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© 06'beAHHeHHLof HHCTHTYT anepHLIX HCcnc.nODOJIHA ,Uy61l8, 1981 

B AaHHo~ pa60Te M~ pa3B~BaeM MOAenb B3~~MoAe~cTB~~ 4acT~~, 

oCHoBaHHYIO Ha nOH~T~~X An~Hbl n~H~~ ~ nnouiana noaepxuocr« An~ 

nayx 4aCT~~ /1-9:1, a Tal<)f(e Ha nOH~T~~X An~Hbl n~H~~ ~ nnoutana 
n08epXHOCTe~ ABYX ~ Tpex ~3MepeH~~ An~ Tpex 4 aCT~~ /10. 11: I Mbl• 

6YAeM ~ccneAOBaTb C~CTeMY ~3 4eT~pex 4aCT~~, 4eTBepHoe B3a~MO
Ae~CTB~e Me)f(AY I<OTOpbIM~ nepenae r caso npOCTpaHCTBO-BpeM~'. 4TO
6bl p accvorpe r s Tal<Oe B3a~MOAe~CT8~e, Heo6xOA~MO Hap~AY c Mepo~ 

nnOlLlaAe~ oAHoro, ABYX ~ Tpex ~3MepeH~~ 3aAaTb Mepy caMoro npo
cTpaHcT8a-BpeMeH~. OAHOMepHa~ nOBepxHOCTb 3AeCb onpeAen~eTC~ 

I<al< M~pOBa~ n~H~~. Tal<YIO MOAenb, OCHoBaHHYIO Ha nOH~T~~ Mep~ 

npOCTpaHcTBa-BpeMeH~ ~ Bcex ero nOAMHoroo6pa3~~, 6YAeM Ha3~
BaTb apeanbHO~ MOAenblO, a 06beI<T~, I<OTOp~e OHa on~C~BaeT, 
apeanbH~M~ 06~eI<TaM~. Ha3BaH~e npo~cxOA~T OT naT~HCI<OrO cnOBa 
" a r e a" - nnouiaas . Ape ans aue 06bel<Tbl cYlLleCTBYIOT B ape ans asrx 
npocTpaHcTBax, ~3BeCTH~X B reOMeTp~~/12-14~ MaI<C~ManbHa~ KpaT
HOCTb B3a~MOAe~cTB~~ 4aCT~~ B apeanbHO~ MOAen~ paBHa pa3Mep
HOCT~ npocTpaHcTBa-BpeMeH~. n03TOMY 4eTBepHoe B3a~MOAe~CTB~e 

Me)f(AY 4aCT~~aM~ ~Bn~eTC~ MaI<C~ManbHO B03MO)f(HbIM B <t>~3~4eCI<~X 

M~pax. H~)f(e Mbl 'Ha4~HaeM ~ccneAOBaH~e apeanbHO~ MOAen~ B3a~MO

Ae~CTB~~ 4eT~pex 4acT~~ B pefl~T~B~CTCI<O~ MexaH~Ke, T.e. B nnoc
I<OM npOCTpaHcTBe-BpeMeH~ nyaHl<ape - M~HI<OBCl<oro. 

1. OCHOBH~E nOHRTMR M 0603HA4EHMR 

M~p nyaHKape - M~HI<OBCI<Oro npeACTaBn~eT co6o~ npOCToe op~eH
T~PyeMOe MHoroo6pa3~e m, Ha I<OTOpOM 3aAaHa <t>YHAaMeHTanbHa~ 
$OpMa 

2 a f3 12 1 22 32 42
ds == fJ dx dx == (dx ) - -[(dx ) + (dx ) + (dx ) ], /1/a f3 - c2 

rAe nOCTO~HHa~ c paBHa CI<OpOCT~ CBeTa'B nYCTOTe, 4epe3 ~a~ 

== diag(q, -~2,_.!.- ..... ~) 0603Ha4eH MeTp~4eCI<~~ TeH30p nnocxo ro 
c c 2 c 2 

npOCTpaHcTBa B Ael<apTOB~x I<OOPA~HaTax xa,a~11 ,2,3,4 I. np~Be-

AeM ~3BeCTHble <t>OPMYflbl / CM., Hanp~Mep, /15 ! / npeo6pa3'?B~H~~ TeH
30pH~X Befl~4~H np~ nepexOAe OT l<apT~ K(x) I< l<apTe K(x) 

-a -a 1 2 3 4 x == x (x ,x ,x ir")-:-----. ~ .. /2/
~ gtr~êJihtlelm~Ü ~Hcmrr I 
~ fll!~l.'ihlX r:r: r :1P r1:" B~~~aO . I 
~ 6b1bII~U:<lI.rrt;:"h G 



Bexropuue fa \.1 KOBeKTOpHble BeIl\.1ll\.1Hbl ga \.1MeIOT cnenyjourae 3aKO
H~ npe06pa30BaH\.1R: 

-a 
fa f/l ax ax/l 

ga = gfJ.~ax/l ' /3/ax 

3aKOH~ npeo6pa30BaH\.1R BeIl\.1ll\.1H c HeCKOIlbK\.1M\.1 BeKTOpH~M\.1 /sepx

H\.1M\.1/ \.1 KOBeKTopH~M~ /H\.1mH\.1M\.1/ \.1HAeKCaM\.1 s~TeKalOT \.13 /3/. TaK, 
Hanp\.1Mep, \.1MeeM 

r -a aia aXV-rya{3 = 17 v fJ. aia ai.{3 RfJ. ax a ax 
v Rf3yo var a;o . /4/

ax ax~ axfJ. ~Jxl3 éJx Y 

B~pameH\.1e, COAepmalltee OA\.1HaKOB~e BepXH\.1~ \.1 H\.1mH\.1~ \.1HAeKC~, 

npeACTaBIlReT co6o~ CYMMY. TaK, 

-a -a r:a -a -a - ax ax 2 ax 3 a x 4 axfa == f/l..--- = fI ..,....-_ + f -,-- + f -.---- -I- f - 
a.'Jfax I ax2 ax 3 () x4
 

