OGLELHHEHHbIA
HHGTHTYT
ALEPHbIX
HCCABAO0BANMM

E11-87-367

B.Slowinski

SIMPLE STATISTICAL MULTIVARIATE
APPROACH

TO WEAK SIGNALS EXTRACTION

Submitted to the Second International Tampere
Conference in Statistics, June 1-4, 1987,
Finland,

ALY




4 e —————

1. INTRODUCTION

Numerous methods of applied statistics are widely used in
many fields of knowledge and practice. In high energy physics
where experimental devices and their operation are esgpecially
expensive, convenient selection of the most effective approaches
to analysing data is very important. On ‘the other hand,a discus-
s8ion of concrete examples being drawn from different domains and
illustrating great necessity of statisticael treating of empirical
data can stimulate in the first place the development of such
methods which have direct practical significance.

The paper contains two examples of simple application of
gome elements of the multivariate analysié. In general they con-
cerns a problem of a detection of weask signals accompanied by a
substantial background.

Let ug consider a situation, typical enough in experimental
high energy physics, when heavy relativistic fragments (protons,
deutrons, tritons, alphas) emerging from inclusive nuclear reac-
tions are detected by an electronic device (see, for example,/1 3/2
If alphas are used as impinging particles and light nuclei as a
target, then protons and deutrons are predominantly emitted par-
ticles. So, heavier secondary fragments which are of great inte-
rest too, produce very small signals and their indentification
is a problem equally important as difficult.

Relativistic fragments can be in principle identified by
their electrical charge Z (latter: charge) and rest mass M{(latter:
mass). Information about a charge can be drawn from the ionization
effect registered using scintillation counters (SC) as a random
signal of the amplitude Ajhazz /4/. Hence for each Z (being equal
to 1 or 2) and each 1-th SC we have the (Gaussian-like) distri-
bution fz i(A ). Furthermore the particle mass M is easy to estima-
te by means of the measuring of time-of-flight of the particle pe-
netrating through the k-th couple of counters. Then we have again,
as above, the (Gaussian-like) distridbution fM,k(MJ) for particles
of a given kind. Remark must be made yet that the mass M is to

estimate after the particle charge Z is established only, because

in this case at each Z value there are different My - distribu-
tions. Our goal is to determine from sample the composition func-
tion 6(%Z,M) of secondary perticles when in each j~th event (i.e.
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for each particle) are detected n independent random numbers
Aj (f = 1,.4.,n) and some signals allowing us to get 1 inde-

rendent as well random numbers M(k (k = 1,000,1) 1if the particle

charge Z is found out earlier. Numerical ana]ysis has been per-
formed using experimental data obtained by means oi the MASPIK
spectrometer of JINR 3, where n = 5 and 1 = 2. As follows from
the above discussion the problem under consideration may be
solved by the two-step method: 1) charge determination, and

2) mass determination,

2. CHARGE DETERMINATION

As has been pointed out previously in each j-th event 5
amplitudes Aji) .are registered for a particle having the charge
Z and the mass M. Because predominantly light component is cre-
ated in the reaction of alpha particles with light nuclei at
4.5 GeV/N then Aji) - distributions, experimentally obtained,
correspond practically to one-charge particles, i.e. those having
Z = 1, Similer distributions for Z = 2 one can get by different
ways, but simplest one and correct enough is to produce them
from those at 2 = 1 taking into account that A(iI\lZZn So, in
principle it is possible to separate secondary particles by
their charge at the acceptable significence level (81}, For
this purpose, es usually, it ig necessary to choose for each SC
@ desired value of SL assoclated with the one-tail test with
eritical reglon on the right for the A(i)(Z=1) - distributions
and to estimate appropriate probabilities of a Type II error

(one-tail test with critical reglon on the left for the A(i)(Z=2)— .

distributions). Pigure 1 shows the Aji - distributions for all

5 5C qbtained at two different comditions of SC operation (solid
and dashed histograms). Thege conditions can be(g3suribed by
means of the variance coefficiemts (VC) Xy= “‘TI) , where LSA(i)

is the standard deviation and A(i) 1s the average value of the
relevent Agi) (2=1) -distribution when random amplitudes Agi)

satis!yin§ the condition A(i)<:3 A(i) are taken into account

only (A - distribution attains its maximum at the value A(i))
In Pigure 1 Agi)-distributions on the left correspcnd to the hy-
pothesls Z=1 and those on the right have been obtained using the
condition AS l\JZE. Arrows show (for both values of x) three va-
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with the alternative hypothe-

