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1. BBE,UEHHE 

Ente B 1927 rOAY HOPAaH 11 lIaYJII1, npl1MeHHH 113BeCTHhIH MeTOA KBaH

TOBaHIDI MeXaHHtleCK0I1 CI1CTeMhI He3aB11CHMhIX rapMOHHtleCKHX OCLUiJIJIH

TOpOB K 3JIeKTpOMa,rHHTHOMY nOJIIO, HaUIJHl: I1I:1Bapl1aHTHhle KOMMYTaUI10H

asre COOTHomeHI1H li! I 

(y)] = -i(gik	 a af - .. 0) D(x -y) (1.1)[Fi j (x) j F kf	 j 

rne 1,J._ k, f = 0,1,2,3 11 x, y ~ M~ 3Aecb g ij - MeTpl1Ka B npOCTpaHCTBe

BpeMeHI1 MHHKOBCKoro M4. Carnarypa TaKaH, tITO goo = -1. CI<:OpOCTh CBeTa 

B BaKYYMe c 11 nOCTOHHHaH lIJIaH~a ii paaasr eJ),HHl1ue. lIoCKOJIbKY asrpa
»ceaae (1.1) COAep)KI1T oneparop 'npoeKTl1pOBaHHH, TO 3AeCb B03H11KaeT 

aanasa onpezreneaaa cPOTOHHoro nponararopa, 11 noxa HI1KOMY ne YAaJlOCb 

ee peunrrs nOJIHOCTblO. II p11tIl1HOH TpYAHOCTI1 HBJlHeTCH 1'01' cPaKT, tITO F (x)
KoopAI1HaTbI na cPa30BoM npOCTpaHCTBe n, a I1CTI1HHoe 3JIeKTpoMarH\\THoe 

nOJIe orracstaaerca BeKTopHhIM nOTeHUlHUIOM A 1(x) , i -= 0,1,2,3. 00 I1pO

HI111 CYAb6hI, onaaxo , 113 acex paCCMaTpl1BaeMhIX norreã 31'0 nOJIe Hal160JIee 

TpYAHoe MH KBaHTOBaHIDI 12/. 

,lleHcTBI1TenbHO., eCJII1 Ai (x) , i - 0,1,2,3 - JIOKaJIbHhle nOJIH, TO OHI1 

AOJI)f(HhI 6bITb onpenenensr B npOCTpaHCTBe COCTOHHm1 c I1HAecPl1HI1THOH 

MaTpI1KOH, 11HeB03MO)KH0 npencraanrs TO)f()J,eCTBa 

F iJ (x) = alA j - ajA 1	 (1,2) 

B BI1Ae 'onepaTopHoro ypaBHeHl1H B "cPI1311tIecKoM" no,nnpoCTpaHCTBe J( 13/. 

3AeCb OKa3aJlOCb He06xoU11MhIM BOCnOJIb30BaTbCH npl1HUHnoM KaJII16pOBOtI

HOH HHBapl1aHTHOCTI1 Ha 60JIee «PYHAaMeHTaJlbHOM ypoBHe. 0606maH MeToA 

,lll1paKa KBaHTOBaHIDI MeXaHHtIeCKOH CI1CTeMhI co CBH3HM11 Ha CJIYtIaH nOJIeH 

RHra-MlillJ1Ca, <Pa.z:r..neeB 11 nOnOB HanIJII1 npaBlillbHoe onpeAeJIeHl1e cPYHKQI10

HaJIbHOrO I1HTerpaJla ,lVIH KaJI116pOBOtrnhIX nOJIeH 141. TeM He MeHee, AnH 

a6eneBoH 3JIeKTpoA11HaM11K11 B OTCYTcTBl1e I1CTOtlHl1KOB AOJI)J<Ha cymecTBo

BaTh TaK Ha3hIBaeMaH MaKCBeJIJIOBCKaH cPOPMYJIl1pOBKa 161, BhlpIDKeHHaH 

npl1 nOMOml1 KaJlI16pOBOtIHO-I1HBapl1aHTHhIX nepeMeHHhIx F!J (x) . B HaCTOH

llleH pa60Te MbI AaeM MaTeMaTl1tIeCKI1 cTporoe pellleHl1e 31'011 3a,u,atrn. HaIlleM 

I1CXO,lJ,HOH TOtIKOH 6YAeT CJIY)f(I1Tb onpeAeneHl1e raYCCOBOH MephI JL Ha 11 c 

KOppeJIHU110HHOHMaTp11ueH 

(1.3)< F ij (x) Fkf (y) > z: (e l1:: ""0':') ~ _ " ... 

-~Q"líiiioijj 1IIIi:n.'i'Yt' 
Q'ffJJ3hU: eCC.'3~JlOnJ"'Ü1 

1&WSR'rJrJTEHA 
-.n :.tiIMIIrwJ""5 ... __ 



rne o - <PYHKIJ;HR I'pnna ,nJIR orreparopa BeJIbTpaMH-JIanJIaCa, l\ = -ei ja ia j 

H e ij - MeTpHKa B ~4. Flycrs (n,L ,p.) - BepORTHOCTHoe npOCTpaHCTBO. Oc
HOBHOM pe3YJIbTaT COCTOHT B CJIe,nYlOmeM. ,[(JIR JI1060ro f >0, B CID1Y aepaaen

CTBa qe6hlllleBa, 

fJ. leu ~ n: I f ijkf a 
. j 

F kf (x) I > f I = o ,	 (1.4) 

'r.e. r-repa fJ. HMeeT HOCHTeJIb na nom-mor-ooõpaaaa 0°. 0603HatlHM tIepe3 

~ COOTBeTCTBYlOmHM eBKJIH.n;OB HHBapmiHTHhlM nnean B I. . Bsrõapaa nanpaa
JIeHHe BpeMeHH (1, O) B '5{4, HaM,neM H30MOp<pH3 M 

L/5 "" a(~U:B°),	 (1,5) 

r'ne ~,:B'o - He3ÇlBHCH:Mble O' -nonanreõpsr , nopoacraesrsre CJIYtIaH:HhIMH 

BeJIHtlHHaMH p = a,jE j H B lj' 1,j ll:lII 1,2,3. 3,necb r-raraarnoe nOJIe, y,nOBJIeT

BOpRIOmee (Oij a1, Bi j (t, x) = O, RBJIReTCR MUpl~OBCTnIM npOIJ;eCCOM 

t.ç~ -+ Bij(t, x~ na (n,I,~). TaJ<HM 06PU30M nonyuaer-r RDHLltí BH,n,neMcT

BHR, B tIaTHOCTH, enrcnanoa <POTOHHbltí nporrararop 

. 2 
a -1P=(1- -.-)	 (1.6) 

f3 2 at 2 

rne {3'= f3(x) - oneparop nOJIRpH3aIJ;mi. 3aMeTHM, tlTO B <pH3HtleCI~HX e,nHHH

uax O 5: P .$ h c[ L-~. HCCJIe,nYR <popMyny <I>eHHMuna - Kaua, BhIBO,nHM 

3aKOH <I>apa,neR H KaHOHHtIeCKHe I~OMMYTaIJ;HOHHbte COOTHOllleHHR, T .e. 