Onyc~aH\.1e \.1 nOAH\.1MaH\.1e \.1HAeKCOB s npOCTp8HCTBe c MeTp\.1KO~ /10/ 
oCYlltecTBIlReTcR c nOMOlltblO MeTp\.1lleCKOro TeH30pa rya~ \.1 o6paTHoro 
KHeMY17 a{3.TaK, 

f f3 TaS _ afJ. f3v T 
a TJ a{3 r - 17 TJ fJ.V 

a 2Coaoxynuo c r s I x I = {xl, x , x 3, x4 I 3 anae r Ha mM\.1PO ayo r ov KY X , 

-rro 6YAeM a ana cuaar b B B\.1Ae x = {xa I 
D\.1H\.1\.1 B m 3aAa~TCR B B\.1Ae 

a a ( I)x = x u . /5/ 

KacaTeIlbH~~ BeKTOp B KamAO~ TOllKe 3TO~ Il\.1H\.1\.1 6YAeM 0603HallaTb 

a 
a { ax 1

al=={a l 1== -wJ- /6/ 

ABYMepH~e nOBepXHOCT\.1 s m3aAalOTCA B S\.1Ae 

a I 2x" = X (u ,u). /7/ 

napy He3aS\.1C\.1M~X s KamAO~ TOllKe KacaTeIlbH~X K 3TO~ nosepXHOCT\.1 

BeKTopOB 6YAeM o603HallaTb 

ai ={~ 1 == {~- }.auI J' a 2 au 2 /8/ 

2 

TpeXMepH~e nOBepXHbcT\.1 s m3aAalOTCR B B\.1Ae 

a x = x a (u 1 , u 2 , u 3). /9/ 

TpO~KY He3aS\.1C\.1M~X s KamAO~ TOllKe KacaTeIlbH~X K nosepXHOCT\.1 
/9/ aexropo a 6YAeM 0603HallaT b 

. ax a}
ai ~~~ , a2 ~ { ::: }, a3 ~{ +:: }. /10/

l 

HaKOHe,-" aana c s 

a ==xa( 1 2 3 4)x u,u,u,u /11/ 

03HallaeT, -rro m OTHeceHO I': HOBO~ KapTe K (u) , eCIl\.1 RK06\.1aH 

2 3 411(x 1
, x , x , X ) 

~ O. B 3TOM CIlYllae lleT~pe BeKTOpa
 

11 (uI , u 2, u 3, U4 )
 

a cJx .a} a. = I a. I = ~- , -I E- {I 2 3 4 I /12/
1 1 { cJui' " , 

n\.1He~HO He3aS\.1C\.1M~ B KamAO~ TOllKe m. Mepw AIl\.1H~, nIlOlltaA\.1, 06b
eMa \.1 r\.1nep06beMa /Mepa npocTpaHcTBa-BpeMeH\.1 lleT~~ex \.13MepeH\.1~/ 

AIlR /5/, /7/, /9/ \.1 /12/ cooTBeTcTBe~Ho o603Hall\.1M 

Wt(x,dtx), W2 ( X, dtx, d
2x), 

W~(x, d1x, d2 x , d3x), w4 ( x , dtx, d d d /13/2x, 3x, 4x). 

3AeCb coaokynuo c ru aek'ropo a CMellteH\.1~ - ,QIlA /5/ d x == I d 1 x ai;t 
AIlR /6/ d j x == 1d j xai, i = 1, 2, AIlA /9/ d i X -== 1d j xa I, i == 1, 2 , 3 , 
AI1R /11/d j X =ldjxal, i == 1,2,3,4 ABIlAIOTCR He3aB\.1C\.1MbIM\.1. 

Ha Bcex MHoroo6pa3\.1RX /5/ - /12/, BnomeHH~X B m C MeTp\.1KO~ 
/1/, B03H\.1KaeT \.1HAY'-'\.1pOSaHHaR MeTp~Ka 

a 
2 _ax ax f3 

j 

d s p = ~{3 au j -ak du du
k 

u ' 

r ne i,k ~ {l, .•• ,pl, as CBOIO ovepens p E:- 11,2,3,41. 
Ben\.1ll\.1Ha 

a f3ax ax 
TJ --~ -,- (aia k ) g ika{3 au i au k /14/ 
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Ha3bl BaeTCFI MeTp\;14eC K\;1M -TeH 30pOM MHOroo6pa3\;1F1 pa3MepHOCTIIf p, 
Bll0H<eHHOr-O B m. Bblpa)l{eH\;1e 

a {3
lJ f3 a i a k = (ai a k) . /15/a

onpeAellF1eT CKallF1pHOe npOK3BeAeH\;1e B m. 
B nll0CKOM npOCTpaHCTBe-BpeMeH\;1 BWpaH<eH\;1F1 /13/ c Y4eTOM /14/ 

paBH~ 

! --- 1 . 1 1 
W1 == V e1 g 11 d u = y e 1( a 1 a 1) d u Ll x, a 1 ) d \1 , /16/ 

.f I 1 d 1 2 1 2W 2 = V e2 g ik u du == L 2 (x y a l' a 2) du du 

/17/'j .f'ca 1 a 1) (a1 a 2 } I 1 2e 2 du du , 
(a )2a1)(a2a 2 

----- 1 23 1 2 3 
Wg = ye g \gikl du du du = L 3 (x, a1 ,a 2,a3 )du du du = 

/18/!fI (alal)(ala2)(ala3)
 
du 1 du2 du3 ,
t-, I (a2a1}(a2 a2)(a2 a3)
 

