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B ,qaHHol7t p aõor e Mbl npeACTaBV1M oeayn s r ar u 4V1CIleHHOro peWeHV1f1 

peIlflTV1BV1CTCKV1X KBa3V1nOTeH~V1aIlbH~X ypaBHeHV1I7t/ 1 ! , OnV1C~B~~~V1X 
CBfl3aHHY~ CV1CTeMY ABYX 4aCTV1~ 8 V1MnYIlbCHOM npOCTpaHCTBe. 

KaK nOKa3aHO B pa60Tax / 2• 3/ , B CIlY4ae B3aV1MoAel7tcTBV1f1 AB~X 
CKaIlflpH~X 4aCTV1~ KBa3V1nOTeH~V1aIlbHOe ypaBHeHV1e B V1MnYIlbCHOM 

npOCTpaHCTBe V1MeeT BV1A V1HTerpaIlbHOrO YP~BHeHV1f1, COAepma~ero 

HeIll;(HeI7tHY~ 3aBV1C\IIMOCTb OT C06CTBeHHOrO 4\11Cna - MaCCbl C\IICTeMbl M: 

a· 1 ( P . M ) 'l'n (p)n = (217)-3 JV(Mn ,p, k)'l'n (k)dO~ /B1/ 

,J 
./ I 

I i-
I, 

~ ,\ 

\ 
\ 

\' 

\. 
\. 

I )\,,\ 

\, 

/ 

dk 
3AeCb G - c aoõonaaa <PYHK~\IIfI rp\llHa, dO = - 3IleMeHT 

.jm 2 + k 2 

o6beMa B \IIMnYIlbcHoM npocTpaHcTBe, a V - fiAPO ypaBHeH\IIfI, KBa3\11

nOTeH~\IIaIl AIlfl ABYX cKaIlflpH~x 4aCT\II~ Macc~ M. B TOM Bap\llaHTe 

KBa3\11nOTeH4\11aIlbHOro nOAxOAa, KOTOp~17t 6~Il pa3BV1T Ha OCHOBe wny
PVlOHHOI7t A\11 a rpaMMHol7t TeXH\II K\II B /2/ , 3TO fiApo \IIMeeT B\IIA,: 

V(M • P,k) -~.- [W k (p + k + W k - M 1 ,
n (217)3' p, o o p , n 

g2 m3 -1 

Wp, k = ~ li - k ) 2 + 11. 2, Po == Jm 2 + P2 , k o = ry+ 1. 2 , 

/B2/ 

I' 

rAe 11. - Macca 4aCT\II4bl, nepeHocfI~el7t B3a\llMOAel7tcTB\IIe. 

np\llCYTCTB\IIe BeIl\ll4\11H Po \11 k o AeIlaeT KBa3\11n~;eH4\11aj /B2/ He
IlOKaIlbH~M, T.e. 3aB\IICfI~\IIM no OTAeIlbHOCT\II OT Ip I \11 Ik I, a He O~ 

pa3HOCT\II~ -, • OTMeT\IIM, 4TO B~pameH\IIe /B2/ flBIlfleTCfI cocTaBHol7t 

4aCTb~ nOTeH4\11aIlOB, B03H\IIKa~~\IIX B OAHOBpeMeHHol7t peIlflT\IIB\IICTCKol7t 

<POPMYIl\llpOBKe 3aAa4\11 ABYX TeIl /3/ . 

np\ll paCCMOTpeH\II\II ypaBHeH\IIfI /B1/ M~ OrpaH\II4\11MCfI CIlY4aeM Hyne

Boro Op6\11TaIlbHOro KBaHTOBoro 4\11CIla. npeACTaBIlflfl BOIlHOBY~ <PYHK

4\11~ B B\IIAe 

>. 

