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1. tN1'RoouctroN 

Th~ Jàynes-Cummings Módel of a two-level atóm interaating 
with a síngle roode aí the eiectro~agnetic field in a loss1ess 
cavity is ofle of the fe~ e~actly sbluble models in quantum op
t i c.s , For many year s , t.heore t s t s have analyzed various a spec t sí 

or this mocle1 (for revie~s see 11,2/). A number of interesting 
effects súch áS vacuum-field ~abi oscillations, collapse and 
revival have been preditted and then observed experimental
ly~ 13.... 6/. Recent;ly, Sánches ....Mórtdragotí.. e t a.l.'7! and AgarWal /s . have 
~al~ul~t~d thê emissioo spectrum for fluores~ence photóns in 
this mbdel.The fluorescehee and absorption spectra have also 
bêêh obtainéd for the model of a single~atom one-made system 
~ith ~avlty dafuping ~IW! and for the two-atom generalized mo
deis 18,11/ • It has been shoWrt thãt the emission of an atam 
in a cavity is drasticàl1y rnodified as compareci with its beha
viour in free space. For example, Sanchez-Mondragon, Narozhny 
and Ebe r l y /71 have shown t ha t' t he spontaneous emission spec t-: 
rum of an atam exéited in a lossless cavity has a doublet struc
ture arising from vacuum~tield Ràbi oscil1ations. The coorera
tive and mul t i pho t on..... t r ans i t i on ef f ac t s 18.lEI make the struc ..... 
ture of the spectrum very complicated and thus might lead to 
dlffitulties in the study of such a spectrum. 

In this paper wê 'examine the emission from one and two two
Leve I atoms í.nte r ac t í.ng through t he mu l t i.pho t on-itr ans i tion me
chanism with one. resonant mode in ah id~al cavity. Exact quan
tum electrodynami~ tesults for the dipole correlatio~ functions 
and the spectra OI rnultiphbtOn-induced fluorescence are presen
ted. 

The paper is organized as follows. In Sect.2 we study the 
single-atom system. Section 3 is devoted to the two-atom sys
tem. In Sect. 4 we 8ive a summary. 

2. A SINGLE ATOM 

In the rotating ~ave approximation, ~he effective Harnilto
nian for a single two-Ievel atam interacting with 'a one-mode 
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radiation field in a lossless resonant cavity through the mul
tiphoton transition mechanism /24.25/ is 

oi. z + + t +m - m +H = H + HAF = (hcu R + hál f a a) + g(a R + a R ). ( 1) 
o o 
+ z. .

Here R- and R are the spln 1/2 operators of the atom, a anda+ 
a+are the usual photon operators of the quantized cavity mode, 
cuf and CU o are the frequences of the cavity mode and the atom, 
m- is the photon muI tiple and g is ·the coupl ing const an t . The 
~xact. multiphoton-resonance CU o = mcuf is a$sumed to occur. 

We assume that.the atom was initially in the excited state 
I t >. and the cav t y field was in an .anb í t r ary s t ate P F =í 

= l .p " [n c- <.n "] ,.i.e~, the initial derisity mat r i x was , nn nn 

P (O) -'= (I + > -:+ I) ® P l p ,I+;n><+;n·"[.. F 'n n (2)nn 

By solvi~g the corresponding equations of the motion th~ wave 
functions exp[-iHAFtit'] I::±: ; n > in the interaction picture are 
found to be 

exp [- i HAF t li ] + ; n > = cos-I O t ) I + ; n > - i sin (O t ) 1-. n +' m > [I . n+ m n+m' , 
(3) 

exp] - i HA F t fÉ ] I - ;n > cos ( On t ) I - ; n > - i sin (O n t ) I+ ; n - m > , 

where 

n l
0n == g-Jn(n -l) ... (n - m + 1) = g -J--' (4)(n -fi)! 