(a-s al )(a3 a2 )(à3 a3)
 

, --,~._-- 1234 123 
w4 = ye [ g i k I du du ,du da =L4(x,a1,a2,83,B4)dn du du du 4 

= 
4 

~ a1 )(a 1a 2 )(a 1 a 3 )(a 1 a 4 ) 

j (a2 a 1 )(a 2 :1 2 )(a 2 a 3 )(a 2 a 4) I 1 2 3 4 
e4 du du du du . /19/ 

(a 3 -. )(a 3a 2)(a aa 3 )(aa a 4) 

(a4al}(a4a2)(a4 a S)(a 4a 4) 

4\;1Clla e e 2' e 3' e 4 3aB\;1C.RT OT C\;1rHaTYPbl M~TpJ.14eCI<\;1X TeH30pOB' 

lJaB \;1 gik
1, 

• AllF1 npOCTpaHCT aa c MeTp\;1 Koi:1 /1/ e 4 = -1. AllF1 Bpe

Me~\;1nOA06H~X 11\;1HMi:1/11.16! \;1 ABYMepH~X \;1 TpeXMepH~X nOBepxHocTei:1 

/5/, /7/, /9/ B /1/ e 1 = 1, e 2 = -1, e 3 = 1. Anfl npOCTpaHCTBeH

HonoAo6HblX 111, 16 .I - e I = - 1, e 2 = 1, e S = -1. 
BpeMeH\;1nOA06H~M\;1 nOBepXHOCTFlM\;1 ABYX \;1 Tpex \;13MepeH\;1~ M~ Ha

3~BaeM TaK~e, Y KOTOp~X KacaTellbHoe npocTpaHcTBo B KaH<Aoi:1 T04

xe f1811F1eTCfI npo cr p aacr eora llyeuxape - M\;1HKOBcl<oro ABYX \;1 r pe x 

\;13MepeHIt1i:1 cOOT8eTCTBeHHO. npOcTpaHcTBeHHonoA06H~M\;1 n08epXHOCTR

4

M1I1 A8YX \;1 rpex \;13MepeHJi1~ Ha3blBaeM TaK\;1e, y KOTOpblX KaCaTe11b

Hoe'npocTpaHcT8o RBllReTCR e8Kll\;1AOB~M. 

2. nmEPnp~3MA C06bITJ.1t1 4ETblPEX 4A{T~q 

r\;1nepnp\;13Ma C06~T\;1i:1 4eT~pex 4aCT\;1~ eCTb o611acTb onpeAelleH\;1R 

Aei:1cTB\;1R AllR C\;1CTeM~ \;13 4eT~pex 4aCT\;1~ c 4eT8epH~M, TPOi:1H~M\;1 

\;1 napHblM\;1 B3a\;1MOAei:1cTB\;1RM\;1 MeH<AY H\;1M\;1. 6y,qeM 0603Ha4aTb ee n . 
r\;1nepnp\;13Ma C06~T\;1i:1 9 eCTb cOBoKynHocTb OTKp~TOi:1 0611aCT\;1 

npOCTpaHCTBa- BpeMeHJ.1 úJ 4 \;1 acex ee apeMeH\;1nOA06HbLX rpexaepuux 

\;1 A8YMepH~X rpaAei:1 \;1 pe6ep MeH<AY A8YMFI MrHOBeH1I1RM\;1 BpeMeH\;1 t 

= t 1 J.1 t = t 2 • r\;1nepnOaepXHOCTb t = const 6YAeM Ha3bl8aTb MrHO

BeHHblM npOCTpaHCTBOM \;1 0603Ha4aTb TT( t) . Ilepe cevexue a \;1 TT( t) 

0603HaY\;1M 

T == ,O n TT( t ) • /19/ 

4eTBepHoe B3a\;1MÓAel'1cTB\;1e 4aCT\;111 neperiae r co4 • Tpoi:1Hble 83a\;1MO

Aei:1cT8\;1F1 4aCT\;1~ nepeAa~T TpeXMepH~e 60KOB~e rpaH\;1 O, C08oKyn

HOCTb BHYTpeHH\;1X T04eK KOTOpblX 0003Ha4\;1M co3' ABol:1Hble 83a\;1MO

,qei:1cTBVlFI 4dCT\;111 nepenaor A8YMepHbte 60KOBble rpaH1I1 n , co soxyn

HOCTb BHYTpeHH\;1X T04eK KOTOpblX 0603Ha4\;1M w2 . M\;1pOBble TpaeKTO

p\;1\;1 4aCT\;111 CllYH<aT pe6paMIt1 o . ~x COBoKynHoCTb 0603Ha4\;1M <J)1' 

l1Tal<, \;1MeeM 

n = co 4 U W a l_' co 2 U co I ' /20/ 

rne w 4 , (/):3 ,{t)2 j,1 (,)1 RBllR~TCFI 8peMeHlt1nOA06HbIM\;1 MHoroo6pa3l11RM\;1 

c o6~~ op\;1eHTall\;1ei:1 BpeMeH\;1. 