(1.1). K cO)J(aJIeHHlO, snecs HeT BpeMeHH ,n:nR 06CY'>IC.n.OHHll TonOnOrHtIeCKHX 

CBOMCTB nonnoü <PYHKUHH I'pana (CM./6/). Bonpoc o TOM, K8KHM 06pa30M 

r-repa 11 ortpenerraer <PYHKIJ;HOHaiIbHhIM axrerpan nnR A (x) , 1 c 0,1,2,3, 

paccxrorpen B OT ,nenbHoM paõore 17/. 
t 

2. <I>OPMYJIHPOBKA MO,UEJIH 

Tlycrs X i, i = 0,1,2,3 - zrexaproasr KO'op,n:HHaTbI roxxa x ID x i e i H 

e ij - eBKnH,nOBa MeTpHKa OTHOCHT'eJIbHO 6a3HCa 1e 1 : 1 • 0,1,2,3 I . B'bl

õeper-r nanpaarreaae "BpeMeHI1" e 0= (1, O) . Byzrera 0603HUtlUTb x "" (t, x ), 
rne x .ç ~ 3. Flycrs S - JIHHeHHOe npOCTpaHCTBO rnamcax Be,meCTBeHHO

3HatIHhlX 2-<pOpM 

f = f ij (x) dx i /\ dx j , f .. .ç IS (a:> 4 ) 
1) r J\ •	 (2.1) 

nYCTb () = dt /\ dx i ,-\dx 2/\ dx 3 H * - 3Be3,nOtIHhIl1 onep8TOp Xo,n:)J(a, 3<maH

HhlH TaI~, tITO BbmonHReTCH TO)J(,necTBO dx 1 /\* (dx J) ... e tJ () . Onpe,neJIHM 

CK8JIRpHOe npOH3Be,neHJ.1e B S Bblpa:m:eHHeM 

2 

(u.v)	 = r U /\*v L r U i'J V tj (). (2.2) 

'ffi4 i <j ~4 

OHO paCIIIHpReTCR na ace rHJIb6epTOBO npOCTpaHCTBO 3neMeHTOB f, 
f ij .ç L ~ (~4). Ilycrs K - no,nDpoCTpaHCTBO 3JIeMeHTOB z , ,nJIR KOTOphlX 

HMeeT MeCTO dz = 0, rne d = dtao+ d - oneparop nneumero ,nH<p<pepeHUH

pOBaHHR. Ha ~4 HeT rapMOHHtIeCKHX 2-<pOpM z , TaKHX, tITO (z, z ) < 00 • 

BCJIe,ncTBHe aroro K - 3aMKHYToe nozmpocrpaacrao 3JIeMeHTOB aana z = dE>. 

-1 -1 
JIeMMa. Ilycrs tJ. = d8 + 5d > 0, rne a= * d *, H G = tJ. - <PYHKIJ;HR 

IpHHa.	 'Torna pO= d8D - orreparop oproronansaoro npoeKTHpOBaHHR B 

npOCTpaHCTBe «* L2(~4) na no,nnpOCTpaHCTBO K . Ero anpo HMeeT BH,n 
i < j r 

O ' 
P ijkf (x, y) == (-e ik aj ae+ ... ) G(x - y). (2.3) 

'uOKa3aTeJIbCTBO: TIYCTb f == z + Ti, rne z = de - paanoacenae Xozrsca. Cy

uiecrnyer e,nHHCTBeHHaR l-<popMa E> == G(az) , nrra KOTOpOM BbmOJIHReTCR 

8ê= O. HCnOJIb3YR dd « 0, rronysaexr z == dOCa!) (CM. /8/). Bsrõeper-r CtIeT

HhlM 6a3HC Ir(n): n.ç Z I B 'S , npe,nnOJIo)J(I1M, 4TO !(O)::: 0, !(n) == dE> (n) , 
eCJIH n 2: 1 H f(n) == *de (-n), eCJIH n S -1. Torna 2-<popMa 3neKTpOMarHHT

noro nOJIR 

F == dt of\ E j dx j + B , x = (t, x) I;; ~ 4	 (2,4) 

ortpenenaer xoopnaaarsr Xm, yD B npOCTpaHCTBe n::: S' BemeCTBeHHblX 

JIHHeMHblx <PYHKUI10HaJIOB aa S . Byrier-r nacars F == (X (w) , y (úJ)), úJ ~ n . 
B RBHOM BI1,ne 

m	 j ' i
X ==(0(m), pdt + (a - E )dx ), p == ajE.	 (2.5)B i j t	 J ' 

D k	 ) (2.6)Y = f (E>(n). (a Bijdt+(aiE -ajE + B t j ) ) ,
Oi j k	 j i 

rrte TOtIKa 0603HatIaeT tIaCTHYlO np0113Bo,nHYlO a/at . TIYCTb I. = a ( U ~ (n) ~ 
n t;; Z 

rne a	 - anre6pa, rropoaoraer-raa COOTBeTCTBYlOll(HMI1 UI1JII1H,npl1tIeCKHMH 

MHO)J(ecTBaMH B n . ,UnR npOCTOTbl MO)J(HO npe,nnOJIO)J(HTb, l.fI'O f(n) OpTO

HOpMl1pOBaHbl, T.e. (8(m).d88(n))==I mD, m,n2,l, r-né ImD - CHMBOJI 

Kpoaercepa. PaCCMOTpl1M 0606meHHbüí raYCCOB npouecc f ~ IS -+ (r, F) 
na n co cpezmar-r 3Ha4eHl1eM "O", 11 KOppenHUl10HHOM <PYHKIJ;HeM (, , pO) . 
Koopznraart-t xm• Y n - cer-teácrno CJIYtIa.HHbIX BeJIl1tIl1H Ha BepoRTHoCTHOM 

npocT~aHcTBe (o. L, I-t), rne IJ. - rayccoaa r-repa. HMeeM <xmx n > ::: I mn, 
<ymy > = ° 11, cnenoaarerrsno , <X rny n> == °,nJIR acex m, m ~ 1. QT06hl 

OTBeTHTb Ha Bonpoc OTHOCI1TeJIbHO BepoRTHOCTI1 )laHHOM KOH<pHrypaIJ;HH 

eBKJIH,nOBa 3JIeKTpOMarHl1THOrO nOJIR F ij (x), x ~ ~ 4, Mbl ,nOJI)J(Hhl Bhl

tlHCJII1Tb TOJIbKO Mepy IJ.(M) COOTBeTCTBYlOll(erO MHO)J(eCTBa M.ç L. ECJIH 

M- UHJIltH,npHtleCKOe MHO)J(eCTBO B a -no,nanre6pe 

·3 



(2.7)r = a ( U ~ (m)) , 
m > 1 

m 
nopoacnaesroe BceMH X , TO BhltIHCJIHTb Mepy npOCTO, nOCKOJIbKY L (m) CTO-

XaCTHtIeCKH He3aBHCHMhI npyr OT npyra. KBa3HMephI/l # = /l / ~ ~ (m) <paK

, m=1 
TOPH3YIOTCH. ,1J)IH BhInOJIHeHHH YCJIOBHJI JIOKaJIbHOCTH He06xo,nHMO 3HaTb 

Mepy na ncex ~(m). Cyiuecrayer e,nHHCTBeHHoe a-a,n,nHTHBHoe pactunpe
HHe /l na ~. CooTBeTcTBYlOmaH <popMaJIbHaH nJIOTHOCTb HMeeT BH)J. 

