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RUTepec K TeOpeMe 3KBHBaneUTHOCTH, CB1l3aHHhlB C YC

neWHlalM npHUeUeBHeM ee B KHpanLHbU U KaJIH6pOB O'UlbiX 

Te OpHllX, o6ycnoBHn nOllBneHBe pa60T, KOTOpble KaCanaCL 

pa3DB'IBblX CTOPOO 3TOB np06neMbi. J)b1n BbillCReH MeXanD3M 

BbinOJUleHBJI TeOpeMbi 3KBHBaJleHTHOCTH - TaK Ha3b1BaeMbie 

pe,AYKlUIB .AHarp aMM / 1/ , 6b1nH nOCTpOeHbI perynJlpH3alJ.HB, 

coxpaoJloomse 3KBBBaneBTHOCTL oa ypOBHe perynJlpH30Ban 

HblX S - MaTpBlJ. / 2 ,3 / J)bInO YCTaHOBneHO / 4 / 'ITO 3lCBBBa. . , 
neHT HblMH MorYT 6b1.TL TOnL](O nepeHopMHpOBaHHble Bena'lB 

BbI, a H3 Bcex nepeHopMSpOBO'lHblX KOBC TaHT 3 aBBCBT OT 

npe06pa30BaHHlI noneBbiX nepeMeHHWX TonLKO Z 2 ,KOHCTaHTa 

nepeHopMBpOBKU BOJUIOBOB 4lYHKQBB / 4 /. KpOMe Toro, OKa 3a

nOCL , 'ITO 3aBBCHMOCTL Z 2 OT npe06pa3 0BaHBJI nOneBbiX 

nepeMeRHblX CBJl3aHa C He06xo,AHMOCTbJO ,AOnOJUlBTem.HoB 

nepeHopMBpOBKB BHelU1lBX JUlHUB ,AHarpaMM Cl>eiiaMaHa / 5,6 / . 

Cne,AyeT OTMeTBTb, 'ITO 3TB pe3ynbTaT bI ellJ.e He nOJlY 

'1HJJH ,AOJl)I(Horo n p B30aHB JI . CBB,AeTeJlLCTBOM TONY JlBJlJlOOTCJI 

nOCJle,AHBe p a 60TbI , DOCBJlllJ.eHHble KaK oeDocpe,ACTBeHHO 

TeopeNe 3KBHB aneH TROCTU / 3 ,7/ , T aK H KBpanb BblN T eopBllM, 

B KOTOPblX TeopeMa 3 K BBBaneBTHOCTH CYllJ.eCTBeHHO Bcnom.

3yeTCJI / 8.9/ . B 3 TBX pa60Tax 3KBHaaneBTHOCTb S -MaTpBu. 

B KOBapHaHTHOCTb Te o pHH B03MYlQeHUB 06CY>K,AaOOTCJI BHe 

CBJl3B C nepeHop"BpOBO'IHOB npOQe,AYPoB . 

B HaCTOJlII(eA 3a..eTlCe Ubi XOTHM elQe pa3 06paTBTL 

BHHMaUHe Ha p o m. DepeHOpMHpOBKH BOJIHOBOB ~YHKUHB npH 

,AOKa3aTeJlLCTB e TeopeMbI lKBBBaJJeHTHOCTH. Mbi nOKa>KeM. 

'ITO pe,AYKlJ.BJI ,ABarpa.... BO BHYTpeHHBX B BHelDHHX nHHBJlX 

npOBCXO,ABT He O,ABBaKOBO, "ITO lIBJ1J1eTClI npH'IIIlIOB ,AonOJl

UBTeJlLHOB DepeHopMBpOBlCB BReWBDX J1BBHB ,ABarp8MW. Hc

K1UO'IeHBeW JlBJlJleTClI 3KCDOReHQBaJJbHaJl nap aMeTpBlal{Bll, 

B KOTOPOB pe.AYICItBJI ,AHarpaMM OTCYTCTByeT, TaK "ITO He 

B03H.BJ<aCT He06xo,ASMOCTb ,AOnOJDlBT enb BoA nepeBopMupOBKB 

BHeWHBX nBBHA. Ilo3TOMY KOaapBaHTHaJi TeopUll B03MYllJ.eHHB 

MO>KeT 6b1Tb nOCTpoeHa TOJJblCO C Y'IeTOM ncpeHopMBpOBKH 

BOJIROBOB ~YHlCI{BB Z 2 ,3aBDCJlmeB OT COOTBeTCTByIDllJ.ei napa 

MeTpB3alJ.BH KBPaJJLHOi TeopBB. 
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lloCI<Onbl<Y MY 6y.u;eM B OCHOBROM paCCMaTpHBaTb BOnpO