Ha p1l1CYHKe \;1306paH<eHa 

r\;1nepnp\;13Ma C06bIT\;1i:1 n MeH<AY 

MrH08eHH~M\;1 npocTpaHCTBaMIII83 
TT ( t J) \;1 TT ( t 2) • AllR np\;13Mbl 

n IHa p\;1CYHKel T \;13 /19/ 
FIBllF1eT CFI e B K11\;1AOBbIM TeTpa3A

6, m3 pOMo TeTp~3APblI 
m.4+, TI = A ,, 1A 2A 3A 4

m2 /22/A4.k- _m, 
T 2 ~= B.1 B 2 B 3 B4 

/ .................. -~ 
/ ......--- -'"<  - H\;1H<HRFI \;1 BepXHRR no Bpe

...... , 
MeH\;1 r p auu n. -- ' ...A, 

/ 

fpaH\;111a 0611aCT\;1 w4 OTAeA2 
llReT ee DT BHeWHe~ 4aCT\;1 
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npOCTpaHCTBa-BpeMeH~. 0603Ha4~M ee aW 4 . rpaH~~~ n~6o~ o6nac
T~ Ha Op~eHT~pOBaHHOM MHOroo6pa3~~ ~MeeT ~HAy~~poBaHHY~ Op~eH

r au-uo 117,18 /. Opweur aumo aco 4 aanae r BHeWH~~ HopManb K He~. 
~MeeM 

aúJ 4 = - T 2 + T 1 + úJ 3 •	 /22/ 

3AeCb ~ Aanee 3HaK nn~c nepeA cnaraeM~M 03Ha4aeT, 4TO OHO 
BXOA~T B CYMMY co CBoe~ op~eHTa~~e~, a M~HYC - c npOT~Bonono~
HO~. Aanee ~MeeM /CM. P~CYHOK/ 

úJ 3 = Il 132 + + 0314 +	 /23/Il 2 34 Il 412 , 

r ae -reoe a Il ijk 0603Ha4eHa np~3Ma C06bIT~~ i -~ ~ k-~ -rac-
T~~ 110-ti( HanoMH~M, 4TO np~3Ma C06~T~~ - 3TO o6nacTb TpeXMep
HO~ BpeMeH~noAo6Ho~ nOBepXHOCT~ /9/, orpaH~4eHHaR ABYMepHbIM~ 

rpaHRM~ ~ pe6paM~. ABYMepH~e rpaH~ nepeAa~T napH~e B3a~MoAe~

CTB~R 4aCT~~, a pe6paM~ cny~aT TpaeKTOp~~ 4aCT~~. np~3Ma co
6~T~~ Ilij~ op~eHT~pOBaHa. 4eTHaR nepeCTaHOBKa ~HAeKCOB He Me
HReT op~eHTaq~~ Il ijk ,He4eTHaR - MeHReT. 

rpaH~~a, n~~3Mbl paBHaIl ijk 

aOijk ~ A ij +A jk + A ki - LlBiBjB k + l\AiA j AI>.' /24/ 

rne -repe s A i) 0603Ha4eHa BHYTpeHHRR 4aCTb ne-rru C06bIT~~ i-~ 

~ j-~ T04eK~tl-2: a TpeyronbH~KItI LlBiBjBlt~ l\AiAjAkRBnR~TcR 
rpaHRM~ r e'rp aanooe T 2 ~ T 1 . Jle-rr a C06bIT~~ 4aCT~~ npeACTaBJ1ReT 
co6o~ 06naCTb ABYMepHO~ BpeMeH~nOAo6HO~ nOBepXHOCT~, nepeAa~

~Y~ nap~~e Baa~Mo~e~CTB~R 4açT~~ ~ orpaH~4eHHY~ TpaeKTop~RM~ 

4aCT~~. np~ nepeCTaHOBKe ~HAeKCOB MeHReTCR op~eHTaU~R ne~T~ 

C06bIT~~. np~3Mbl 11 ijk ~ Il ijf ~Me~T o6~e~ rpaH~~e~ neHTY A ij 
Aanee /CM. P~CYHOK/ ~MeeM . 

úJ 2 = A'34,+A 41 + ·	 /25/A 12+A23 -1	 A24+A 31 

rpaH~qa neHT~ CO~~T~~ A ij paBHa 

aÀ ij = - 1 i + r j - (B i B j + (AiA j ) ,	 /26/ 

rAe 4epe3 ri 0603Ha4eHa TpaeKTop~R i-~ 4acT~q~ c Macco~ m i , 
a o r xpurue OTpe3K~ (B i B j) ~ (Ai A j ) RBIlR~TCR pe6paM~ TeTpa3A
pOB T 2 ~ TI. 3aMeT~M, 4TO ri B 11 cnyso-rr o6~e~ rpaH~ue~ rpex 
IleHT A .. , À' k ~ A o. • .QnR úJ 1 ~MeeM /CM. P~CYHOK/ 

lJ 1 II 

ú) 1 r 1 + r 2 + r 3 + 14 '	 /27/ 

6 

rAe Bce pe6pa li op~eHT~poBaHbl B nonO~~TeIlbHOM HanpaBIleH~~ 
BpeMeH~. HaKoHeq, rpaH~qe~ li no onpeAeneH~~ RBJ1R~TCR T04K~ B i 
~ Ai ' TO e cr s 

ali ,= - B i + Ai' /28/
 

a AIlR aúJ 1 ~MeeM
 

aúJ = - B1 - B2 - B3 - B 4 + A,1 + A2 + A 3 + A 4 . /2·9/'

1 

<1>OPMYIlbl /5/ AnR r paexropua li aarunuy r ca B B~Ae
 

a
 x = x a ( ,U
1
).	 /30/ 

1 

<1>OPMYIlbl	 /7/ AnR A i j 3an~WYTCR B B~Ae 

a a 
x = x ( ij uI, ij U 2 ).	 /31/ 

<1>OPMYIlbl /9/ AnR 0ijk 3an~WYTCR B B~Ae 

x a_ x a( uI 2 ~) /32/- ij~ 'ijk U 'ijkU • 

TOT <1>aKT, 4TO ri RBnReTCR rpaH~ue~ A ik' aaruuuer ca B B~Ae 

1 1 1 2 _ 2 2 /33/
1
'kU = 

í

, k II ( i U ) ' ik U - ik U (i U ). 