-X 2/2 
d /l ", e dX . 1(Y) d Y , (2.8) 

rne I - <PYHl$U!:!H ,lJ,HpaKa. B 3JIeKTpo,nHHaMHKe Tpa,nHrmOHHO HCnOJIb3YIOT 

xoopnaaarsr E, B HJIH BeKTopHhIH nOTeHI.J;HaJI Ai (t, x ) , 1 o 0,1,2,3. ECTe

CTBeHHO n03TOMY B03HHKaeT sanava nepenacars asrpaaceaae )J.JIH nJIOTHOCTH 

Mephl (2,8) B 3THX xoopnaaarax. 3TO H õyner ueJIbIO HaCTOHmeH pa60ThI. 

.3. H30MOP<I>I13M r AYCCOBbIX MEP 

Ilycrs o = .9{ 2, (E «(J)), B (eJJ )) - KOOp,ll;1'IHaThl TOllI<H (J) ~ O, H L - a 
anreõpa 60peJIeBCKHX MHO)l(eCTB. Ecrra M~ L - OrpaHHtIeHHOe MHOJKeCTBO, 

TO Mepa Jleõera .\(M) cyutecrnyer. YMHO)l(aR d.\ (E, B) aa rayccoao pacnpe
nerreaae, nonysaer-r BepoHTHoCTHYIO Mepy na 

-ih (E 2+ B2) dE. dB 
dv(E, B) = (E, B) ~ :!R 2 • (3.1)

211 
e --

PaCCMOTpHM 

P ° (e, b) = ae + t3b (a, (3), {J> O (3.2)o 

2a + f3 2 

oneparop IlpOeKTHpOBaHHH B !R2 na aenrecraeaaoe nOnnpOCTpaHCTBO K. 
p°,nHaroHaneH B 6a:3HCe {y(a, (3), y / (f3 , -a) I B '.!R 2, rne Y l::I (al4 f3 2) 1/2 . 

Ilycrs C = {J-1,. a. Onpenenawr r-ayccoa ,nBYMepHhlH cnYtlaHHbm npouecc 

f = (e, b) ç '9{ 2 ~ F = eE + bB (3.3) 

co cpenaar-r 3H~tIeHHeM <F> = O H KOppenHI.J;HOHHOM MaTpHI.J;eH pO • .nnH. 
nepexreaasrx X ::: y(a E + ,BB), Y = y(aB -.8 E ), rcoropsre TOJKe HBJIHlOTCH 

f'aYCCOBhIMH cnYtIaMHhlMH BeJIHqHHaMH na BepoHTHoCTHOM npOCTpaHCTBe 

(O,L,/l) ,HaM,neM <X 2> = 1, <y2> = O H <XV> = O. 

4 

JIeMMa. Mepsr /l H{ B3aHMHO cHHrYJIHpHhI. llpOH3BOJl,HaH Paztona
HHKo,nHMa d[-L /dv = (211) 1 2 I (Y) , , rne I - o606meHHaH cPYHKI.J;HH ,llHpa

tca. B HBHOM nane 

_%(l+C2)B2 
e dB 

(3.4)<4L(E, B) = I(E - oB) dE . -- --1-- •
 

'(211 / (1 + C 2 )) h
 

,lloKa3aTeJIbCTBO; Ilycrs F (5) = sX + (1- 5) Y, s J;; (0,1). Ilpn nOMOmH 

HepaBeHCTBa 4e6hlllleBa 

8 2'l-2 (3.5)/li(J)çO: IF(s)] ~ll < , l>O, 

B .npenene 5 -+ ° nonyuaer-t 3aMetIaTeJIbHbIM peaynsrar: r-repa /l (M) UHJIHH,n

pHqeCKHX MHOJKeCTB 

(3.6)M == t (J) t; n: Y«(J)) c N] , N n (-E ~ s ) == ~ 

,nJIH rnofioro l > O panaa nyrno. TaKHe MHOJKeCTBa noposciaror nnean ,1 B 

o-arrr-eõpe I . Cnenoaarensno , r-repy /l MO)f(HO "nepenecrn" 191 na cPaKTOp

anre6py I/~. KaK 3'1'0 nenaeTCH? Mepa /l HMeeT HOCHTenb na nonvraoro

06pa3HH 

(3.7)
eenO= t (J) ç n: Y«(J)) O l. 

CYJKeHHe 

-X 2/2 dX x ç O O , (3.8)
<4L °(X) e -- 

(211) Ih 

KoppeKTHO onpenenaer r-repy /l na cooTBeTcTBYIOIlleH: a -nonanreôpe r"Ç I. 
Hcnorrsaya COOTHOllIeHHe a (j u r) = I, npn ycnoamr J.L <.1) = O, HaIi,neM 

eJJ.HHCTBeHHoe pacurapenne dJ.L = d/l o (X) . 1(Y) dY na I . 3aMeHa ueper-rea
HbIX (X, Y) -+ (E, B) zraer (3.4), Ilocne HHT'erpHpoBaHHH no nepevreaaoá 
E OCTaeTCH cYJKeHHe /l/:B MephI /l na a .nonanreõpy :B, nopOJK,naeMYIO 

cnytIaliHQH BenHtIHHOH B. DYCTb 11 -orreparop opTOrOHaJIbHOrO npoeicrnpo
BaHHH B n:-:::R2 aa nHHeHHoe nonxmorooõpaaae t co C;; n: E (Cü) = O 1. Torna 
npe06pa30BaHHe 

M ç I -+ M s , [l(MnnO) (3.9) 