CbI. CBJJ3aHHWe C nepeHOpMBpOBI<OB BOnHOBOB q,YUI<UHB, 

y .u;06HO Ope.u;CTaBBTb OPOB3BO.ll..IInum q,YHKll.BOHan .Il.nJl 4lYUI<UBB 

rpHHa C I<Bpam.HO IlHBapUaHTHblM narpaH>KHaHOM f (77 . ) B 
n~h( I 

1 - v,
Z[j]=-fll d7T.(X)f1(17)Cxp i if dx [ ~(".(X»~Z2 " .(x)J.(x)l l/l/

Z I x I I I I 

o ' 
3.1l.eCb TT i - KBpanhHble nonJl, no .1<0TOPblM npOH3BO.ll.HTCJI 

4lYJU(UHOHam.Hoe HHTerpopOBaHHe; J i(X) - BHeUIHHH HCTOl{

HlrK ; Z 2 - 1<0HCTaHTa nepenopMHpOBl<lt BOJlHOBOB q,YUI<IJ,HS; 

Id17).ll d17 . (X) - HHBapBaHTUa.ll Mepauarpynne;nOCTOJiU 
I x I 

Hag HOPMUPOBI<B Z 0 Bbl6HpaeTCJI Tal<HM 06pa30M , I{T06bl 

Z [O] = l. 
ECJlH OTHOCHTbC8 I< Tal<OrO pO.ll.a Te o pHB He l<aK 4leHoMeHO

JlOrBlJeCI<OB, a nonbiTaTbCR YlJeCTb BblCWBe nOpJI.u;KB TeopHU 

B03My~eHRii. TO .LJ.JIJI BbllJBCneHHJI .Il.BarpaMM <1>eBHMaua He-

06XO.ll.HMO Bcnonb30BaTb MeTo.u;bl Bccn e.ll.OBaHBJJ uenOJlUUOMH

aJlhHblX narpaH)I(UaHOB. HanpKMep, cynepnponaraTopHblB Me
TO.u; / 10,11 / . 

1l0 cTpoeHHe 1<0BapHaHTHOB TeopHB B03MYll\eHBB 06cY)I()J,a

nOCb B 18 ,9/. Mbi He 6Y.Il.eM 3.u;eCb npBBO.ll.HTb ee 4l0PMY

nupOBI<Y, OTCblnag I< 3 THM pa6 0 TaM . BbI)J,eJIHM nuWb TO, LITO 

cy~ecTBeHHO .LJ.JIJI 06cY)I(JleuuJJ nOCTa BJleHHblX BbIllIe BonpOCOB. 

,L{nJl nOCTpOeHHJl 1<0BapIlaHTHo B TeopHB B03M~etlHii He06xo

)J,HMO. 'ITo6b1 S - MaTpaua 6blJla HHBapHaHTRa OTIlOCHTenLIIO 

I<BpanbHblx npe06pa30BallllB noneBblX DepeMeH~X . O)J,HaI<O 

S -MaTpHua RHBapoaHTHa TOnbl<O C YLJeTOM )J,onOJIUIlTenLuoH 

nepeHopMBpOBKB BHeWtlHX nHHHH . 

)J,eiicTBHTenLHo , paccMoTpHM /1/ . npK npe 06pa30aaulUI 

noneBblX nepeMeuHblx 

77 . ' " : =: TT:(17,) = " . +- rl(TTL.) /2/
I I I '" I 

B DpOB3Bo)J,R~eM 4lYHI<IJ,BOHan e Z 01 B /1/ H3MeHJJeTCJI JIllWb 

'fJIeH C BCTOlJHHI<OM 

TT. J. -. J. (17. + f. (17 1. )) , 
t I I I J ~ 

nOCKOIlbKY Mepa H DOJIHblii narpalDKHaH .~ HHBapBaHTHbJ DPB 

npe06pa30BaHBJlX / 2/. 
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TalC lCal< Rac BBTepeC)'IOT MaTpBlJHble 3neMeaT bi S
MaTpB.l(bI TOIlbkO Ha MaCCOBoii nOBepXH OCT B, T O, Kal< YTBeplK