TOT <1>aKT, 4TO A ij RBIlReTCR rpaH~ue~ 0ijk ' aaruuue'r ca B B~Ae 

q q 1 2 
ijk U = ijk U (ij U 'ij U), q, = 1, 2, 3. /34/ 

TOT <1>aKT, 4TO Il ijk RBIlReTCR rpaH~ue~ ú)'4' aaruuue r ca B B~Ae 

=I; _ q( 1 2 3) 
U - U ijk U 'ijk U 'ijk U , q', = 1,2,3,4.	 /35/ 

TaK~M 06pa30M, Bce napaMeTp~ uq Ha BIlo~eHH~X B mMHoroo6pa
3~RX nonY4~n~ HeCKonbKO AonOIlH~TertbHbIX H~~H~X ~HAeKCOB, KOTO
p~e yKa3~Ba~T, Ha KaKO~ 60KOBO~ rpaH~ a paCCMaTp~BaeTCR napa
MeTp, a 4~cno H~~H~X ~HAeKCOB YKa3~BaeT Ha pa3MepHOCTb 3TO~ 

rpaH~. 

3. YPABHEHHH ABHmEHHH H CBH3H MEmAY H~MH 

Ae~CTB~e AnR C~CTeM~ ~3 4eT~pex 4aCT~U c.napH~M~, TpO~H~M~ 

~ 4eTBepH~M B3a~MoAe~cTB~RM~ Me~AY H~M~ onpeAeIleHO Ha 11 ~ ~Me

eT B~A 
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s m f w 1 + °2 f w 2 + o 3 f W3 + G 4 f w 4 ' /36/ 
°1 °2 Ws °4 

rne w, w2 ' wa ' w4 AaHbl B /13/1-1- /16/ - /19/, °1 ,W 2,W 3 '04
B /20/, a uepea m, 02 , Os' 04 0603Hc34eHbt nOCTORHHble 0AHOKpaT
Horo, ABYKpaTHoro /napHoro/, rpexxparuor-o /Tpo.:1Horo/, 101 4eTbl
peXKpaTHoro /4eTBepHoro/ B3aIo1MoAe.:1cTBIo1~. no onpeAeneHIo1~ nOCTO
RHHaR OAHOKpaTHoro B3aIo1MoAe.:1cTBIo1R paBHa Macce 4aCTIo1~~. 3anlo1weM 

Ae.:1cTBlo1e /36/ c Y4eTOM /23/, /25/ 101 127/. HMeeM 

2 
4	 C 4

1	 1 2s ~ mi f ~(x,a1)du + ~ 0ij f L 2(x, 3 1,3 2 )du du +
 
i = 1 r (ij) A ..
 

1	 lJ 

CS
4 

1du2 dusdu 4+	 ~ 0ijk f L3(x,al,32,3s)du1du2dus+ 04 J du x
 
(ijk) llijk - (v4
 

x 1:.. (x, 3 1,32,3S ,a4 ) ,	 /37/
4 

rne L 1 ' L 2 ' L a ' L 4 onpeneneuu B /16/-/19/. OTMeTIo1M, 4TO B 
o6~eM cnY4ae nOCTORHHaR m AnR KamAo.:1 TpaeKTOp1011o1 ri Io1MeeT CBoe 

3Ha4eHIo1e m i ' nOCTORHHaR °2 AnR KatKAO.:1 neuru Ai j Io1MeeT c aoe 
3Ha4eHIIle 0ij , nOCTORHHaR Os AnR Kam,qo.:1 nplo13Mbl TI ijk 101 MeeT 

ceoe 3Ha4eHIo1e o ijk • 
0603Ha4101M 

1 P
I

p 
0 

f 
p 

L p (x, 3 1"", 3 p ) du ••• du •	 
/38/ 

.QIlR Bapl-1a~lo1lo1- o I p Io1MeeM 

aL p a aLp ax a 
1 

oIp = f [---ox +...----- o ~---} du du p 
aax aaai auiCV p 

/39/ 

( [ . ]- a a (a 2. a l 1 p
= f - L-p a ox + -. --- ô X ) r du ..• dú , 

to	 au l aa~ 
p	 1 

rne BenW.f\l1HY 

a aL p _ aL p
[L p }a p ç;. (1,2,3,41, /40/
 

au i a3 a 
i axa
 

4""
 

6YAeM Ha3~BaTb KOBeKTopOM 3.:1nepa. HeTPYAHo BIo1AeTb, 4TO nplo1 
saMeHe /2/ OH npeo6pa3yeTcR no KOBeKTopHOMY 3aKOHY /3/. 
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KOTOpy~ 6YAeM Hp3~BaTb KOBe~TopOM clo1n AaBneHIo1R • .Qe.:1cTBIo1TenbHO, 
nplo1 3aMeHe /2/ Bem14101Ha p~a npeoõpaayer ca no KOBeKTopHOMY 3a

KOHY /3/. 
I YpaBHeHIo1R ABlo1meHIo1R CIo1CTeMbl 1013 4eTblpex 4aCTIo1~ c 4eTBepHblM
 