Then, f~o~·the definition of the Heisenberg opetators we get 
for the two-time dipo~e correlation function D(t,r) the expres
sion 

D( t, r) == < R + (t + r)R- (t) > l p D (t r,)nn n ' , (5) 
n 

where 
1 icuo r 

Dn(t,r)=4 e !ros[2Hn+mt +(On+m+On)r]+COS[2flp+mt + 

(6)
+ (O + -O ')rJ+cos[(Onm+ +0n )r-]+ cos[(On+m-iln:)r]Lnm n. " 

2 

We proceed to the study of the emission spectrum of the 
atom. No source of relaxation has been assumed in the modelo 
Therefore, the only source aí line width is the width of the 
detector. Following Eberly and Wodkiewicz /1.3:/ we define the 
time-dependent spec t rum of the muI tipho.ton-induced· fluorescen
ce radiated into other modes· / 7 • 10 :/ as 

T l' 
S(v, T) == 1 {3 J d t1 r d t 2< R+(t1) R- (t ) >X eJq>[ -(r - iv)(T - t1') - (f' + iv)( T'- t ~ 1, 

2 
o o' (7) 

where r is the bandwidth of the detecting mechanism, T is the 
time at which the spectrum is evalua~ed, and {3 is a measure of 
fluorescence into other .modes. Exprepsion (7) can be transfor
med so that we have only to evaluate the time ordered correla
t on function D( t, r ) , r > o. Then, taking i nto account; Eq s , (5)í 

and (6), one can shQW that 

S(v, T) l Pnn S n ( v, T ), (8)
 
n
 

where 

T (r- iv)r T-r .2f' (.T- t) 

Sn (v ,T) 2 1 f3 Re J d r e r dt e Dn(t,r.)= 
o o 

=~r{3Re l(1],+2ir)-1 x[(v-Ü) +À -1] -irf1( -i1] jT -i(I/~o+Àk-ir)T 
4 k , j J o k; e - e h 

(9) 

o2I
I-(I/-Ü)O -I- À I- irf1(e-i(V-Wo-l-À~-il)T e ' T ) ] +

k
 

-I- (v - cuo ) .... - (I' - W ),o 

and 

TI TI= O = 2U À == U -U"1 "'2 n-s m' 1 n+m n' À2=U n-l- m-l-U n· (10) 

lf we consider the Long-r t i.me limit of (9): r T » I, and if we 
ignore the small oscillating terms /101 corresponding to 
exp(- i 1] 2 T) ,then we ge t 

r{3/8 r{3/8
S (v,T-+oo)== . + + (V-CU ) 4 / 

n 2 2 2 n O
 

r+(v-cu+U+-Q) l+(v-cu+U++O)
o nmn o nm n , 
-+ -(v -cu o ) . . ( 11) 
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·It is seen fromEqs.. (B), (9) and (Ia) that if initially the 
field is in a Fock state In> , then the fluorescence spectrum 
S(v,T)::: Sn(v, T) consists of several lines whose positions and 
widt1)s	 are determined by CU o ± CU n+m ± 0n) and r . Below we 
consider two cases of general interest in the narrow-band de
tection limito 

Case (I) n s m-!. It is seen from Eqs.(4) that Un .= O in 
this case. The spect~um Sn(v,T) then exhibits a doublet with 
peaks at v = CU o ± U n+m if r « U n+ • Note that the particularm
cfise n = O corresponds to the spontaneous emission and hence 
our result is in agreement with the result of Sanchez-Mondra
gon et a l , 17! and Agarwal/8 . / showing t he doublet structure of 
the spontaneous emission spectrum in the situat~on with one
photon-resonance m = 1. In the' general si tuation wi th muI tiE,ho
ton resonance the separation of· the two peaks at v = ú.h 2:.g '.Im! o-f 
the spontaneous emission spectrum is just equal to the frequen
cy 2gy'UiT of the vacuum-field Rab í oscillations and is called 
the muI tiphoton-resonance vacuum-field Rabi spli tting /8/ • This 
splitting is reminiscent of the fluorescence line splitting 
predicted in the presence of an intense drivinJ laser field by 
Mollow 114i/ and observed experimentally /15-17! , but it is no t 

the same because it occurs here in the absence of photons in 
the cavity mode. 