lues of Q(l)—quantiles: Q{1

)) and Q( ) means therefore

5 -~tuple criterion as well, i.e
ot

2k, @@= 2.5 ana (= a1, M
which are of practical inte- 2_
rest and associated with ad- 3
missible values of probabili- 2t
ties P( ) of both types error z
(Péua- 10 -3, 1073 tor a Type 1 5
error and Pz:a“ 10~1e 1074 tor g_
a Type II error, relevant to 2
each i-th SC and two hypothe- 7t
8ed Z=1 or_Ze2 correspondling- g
ly) Here A4 = (A( ) 2) veny 51 L
[/.
3.
2..
1.
0

D= (@fV ,...,Qé )}. So.
gince all 5 SC are strictly mu-
tually independent we have ror
the set of these SC () 11 p{t)
Numerical values of f (5)1=1
for both types error are given
in the Table (we stress that

a Type I error 1ls associated
with the hypothesis Z=1 whilst
e Type II error is connected

;i;;r
s

Xs~27---
3 =47

8is Zf?).

We can see that the 5-tu-
ple criterion only just discus-
ped ie very effective one: it Figure 1
makes possible to achieve par-
ticle separation by their char-

6(z=2,M)

ge Z if the ratio r = / .
6(2a1,M) is such small as about 10~ '4. Neverthelsss, this cri-
terion is sengitive enough with regard to operation conditions,
i.e. it markedly depends on x. Therefore it is of interest to
congider another combination of five amplitudes A i_ asg I do?i)
variables and in the first place the simplest one: AJ o & Ad
snd relevant averaged amplitude criterion. Numerical re-
sults for Xj—distribution and two hypotheses (Z=1 and Z=2) as
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well as two X coefficient values (x1= 0.30 and x2=0.53) are com- '

pared in the Table with similer data concerning 5~ tuple crite-

rion. One can conclude that although the criterion based on ave-

raged amplitude 1s more stable with regard to x changing, it is

by a factor of even about 1O1oof magnitude 1less effective than -&

the 5~tuple one. -

Table L
Numerical values of the probabilities Pe)for all SC and fz

{determined for averaged Aj— distribution) associated with Q(l

quantiles and two alternative hypotheses: Z = 1 and Z = 2. Results

are quoted for two samples of former empirical data relevent to

different SC operation conditions which are characterized by the
variance coefricientsxl shown in Figure 1. Here x(k)= (xgkz...,xék)x

= {1, AR, ) and @®)s @D, oV
Qil) being equal to: (1) 2A1, Q(1)

veees Q$1)), each
i, etc.%,=0.3040.05, %;=0.53+

0. 06.
p, x® oM. Q@) 2,51 NEUNEY
AL (D 1.1.10710 0.9. 10712 2.0- 10714
%
8 «(2) 1.1-1077 6.0+ 1079 4.0 10710
{{s3]
N A (1) -16 -11 -7
.4“5‘6 x 1.0+ 10 1.2°10 1,210
~0y
0l x(2) 1.0. 10710 3101077 2.0.107°
1~
AN
SR, (1.1%0.3)°1072  (4.4%2.3)- 107> (2.3%1.9)* 1073
3 10
3 b (4.5%1.9) 1072 (2.5%1.0)+ 1072 (1.4%0.6) 1072
N %, .5%1, .51, .4%0.6)-
1 ,
NooR, (2.743.6)+1077  (0.6t0.2)° 102~ (0.9%0.4)* 107"
$3
175, (1.6%1.8)-10%  (7:9%7.8):107%  (3.1%1.8)* 107" 9
Ty ! K
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3. MASS DETERMINATION

If the charge Z of a registered particle has been establi-
shed yet as discusged previougly, its mass M can be already esti-~
meted correctly. So, we have two values of M (m1 and m2) for each
particle which are measured independently and defined by charge
as well.Then the problem arises again to build a criterion, suffi-
ciently effective and gimple at the same time to be used simulta-
neously when an experiment is in action,which enables us to sin-
gle out reliably enough the particles being produced with very
small probability. It is evident that a criterion based on univa-
riate statistic is too flimsy. To make sure of this let us look
at FPigure 2 (upper part) where T T

an empiric mass distribution - « *120_’3’:‘*--- ]

for a sample of size N=4- 10% F=(P;d»t He, «)