B3aIo1MOAe~CTalo1eM MemAY HIo1MIo1 nonY4a~TCR 1013 ycnoBIo1R 06pa~eHIo1R B
til 
Hynb Baplo1aQWIo1 Ae~CTBIo1R Ha n . B KpaTKo.:1 $OpMe ypaBHeHIo1R ABlo1me
HIo1R 3anl-1WYTCR B BIo1Ae
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3n1 ypaBHeHI-1R cnp aaenna Bbl B n -MepHOM npOCTpaHCT ae- BpeMeHI-1 

/n ~ ~/. YpaBHeHl-1e 1/ RB11ReTCR ypaBHeHl-1eM MI-1HI-1Ma11bHO~ nOBepx

HOCTI-1, a ypa BHeHI-1R 2/ - 4/ R B11RIOTCR rpaHI-14HblMI-1 YC110BI-1RMI-1. T a

KI-1M 06pa30M, MaTeMaTI-14eCKI-1M armap aro-t A11R Onl-1CaHI-1R CI-1CTeMbl 4e

T~pex 4aCTI-1~ c 4eTBepH~M B3aI-1MOAe~CTBl-1eM MemAY HI-1MI-1 RB11ReTCR 

KpaeBaR 3aAa4a A11R MI-1HI-1Ma11bHO~ nOBepXHOCTI-1 4eT~pex 1-13MepeHI-1~ íj 
l 

B n-MepHOM apea11bHOM npOCTpaHCTBe. 

8 npOCTpaHCTBe- BpeMeHI-1 4eTblpex 1-13MepeHI-1~' / n = 4/ ypaBHeHI-1R 

1/ 06pa~alOTcR B TomAeCTBa. To eCTb c BHYTepHHe~ T04KI-1 3peHI-1R 

caMO npOCTpaHCTBO-BpeMR RB11ReTCR MI-1HI-1Ma11bHbIM. YpaBHeHI-1RMI-1 ABI-1

I;'.I: 
meHI-1R c11ymaT rpaHl-14H~e YC110BI-1R 2/, 3/, 4/. 

I 
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Euie p as nOA4epKHeM, 4TO B 4eTblpexMepHOM Ml-1pe [L 4] == o. 

4. COXPAH~~mHEC~ BEnHYHHW 

,lJ,e~CTBl'1e CI-1CTeMbl 1If3 4eTblpex 4,aCTI-1~ c 4eTBepHblM B3aI-1MOAe~CT

Bl-1eM MemAY HI-1MI-1 /36/ 1-1111-1 /37/ I-1HBapl-1BHTHO OTHOCI-1Te11bHO rpynna 

nOpeH~a - nyaHKape. Cor11aCHO nepBo~ TeopeMe HeTep I-1c~l1eAyeMaR 

CI-1CTeMa 4eT~pex 4aCTI-1~ KaK ~e11oe I-1MeeT 4eT~peBeKTOp 3Heprl-1l-1

I-1MnY11bca 1-1 61-1BeKTOp MOMeHTa, KOTop~e 0AI-1HaKOB~ A11R Bcex ce4e

HI-1~ t .= cons t rl-1nepnpl-13Mbl C06b1TI-1~ n / CM. pl-1 CYHOK/ • 

.ae~CTBI-1Te11bHO, ypaBHeHI-1R ABl-1meHI-1R /44/, /46/ n011Y4eHbl 1-13 

YC110BI-1R (; S = o Ha n . n03TOMY e cru- ypaBHeHI-1R ABl-1meHI-1R Bbln011

HRIOTCR, TO Bapl-1a~I-1R Ae~CTBI-1R paBHa 

a a Cf 1O,S 8 x rn 1 ~a I + O 2 r 8 x 2' a du + /47/ 
aúJ 1 aúJ4 - 1 1+ S·f- ~- r4 
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dW 3 dW 4 - w 3 
6YAeM Ha3~BaTb MaCCO~ COCTaBHO~ 4aCTIt1~W. 

r,q7z p~fa onpeneneuu B /42/, /43/, w 111 aúJ p B /22/ - /29/, ap Ecnlt1 ox a 
B /47/ 6YAeM 6paTb 1t13 npeo6pa30BaHIt1~ nOpeH~a BIt1Aaox - npoa aaon suoe CMel.4e"Hlt1e Koop,qIt1HaT. 

Ecnlt1 Tenepb ox a B /47/ 6y,qeM 6paTb 1t13 npeo6pa30BaHIt1~ nyaH 1 
-a a a Jl a a (l 
x == X + 8fl X , OX ::: 8fl x , /521

Kape BIt1Aa I 
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-a a a a r ne np0lt1380nbHbJ~ 6~BeKTop 8 af3 ==-8 f3a , f/{3 == e~ 7]fl{3 He 3aBJ-1CIt1T 
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~-' a , /48/ í~ a 
l\ OT I x I , TO 1t13 It1HBaplt1aHTHOCTIt1 Aei1cTBIt1R OTHOCIt1TenbHO rpynnsr 

U 
nOpeH~a - nyaHKape cneAyeT 3aKOK COXpaHeHIt1~ 61t1BeKTOpa MOMeHTa 

rAe a - np0It13BOnbH~~ nOCTORHH~~ BeKTOp, TO It1HBaplt1aHTHOCTb ma f3 (T). ,lln~ ma{3 It1MeeM 
Ae~CTBIt1~ OTHOCIt1TenbHO rpynn~ nOpeH~a - nyaHKape 6YAeT 03Ha4aTb, 
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J k 1 2A 3A 4 r ae i pa == TJ.a{3 i PJ3 eCT~ It1Mnynbc 4aCTIt1~bl c MaccOI:1. m i ' [x " i P{3] == . ~ 