Case (2): n » m2. From the asymptotic expression 

1
nn+m - 0n 2' gm 2 n m/2-'1, 

( I 2) 
1 m!2-1 . 2

°n+m + 0n "" 2g(n 
m

! 2 + -mn ), n » m

4
 

wefind that the spec t rum Sn(v, T) with n »m2 ha s 
(2a) four peaks at 

1 2 m/2-1	 1 m!2- 1 
=	 -gm , CU ± 2g(n m/2v cu o	 -

+ n 
o + - mn ). (13)2 4 

if r « grn2 n m/2-1 

(2b) three peaks at 

v = úJo ' ú>o ± 2g J~,	 (} 4) 

• - I 'Ir r / '/81 .	 . \. 
I',í.f m = I and v n »g , g • lf we cons i.de r the Long-r t í.me 

limit, then we find from Eq.(1 1) that the four peaks in the 
case (2a) are equally intense, whereas the central peak in the 

4 

case (2b) is twice as inte~se as side peaks. The triplet obtai
ned in the case (2b) is in fact the exact analog of the Mollow 
triplet of intense-laser line splitting /14.18/ • 

3. rvo-xrox SYSTEM 

In this section, we examine the effect of cooperativity on 
the fluorescence spectrum, in particular, we consider what hap
pens to .the spectrum owing to the presence of two exci ted atoms 
with multiphoton-transitions in a lossless resonant cavity.The 
two-atom generalization of the Hamiltonian (1) is given by 

H = H o + 'HAF 

2 Z

H = "twfa+a + L tw R~ == tW a+a + t cu R ,
 

o j=l o J f o	 (IS) 

2
 
~ ~ ( +m - m R+ ) t +m R- m R+


H AF	 . k hg a R j + a j == g(a + a ),
 
J = 1
 

2
 
R Z,+,~ -c RZ ' +' - . 1 11 .
where = J' are now spl.n- co ectl.ve operators.k 

j = 1 
We calculate the correlation function D( t, r) and the spectrum 
S(v,T) assuming that each atom initially ia in the excit~d sta
te and that the field is in an arbitrary state P

F 
= L P , x] 

. nn " nn 
xl n > < n "] . Let us denote the a t orr í c sp í n-' l e í gens t at e s t R = 1, 

MR=O,~I\ by!So.±l>' i.e., 

IS o > =	 ( I+ , - > + 1-,+ » / J~, ISl > 1+, + >, \S_l > = 1-, ->. (16) 

lt follows from the structure of the Hamiltonian (15) that the 
time-dependent wave functions exp(-iHt;1)IS 1 ; n > , exp(-iHt!t)x! 
x] So; n + m> and exp(-iHt!t)I S-l; n + 2m > are linear superposi
tions of the three bas c s~ates 181; n > , 1 8 0 ; n + rn xand 18"":1 ; í 

n + 2m >. The coeff icients tha t appear in these superpos i t í-oris 
are to be obtained from the solutions of the Schrõdinger equa
t i.ons , The dipole correlation function D(t,r) == <R+(t+dR1t»is 
calculated in terms of the above coefficients to read 

D(t, r) (t, r),L PnnDn	 (17 a)
'n 
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Here Sn (v , T) is the collective fluorescence spectrum of the 
D (t, r) = 2 e

iúJ 
o r I a n (t+ r ) r a n (t ) 11. n ( r ) - f3 n ( t ) X n ( r ·)1 +n two-atom system in the situation when th~ cavlty field is ini

(17b) tially in the Fock state In> . Using Eqs.(17b), (18), (20) and 
(21b) one can show that in the long time limit the spectrum+ f3 ( t + r)[an(t)xn(r) + Bn(t)epn(r)ll.n 3 (v ,T --> O<!) is explicitly given byn 

Here the notation 

g 2 q n ~ sin 2 r fi n + mt 1, a n ( t ) 1 - --=--2
nn+rn 

/2 _]f3 ( t ) ~ vq~~__ __ sin [ 2 il n + rnt , 
n 

On+ rn 

g v'=l /2 
n t- rn -	 (18)

X n (t )	 sin [ 2 o n r I.-
nn 

IL 11 ( t ) cos [ 2 n.n r 1 • 

.2
 
g qn!-!II
 

cPn(t) 1 - ---- sin 2 
[~n t l , 

ã2 
n 

and 

q n = n!:I( n - m) 1 , U gV(:J !- q , }/2,	 (19)n n , n r- TTl 

has been introduced. Note that Dn (t, i) has the structure
 
'.
 