'l'e=o(p) == 
IA 

(417f 2 
-1 

<I>(p)p /B3/ 

@J 06õe;:ú,iHeHH"fIU HHCT\iTf'r nnepUl>lX 

r

HCCJ1e,lI,09Q1um )J.}'6Hâ.. 

rT'O' • ..--.....,.......,.,-.............. --

19,EP, 

\11 \IIHTerp\IIPYfI B /81/ no yrIloB~M nepeMeHH~M, 

OAHOMepHoe \IIHTerpaIlbHoe ypaBHeH\IIe: 

~'bCah iit"liHk=ii~ KHCnrryl I 
. Gn'ef'~~X ~~~'1.?OEliJ'lf~ 

6145J1J.l~.) I EHA 

nOIlY4aeM AIlfl <I>(p) 

I 



-f3 00 

€ (p)(p -À)~(p) f V(p, k, À. J.dcll (k )dk, /B4/ 
o 4fT o 

rAe 

M+[1/ 2+(P_k)2]YzP + k 
In / o o r . ' v (p , k, À.,. p. ) ~ /
 

po+k - M + [1l2 + ( p +k )2]Yz '
 o 

/85/ 
M = 2À = 2m ' m = 1.+ E C B 

AaIlee Mbl 6YAeM paCCMaTp~BaTb ABa aapnaur a epYHKI.4~~ € (p). Ilep asui : 

(1 (p ) )1----; p2 , /B6/ 

/2 I v

COOTBeTcTByeT ypaBHeH~~, nOIlY4eHHoMY B Ha OCHose wnYPHOHHO~ 

A~arpaMMHo~ TeXH~K~, a BTOPO~: 

(2 (p) = 1 + p2 /B7/ 

np~BOAHT IleBY~ 4aCTb ypaBHeHH~ /B4/ K B~AY, nOIlY4eHHOMY B/3/ • 

HaMH 6YAeT ~3Y4eHO nOBeAeH~e co6CTBeHHWX epYHKI.4~~ CB~3aHHO~ 

C~CTeMW, 3aB~C~MOCTb 3HeprH~ CBR3~ OT Maccw npOMe~YT04Horo 60

30Ha 11 , Ha~AeHw KpHTH4eCK~e 3Ha4eH~~ Maccw 11, np~ KOTOpWX B 
C~CTeMe nO~BIlReTC~ nepBoe CB~3aHHoe COCTO~H~e. 

1. METOA PEWEH~H ~HTErPAnbHOrO YPABHEH~H 

OnpeAeIleH~e Maccw ~ BOIlHOBO~ epYHKI.4~~ C8~3aHHWX COCTO~H~~ 

CBOA~TC~ K cIleAYID~e~ MaTeMaT~4ecKo~ 3aAa4e. np~ ep~Kc~poBaHHwx 

napaaerpax (3 ~ 11 , a r arose 3aAaHHo~ epYHKI.4~~ e (p) paccMoTp~M cnex-: 
TpaIlbHY~ 3aAa4Y AIl~ npO~3BoIlbHoro Be~eCTBeHHoro 3Ha4eH~~ À 

{3 00 

é (p ) (po - E) 'I' (p) + - I G(p , k , À , 11 ) 'I' (k ) dk = O, /1 .1/4fT o
 

O ~ 11 < 11
0 

, (3 > O,
 

rAe E = E(À) - cneKTpaIlbHbl~ nap aaerp , a 'I'(k) - COOTBeTcTBy~~a~ 

c06cTBeHHa~ epYHK~~R, AIl~ KOTOPO~ BwnOIlHeHO '1'(0) = O. nYCTb 
E 1 ( À ) - M~H~MaIlbHoe c06cTBeHHoe 4~CIlO ypaBHeH~~ /1.1/. 3aAa4a 

COCTO~T B Haxo~,qeH~~ TaKoro 3Ha4eH~~ À* ~ cooTBeTcTBy~~e~ eMY 

BOIlHOBO~ epYHKUH~ 'I'*(p) , AIl~ KOTOpWX 

À*=E 
1(À*). /1 .2/ 

2 

Y4~TWBa~ CIlO~HY~ 3aB~C~MOCTb E"l(À) , peweH~e HeIl~He~Horo 

ypaBHeH~~ /1.2/ MO~HO npO~3BeCT~ Il~Wb 4~CIleHHO. BW4~cIleH~e 3Ha

4eH~~ epYHKU~~ E1 ( À ) ocy~ecTBIl~eTC~ np~ nOMO~~ 3KOHOMH4HWX aIlro
p~TMOB peweH~~ cneKTpaIlbHWX 3aAa4 B~Aa /1.1/, pa3B~TWX B/4-6~ 

