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1. Deve10pment of the IBM 

The interacting boson mode1 (IBM), in its initia1 version cal1ed 
quadrupo1e phonon model /1,2/, and 1ater in its nowaday version 
IBM /3-6/, has got a great deve10pment and has been used in many 
app1ications /7.8/. Its complete group structure has been derived 
in ref./9/, and the re1ation between the coefficients of both ver
siona yie1ding their equiva1ence: in ret./10/, see a1so /11/. Its 
microscopic foundation has been diacussed in a number of 
pub1ications /7,12,13/. 

The mode1 deve10pment has been performed, first1Y1 
by severa1 

genera1izations. Such one is the proton néutron IBM 1 4/. Farther 
comes its extension to the interacting boson fermion mode1 for odd 
nuc1ei IBFM and odd-odd nué1ei IBFFM inc1uding dynamic super
symmetries /15-19/. Moreover, configuration mixing IBM /20,10,21/ and 
higher order IBM /7,22/ nave been proposed. And stil1 farther, the 
continuous spectrum IBM /23-25/ has been suggested. The necessity of 
introducing other degrees of freedom. besides the monopo1e-quadrupo1e 
one, has been rea1ized immediately, and it has been performed by 
additiona1 bosons /1-3.7/, initia11y chosen empirical1y. About two 
years ago it was rea1ized that definite boson combinations conserve 
at 1east the U(3) subgroup and thus the rotationa1 1imit /~6-30/. 
Wa are going to show in section 2 in which way one can extend the 
boson spaca conserving a number .of dynamíc symmetries. 

The IBM deve10pment has been performed, second1y, by developing 
methoda minim1zing the number of par~eters and making them universal. 
Such ia the oonsistent a1so extended Q forma1ism /31.32/, ahowing 
that the tranaition between al1 three 1imit cases can be rea1ized by 
thrae parameters only in the harmonic term and the quadrupo1e opera
tor of the boaon hami1tonian. Farther, the F spin projection on its 
maximal va1ue /3(,34/, transforming the p ~ IBM-2 into the usual 
IBM-l with 1eBa narametera. And fina11y, the NpNn systematics with 
respect to the product of va1ence proton N and neutron N numbers,p n 
showing that many tens of nuclei of severa1 1arge regions can be 
described by 7 narameters only /35/. and even by 5 parameters /36/ if 
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other above mentioned methods are also applied. It is related to 
systematics with respect to the P = NpNn/(Np+ parameter,Nn)
representing the average number of interactions of each valence 
nucleon with those of the other type /37/. 

The IBM development has been performed, thirdly, by developing 
methods of its hamiltonian diagonalization. The exact diagonalization 
is most efficient whenobased on group theory /38/. But recently three 
approaches have been applied, leading ta simpler approrlmations. Such 
is the boson Hartree method 139.40/ , the calculations ofboson systems 
having turned out to be easier than those of fermion systems by the 
kno\vnfor half a century fermion Hartree method. Farther, the hamil
'tonian separation /41,42/ into an "intrinsic". p.art determining the 
quasirotational bandheads, and a "oollective" part, shifting, 
splitting and mixing the intrinsio atntcs. And finally, the quasi
qlassical' coherent state method applied to boson models /43-45/. 
postulating an exponential dependence of the boson ~tate'on boson 
creation and annihilation operators. 

2. Interacting crulti boson model I IMBM 

We have shown recently, in whioh way one can extend the boson 
space, conserving at the same time a number of dYnamic symmetries. 
In this direction the above named gonoralization IMBM has been sug
gested /46/. It has been done by using generalized collective coordi
nates of ~' power, their momenta, boson creation and annihilation 
operators, and the generators of the group 

u ( n2) ==' U ( n(n-l)/2) x U ( n(n+l)/2) (1) 

constructed of them (x means direct product of groups' ). Bosons 
with multipolarities j ~ O. 2, •••• n-2 (n-l) respectively space 
parity + for the first (second), and with j =1. 3, •••• n-1 (n-2) 
respectively - for the second (tirst) subgeoup QD. the right-hand 
sido of (1) have been includod. 

A method of finding it8 group structure has been proposed /46/ in 
the sense of the subgroup lattico /47/ ombedded in the initial unita
ry group U(n2 ) or in one of botb its aubgroups on the right-hand 
side of (1) w1.th the usual rotational group 0(3) embedded at the 
end. It has been illustrated by tho n a 4 s p d f boson mode1. 
The same has been done with conatructing the boson ham1.1toD1an aDd 

the (electromagnetic) transition operators. Methods of algebraic 
diagonalization have been deve1opod. and the leveI spectra in both 
extreme vibrational and rotational limita have been derived. As it 
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has been shown, a number of levels and transitions appear, inacces
sible to the usual modelo 

For the uO,l,2,3(16) B p d f boson model the first subgroup 
is the usual UO,2(6) group of the known B d bOBon modelo The se
cond one is the Ul , 3( 10 ) p f boson group. Its subgroup lattice 
is as follows /46/ : 

:J Ul (3 )xU3 ( 7 ) . 