i (I) T 

D n ( t, T ) = 2 e o ~ A kj cos [ À k r t TI j t 1, (20)
kj 

Therefore, the time-dependent fluorescence spectrum defined by 
Eq. (7) has the form 'lO I 

s (v , T) =	 1 Pnn S n (I' , T ) ,
 
n
 

(2Ia) 
Sn(v,T) = 2r,BRe ~ Akj<Tlj -'- ai r )-t, 

_	 _ -I -i17j T -i(1.1 -úJ + ~k- ir) T . o -1 
[(v - úJ + À k ..i.. Tlj - i r) (e e . ) + (v - (U À,k -'- i r) xo	 o 

(2Ib)
-i(v -úJ + À k- ir) T -2r T


x (e o e )]+(v-({) )-->-(v-({).

o o 

4 2	 4 

i]
g =I n + 2m r,B g qnqn+rn 

3 (v ,T --> oe ) ------------ + ' x 
n _. 4 2 ,- 2 ~2-2 

40 n+m r +(v-wo -2n n) SOn 0n+m 

4 2"	 r[3 g qn+m 1 1 
2 + ( _._---	 )2 xx -----,-- 

2	 - 2 
r + ( v - C{) 0	 - 2nn + m ) 16il n t- m °n On+m 

(22) 
g4q 2 

r,B n-'-m 1 1 
(--

___ )2 x 
.i, ---- x	 2 - -\ 2 , - 2 r +(v-úJ - 2 il - 2Q1n ) 16 an I- rn {1 no n+ rn	 °n+m 

x	 r f3r 2	 (
o 

- - t- (v - (J) ) • -- ( I' )
+	 v - (u - 2U + 2 a )2 o' - - co .' 

o n"m n o 

This spectrum will have as many as from ) to 8 splittings de
pending on the resolution of the following f~equencies: 

-	 .;., 

f' z. 1 .. cJJ	 !- 2 (n - a ) V±2 - Ú)ü ..': 2 no - n v m n'	 .n 

(23)-
f/!.3 =	 (j)o -I- 2fi

n 
__ 

m
, v±4 = MO J:: 2 ({! n '- m I- n n ) • 

The line widths are defined by the width l ' of the detector. 
Note that	 the expressions of v±4 in Eqs.(23) describe the quan
tum	 electrodynamic analog of the so-called cGoperative additi 
onal s í deband s 119- 23! • The existence of these higher harmo
nics in the vacuum and weak c~vity fields has recently been 
shown by Agarwal /8/ and Cheltsov /11 I Now, we consider in• 

detail two cases of general interest in the narrow-band detec
tion limito 

J 
. Case (I): n ~ m- 1. In .t.h i s case, qn ,and therefore the 

second term in the right-hand ~ide of Eq.(22), ~re equal to 
zer~. The spectrum (22) th,:p has _six peaks at v = úJo ± 2U n, úJo~ 

!	 +2(U n + m .± iln) if r « 2(On+m-{ln). In particular, we find
 
that the spontaneous emission spectrum S n == o( v , T --> ". ) peaks
 
at the frequencies
 

6	 71, 
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-- --""------ -----._---------------

V±I'=W ±. g I J 2 [ ml + ( 2m) I./m l ] - y2(m!)1, (24a) 
o 

--
v ±2 = w 

o 
± gy2(m!), (24b) 

------'--- -
v±4 = W 

o 
.± g{y'2[m! + (2m)!:Im f 1 + y'2(m!) 1. (24c) 

.~ 

The relations between the heights of the peaks (24a), (24b) 
and (24c) are 

(2m)! --- 2 4 (2m)! 2 (2m)! __ 2 
1+ : I : I '= [ym ! + -- + ym!] :-- [ -"-] : [ J mI + -- - Vrn! ] • ( 25)

-1 ±2:t4 m! m! m! m! 

'fuen m=l these expressions reduce to those obtained by Agar
wal/8~/ for the vacuum-field Rabi splittings of the spectrum 
of a two-atom system with one-photon resonance. 

