BH.nHO TaK)Ke, lJTO, 113MeHHH nJIHHY HeHTpOHOBO

zta, MO)KHO no BeJ1UlJUHe nOJIRpH38.U1111 orrpenenars c BhICúi<O" TOllHOCThlO 

B onpenerreaasrx npenenax neporrraocn, nepexona. 

1,0 11 



I
Matpuca 1 Marpuca 2 
Heicoropuie oneparoptuae coornotuenun Pacuer Ul-tTel-tCUBl-tOCTeÜ nporiyctcauun U orpascenunI
 

I neürponoe l-teUTpOl-tOBOÕOM B ÕUçfJifJY3UOl-tl-tOM npuõnuscenuu 
a) (ri; )( ri ';) = (n li ') f. i l ri Ti . 1(; . 6) P + P = 1. (1) 

~,1 T = ~ t[(1+er)-1+(1-err 1]et'= ~t[(1+re)/Nf.~(1-re">.IN_]8t'. (1)
--+ --+ 

a) p 2 = P , 6) PP o. B) P Q + Q P = (1 + n ' n )/2 . (2) 
J 
~ 1 --+--+ - -- --+--+ a) ri' = tet'C+ + t;t '8 6) C+ == L (_L -!= ~1_). (2)a) PQP = --(1 + n ' n)P, 6) PQP = - PQP = g1 a . (3) ~ 18 2C_ 

, 
- 2 Nf- N2 

- N± = 1 + r 1 r28 1 82~ [{r1 8 1+ r28 2)a 1 + (r 1e 2 f- )a I. (3) 
a) PQP = - PQP == g2CT. 6) gl=(i[~';]+[~'Gl~']])/4. (4) 

r2e 1 2 

t8t'= t,.t{(e1a1+ e2a~)P+t2t;(e1a2+ e 2a 1)P ~ (el-e2)[t1t~g1;;+t2t~g2;].(4) 
a) g2 = (-= i[~ ,~ ] + [;' [~ ~ , 11) L 6) Xuzi;X=(az--iay)X. (5) 

a) tr t ' = t 1t í r 2 P + t 2 t; r 1fi , 6) X TX == T X . (5) 

a)A=t\P +A 2P. 6) B - 8 P , B B) ê = C 1Q + C 2Q. (6)1 2P, a) IT = T = 2: ti t j T ij , 6) i, j = 1,2, B)T1 2 7 (e 1-e2 ) C+ g 1 x . 
(6) 

a) T2 1 = (e 1- e 2 ) C+ g 2x' 6) T11 == [( 8 1(lI' e 2 (I 2 ) C I- f- r2 e 1e 2 C- ] f3 1 . (7) 
a) Ã = A1P + A 2p. 6) A Ã A1 A 2 ' B) AB = A 1B1P+ A2B 2 P . (7) 

a) T22=[(e1a2+e2al)C++r1e1e2C_],82' 6) fJ1,2-=(1:: n;)/2. (8) 

a)AC+CA = (A1Cl+A2C2)rtl' (A 1C2+A 2C 1)a2 ,. 6) a1.2=(1±~~')/2. (8) R == r + í- t [( 1 + ;;) IN + - (1 - ~;) IN _ ] e t " (9) 

~ == r + tet'C_+ trt'e (10)1e 2C+. 
- - - ') <) 2 2 

A C A + A C A = ai (A ~l C I I A~ C 2') + a 2 (A 1C2 + A 2 C1 ) . (9) 
I R = rI f3 1 f. r 2 (1 2 + I T( C+ ~ C _ ) . (11) 
:::::. 2 - ') 2 
R = r + t e (1 + ere)e t '/N 3 == r t- (t 8 t ' -- t f t 'e ~ e 2 ) IN 3" " -1 ~:::. {12) 

a)(l+AC) =(1+CA)/N 1 , 6) N 1 == 1 + A C + C A + A C C A . (10) 

I R = r 1 f3 1 + r 2 f3 2 + 1 T ( e i -. ~ ~; C+ ' C_ -. C:1 ' 11N :3 ) . (13) 

" "" .: ~~.. 2 2 
a) (1 + ÂêÂr 1 = (1 + ACÃ)IN 2 ' 6) N 2 == 1 + A C A + A C A + A1 A2 C 1 C ~ 11) a) IR == r

1 f3 1 +r2f32+í:titjRij' 6) Rl 2 :(ei-f\~~)g1x/N3' (14) 

) - 2 2 .,.. 2 ~ 2 2 
a R21==(el-e2)g21N3' 6) Rll=[81al'e~(12 f.f2e t e21~/N3' (15)

N 1= 1 + a 1(A 1C 1+ A2 C2 ) + (I 2 (A 1C2 + A 2 C 1) + A 1A2 C 1C 2 . (12) • 

j
 1 . 2 2 2 2 ~ 2 (16)

2 2 2 2 2 2 N3 = + e 1 e 2 r 1 r2 + (e 1 r 1 + e 2 r2,)a 1 + (e I r2 ' e 2 r 1) (I I! •
 

N2=1+a 1(A 1C1 ~A2C2) ~a2(A1C2+A2C1 )+A1A2C 1C 2· (13)
 
- 2 2 2 2 
R 2 2 = (e 1 a 2 + e 2 a 1 + r 1 e 1 e 2 ) ,B 2/ N 3 . (17)

Bocnorrsayeraca npannnor-t neperaaoacenaa MaTpHU Ilayrnr (la) H 
OqeBH,nHhIM paaeHCTBOM (16). Torna rrocne aerrocpencraeaaoã npoaepxa Ilpencraanvr MaTpHuy nporrycxanan o BH1~e (1), rne ofiparnsre onepaj 