~01(3)x03(7) •• ~01(3):x:a3(3). 

~ 01..3 (10) •••••••••••••••••• 
Ul,3(10). ==,01,3(3). (2)'1 3 : 13 

••••••••••••••• :>U ' (5) •••• ::)0 • (5) 

.•••••••••••••• ~ 01 , 3(6) ••.•• 

•••••••••••••••••••••••••••••• ::JU1 ,3 (3 ) 

The generators of its 5ubgroups have been obtained explicit1y. Such 
group structure alread3 means that in spite of extending the model, 
its main advantage of a simple description of transitional nuc1ei 
will be conserved. 

For each of the six limits, an algebraic diagonalization of the 
corresponding hamiltonian, expressed in terms of· ·the independent Ca
simir operators of the same row of (2). i5 possible. Denoting the 
first order Casimir operator of any U8 ( r ) by n;, the second order 
one by '0;, and the second order one of ~ 
obtain the limit hamiltonians as follows. They are 
the general p f 

H = [3 ~ + ê l 

• H c 
r ~ + o(.(n)2 

H [ n + o( (n)2 

H r n+ ex: (n)2 

H == [.D. + o«~)2 

H = f ~ + cc (rt)2 

hamiltonian /46/ of our model. 

n~ + 0'3,3 (~)2 + OG
I ,3 n~ ~ + 

+ ~3~3 + f33~3 + 
~7 7 3 3 )-3 3 3 3 

+ ({li3c:,1,3 + J33~3 + '3 3 (;;3 + a l~l + ((1.3~1.3 
J~ O 10 7 7 J 3 3 J~3 3 ;- 3 3 

+ fl1i6wli6.+ j3153~153 + j3133cV133 (3) 

+ ~1~3 y153 + j3.1~3~153 + j3133~133 

+ }1~'~l~3 + )31
53;:;153 + pl33~,133 

+ oC 
1 + 13 133~133 •33 Y133 

OS(r) by t weW; 
special cases of 

~ =n~ + ~ 

l • l ex (~)2 

I1l~l + J31.3~1,3 

The embedding of the irreducible representations (IR) of alI 
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In a number of nuclei of the actinide and later the lanthanide
 
can be found as described in ref./46/. In particular, in the IR
 
U(r) : [hl ? ~~ ••• hr~ o] and alI O(r): (~~~ ~ ••• fr/2j O) 

region, low l~ing negative parit~ collective states have been ob
served, e.g. 1- at about 300 keV in even-even nuclei, connected by
 

1ts first subgroups of (2) according to the tol1owing rules given in
 
[h] of the initial unitar~ group U1 ,3( 10 ) are embedded the m of 

relatively enhanced El transitions with the positive parity states.
 
(4). There: [ •• ] x [ ••] denotes outar product of representations,
 It turned out to be difficult to ascribe a vibrationa1 origin to
 
® : outer pleth~sm, ~ : local isomorphism, [t ] : the integer
 alI of them. 
part of t. Two alternative interpretations have been próposed, based on a 

h number of physical arguments. Flrstl~, alpha clustering, or dinuclear
[h] = ~ [kJ Jt [h-kJ Ul (3 ) :xU3(?) /48-501system molecu~ar modes • Secondly, octupole'dynamic'and/or 

static deformation /51-53,45/, a 4ipole deformation of protons withC~~J	 
01,3(10)fh] =L=:= (h - 2k) 

respect to neutrons being related /54/. Experimental information has 
recently appeared, weakening the evidence in favour of the first /55/ 

k::0 

Ul ,3 (10 ) [hJ = [1,1.1 @ [h] : Ul " ' ( 5 )	 (4) 
and yielding additional evidence in favour of the second one /56

/ . 

Ul"(4) Let us apply the s p d f boson model in a concise form: without 
d bosons, without Coriolis type in,teractions, and with a mínimal 

[h]= [3] @[h] U~"(3) . 