B pa60Te npOBeAeH aHaIl~3 3aB~C~MOCTH BeIl~4HH À*=À*({3'Il) ~
 

'I'*(k, (3,Il) OT nap aaerpoa {3 > O ~ O~ 11 ~ 4.
 
np~ ep~Kc~pOBaHHOM 11 ~ O MO~HO onpeAeIl~Tb TaKoe 3Ha4eH~e {3 

np~ KOTOpOM BblnOIlH~eTC~ paBeHCTBO À*({3, 11 ) = Ào AJl~ scakor-o ep.~K

capoaaauoro 3Ha4eH~~ OoS À S 1, np~4eM 3Ha4eH~e x, = 1 AOCT~rao
 
eTC~ AIl~ APyro~ aC~MnTOT~K~ BOIlHOBO~ epYHKU~~ np~ P ~ O /CM.
 
np~Ilo~eH~e/. 

a 
'I'(p) =-

p
+ 0(1), p -+ o. /1.3/ 

OAH~M H3 B03MO~HWX cnoco60B peweH~~ ypaBHeH~~ /1.2/ ~BIl~eT
C~ MeTOA npOCTWX ~Tepau~~ 

À = (1 - w) À + W E 1 (À ), O < w S 1, /1.4/n+ 1 n " n 

(1 > 'Ào - 3aAaHo), nOCKOIlbKY epYHKU~~ E 1 (À) AIl~ 3aAa4~ /1. 1/ B 
ep~3~4ecKH ~HTepecHo~ 06IlacT~ ~3MeHeH~~ 11 ~ (3 onpeAeIl~eT cm~Ma

~~~~ onep arop B C~IlY O "~ E 1 (À) ~ 1. OAHaKo npeAeIlbHbl~ CIlY4à~ 

E1 (À) -+ 1 r arose npenc r aanaer HHTepec, n03TOMY npouec c /1.4/ He 
Mo~eT 6blTb 3epepeKT~BHbIM BO Bce~ ~ccIleAyeMo~ 06IlaCT~ H3MeHeH~~ 

11 ~ (3. nOCKOIlbK'y np~Moe BbI4~CIleH~e npo~3BoAHO~ E í (À) aecsaa 
3aTpYAH~TeIlbHo, B p aõor e ~cnOIl b30BaH AByxwaroBbl~ MeTO,q cexyumx , 

~BIl~ID~~~C~ aHaIlorOM MeTOAa Hb~ToHa, B KOTOpOM npO~3BOAHa~ 

E í (À)- 1 3aMe"H~eTC~ pa3HOCTHblM 3Ha4eHHeM. nYCTb À o - Ha4aIlb

Hoe np~6Il~~eH~e. nOIlaraeM À 1 = E1 (À ) ' ~ AaIlee ocy~ecTBIl~eMo
 
~TepaU~H no epopMYIle
 

n- 1

Àn+ 1 . n À n n n ,
= À _ - À 

-~-------~- (À - E 1 (À)), /1.5/
n-l n-l n n 

À -E
1(À 

)+E
1(À 

)-À n = 1,2, ... 

He OCTaHaBIl~Ba~Cb Ha AeTaIl~X, OTMeTHM Il~Wb, 4TO IlOKaIlbHa~ 

CKOpOCTb CXOA~MOCT~ 3Toro npouecca nOA4~H~eTC~ oueHKe!71 
n
 

(;\n _ À*) ~ Coq2 , 9 < 1.
 

AIl~ npe,qCTaBIleHHWX 3AeCb paC4eTOB B cpeAHeM 6WIlO ,qOCTaT04HO 
3+5 ~Tepau~~ AO ,qocT~~eH~~ YCIlOB~~ 'À

n + 1 - À
n ) < 10-4 . npH pac

4eTe Kp~BbIX À*({3, 11) AIl~ cepua 3Ha4eH~~ {3i={3o + i.!'1{3 ,i = 
= 1,2, .. , M npu AOCTaT04HO MaJlblX 3Ha4eH~~X !'1 (3 3a Ha4aIlbHoe np~

6Il~~eH~e AIl~ À*({3i+l ,11) B~6~paIlocb yme BW4HCIleHHoe 3HB4eHHe 

À*({3i ,~) . B 3TOM CIlY4ae cpeAHee 4HCIlO HTepaU~~ MeTOAa /1.5/ 
np~ Ka~AOM {3 i paBH~IlOCb ,qBYM. . 

3 



2.	 PE3ynbTATbl 4~CnEHHbIX PAC4ETOB 

2 Y2