HBnHeTcH H30MOPcPH3MOM BepoHTHoCTHhIX npOCTpal'ICTB ( n, I, 'J.L) H 

([1, n, ~,/l/~)' reOMeTpHH KOHCTPYKl~HH Mc npencraaneaa na pHC. 1. ECJIH 

M = (E , E ) x{B r B2) - UHJIHH,npntIe.CKHe MHmKeCTBO B I, TO nerrco BH
l 2 

ners , tITO Mc= ·:Rx«C- 1 E )n(B1,B)).Kal< nOCTpOHTb MepY/l/~? 
1,C.,..2E22, 

5 



- -

n° 

EOneparop 
npOeKTHpOBaHHR 

.~-
.-r~/_--

M(;:í.
Mel,; B " 

Puc.l. 
B 

IlYCTb f - JIHHeHHOe nO,ll;npOCTpaHCTBO B ~ 2 3JIeMeHTOB aana (== (O, b) , C 

HH,ll;YIJ;HpOBaHHbIM CKaJIRpHbIM npoaaaenenaer-r (', P 0). f. - orraor-repnoe 
BemeCTBeHHOe rHJIb6epTOBO npoCTpaHCTBO, H30Mopqmoe ePaKTop-npOCTpan

CTBY :~ 2/ker P 0. JtI3 YCJIOBHH pO P r :: pOr, ,nJIR acex r (; ~2 , HaH,ll;eM rrpoerc
TOp P: ~2-+ f 

-1P(e, b) == (O, c·e + l?), c=={3 ·a. (3.10) 

TIO,ll;qepKHeM, qTO P 0,nH03Ha~0 onpeztenen na K . TIOJIyqaeM P(ei, f3) ==(0,0+ 
+ C

2
) (3). OKOHqaTeJIbHO <B2 > == 11 p Op(O, 1) 11 2 , qTO corrracyerca C BbI

paaceanesr (3.4) . 

4. EBKJII1,nOBO ,nEPlCTBI1E 

BepHeMCR K eBKJIH,ll;OBOH Mo,neJIH E.. (x), x:: (t, x) (; ~ 4. qT06bI 

npHMeHHTh OnHCaHHYIO asnue KOHCTPYKIJ;HJbl, MbI ,ll;OJI)KHbI rronpoõao pac

CMOTpeTb CTPYKTYPY 3JIeKTpOMarHHTHoro nOJIR. ,nJIR JII060ro 3JIeMeHTa 
(~IS HaH,ll;eM 

( = dt 1\ (e j - aj cP)' dx j + b , (4.1) 

rne ~,e H b == b 1j (t, x ) dx i 1\ dx j - ePOpMbI CTeneHH 0,1,2. ECJIH aj e j (t, x)= 

= O, TO pa3JIO)KeHHe 0,nH03HaqHO. 3aMeTHM, qTO ePopMa dt 1\ d ~ rovna, T.e 

6 

~f ••• 

(dt /\d,~, PO(dtl\ e + b) == O: • (4.2) 

BCJIe,ll;CTBHe sroro rayccona r-repa Jl rparcropaayerca na a (~U~~, rne ~,~ O 

0603HaqalOT o-nonanr-eôpsr B I , rropoacnaesn.re CJIyqaHHbIMH BeJIHquHaMH 

(d(~dt), F) H '(b 1J dx il\dx j , F), r,ll;edb== 0.3To03HaqaeT,qTOHeTKoppe

JIRIJ;HH Me)K,ll;Y nORBJIeHHeM 3JIeKTpHqeCKOrO sapana H MarHHTHOro TOKa . 

<PH3HqeCKHI1 CMbICJI OCTaJIbHbIX neper-reaastx JIerKO aaners H3 COOTHOllIeHHR 

(2.6). TIYCTb h(t , t ) - xaparcrepacrauecxaa ePYHKIJ;HR aperaennoro 
CJIOR (tl't 2) x 9{S 

1
B
2 

~4 H llij ~ IS (~3). Torna (*®,dF) == O, rne 8=r
 
== f h (t) u (x) dx i 1\ dx j ,3anHllIeTcR
 

Oijk (tl't ) ij
2

S iJ ,t2 (4.3)
J ,d x u (x) ( J dt (ai E j - J j E 1) + L B1j o, x ) == o . 

.~3 t t~a(t1,t2) 
1 

,neHCTBHTeJIbHO, eCJIH If (t) I < 1, rne e - rrrarucaa ePYHKIJ;HR, paauaa HYJIIO 

BHe anrepaana (t 1, t 2) ,TO ;6a cnaraer-rsre (*d®, F) RBJIHIbTCR raYCCOBbIMH 

CJIyqaHHbIMH BeJIHqHHaMH aa (n,L,J,L). I1cnOJIb3YR OIJ;eHKY 

<(fdtl\ôu, F)2 >== rIPO(fdtl\a)1'12<f'llaI12, ( = (t 2 - t 1 » O, (4.4) 

rne a == ôu , 6e3 rpyna nepeãzter-r K npenerty e--+ h (t l' t 2) . 3aKOH <I>apa,n,eR 

J;l nauieã ePOPMYJIHpOBKe MO,ll;eJIH 06YCJIOBJIeH cymecrnoaaaaer-r aneana 
~ =. a ( U l~ k ) B!.. Ilozroõnoe crraraer-roe ~ O eBKJIH,ll;OBo-HH~apHaHT-

k== 1,2,3 
, k' 

aoro aneana ~' = a (~O U ~) naer lO lJk a B 1j (ti x) ::: O. .~ nopoacnaerca 
MHO)KecTBaMH Mn::: {(jJ ~ n: Y I,; NI,n:::l ,2, ... , rne N (-f, d ::: ~. Jlerrco 
BH,ll;eTb, qTO, aanpavrep, 

M 1 U M2 C { t» ~ n . ma~.(1 Y 11, IY 21) > o I , (4.5) 

rne ô == min (f 1, f 2). CJIe,ll;OBaTeJIbJi:O, n t;/~, H nOCKOJIbKY ker P O - 3aMK

HYToe normpocrpaacrno B S , TO ~ - c06CTBeHljbIH 3aMKHYTbIH anean B 

a -anreõpe 2. Haui OCHOBHOH pe3YJIbTaT OTHOCHTeJIbHO CTPYKTypbI MepbI 

J,L ,3aKJIJOqaeTCR B TOM, qTO no aaarroraa C ,ll;BYMepHOH r-rozrensto, OnHCaHHOH 

B pasnene 3, CYll.{É~cTByeT H30MOp<pH3M o -anreõp C r-repoã. 

TeopeMa 1. 

:í.1 ~ ... a(~ U !B 0). (4.6) 

,nOKél3aTenbCTBO: Y6e)K,ll;aeMcR,. srro H3 xascnoro xnacca 3KBHBaneHTHO

CTH [f1, r'ne f == dt A (e J - aJ cP) dx j + b t;; {S, (. , pO) I, enaacrseaasrr-r 
06pa30M MO)KHO B3RTb 3JIeMeHT z = P!, dz == O. lleHCTBHTeJIbHO, nYCTb Z ::: 

== d (a odt + a J dx J). Cpa.3Y HaH,ll;eM ao::: ~' 3aTeM Z = da • onpenenaer-r 113 

ycnonaa ô(! - z) =. O, l' .e. B RBHOM BH,ll;e d * (b - z ) - e = O. Ilorrysaexr 
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P f = d (cP dt) + (Cb + (3 -lê) t	 (4.7) 

rne (3 = d *, C = d8(~-1) H Ó.~ O - oneparop EeJIbTpaMH - Jlannaca B 9l3 . 