[h] = [2,] @ [h.J : , 5U1 ,3(4 ) ""01 ,3(6 ) 

number of parameters, in one of the limit ham.1ltonians (3). This means 
realization of the octupole plus dipole (f plus p) dynamic and/orThereB.fter, the eigenvalues ~, V ; w of the Casimir oper r static deformation interpretation. We are going to describe the porators ~, Yr ; w in (3) of al1 subgeoups U(r) and OCr) in.r sitiye and negative parity yrast lines of actinide region nuclei with(2)	 are known /46/ :
 
sufficient experimental information. We choose three groups of iso...
 
tones 218,..a /57,58/, 220Th /59/ for which near1y vibra-

. 88" 130 90 130	 2200 /60 61/
tional spectra are observed shown in figure 1, 88"al;2 ' ,~ = == ~ k=l 
2~~Th132 /591 with transitional type spectra shown in figure 2 , 
and 22%a /62-64/ 22~h /65.64/ 239u /64/ withV = ~ ~ (hk + r + 1 - 2k)	 (5 ) 8eu 138 • 90 138 • 92 138 r k::d nearly rotational spectra shown in figure ; • 

From an experimental point of view our attention is qal1ed to
~r/2J _ _
 

w r = ~ (~ + r - 2k) .
 two pointa. Firatly, when changing Z and keeping N constant 
k::l (isotones) the spectra are very similar, but when changing N and 

keeping Z (isotopes) or even A constant (isobars) they areIn the following we will exchange tho socond order Cas1mir oparator 
~	 A rather different. This should be considered as evidence in favour ofV r of U(r) for the corresponding ti r of SU(r) , whtch _111 

the prevailing role of neutrons for the appearance of octupole-dipolelead to the exchange of )Jr in (5) for V in (6) : r deformation in actinides. Secondly, leveI spins are observed, 

Vr = \J r - (~)
21 r . (6) exceeding the allowed ones b~ the simple ad hoc rule applied in the 

IBM, according to which tbe total boson number i6 equal to the number 
In th1s wa~, the hamiltoniana' (3) level energias have been found of valence nucleon pairs.
algebraically. From a theoretical point of view we are going to note the follow

ing points. Different total s, p, f boson numbers N:: n~ + n~ + ~ 
,. R~flec~ion as~mmetric nuclear ahapaa raproduce the low spin part in an almost identical w~, higher N'I 
Let us consider this actual nuclear structura problem which just increasing the number of high spin leveIs and the maximal spin

fappeared about five years ago, in order to do the first application I ; therefore everywhere N =6 has been chosen. Two parameters areI
of the model developed in ref./46/ and in section 2 of this work. sufficient to reproduce the yrast line of each lsotones group if no 
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E, MeV E, MeV' 
5 T T 

Experiment T Theory ExperimentT T T Theory T ~',-".~' 'r: 
218Ra 220 vibrational intermediate 220Ra 2i2Th vibrotional intermediate Th 
88 _~~_ 90 130 limit 88 132 90 132 limit 

4 4
-18+

---19 -18+ 
---21

-18+ 

_16+-15

_16+-17- -16+
 
-15--14+
 

---15 3 '3~_18+---19-
-14+ -14+ -13

-15
-16+ -16+

-15- . -15-13 -17---13
_12+-13- -12+ -16+ ---15-12+ -14+-,, -15----14+ -14+_ 3'"".-11~ 1

-10+ -10+ -10+ -10+_ g_--I212'
 

2l- -11" -11 -14+ 
-13---12 

_12+-13----12:--13-g -12+ -12+ 
_ 8+- g-- 8+- 9 -11- -11- -11

-8+ -8+ -11--10+
-7- -7 -7- -7 -lO' ~9- -10+_ 

-10+
-g

1~- 6+_ 5-- 6+ - 6+ - 6+
 g_-g
-5 1 11~-8+ -8+ _ _ + -8+- 5-_ 4+- 5 -7'- -7 8_ 7- -7-4+ -4+ -4+ _ 1 - 6+_ 5-~ 6'_ 5- -6+ 

- 3- - 3 - 6:_ 5-- 4+- 5-4+ - 4+.=== 2+ -2+ - 2+ - 2+ -4 _ _1
-1 - 2+ - 2+ _2+- 3 - 2+- 3

OLl- Q+ ....L 0+ --L _L 0+ _L 0+
 o I OLl- O' ....L 0+ ...L ....L...,. 0+- u., 0+ -lJ0 

:rigure :Ia. Reproducing the yraat l'igure 2. Reproducing the yrast 
line of actinide isotones with line of actinide isotonea with 
nearly vibrational spectra. Expe nearly transitional apectra. Bx
riment trom refs./57-59/ . Theory periment from refs./59-6l/. 

in the vibrational limit: trom Theory in the vibrational limit: 
the tirst ham1ltonian (3) with trom the tirst hamiltonian (3) 
t 3 = 3f1 =540 keV, j3~ = 10 keV; with t:3= 3[1 = 270 teV, J3~ = 
theory in the interm.ediate 1im!t: 28 keV; theory in the intermedi
trom the third, tourth or ftlth ate lim1t: trom the thlrd, tour1h 
ham1ltonian (3) _ith 131~3 = or titth hamiltonian (3) with 
118 keV, j3l~3 = - 18.5 keV; alI f3l~3 ~ 49 keV, ftl~3 = - 2.6 keV; 
other parameters equal to O. all other parameters equal to O. 