PaCCMOTplIIM ypasHeHIIIR /1.1/ nplll fi ( P ) = ( 1 + p~) • ,QIlR aro ro 

CIlY4aR HaMIII nOIlY4eH~ rpa~IIIKIII SaSII1CIIIMOCTIII 4111CIla X OT napaMeTpa 
(3 AIlR fl = O; 1; 2; 4 B TaKOM AlllanaSOHe IIISMeHeHIIIR f3 , AI1R 
«oroporo O ~ X~ 1, 111 paCC4111TaHbl COOTseTCTSYIOUJ.llle c06CTBeHHble 

C05CTBeHH~e epYHK~1II111 HOpMlllposaHw YCIloBHeM
 
a x
 

f	 4>2 (x) dx = 1. 
o 

rAe B npIllBeAeHH~X paC4eTax AOCTaT04HO 5WIlO 83RTb a x = 5,12. 
Ha pHC. 4 AaHW rpa$II1KIII 3aBIllCIIIMOC

$YHKI~IIII11. 

rpa~IIIKIII SeJ11114111H À({3) nplllseAeHbl Ha plllc.l: fl1=O,fl2=l,fl3=2,fl4=4. 
Ha puc , 2 nplIIseAeHbl aHaJ10rlll4Hble saSHCIIIMOCTIII À({j) AJ1R f 1(p)= 

== 1 + p2. JJ.J1í=1 3TIIIX KplllSblX xap axrepuo cyutecr aeuao 50J1ee MeMeHHoe 
y5blBaHllle À ({3) npa yseJ11114eHIIIIII f3. 

15 

E(p)-po (Po -") 

105o 
o 

0,5 

À 

Elpl .. pJ IPo -}d 

À 

o 20 40 p 

PHC. 1.	 PHC. 2. 

Ha pa c . 3a nplllseAeHbl coõcr aenuue epY HK4111111 AIlfl CJ1y4aH (1(P) , 
COOTBeTCT8YIO~lIIe nape-rerp aa {3= 4,3; fl= O /À = 0,509/ 111 f3= 
= 6,4; fl = l/X = 0,512/. AJ1R f 2 = 1 +p 2 napa coõcr aeuaux epYHK

4111~ nplll napaMeTpax {3 = 6,1; fl = O /À == 0,501/ 111 f3 = 10,8; fl = 
= 1 /X = 0,503/ IIIs05pameHa Ha plllC. 36. 

1,0 E(P) =Po(po-ÀI 

0.5 

E(pl=p~(po-7\1 

• 

1,0 

5 10 P5 10 P 

PHC. 30.	 PHC· 1,\36 . 
ti-

,
i

Tel:1 SeJ11114111Hbl f3(fl), nplII KOTOpOM i\({3) =
 
= 1 /T.e. 3HeprlllR CBR3111 paBHa HYJ1IO/
15 
111 i\({3) = 0,5 /BepxHRR napa/ 'AJ1fl pac .... 

J
 CMOTpeHH~X MOAeIle~.
 

JJ.J1R cpaBHeHIIIR c MOAenblO, onpeAenR
eMol:1 nlllHel:1HwM 8XONAeHllleM cneKTpaJ1bHO
ro nep aaerpa , .ua plll C. 1 nYHKTl1pOM10 
npeACTaSJ1eHa n0J1Y4eHHaR B paôore /6 /. 

saBIII CIIIMOCT b i\ / fl = o (f3) AIlR ypasHeHlllfI 

f1
 /1.1/ c J.10KaIlbHbIM RAPOM V(p,k) = In!
 
/(p - k)/(p +k)},.cOOTseTCTBYIOUJ.VlM 8 x
npOCTpaHCTBe HepeIlRTIIIBIIICTCKOMY KYIlO

5 HoaCKOMY nOTeH4I11aJ1Y. SIIIAHO, 4TO npll1 
f3 -+ O KplllBble npaKTII14eCKIII COBnaAaIOT. 

Vl3 npu BeAeHHblX rpa~1II KOB cnenyer , 
4TO coõcr ee-u-ue 4111CJla KBaSlllnOTeH4111

aIlbHoro ypaBHeHIIIR /1.1/ 06J1aAa1OT TeMIII 