Herpynno 06HapY:>KHTb aHaJIOrmO C (3.10). 0603HaqHM R - "3JIeKTpOMar

HHTHYlO" qaCTb npoercnaoanoro oneparopa P . 

JIeMMa. Ilycrs f - rHJIb6epTOBo npOCTpaHCTBO 3JIeMeHTOB nana z = da 
c HHnYlUfpOBaHHhIM CKaJIHpHhlM npOH3BeneHHeM (" P 0) . CHCTeMa 

<PYHKIJ;Hl1 

z .== i Cu, U i' ~!S (~3) 
8	 'J r 

rne i 8 (t) , S .r.;;.~ - BpeMeHHOH C,D,BHr <PYHK~HH ,llHpaKa HBJIHeTCH nOJIHoH. 

,lloKa3aTeJIbCTBQ : 

<(is u , F)2> :=:	 1-11(3 lh. (Cu) 11 2 , (4.9)
2 

T .e. u = u . (x) dx i 1\ dx j -+ i Cu, ,D,JIH JI106oro <pHKCHpOBaHHOrO s ~:~ 3, 
HenpephIBi(oe BJIO)KeHHe npOCTpaHCTBa e IS (~3) B f H 06pa3, nJIOTHhlH 

B f 8 (CM. /10, 11 /). ). i <j r 

Teopeua 2. 
CeMeHcTBo 

~~ ~ (i u 1F }	 :=: r d3xuiJ(x)Bij (tt x ) (4.10)t 
.~3 

rne ui' ~ IS (~3) ecrs CTa~110HapHhIH MapKOBCKHH npouecc lia BepOHT-.
J r 

HOCTHOM npOCT~aHCTBe (O, L, /1). Tpaacrpepr-rarpaua nOJIHOCTblO onpezierra
eTCH vtepoá Il/~ . EBKJIH,D,OB <poToHHhrn rtponararop -- 3TO <PYHKIJ;HH T'pa
na P,D,JIH nOJIO:>KHTeJIbHOrO oneparopa 

D = 
1 _ a2 

:D Cf.	 (4.11)
(32at2 I g) 

,JJ;OKa3aTeJIbCTBO: CKaJIHpHOe .nponaaeneaae (. RpoR.) onpenenaer car-ro

COnpH:JKeHHhIH oneparop O.;; P~ 1 na f. BCJIenCTBHe aroro HMeeT MeCTO 

TO:JK,ZJ;eCTBO dD8 :=: ~/g), na nercoropor-r llJIOTHOM·g) s; f. 3aMeTHM, tffO D 
JIOKaJIbHhlH ,D,H<p<pepeH~HaJIbHhIH oneparop aroporo noparnca neper-reaaoá 

eBKJIH,D,OBa BpeMeHH t.ç ~. 

Paccxrorpar-r rpypse-oõpas f:=: t .(k) , rne , k = (kO,k) .r.;;~4H m = 1,2,,3, 
. m	 2 j r

<PYHK~HH eOijm z ij , z .çf. TIpH nOMO~H TO:JK,D,eCTBa f Oijm f Oifn Ikf k k = 
= C .D.JIH MaTp"~hIX 3JIeMeHTOB npoexuaoaaoro .oneparopa C =: d8(~-~ 

(z, RpoRz):=: r dkOdSk_lkl2 C mnfm~k) fn(k).	 (4.12) 
~4 Ik Q 1

2 + lk 12 

ECJIH Z - HOpMHpOBaHHaH <PYHK~HH B f , TOr,D,a coornercrayromee f ,D,OJI:JK

HO Y,D,OBJIeTBo.pHTb YCJIOBHlO TpeXMepHOH: nonepesrrocrn kmfm(k0, k} = O. 
BCJIe,D,CTBHe aroro sanasa na coõcraeanoe aaaseaae oneparopa 13 CeHQaC 

3anHIlIeTCHl'i i(/1 kmf =±Ikjfn ,
Ol.mo n r, 

-1 /12/
T .e. f3 HMeeT 06paTHhlH oneparop. Msr ero 6Y,D,eM 0603HaQaTb {3 (CM. ) . 

TIYCTb L(t1, t 2) - nonanreõpa B L, nOpO:JK.D.aeMaH ÇJIYQaHHhlMH BeJIH

qJiHaMH (t, F) , rne f ij ~ Sl( (t l' t 2) x.~ 3) .D.JIH scex HH,D,eKCOB i,j = 0,1,2,3. 
Torna, 0603HaQaH e = (t

2
- t 1) > O, nonysaexr na nepasrã B3rJIH,D, napanoK

CaJIbHhlH pe3YJIbTaT 

o 
~ .	 (4.13)lim L (t l' t 2) n fi
 

f +0
 

,lleHcTBHTeJIbHO, BBH,D,Y «d(cPdt)~ F) >= (cP, /)"cP) H (4.3), (4.4) JIerKO 

aaners , QTO eBKJIH,D,OBO arrexrpauecrcoe nOJIe HeJIb3H JIOK3.lJH30BaTb na rnnep
llJIOCKOCTHX [x = «, x) ~ ~4: t = s } , .r.e. u( U~ L s ) =$.TaKHM o6pa30M, 

Mhl ,D,OKa3aJIH CJIe,D,YlO~YlO reoper-ty; s ~ 

Teopeua 3. 
TIYCTb 

S(t , t ) = ~ fI dtd~x(E2+ B2),	 (4.14) 
1 2

(t , t ) x~s 
1 2


rne E = - d<1> + (3-1.B H dB= O. <l>opMaJIbHOe TO:JK.D.eCTBO
 

dJ.L/C1(~ u ~ 0)	 "::l exp(-S) d<1>dB 

onpe,D,eJIHeTCR TO~O ripa nOMO~H H30MOp<pH3Ma ( 4.5). CJIeP;OBaTeJIbHo,. 

Mepa eBKJIH,D,OBO-HHBapHaHTHa. 