4 C 4 /49/ == i Ma{3 == x a i pf3 - X {3i p a e c r s MOMeHT 14Mnynbca 3TO~ me 4aCTIt1~bl, 
= ~J~l (T2 ) l j'P a ( B i) + 2 O ij 2~f(L du 1 I- p1 a ==7]a13p'Jf3 ' P = 2,3,4.r 

i -= 1 ( ij ) (B i 8 j) 

3

C 4 5. ~EPAPX~R B3A~MO,llE~CTB~R


1 » 1 o ~ 

.. L O l í k rr ;~1 du dl1~. 0 4 Irf 4~f({ du du ~ du 
. ik lJ 

(IJ ) .t\8 B B B 4eTblpeXMepHOM 'npOCTpaHCTBe- Bpet1eHIIt He CYl.4eCTByeT na repao

i j k 

8 1828 38 4 ro /nRTIt1KpaTHoro/ B3aIt1MOAe~CTBIt1~ 4aCT~~. n03TOMY Ae~cTBHe /36/
 
It1nlt1 /37/ It1MeeT AOCTaT04HY~ 06~HOCTb, 4T06~ nOCTpOIt1Tb apeanbH~e


TO e c r s , 4TO KOBeKTOp ~Pll (T) He 3aBIt1CIt1T OT auôop a MrHOBeHHOrO 
MOAenlt1 B3aIt1MOAe~CTB~~ n~6oro 41t1Cna pen~TIt1BIt1CTCKIt1X 4aCTIt1~ B 4e

Ce4eHl-'l~ T nplt13Mbl 11 . 3,qeCb ' 
rupexxepaor« npOCTpaHCTBe- BpeMeHIt1 c nlO6blMIt1 AonYCTIt1MblMIt1 B 3TO~ 

MOAenlt1 B3a~MoAe~CTBIt1~MIt1. TaK, Hanplt1Mep, Ae~cTBlt1e An~ n~TIt1 4ac~ 
aXl/ _1·Zm d x f3 ( ri X/L TIt1~ c 4eTBepHWMIt1, TpO~HWMIt1 lt1 napHWMIt1 83aIt1MOAe~CTBIt1~MIt1 Me>KAY HIt1m. 1:f - )i Pa 1 a i 1 TJa{i TJfll' 1 MIt1 B YKa3aHHo~ MOAeJl~ nplt1MeT BIt1AtJiu di u di u 1 

2 
5 C 5 

BeKTOp 1 1 2s L mi r L 1 du + L O ij (f L 2 du du + 
i == 1 r. ( ij ) A ' , Pa TJa.B == p f3 /50/ 1 lJ 

c 3 c 4 /54/ 
5 5
 

6YAeM Ha3~BaTb BeKTopOM 3Heprlt1lt1-l-'lMnynbca CIt1CTe~1 1t13 4eT~pex ~ . 123 1234
 
+ ,~ O ijk f fi L 3 du du du + L O ijkf I fII L 4 du du du du . 

4aCTIt1~ C 4eTBepH~M, TPO~H~MIt1 lt1 napH~MIt1 B3aIt1MOAe~CTBIt1~MIt1 Me*AY ( i jk ) Il (ijkf)
i j k ,',)ijkfHIt1MIt1. Benlt141t1HY 
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H3 ycnoB~~ 88 = O Ha r~nepnp~3Me C06~T~~ An~ n~T~ T04eK nony 3aMeT~M, 4TO ABYMepHwe nY3~p~ ~n~ 6e3MaCCOB~e MeM6paH~ Mom
4aTCA ypaBHeH~~ AB~meH~~ TaKoro cnomHoro apeanbHoro o6beKTa, HO paCCMOTpeTb yme Ha OCHOBe apeanbHo~ MOAen~ Tpex Ten, pa3B~

TO~ B paõo r ax ,/10,11 /a ~3 ycno aaa ôS = O Ha CYMMe aepxueã. ~ Hl-1mHe~ rpaHe~ runeonoua

t-1b1 C06bIT~~ np~ rtpeoõp aao senanx rpynna Ilyauxape - Jlooer-u a /48/,
 
/52/ nonY4aTC~ 3aKOH~ coxpaHeH~~ BeKTopa 3H~prl-1~-~MnynbCa 1-1
 
6~BeKTopa MOMeHTa YKa3aHHO~ C~CTeMbl ~3 n~T~ 4aCT~U. nHTEPATYPA
 

C APyro~ CTOpOH~, ~3 Ae~CTB~~ /36/, o6Hyn~~ nocneAOBaTenbHO 
caepxy BH~3 nOCTO~HHbJe B3a~MoAe~cTB~~, T.e. nonoxua 1/04 = O, 1. 4epH~KoB H.A., WaBOXI-1Ha H.C. - TM~, 1980, T.42, rl,c.59-70.
 
2/ 04 = 03 = O, 3/ G4= G 3 = 02 = O, nonY4~M Ae~cTB~~ An~ CI-1C 2. 4epH~KoB H.A., WaBox~Ha H.C. - TM~,1980,T.43,W3,c.356-366.
 

TeM ~3 4eTblpex 4aCT~U l/c TPO~HbIM~ ~ napHblM~ B3a~MoAe~cTB~~M~ 3. WaBOX~Ha H.C. OH~H, P2-80-76, Ay6H~, 1980~
 

MemAY H~M~ 2/ c napH~M~ B3a~MoAe~cTB~~M~ 3/ An~ 4eT~pex cBo6oA 4. WaBOX~Ha H.C. OH~H, P2-80-419, AyGHa, 1980; H3BeCT~~ BY30B,
 
HblX 4aCT~U. <f>~3~Ka, N°7, 1981, c.91-93. 