of former experimantal data is p.= 18 GeV/c

drawn. On the x axis values of 3493| e ; 140 mra%'
¥t = 4.10

m, are marked since they are
measured with better accuracy
than similar my values. We can
notice that only protons (p)
and deuterons (d) placed with-
in central parts of relevant
distributions are to be simply
separated in this way whereas
other particles (t, alphas and
nuclei of He) ere sinked into
complex background originating
mainly from long tails of p and 5
d mass distributions. Therefo-
re it is useful to consgider a
2-dimensional distribution (or
scatter plot) of events consis- 1 e
ting of points (msj), méj))
whosge coordinates are measured
values of m, and my. Ag en 1il-
lustration in Figure 3 it is
shown the plot of such kind for
particles having Z=1. One can
gee that as expected the majo-
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rity of points explicitly concentrate
within elliptic surface, like the 2-di- 4t
mensional Gaussian distribution of un-
correlated random variesbles, i.e.

~~ J
! o
(9 2 (D_u, 2 <
(u)+(m_i.)gp2,(1) % ]
61 Sas £

m2

where Mi means exact value of the mass

of particles of i-th sort, 8;1( 654)

.18 the standard deviation of the central °
part of associaged m11(m21)-distribution,
i.e. when | mﬁi -4 p'G}i (p-G’ki be-

1 2 3 4

ing of the order of the protnmass), k=1, m, (Cev/c?)
- 2; p=1+3 depending on desired value of a Figu;‘e 3

_significance level’~/, Nevertheless, we
can also perceive two long belts of the
width of p-S?i(p-Géi) along the my(m,) axis for each sort of par-
ticles. If we compare both of mass distributions (see Figure 2,
upper histogram, and Figure 3), we shall find that just these
belte determine lower limits of ocourrence frequancy for particles
heavier than deuterons if an analysis 1s carried out, for instan-
.ce, using an univariate approach only. Accordingly, the inequall~
ty (1) treated es a selection criterion of particles should be
complete by adequate additional condition:

(> p6y1 i)~ 1)< p6yy) .
T @l p&y ]~ )< 6)- @)

Now we can apply this complex criterion, i.e. ((1) or (2)) as a
gelection rule to single out from a sample,in particular such
particles whose production probability is very small in compari-
gon with others. The result of such a selection is ghown in Fi-
gure 2 (middle and lower histograms). ,

Pinally, we have to estimate an efficiency of the method.
For this purpose one can calculate from a sample of experimental
data an admiasible minimal value of the ratio y -Ey(zn' Mn)/
z;;ﬁf(zm, Mm) for particlos of the n-th ‘sort being of interest
and producing very small signal. Qualitatively this can be done
by means of the inequality:

t ea e

o

S — A

v % oC - ﬁhm. (3)

Here Q!m is the significance level assoclated with a mass distri-
bution of particlesg of the n-th sort, and /Snm is the probability
of a Type II error, i.e. when a particle of the m-th sort is ta-
ken as a particle of the n-th sort. Numérical values of these
probabilities (c(m and nm) cen be estimated directly from the
(my,my) scatter plot as shown in Figure 3. In the case under con-
-sideration (see Figure 3) we can get for y, using our complex
criterion ((1) or (2)) at p=3,the value significantly smaller .
than 107", Therefore the mass distribution for tritons (middle
histogram in Pigure 2) is practically without background. The sa-
me concerns the lower histogram (Figure 2), too where mass dis-
tributions for particles with Z=2 are displayed.

4. CONCLUSION

The particular case taken from experimental high energy
physics and described in the paper proves that the multiveriate
approach to analysing date, whenever possible, mey give an appre-
clable advantage over the univariate one. This remains true even
if measured values taken as random variables.are correlated to &
certain degree (see, for example, /). Moreover, often it ia not
necessary to use more complicated or sophisticated statistica as
selection criterions (tests) whose power may turn out remarkable
smaller and their application may cause in practice even gome dif-
ficulties (as, for instance;w? statistic in/9+6/),

Some numerical results used in this work have been publi-
shed earlier/%~
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Stowihski B. E11-87-367
Simple Statistical Multivariate Approach
to Weak Signals Extraction

In the paper two examples of application of the multi-
variate data analysis are described. These examples are
typical enough for experimental high energy physics and |
illustrate an advantage of even simple multivariate appro-
ach to analysing numerical results, whenever possible,
over the univariate one. It is pointed out too that such
approach may be constructed as a set of simple fast proce-
dures suitable for using when an experimental device ope-
rate on-line with a computer.
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