.u;aeTCJI B / 8/ , BeJIBHeiiHblii '{neH fj(17k) B a MaCCOBOB DOBepx

HOCTB BKna)J,a He .u;aeT. 3TO 06'bJlCHJJeTCJJ OTCYTcTBBeM no

moca 00 I<Ba)J,paTY Bnem:uero BMnynbca y .u;a.arpaMM. no

cTpOeUHbJX C DOMOIULIO f i (17k). ll03TOMY 'IJIeH C HCTO'l

BHKOM Tak)l(e CTaUOBHTCJI BHBapHaHTHblM H S -MaTpB.l(a 

OKaJ.blBaeTCJl BHBapa.aBTHoii npH Dpe o 6pa30Ba BHJlX /1/. 
Ha caldOM )J,ene lTO He TalC. Cpe.LJ.H )J,BarpaMM. non YlJea-

HhlX C nOMOll\LIO f (77 ), eCTL .u;HarpaMMbI BB.Il.a: 
i k 

f(77), f(17), 

~~ ~~ 
kOTOpbJe BMelOT nOJlloc aa MaCCOBoii DOBepXHOCTH B D03TO

MY .Il.alOT Koae,{HLlB Bl<na.ll. B MaTpH'fllble 3neM eHTLl S -MaTpB

UJ.l. KaR DOl<a3aHO B / 1,ti / . c06CTBeHHO - 3HepreTH'IeCI<Be 

6nOKH, CBliI3aHHhle C HeJlJlHeiiublMB 'IJIeHaMH B HC T OlJKHl(e, 

Bcer~a DPHCYTCTBytoT TOJlbKO BO Bu eWUBX .JllIBBJlX )J,BarpaMM. 

HB)I(e MY DO.llCHKM npH,{IlHY 3Toro. KOHe'-lHJ.lH Bkna.u; Ha 

MaCCOBoii DOBepXBOCTH OT TakUX .u;uarpaMM npBBO.ll.HT K TOMY, 

'{TO kOHCTaHTa Z2 CTaHOBHTC.II 3aBHCJlIQeB OT 4lYHI<IUlii n p e

0 6pa30BaHllJl DoneBblX DepeMeHHblX. Tal< kaK OCTan b Hble 

1<0HCTaHTbI DepeHopMHpOBOI< He 3aBUCJlT OT npe0 6pa30BaUBB 

noneBbiX nepeMeHHLlX / 4 .6/ , TO)J,JLII DonYlJeHBJI RBBaplla HT 

HOB S -MaTpUlJ.bI )J,ocTaTOlJJlO npoaecTH TOn.LkO nepeHopMB

POBKY BOJlHOBOB 4lYUKIJ,HB. 3TOT 06llUfH pe3yn bTaT 6blJJ no.ll.

TBep~eH DPH paClJeTaX B HB3m:uX nopJJ)J,l<ax B KBpanbHblX 
TeOpBJlX / 12 / . 

B03BHKHOBeHBe ~ononHBTenLHOH nepeHopMBpOBKB BRew

HBX JlHBHii, T.e. B03HBI<HOBeHBe .u;ononuHTeJlbHLIX co6CTBeH

BO- 3BepreTB'{eCI<BX BCTaBOI< fj (17k ) BO BBeWBHe JlBHIlB, 

nerICo 06'bJiCHaeTcJt B paMlCax npouecca pe.ll.YKlJ,BB J{HarpaMM . 

Pe.u;Yl<l{IUI .u;BarpaMM, Kak nOlCa3aBO B / l / , eCTL wexauB3M, 

06eCne'lBBalOutBii BLlDOJIBeHBe TeOpeMbJ JI<BBBaJleHTHOCTH. 