o K	 me xapaKTepHWMH csol:1CTsaMIII, 4TO 111I I , Jl 

c06cTBeHHwe 4HCIla ypa8HeHIIIR WpeAIIIHre2 3 }J 
pa	 c nOTeH4111aIlOM WKasw: 

a/ HaIllll4111e Anfl KamAoro fl KpVlT1II4ec
PHC. 4. 

xoro SHa4eHHR KOHCTaHTbl CBfl3111 f3 n (fl) , 
nplll KOTOpOM 9 CIIICTeMe A8YX 4aCTII14 nOR8IlfleTCfI 04epeAHoe n-oe 
CBRsaHHoe COCTORHllle /pIIIC. 1,2/; 

5/ pOCT KplllTIII4eCKIIIX 3Ha4eHIII~ KOHCTaHTW CBR3111 (3n(fl) c pOCTOM 

fl /pIIIC. 4/. 
PaC4eTW npOSOAIIIIlIIICb Ha OTpe3Ke AIIICKpeTIII3a4111111 a x = 5,12 AIlR 

aCOMnTOTIIIKIII \{1 (p ) = O(p-3 ), P -+ npa N = 65 He 111 3 BeCTHblX /5/. OT00 

HOCIIITen bHaR T04HOCT b 4111cneHHblX paC4eTOB COCTaBIlReT 10 -3 ~ 1O -4 • 

OTMeTIIIM, 4TO s anaue /1.1/ MOlKeT 6blTb nOCTaBIleHO S COOTBeTCT
Bllle C4eTHoe ceMel:1CTso peweHIIIl:1. nYCTb En{i\) - n-oe no C4eTY 
c06CTseHHoe 4111CIlO CIllCTeMbl /1.1/. Torna cooTseTcTsYIO~aR"BeTBb";JI onpeAeIlHeTCR paseHCTBOM 

i\*	 = En{i\*), 

KOTopoe MomHO paCCMOTpeTb s onpeAeIleHHOM Alllana30He 1113MeHeHIIIH 

f3	 111 fl • Tononora-reckaa IIIHBaplllaHTOM Ka)I<AOrO 1113 3TVlX ceMel:1cTB 

6YAeT 4111CIlO HYIlel:1 BOIlHOBOl:1 ~YHK4111111 Ha OTpe3Ke /0, oe /, kor opoe 
paSHO n - 1. 
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AaHHY~ pa60TY MOmHO paCCMaTp~BaTb KaK o606~eH~e MeTOAOB pe
WeH~R ypaBHeH~~ c MOAenbH~M~ nOKanbH~M~ KBa3~nOTeH~~anaM~ ~ 

n~He~HO~ 3aB~C~MOCTb~ OT C06CT8eHHOrO 4~Cna M = 2À , KOTOp~e 

6~n~ pa3B~T~ B 14-6< CneAY~~~M HaW~M warOM 6YAeT peWeH~e C~C

TeM~ ypa8HeH~~, On~C~8a~~~X penRT~8~CTCKY~ C8R3aHHY~ c~cTeMY 

ABYX 4aCT~4 co cn~HOM 1/2. 

l
I 

npl-1IlO>KEHl-1E 

AC~MnToT~Ka np~ p """"'" O coõcr aeuuux <tJYHKU.~~ /1.1/ AnR À = 1. 
Jleaaa 4aCTb /1. 1/ np~ P ~ O ~MeeT BI-1A (O,5p2+ o(p4))'lI(p) AnR 

KamAorb ~3 nOTeH41-1anOB Ej(P),i = 1,2. AHan~3~PYR ~HTerpanbH~~ 
4neH, paCCMOTp~M A8a cnY4aR: 

A/ fl ::f O, r orna np~ À = 1, p ~ O ~MeeM 

2
G(p,k,l,fl) In I 1 - x =-2x+O(x),

1 + x I 
rAe 

pk 
x = 

h==::::.:=====---
2+ P 2+ k 2 (po +

+ O(p 
2
). 

k o - 2 + j fl2 + -p2-+ k2) 

B ~Tore nonY4aeM paBeHcTBo 

oek'll(k) -- 
lim p '1'( p) = L r -- dk, cP (fl' k) = ';;'