deta1led coincidence is required. The vibratlonal spectra in flgure 1 
are better reproduced by the vibrational 1ill1.t, the transitional iD. 
tigure 2 : by the intermediate, and the rotational spectra in figure 
3 : bJ' ,the rota't1õnSl limit (if JIa1nly the low spin parta are com
pared), as one should expect. The p plus f boson combination 
ylelds the possibility to reproduce the 0+, 1-,2+,3- •••• line 
in alI limits, at variance with the f boson case alone: com.pare 
tigure 1 of this work with figure la of ret./46/. And finally, one 

--.

E, MeV 

T T ......,5 Pisare 3. Reproducing the 
ExperimentT T TheoryT yrast line of actinide iso
226 228 230 rotational 
88Ro138 92U13890Th138 tones with nearly rotational 

spectra. Experiment froIR 
r.ets/62-657 . Theory in the 
rotationa~ limit from the 
sixth ham.iltonian (3) with 

1 3 

limit 

-18+ C= 1000 keV,. o( ~ =:l· - 213 133 = - 17.2 keV; alI 
other párameters equal to O.-16+-15

2 f..----16+ 
-16+_--15---15- -14+-13

can see everywhere 'that the---14+_ 
13--;--14+-1:;-14+---13

-12"-11 distorted high spin part ls
-12+_ -12+-11-_12+---11

11
-10+- g---11 poorly reproduced, which is

11--10+_ g_-10+- g--10+- g
a general IBM teature /10/7 -7

- 8+- ,- 8+_ ~=-8+- 5- -8' 
-5 without taking C~riolis - 6+= ~- 6+== ~- 6+:= 1= - 6+-3

- 4+- í- 4+ 1 _ 4+ _4+- 1 interactions into account.
-.L ...t= 2"

0+ However, in the IMBM they 
ex1st at variance with IBM 
(see section 4), and th1s 

gives the possibility for a better description of this spectrum part 
as ..ell. 

oLt:::: õ: --.l:::= õ: .J::::::: Õ: 

4. Foundation, application and development of the IMBM 

It i8 interesting to note that alter the preprint in ref./46/ was 
published, two articles independent of it appeared /66,67/. They sho.. 
the significance of the collective nucleon pairs l-P and 3-' , 
besides the generally applied O+S and 2+0. Thus these articles 
can be considered as a microscopic foundation of the IMBM ot ref./46/ 

and .section 2 of this work in its s p d f version. 
Such a model can find a number ot applications to problems of 

nuclear structure, e.g. to the appearance and alteration of various 
nuclear shapes, to the quesuion whether quasirotational band termi
nation exists and where it is, to a better descript~on of high spin 
states with Coriolis interaction and/or exit out of the unitar;y 
scheme frameworle (see below), and to the recently revealed isovector 
vibrational modes in nuclei of different shape (see /68/ and referen
ces therein): 1+ at about 3 MeV, 2+ at about 2 MeV. The last ones1\] 
have been considered in the p n IBM as-mixed symm~try states /69/ , j l 
but in principIe similar states can appear in 8.IlJ' two-component 
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system /70/, e.g. in bur case of a s~stem with s d and p f 

components. 
In the framework of the IMBM, its development includes numerical 

diagonalization of its general or concise hamiltonian /46/, in parti 
cular with Coriolis t~pe terms taken into account. The last ones will 
appear in this model due to the existence of three types p, d, f 
boson angular momenta and scalar products in the general hamiltonian, 
at variance with the onl~ d boson one type angular momentum in the 
usual modelo This interaction must improve the high spin part des
cription due to the fact that it alignes the boson angular momenta 
/45/ . Such a development includes farther an algebraic or numerical 
description of transition rates b~ applying one of the methods men
tioned in section 1 • Moreover, it .Lnc Iudes the possibilit~ to create 
an s p d f g h boson model on the basis of the U(36) group that 
should improve the known s d g boson model based on the U(15) 
group /27,28/. 

Out of the framework of the IMBM, its development might take 
place by an extension of the compact unitB.r1 U(n2) group to the 
noncompact s~mplectic Sp(2n2 ,R) 1 as it was suggested for the exten~ 
sion of U(6) to Sp(12,R) in refs./9,10/, and as it was shown 
how this can be performed without a substantial increase in the num
ber of parameters in ret./IO/ . This will mean total boson number 
nODConservation, appearance of infinite bands, and inclusion of the 
wel1-known rotation-vibration Greiner mode1 with limited power static 
interaction as a particular case. It should influence the problema of 
quasirotational band termination, as wel1 as their high spin states 

descripti.on. 
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