5. 3AKOH <l>APA,JJ;EH

'lI 
KaK 6hIJIO nOKa3aHO asnue, J.L/~ HMeeT CTPYKTYPY Mephl Baaepa, T.e. 

nOJIHOCTb~ onpenerraerca COBMeCTHhlMH pacnpenenenaar-ra ceMeHCTB CJIYJil 
QaHHhlX B eJIHqJiH 

MO:>KHO neperracars	 {B(sn ' u(o»: n = 1,2,3, •••, N J , (5.1) 
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I 

I
 
I
 
" 

rne B3aMeH (4.10) Mbl 6y.ueM HCnOJIb30BaTb l<paTKYIO sarracs t.ç'~ -+ B(t, u). I! 
ECJIH °~s 1 ~ 82 ~ ••• ~ SN"' BCJIe~CTBHe MapKOBCKOrO CBOHCTBa ,1l,JUI COOr- . J

I,
BeTCTBYIOrn;HX BpeMeHHO ynopanoueaasrx MOMeHTOB, npa nOMOrn;H TpaHC ·11 
cPepMaTpHU;bI nOJIYtIaeM cPOPMYJIY <1>eHHMaHa - Kaua /13/. Ilycrs Hs. li 
= L 2(0,~ o,ll) - "cPH3wlecKoe" rHJIb6epTOBo npOCTpaHCTBO H {T : 8 ç :R}

S 
rplnna YHHTapH,bIX oneparopoa C~BHra X = «, X) .ç :R 4 -+ (t + 8 , X) B r 
L (O,I.JL).,lLrrR JIlO60ro s 2: O HMeeT MeCTO 

I. 

-1 . II
<B(O,u) B(O, v) > = (7 B(O, u) T B(O, V) J ) = (iOu,dô(Ô, ,rr V) = lis s 

lf 
rne w = + ô,lh, H = ~ (CU, ~C(e-SWv» , . ~ 

I'
'11 ç }{ -+ E (T s '11 \~ ), s ~ O , (5.3) 1I 

·1 
rpaacrpepr-rarpaua. 3.uecb E (v ILo) - ycrroanoe MaTeMaTHtIeCKOe O)KH~élHHe 

cnYtIaHHOH BenwmHbl v . 
~ ~ 

JIeMMa. Ilycrs Po: f -+ f o - oneparop opTOrOHaJIbHOrO npOeKTHpOBa
HHH. Torna ceMeHCTBO C)KaTHH 
Bern;eCTBeHHOM rHJIb6epTOBOM 

{$ S (~3), -.!-(.,CwC.)}, 
1<j r 2 

{PoT8' 8 ~ O} onpenenaer norryrpynny B 
npOCTpaHCTBe f. O, rcoropoe H30MOIXPHO 

(5.4) 

,Z:(OKa3aTeJIbCTBO: Jlerrco naners , tITO 17'11='11 .unH acex 'Pç1{, rne 17 -YHHTap
HblH CHMMeTpl1'llibll1 oneparop OTpa)KeHHR X = (t, x) ~ :R 4 -+ (- t, x) B 
L2 (ü,!.,J.d. ,Z:(eHCTBH~eJlbI;lO, cPYHKUHR ,Z:(HpaKa i /t) , ecnn s.ç:R, aanaer
CH HHBapHaHTHOI1 OTHOCI1TenbHO otpIDKeHHR neper-tenaoã t ç :R -+-LHccne
.uVR 6HnHH~HHYIO 3pMHTOBCKYlO cPOPMY lh .(. , Cw C.) ,nonYtIaeM RBHblH 
BH~ MepbI 

2 
dJl[ !. O "" IVO(B) I dB, (5.5) 

rne Vo - BaKYYM B npencraarrenaa Illpenaarepa. llOCKOJIbKY rpaacdiepvrar
paua exp(-H) , rne H> O - raMHnbTOHOB oneparop, coxpaaaer nonoaorrerrs
HOCTb, cPa30BblH MHo~l1Tenb e~I1HCTBeHHbIM 06pa30M MO)l(HO asrõpars TaK, 
tIT06bl HMeno MecTO nOtITH BCIO.uy Vo(B) > O. OtIeBH~O, H RBnReTCR BTO
pHtIHblM KBaHTOBaHHeM oneparopa w = + 11th B f. ' 3aMeTHM, tITO ~R MaJIblX

Of> O . 
,

1 -1
<B(O, U) B(O, V) > "" "2(8U, w (1 - tW) ôv) , (5.6) 1; 

I 

l' .e. oueaxa (4.4) OnTHMaJIbHa. Ilycrs h - cryneaxaraa cPYHKIJ;HH XeBHCaH~a. 
, 

Tlonysaer-r TO)K.neCTBO 11 
h = (T - 1) T h , (= (t 2 - t 1) > O , 

í : 

(t1,t~ (t1 - (5.7) II 
i! 
,! I

".. 
<1>YHKU;HR h (t t ) , rne 

l' 2 
e =t 2 - t 1 > O 

f 
-r 

EBKnH~OBO BpeMR 

--;7 

o t 1 t s2 

Puc.2. 

Teopeua 4. 
,lLrrR JIlO60ro s 2: O H MHprOtIJIeHOB U, V nepexreanstx . B(O,.) cyiuecr- . 

nyer npenen 

lim (-1 <U(h(O,Odt/\8u,F)V >=(7 ,U[H,B(O, u I] e -sH V7), (5.8)
s 

f +0 . 

rne V s cnaar V . Cnenoaarensno, canrynapaaa crrysaãnaa BenHtIHHa 
(i odt /\ êu , F), Jlij .(; S, (~3) _ cnY)KHT onpenerrenaer-r aeorpaaaveanoro 
cHMMeTpHtIHOrO orreparopa B J{ nonepe-uroro 3neKTpHtIeCKOrO nona E (O,ôu) 

,Z:(oKa3aTenbcTBo: 06'bRCHMMH~elO na npar-repe KBaHToBoMeXaHHtIeCKOH 
Mo~enH C, raMHnbTOHOBbIM oneparopoxr H = 1;2 (p 2+ (32 X 2 - 1 ), (3 = 1. 
Paccr-rorpnra cnytIaHHbIH raYCCOB npouecc t ç :R -+ (v(t) • q (t ) co cpennar-r 
3HatIeHHeM nyrn, H 

«(e,b),F)2> 11 (l 

, rne (a, b) ç. S (.:R)$ S 
CTBO ~R F. horraraa 
tITO nOtITH BCIO~y 

d 2 -% 
-) (b ~~)112 (5.9)
dt 2 dt 

(:R). Ilycrs (Ü,L,Jl) - BepORTHOCTHoe npocrpaa
r d 

(a, b) = (h (t ,t )' --- h (t ,t »', rrer xo BH~eTb, 
1 2 dt 1 2 
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l·'I
,
I ;
 

t2 ~
.. TaKaH napa, lJTO rpaaasasre neTJIH f n == a0 n ' n = 1,2 ae HMelOT COBMeCTHOHr dtv(t) = q(t ) -q(t ) ,	 (5.10)
2 1	 TOlJKH,.TO npenen KOppeJIHUHHj

t 1 .
 