Case (2): n» m2 • From Eqs.(l9) ·we get the following asYmp
totic e~pressions: 

m fi '" g ( n fi: /2 ~ m/2- I ) n ,qn '" qn+ m =:< qn+ 2m n + mn , 

m/2 1 
°n+m "" gr n + 4"m (2m 

for n » m2 • Therefore, 
will have eight peaks at 

2" m/2- 1 
~'± 1 o "" w + gm n -

m/2 1 
v =:< cu + 2g(n + - mn ) , 
±2 o - 4
 

m/2 m/2-1
1 (27) 
v ::::: W + 2gf n + -- m(2m + 1) n r.±3 o  4 

m/2 m/2- I1 
v±4 '" cu + 4g[n + -- m( m + 1) n i.o - 4 ' 

if 

I" « gm 2 n m / 2 - 1 . (28) 

4 
(26)

m /2- 1 
+ 1) n 1, 

the spectrum Sn (v, T -+ oe) with n » m2 

t~e f~equencies 

m/2- 1 

I 

11'II 
.J' 
) 

I
 
~ 

-/ 

The relations between the heights of these peaks are approxi
mately found from Eqs.(22) and (26} to be 

I : I : I . I - 2' 2 . 1 . ( 4/° 2) (29)± I ± 2 ±3' ±4 - . . . m on . 

Since m4/8n 2 «1, the extreme side peaks v:t4 are very weak com
pared with the other peaks. For the case ['_gm2nrn/2-1 , it is 
possible that instead of the two peaks v±l one gets the new 
central peak V '= w • The number of peaks then is seven. lncreao o 
sing the detection bandwidth r, we may decrease the number of 
spectrum peaks up to 1. lt shauld be noted here that the nar
row-band d e t ec t í.on condition (28) implies, in the case m ? 3, 
the requirement of a strong cavity field, but in the case m = 
= 1 it restricts the field intensitY.ln the_case of one-photon 
resonance and strong cavity field: m = l;Jn'» g/r,r/g,. the 
spectrum Sn (v,T~ oe) has only five peaks at the frequencies 

vo'=wo' v±2=wo ± 2gJ n , v±4=ú.>0±4gy'n, (30) 

because of v±1 -+ V o , v±3 ~, v±2. The relations between the hei
ghts of these peaks now become 

1 
lo : 1+2 : 1+4 '= 4: 3 --. (31)- - 8n2 

Lf n is very large so that the extre.me sidebands v±4 = úJ o ± 4gy n 
can be neglec ted, then the spec t rum S n (v , T -+ oe ) wi 11 have a 
three-peak structure. The results expressed by Eqs.(30) and 
(31), and in particular, the decfease of the heights of the 
cooperative s i.de bands v±4 as] In2 as n ~ are in agreementoe 

l.:YÍ th the resul ts of Che I tsov !/1l~1 having app líed a d i.f f er errt 
method. 

Finally, we emphasize that for an arbitrary state of the 
cavity field characterized by the photon distribution Pnn , 
one has to average the spectra Sn(v, T) in Eqs. (9) and (2Ib) 
with respect to the distribution Pnn • AlI the spectral cha
racteristics will essentially depend on the statistical pro
perties of P nn > In particular, the line wid ths, and consequent
ly the peak number will be determined not only by [' but also 
by th~ dispersion of this distribution. 

4. SUHMARY 

We have investigated the emission from one and two two-le
vel atoms ih an ideal cavity with one mode at multiphoton re

. , 

!J 

II
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sonance. The exact quantum electrodynamic results for the two
time dipole correlation functions and the tirne-dependent spect
ra of multiphoton-induced fluorescence have been obtained. He
re, we have examined the general situation with an arbitrary 
state of the quantised cavity mode. The rnultiphoton-resonance 
vacuum-field Rabi splittings have been calculated. The struc
ture of the spectra in the situation with a Fock state of the 
cavity field has also been studied. The side peaks at the hig
her harmonics V±4 of the co l.Lec t íve spectrum Sn (v, T --+ ~ ) have 
be~n shown to .exist in vacuurn and weak cavity fields, their 

4/n 2intensities tending to zero as m as n ~ ~. Out results 
clearly show th~ complications of the spectra caused by the 
quantum discrete natu~e of the cavity field, the photon multi 
plicity o~ resonan~e and the atomic cooperativity. 
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