H3 Ae~CTB~~ /37/ np~ ycnoB~~ 5. WaBOXI-1Ha H.C. OH~H, P2-82-157, Ay6Ha, 1982; H3BeCT~~ BY30B, 
~~3~Ka, N°7, 1982. 

G4 = G 124 = G 134 = G2:1 4 0-= G 14 = G 24 = G 34 -= m = 0, 6. WaBOX~Ha H.C. OH~H, P2-82-222, Ay6Ha, 1982; AAH CCCP,1983,4 /55/ 
T.265, W4, c.852-856. 

nonyvae r cs p aaee ~ccneAOBaHHaR ape ans a an MOAenb /10,111 rpex 4ac 7. WaBOX~Ha H.C. OHRH, P2-83-52, Ay6Ha, 1983; H3BeCT~~ BY30B, 
T~U c TPO~H~M~ ~ napH~M~ B3a~MOAe~CTB~~M~ MemAY H~M~. ~~3~Ka, W12, 1983, c.46-51. 

H3 Ae~cTB~~ /37/ np~ ycnoB~~X /55/ ~ YcnOB~~X 8. WaBOX~Ha H.C. OH~H, p2-83-231, Ay6Ha, 1983. B c6.: npo6

neMbl Teop~~ rpaB~TaUI-1~ ~ 3neMeHTapHblX 4aCT~U. N°15, M. :
 

G 123 G13 G2;~ == 1lI
3 

,= 0, /56/ 3HeproaToM~3AaT, 1985, c.141-149.
 
9. WaBOX~Ha H.C. OHRH~ P2-85-183, Ay6Ha, ~985. B c6.: npo6

/1-9/cneAyeT paCCMOTpeHHaA B pa60Tax pen~T~B~CTCKa~ 3aAa4a neM~ TeOp~1-1 rpaB~Tau~~ ~ 3neMeHTapH~X 4aCT~U. ~17, - M.: 
ABYX Ten c apeanbH~M B3a~MOAe~CTB~eM. 3HeproaToM~3AaT, 1986. 

HaKoHeu, ecn~ K ycnoB~~M /55/ ~ 156/ Ao6aB~Tb ycnoB~~ 10. WaBOXI-1Ha H.C. OHRH, p2-84-167, Ay6Ha, 1984. B c6.: npo6
neMbl TeOp1-11-1 r paaar auun ~ aneueur apaux 4aCT~U. N°16, - M.: 

G12 = m2 == O, 3HeprOaTOMI-13AaT, 1985, c.189-196. 
11. lllaaoxuu a H.C., OHRH, P2-86-636, Ay6Ha, 1986. 

TO ~3 /37/ nonY4~M ~3BeCTHoe Ae~CTB~e An~ OAHO~ cBo6oAHO~ 4ac 12. Barae o B.B. - MaTeM.c6., 1946, T.19 /61/, c.341-404. 
T~U~· 13. 6n~3H~Kac B.H. - HTor~ HaYK~ ~ TeXH~K~. Anre6pa, reOMeT

Tenepb paCCMOTp~M BOCXOA~~y~ nocneAOBaTenbHOCTb o6pa~e~~A p~~, Tbnonor~~, 1967. M.: BHHHTH, 1969, c.73-126. 
B Hynb nOCTO~HHWX B3a~MOAe~CTB~~. Ecn~ B /37/ nonO*~Tb 14. Ka6aHOB H.H. - HTor~ HaYK~ ~ reXH~K~. Anre6pa, reOMeTp~R, 

rononoraa . 1968, M.: BHHHTH, 1970, c.1-65. 
ffi 1 == ffi 2 = ffi S ffi 4 = O. 15. 3~3eHxapT n.n. P~MaHOBa reOMeTp~~. M.: rHHn, 1948.G i j = G 2 • /5"7/ 

16. 6epKe Y. npOcTpaHcTBo-BpeM~, reOMeTp~~, KOCMonor~~. - M.: 
TO nonY4~M apeanbH~e MOAen~ npOCTpaHCTBeHHo-orpaH~4eHH~X 06b M~p, 1985. . . 
eKTOB, B' xó rooue ~3Ha4anbHO He s anoxeuo nOH~T~e MaCCbl. 6YAeM 17. 3e~$epT r., Tpenb$annb H. TononOí~~. M.-n.: rOHTH, 1938. 
Ha3blBaTb ~X apeanbHblM~ IlnY3blp~M~11 no aHanor~~ c Ay6HeHcK~M~, 18. Y~HT~ x. reoMeTp~4ecK~~ Teop~~ ~HTerp~pOBaH~~. M.:Hn,1360. 
~n~ 6oron~6oBCK~M~, MeWKãM~ /19/ . 19. C~Hr Am. 06~a~ Teop~~ OTHOCI-1TenbHOCT~. M.: Hn, 1963. 

Ecnu nonoxu r s 20. 6oron~6oB n.H. - 34A~, 1972, T.3, Wl, c.144-174. 

ffi 1 = ffi ffi 3 = ffi = 0,2 4 G 2 = 0, G ij k = G 3 /58/ 

TO nonY4~M OTn~4H~e 
HA~~~ec~ Ben~4~H~ ~ 

OT /56/ nY3Wp~. YpaBHeH~~ AB~meH~~, coxpa
Macca nY3wpe~ nonY4a~TC~ ~3 $opMyn /46/, 

PYKon~cb nocTyn~na B ~3AaTenbcK~~ 

5 I-1~H~ 1987 rOAa. 
OTAen 

/49/, /50/, /53/ np~ ycnoB~~X /57/ ~ /58/. 
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