'r .e. r-repa 11 HMeeT HOCHTeJIb na JIHHeHHOM nO,l:.(MHoro06pa3HH nO B n . Ilo aaa- . i j 

e ij dx dyJIOrHH c (3.4) CY)KeHl1e 11/:1 na o -nonanreõpy ~, nopoacnaerayro q (t ) , 
lim < B (O, 8 i) B (s, 8 2 ) >t .ç ~ , -oK:a)KeTCH H3BecTHoH BHHepoBcKoH MepoH. <I>OpMaJIbHO ee rmOTHOCTb Ir (5.16) 
s +0 (2f1)2!y _y 12 

f lxf2
 
1 d2
 

--(q,(l--)q) cyutecrayer. BOJIee Toro,dll/ ~ ::: e 2 dt 2 dq (. ) (5.11 ) 

nOJIYlJaeTCH npomrrerpapoaamroã no CKOpOCTHM v(t), t (; ~. nYCTb U , l[H,B(O,8)] :::E(0,a8L (5.17) 
V 6ynYT MHOrOtlJIeHaMH no xoopnaaare Z x ::: q(O) OCUHJIJIHTOpa B HYJIeBOM :1 
MOMeHTe BpeMeHH. OHH HBJIHIOTCH HeOrpaHHlJeHHhIMH cHMMeTplilJeCKHMH 

J{= L 2(U,ioneparopar-ta B "<t>H3HlJeCKOM" rHJIb6epTOBoM npocrpaacrae O ' 

_x2 
e dx	 " 6.0BPAIUEHHE BPEMEHM--_-). Ecnn ti' t t;; (O, s ) , TO BBHny epOpMyn:hI <I>eHHMaHa - Kaua

2
J" 

-t1H -eu -iH -(s-t1)H IlYCTb K(t l' t ) - nOnOJIHeHHe JIHHeHHOro nonynpocrpaacrna 
~ <U(q(O»q(t)V(q(s» >:::(Ue (e x -xe)o V) 2-epOPM f = f ij (x) dx

2 
i I\dx L, r.n;e ' 

t t;; a( t i- t 2) 

-t1H -(s-t1)H (5.12) 3 
~ Sr «t p t 2 ) x~), i,j = 0,1,2,3,	 (6.1)"" -i (U, e [H,x) e V)	 t i j 

B {S, (. ,P O,.)l. MOiKHO paccr-rarpaaars K(t . t )(CM. pHC'. 2) . YMHO)KaH 06e CTOpOHhl TO)KJleCTBa na i e , B npenene i + O no	 KaK 3aMKHYToe nonrrpo
1 2

rtysaer-t T04Hoe ypanaeuae Feüaeuõepra p::: i[ H, x ] . OnOTHoe MHO)KeCTBO 

B J{ CTpaHCTBO B K . 31'0 3HalJHT - ,l:.(JIH JII060ro f ~ K( ti' t ) B COOTBeTCTBYIOmeM 
2 

~ k 
KJIaCCe 3KBHBaneHTHoCTH [t] cyntecrayer e.n;liHCTBeHHbIH 3JIeMeHT f O= pOf 

n l'l't;; J{: 110 +H )'l'11 <001 (5.13) TaKOH, lJTO BhInOJIHHIOTCH YCJIOBHH di O= O H supp f ij 's. [t i ,:t ] x ~ 3 ,
2

k = 1	 i, j == 0,1,2,3. Jlerxo BH.n;eTb, lJTO npoeKQHoHHhIH orreparop P: K -+ f${d(<pdt) I 
"ycHJIHBaeT" JIOKaJIH3aUHlO OTHOCHTeJIbHO neper-renaoâ eBKJIH,l:.(OBa BpeMeHH 

t ~.~. MMeeM Pf = f , ,l:.(JIH t = d(<p dt) . [.LnH Toro, lJT06hI f ~ K (t t)HBnHeTCH 06JIaCTblO onpeneneuaa cHMMeTpH4Horo oneparopa p. B aaureà .	 l' 2O {d(<pdt) J, He06xo~HMO H ,l:.(OCTaTOlJHO r-ronena eaxnanoasi 3neKTpOMarHHTHhIe nona F (x) , x ::: (t, x ) ~ :K 4 ,i j 
MbI HaH:.ueM cnezryroutast 06pa30M llaCnlbIH peaynsrar: nYCTb 'I' = B (O, u) " 
rne u ij ~ Sr (:K 3) , rnazncoe l-Q:>OTOHHoe COCTOHHl1e B J{. Torna neãcrnae Z = Rt ::: 
raMMnbTOHOBa oneparopa 

(6.2)==f ~ Cu, supp f
I!~	 c [ ti ~ t 2] . 

H'l' = B(P, w . k ). W = H~ 

3KBHBaJIeHTHO "npenpauremuo " 'I' B COCTOHlme - i . E (O, 8u) 1 . 3.uecb Mbl ,1l;eãcTBHTeJIbHO, f O == da .ç K O {d(</Jdt) J, rorna H TOJIbK:O ror-na , teor-na 
l1CnOJlb30BaJIH (5.8) H Hl =:: O. OlleBH,l:.(HO, eCJIH 8 - rHnepnJIOCK:OCTb B :K 3, a = a odt + a Jdx j ynoanersopmor a o = O li 8a = O . MCnOJIb3YH enre paa ( 

TO cnyuaáaan neJlH4HHa <O, L, 11)	 !. To~eCTBO B S 

B(s , e) = (i 3 U (8 ) , F) = r B i j (s , x) dx i 1\ dx j	 (5.15) *d8 = f dt 8u + f 0 u .ç ker P o , (6.3) 

e 
r,l:.(e e::: E f (t) u (x) dx k , nOJIYlJaeM HCK:OMOe pa3JIOiKeHHe

6Y!V!T canryrtnpuoü , T.e. <B(0,8)2>= 00 • TeM ae wreaee, eCJIH 8 1 , 8 -	 01 j k lJ2 
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o . 
f = dt A a + da =: 

'2 a -1 .
=(J - ,)da + *d(,8 a). (6.4)fJ 2 at 2 

Pe3YJIbTaT 

z = R(da) 

(6.5)= D (da) 

cornacyerca c (4.7) 11 OTHOWeHl1eM P °I f =D-1
, Ceüsac MhI rOTOBhI nOHlI

r-rarr. MapKOBCKoe CBoiíCTBO OTHOCI1TeJIbHO nJIOCKOCTlI [x = (t, x) .<; j{4: t = OI 
na yponae earcrranona 1-4acTwffioro rl1JIb6epTOBa npOCTpaHCTBa K. HCnOJIb

3YH (6.5) li (~, I1TT~) == O, eCJIlI eb ç; Sr eR +. x j{ 3), ero MO)KI-IO aanncars TaK: 

JIeMMa. TIYCTb f + - npOCTpaHCTBO B f :meMeHTOB BI1,n;a z = f ~ Cu, 
rne supp ec ~ + . TIo aHaJIOrvU1 onpenennvr f . Tor-na lIMeeT MeCTO 

f == z, U f_ ' (6.6) 