MOJKHO y6e,nHTbCH B CnpaBeJlnHBOCTH cOOTHOrneHHH (2) - (5). Paccsrorpar-r fI TOphI BH.noH~MeHeHht B COOtBeTCTBHH c (tOa) r-tarpacsr 1. Ee MOJKHO TaK)Ke 
oneparopsr (6). Ilonssyacs COOTHorneHIDIMH (2) - (5), nonytrnM (7) - (9) . aanacars B aane ,nBYX.-cnaraevrsrx (2a) c f(OJcP<PHUHeHTaMH (26), npaxewr 
B (7a) 'BBe,neHO onpeneneune COnpH)KeHHOrO oneparopa. ConpIDKeHHe \" acnonssoaaao cooruourenne (76) MaTpHcbI 1. 3HaMeHaTenH o6paTHbIX 
n03BonHeT YHHtITO)l(HTb 'onepaTopHOCTb 3HaMeHaTeJIH (10a) ,(106) , anano orreparopoa B (1) YI<a3aHhI B (3). Ilepaoe crraraer-toe- B (26) npHBo,nHTCH 
r;HtnIO YHHlffO:>KeHHJ{) HppaUHOHaJIbHOCTH. B peayrrsrare oneparopost CTaHO K BH,ny (4), aropoe - K BH.ny (5a). Ilonsayacs COOTHorneHHeM (56), norry
BHTCH tIHCnHTeJIb, a auar-tenarens (106), (11) CTaHOBHTCH liHcnOM (12), tIaeM HHTeHCHBHOCTb nponYCKaHHH (6a) c K03<p<pHI.p.feHTaMH T , YKa3aH

i j 
(13) COOTBeTCTBeHHO. 
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HhIMH B (6B}-{8). Marpana OTpa)KeHHR R MO)KeT 6hITh ·npe06p8.30B8.Ha 

aHaJIOrH'lHO (1) li (26), B pe3YJIbTaTe nonysaiorca asipaaceaaa (9), (10). 
BochoJIb30BaBIlIHCb COOTHeIlIeHHeM, aHaJIOrHllHhIM (56), nOJIyqHM HHTeH

CKBHOCTb OTpa)KeHHR (11), rne TpeTbe cnaraesroe paBHO (6a) c nepecras I 
lJIeHHhIMH B 3TOM BhIpa)KeHHH K03<P<PHUHeHTaMH G+ li C_. OTpaJKeHHe or 

3aKphITOI"O HeüTpoHoBo,na c noxroun.ro COOTHOIlIeHHH BH,lI,a (lIa) MaTpH I 
ChI 1 MO)KeT 6bITb npezicranneao B BH,lI,e (12). Ilpouenypa, 8.HaJIOrHllHaR ,~ 
(5), c yserora COOTHOIlIeHHH t3), (4) H (5a) MaTpHcbI 1 npaaonar K HH

ITeHCHBHOCTH OTpaiKeHHH (13). B (14)-(17) BhInHCaHhI coornercr'ayromaa 

rrpeoõpasoaaaasre K03<P<PHUHeHThI B RBHOM nane. 

Marpuca 3 
Pacuer nOJUlpU3aljUU npotueôtuux 

U OTpaJICeHHblX neürponoe 

QT	 =t1t{He1 1 +e2Q2}C++['2ele2c_lP +t2t2[(elQ2+e2Qt)C++ 

+r1 e l e 2C_IP + (el'-'e2)( t1t2 fi1 ; + g2; ) C+ . (l}t2tí 

a) XUz T X = L ti t; T;j X, 6) PT = L ti t; T tj / I T . (Z) 

a} Tl'! = [(e1 "i + e 2 Q2 )C+ + r 2e l e zC_ la, 6) ô == (n;- in; }/2 . (3) 

a)	 T2;=-[{eta2+ e2ul)C+ + 1'1e 1e2 C_ ]a , 6) Tt'2= (e 1-e2 )C+Y 1. (4) 

a) T 21= (e I-e2 }C+ Y2 ' 6) Yl,2 = g1,2,z- ig1,2,Y· (5) 

PR = ( r 1- r2 ) 8/ I R+ PT(C+- C_ )(1-(r f3. + r2f32 )II ) . (6)
1 1 R 

I
PR: = (r 1-r2 )8/ I R+ PT(e j	 f3 2 + r2~2.)/IR.). (7) ~.... e~; C±-f llNs)(1-(r1 • 

={r1- r 2 )8/ I ã +L titiíi;,j /1~ . (8)Pli	 i 
-, 2 2 2 2- - , 2 2 

Q 2 + ra)	 Rll = (e l a I + e e e )ô/N ' 6) R 1 2 = (e 1 - e 2) Y1 / N 3 • (9)2 2 1 2 a 
.	 - , 2 2' 2 2 -	 , 2 2a) R22 = -(e1 Q2+ e 2 a + r1 ele 2)&!N3'	 (10)

t 6} R 21 = (e 1 - e 2 ) y 2 / N3 • 

Marpaua nponYCKaHHH (1) c yqeToM COOTHOIlIeHHH (2a) npaaonar :J 
K	 nonHpH3aIU1H nponYCKaHHH (26). Ko3$CPHUHeHTbf onpenenmorcaT iJ	 \B COOTBeTCTBHH c Bblpa)KeHHHMH (3)-(5) MaTpHchl.I. IloJIHpH3a.I.lHR B orpa

'KeHRH Bhl'lHCJIReTCR aHaJIOrHqHhIM o6pa30M c yqeTOM BhIpa)KeHHH (10), 
(12) ~ (4) H (5a) MaTplichI 2. Pe3YJlbTaT YK8.38.H B (6), (7).,llnH PRCOOTBeT

cTBYlOmBe K03<P4>HUlieHThI BhInliC8.HhI B RBHOM aane B (9) - (10) . 
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