2+ k2 (k - 1 + j fl2 + k 2 ) , 
4>(fl,k) o 

p-s o 
7T 

o /2.1/ 

KOTopoe RBnReTCR HeRBH~M ypaBHeH~eM Ha sen~4~HY ~(fl) , YKa3aH
HY~ Ha puc . 4. 4T06bl nonyuwr s np~5n~meHHoe pa8eHCTBO AnR f3 , 
nonom~M 

Ip'P(p)=a +ap+ap2 + a -f O, p < Co' /2.2/
-1 o 1 -1 ! 

Ecn~ np~ B~4~cneH~~ ~HTerpana B npaBO~ 4aCT~ /2.1/ Y4~T~BaTb 1
n~Wb BKnaA nepBoro cnaraeMoro ~3 /2.2/ /3TO npeAnonomeH~e oc
HosaHO Ha <tJaKTe c~nbHo~ "noKan~3a4~~1 peweH~R 'lI(p) B oKpecTHoc :1 
T~ T04KI-1 P == O, Ha6n~AaeMoM B 4~cneHHblX 3Kcnep~MeHTax/, TO no
ny4aeM np~6n~meHHoe yp aaueaue AnR (3 1 

A 
dk

1 = li- J ---- fl > O, /2.3/
 
17 o cP(fl, k)
 

rAe [~A] eCTb xapaKTepH~~ OTpe30K nOKan~3a~~~ co6CTBeHHO~ <tJYHK
4~~· 

6 

B/ nYCTb fl = o, TorAa np~ p ... O 

O,5p2 + k - 1 + I p - k I 
G(p,k,l,O) In ( o 

O,5p2 + k o - 1 + (p + k) 

1 3 1 5 P - 2(x + -x + - x + ... ), x = 
3 5 

O,5 p 2 + vi--=- k 2 -1 + k 

1 3 1 5 k-2(x +-x + -x + ... ), x k < p,
3 5 2 

~ p +O,5p 2 + ~ 
2 

p 

f G (p, k , 1, O) '11 ( k) dk = - 2 a 1 b_ 1 + O(p ) • 
o 

1 17 2 
rAe b_ 1 = L .. 2 == -. AHanor~4HO B cnyuae k .2 P MomHO 
nonY4~Tbk==o(2k+l) 8 

ele 

J G(p, k, 1,O)'I'(k)dk 2 L • a_ + O(p),bk 1 
p k= o 

r ne TaK>Ke bk = (2k + 1)
-2

• B ~Tore ~MeeM paseHCTBO 

~ 'I' (p) = L c-4 b a ) + O(P ) (317 a + O(p), /2.4/2 417 -1-1 8 -1 

~3 KOToporo cneAyeT, 4TO f3(~ = O /T.e. np~ fl = 0/ 8 Knacce pe
weH~~ /2.2/. MomHo npOBep~Tb, 4TO np~ npO~3BonbHOM nopRAKe no 
p nepBoro cnaraeMoro B pa3nomeH~~ /2.2/, COOTHoweH~e T~na /2.4/ 
6YAeT B~nonHRTbCR TonbKO np~ (3 = O. O~eH~M aC~MnTOT~KY <tJYHK~~~ 
f3(fl) np~ Jl ... O ~3 <tJopMynbl /2.3/ B ~HTepBane fl > A, npennonaraa , 
4TO 4~cno A AOCTaT04HO Mano s cnny "nOKan~30BaHHOCT~11 co6CTBeH
HO~ <tJYHK4~1-1. np~ Man~x k ~MeeM 

4> (fl , k ) = fl2 + k2 + O( k2 max ( k, fl» • 

n03TOMY np~ AOCTaT04HO Man~x fl , HO orpaH~4eHH~X CH~3Y fl ~ Ao> 
> A, np~6n~meHHaR <tJopMyna AnR {3 (fl ) ~MeeT B~A 

~ = C(A)'17'fl2, /2.5/ 

rAe c(A) - HeKoTopaR KOHcTaHTa, 3aB~cR~aR OT A . <tJ0pMyna /2.5/ 
cornacyeTcR co CBO~CTSOM {3(~ = O, a TaKme c rpa<tJ~KoM p~c. 4. 
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