JJ.O"Ka3aTellbCT80: Ouenarmo , f + f+ = f o' HCnOJIb3yeM MeTO,n; nl1

pnxrre. PaCCMOTpl1M 3flJ1l1rrTl14eC xoe ypaaaeane z = DlI> .r.ne lI> "" da. TIYCTb 

z ç. f O f+ ' T .e. LJ.JlH ncex u I' ~ S (~3) 11rnoõoro s > O npOeK~I1H 
J r 

0sCu. pOOlI» == (ou, a (8,,)) (6.7) 

paaaa HYJIlO. 3TO 3Ha411T, 4TO rrOTeH~l1aJI lI> I1MeeT HOCI1TeJIb B norrynpo
CTpaHCTBe ~ x :R 3, li, CJleLJ.OBaTeJlbHO, Z == PlI> ç; f, nOCKOJIbKY D - JIQKaJIbHhIH 

,n;11<p<pepeH~lIaJ1bHhIH orreparop nepesreaaoá t (;:R. .ll.rIH COOTBeTCTBY.:lOlUlIX 

npoeK~OHHhIX oneparopon P+ B f cnenyer COOTHOWeHl1e (1 - P+) ç P _, 

T .e. P+, P _ KOMMYTI1PYIOT. O'rciona nOJIY4aeM f == f +e (f O 5: ). Borree0 
Toro, HaHueM ,n;JIH f == f (x) dx 1 Adx J B S 

IJ 
~' 3 

(f, do (11 ) Il r) > O, f .J t;; s (:R x:R i. (6 8)
- 1 r + . 

3TO YCJIOBHe nOflO)f(lITeflbPOCTI1 Ocrepaansnepa - Illpanepa 114/, <I>opMaJIbHOe 

neácraae orteparopa Il oõpauieaan aperaeaa na 2-<t>OPMY aana 
f == dt A e J(t, x) dx i ~ S 

Il f = -dt A eJ(-t,x)dX i , (6.9) 

TIOJIaraH r = hdt Aou , rne h - <PYH K 1UiH Xeaacaãna, rrorryuaesr R! == i rP u <;-. 
.ç f o li B ClIJIY (6.3) Il r = f epl13H4eCKoe .o6'bHCHeHlIe 3T01'O napanoxca 

CJIeUYlOmee: HCnOJIb3YH (5.8) ,3aMeHHH S .. r -iE" , CocTOHHlIe 'P == B(O, u) 1 . 

MO)KI-IO rtepenacars TaK: 

00 -alI'li == E « hdt A ou, F) / Lo ) .r ds e (io dt A Ôu, F) 1 ==. 
O 

(6.10)-1 
= (f + iH) E (O, Ôu) 7 , e > O , 

r.e. 

o 
f d r e1'f (e 1TH E(O, ou)e-1r~ -B(0,u))7 =0. 

(6.11)-00 

0606maR 3TO TOJK,ll;ecTBO na nce ep1l3114eCKoe rllJIb6epTOBO npOCTpaHCTBO, 

MhI nOJIY4aeM npencraaneaae J( == L2(U • r o ,Il) ,r,n;e r 0(7- nonanr-eõpa 
B ~ +/~ HBJIHeTCH ripoofipaaoxr ~o ç Q (~ U :.ao) OTHOCI1TeJIhHO epYH,n;aMeH

ransaor-o 1I30Mopepl13Ma (4.6). 

7. 3AKJlIOQEHHE 

HaKOHe~, MhI 6y,n;eM 'BhIBO,n;lITb KaHOHH4eCKlIe KOMMYTa~1I0HHhle 
COOTHOWeHI1H ,n;JIH noneà E, B. )];ocTaT04Ho paccr-rorpert, BaKYYMHhle cpen
nne. TIpl1 rroxrorna (5.6) norryuaera 

(7, B(O, u) B(O, v) 1) ...!..(u, d ô v) (7.1)2 

11 

(J, [E (O, ~), B(O, v)] 7 ) .== - iCe, ov) , (7.2) 
1 

rne ~ = ôd (11- )0 , cOOTBeTcTBYlOmee orteparopnoray TOJK,ll;ecTBY [p, x J= -i.' 
B Mo,n;eJII1 rapr-roaauecxoro OC~lIJIJIHTopa.TIo,n;cTaBJIHH, U == U(81) li v == u(~), 

BBI1,n;y (5.16), (5.17) Haií,n;eM clIHrYJIHpHOe asrpasceaae 

(J , [E (O, e1) , B(O, e 2 )] ') == - i. I (f l' e2) " (7.3) 

rzie en == aen , n == 1,2 - rpaaa-nn.re neTJIlI ranepnoaepxaocreá B rpexpas
MepHOM npOCTpaHCTBe ~ 3, L(JIH JI1060ro e = (t 2 - t 1) > O onpe,n;eJIHM 

CJ1Y4aHHYlO BeJIH4HHY 

t2 

F(E") == (d(h(t
1
, t 

2 
) e3l o), F) L Osdt c, F) + r ds B(s, de) • (7.4) 

SÇà(t ) t 
1,t2 1 

rzre o == o (x) dx J -;- rJIa,D;KaR l-epopMa na :R 3. B 4aCTHOCTH" eCJIH HHTepBa

JIOM BpeM~H BhI6epeM (-f,f) , TO JIerKO annert., 4TO Bhlpa)f(eHH~ 
14 



I 

<F(l) B{O. v) > = (d(h( )~ c). pO(i O ~ v)) = h (~ e) (O). (de, v) (7.5) 
~~	 , 

He3aBHCHMO OT rrapar-rerpa e > O. B rrpenene ( + ° aropoe crraraeraoe 

pa3JlOJKeHHH (7.4) HClIe3aeT. I1cnOJlb3YH (5.8), MOJKHO noxasars , qTO F(e) X 

x B(O. v) .... - i [E(O, ê) . B(O, v)], B CMhICJle <POPMYJlbJ <I>eHHMaHa - Kaua. 
Ilycrs c = *u (8) " rne * ofioaaaxea 3Be3)J,OqKOH oneparop XO)J,)Ka B .:R3 . 
fIoCKOJlbKY 8cf, 0, TO CHHrYJlHpHaH CJlyqaHlUUI aenasaaa 

f	 E (O. x ) dx i 1\ dx j (7.6)E (O. c) = (Oijk 
8 1 

k 

HMeeT npoeKUHIO na cexrop ~ 3apH)J,OB, H Mbl nonysaer-r "TOnOJlOrHqeCKHe" 

KOMMYTauHOHHble COOTHOllleHHH 1181. TaKHM 06pa30M, Mbl BepHYJlHCb 

K nauieâ HCXO)J,HOH TOqKe (1.1) . 
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