Ou COCTOHT B cne.ll.)'IO~eM: nocKonbKY KBPaJIbHblB narpaH

>KBaH COAep)l(aT .u;Be npOB3BO)J,Bble, TO, BHTerpBpy JI no 'laCTJJM 

B l<a)I()J.oB BepWHBe, MOlKHO nonY'IBTb BOBbie BepWHHbI, cpe)J,B 

lCOTOpblX IlMelOTCJI cnaraeMLIe BO)J,a 

f dx g i k ( 17 hi 0 77 1.. . /3/ 
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B PJl.D.Y TeOpHH B03MymeHHH OnepaTOp 017 k MO)l{eT BX O.D.HTb 

KaK B O BHemHHe, TaK B BO BHYTpeHHBe JlHRHH. )J;eaCTBHe 

J].aJlaM6epTHaHa 0 Ha npB'IHHHblH nponaraTOP fJ. (X - y ) 
c 

COOTBeTCTBYlOlUBH BHYTpeHHeii mlHBH, npBBO.D.HT K CTgrBBa 

OKlO 3TOB JIHJIKB B TO'lKY, TaK KaK 

OI\.(X-Y) -o (x - y), 

Tal< 'ITO nOl1Y'IaeTCJI .D.HarpaMMa C '1HCnOM 8epWBH lIa e.D.BHBu,y 

MeHbllle HCXO.D.Moii . B pa60Te ! I ! 6b1no nOKa3aHO B Tal< 

Ha3b1BaCMOM npU611H)I{eHBB Jl.epeBbeB, 'ITO .D.Ual- paMMbI, no

ny'laromBeCJI nOCl1e CTJlrBBaHHJI BHYTpeHHeH nHHBH, COKpa

lU,aIOTCJI C COOTBeTCTOYIOlU,lIMH. .D.UarpaMMaMH, KOTOPblC npH

CYTCTBYIOT B PJlJ].Y TeopBU B03MymCUHH. flO.D.'1epKHeM, 'ITO 

3TO COKpalU,ellBe .D.HarpaMM npOHCXO.D.HT BHe MaCCOBOH no

BepXHOCTR. EcnH nOJIHblH narpaH)I{HaH nocne npe06pa30BaHHJI 

/2/ npe.D.CTaBHTb B BH.D.e 

,~ (17 , + r, (17, )) ~ '\(1 ( 17, ) t ,~" (17 " f , (17, )) /4/I ,... I In' I I r\. 

B C'I.BTaTb '~;nl 3aBHCJlutHM OT .YHXU,HH npe06pa30BaHBJI 

f j (17 k) , TO COKpalU,eHHe J].Ha rpaM M BCne.D.CTBHe CTJlrHBaHBJI 

BHYTpeHHHX nHHBH npBBOJ].HT K TOMY, 'ITO 3aBBCH MOCTb OT 

(j( 17 k ) OCTaeTCJl TOl1bKO BO BHelllllHX l1HHHJlX, a CTPYKTypa 

BUYTpeUHHX 6nOl<OB 6Y.D.eT nonHOCTblO onpeJ].eJlJlTbCJI narpaH 

)l{BaHOM B3aHMO.D.eaCT8BR .D.O npe06pa30BaHHJI noneBblX ne

peMeuHblx. 

PaCCMOTpHM Tenepb cHTyau,HIO, Kor.n:a onepaTo p 017 i (x) 
B /3/ npe.n:cTaBJlJleT c 060ii BHelllHlO1O JlHHBIO. nOCKonbxy S
MaTpHUbI .D.on)l{8b1 COBna.D.aTb JlBWb Ha MaccoBoH nOBepXHOCTH, 

TO paCCMOTpBM TonbKO Te .D.BarpaMMbI C onepaTopOM 0 77 , (x) 
y I 

BO BHeWHeH JlBHRH, KOTopble 6Y.ll:YT J].aBaTb BKna.D. na MaCCOBOH 
' I ! 

nOBepXBOCTH. B pa60Te ' YTBep)l{.D.aeTCJI, 'ITO TaKBe 

~arpaMMbI OTCYTCTByroT. TaK KaK Ha MaCCOBOH nOBepXHOCTH 

0 17. (x) = o. 
Ie .D.pyroB CTOPOHbI, 3aB.BCBMOCTb OT f j( 17 k ) , KaK Mbi 

Y)I(e rOBOpHJlR, nOCTe CTJlrRBaHBJI BHYTpeHHHx 1lB1IBii: OCTa

JlaCb TOJlbXO BO BHelUHBX nBIIBJlX, npB'IeM, 'Ka'K nOKa3aHO 

B / 6/ • Te BeplDHHbI, KOTopble 3aBB C JlT OT f j (17 ), 6 Y.D.YT 
k 

ODpe.D.en1TLCJl onepaTopOM 

6 

o 17 (x ) T I 'f. ( 17 ) S \ , /5/ 
I I k 

r.D.e S 3aBBCBT TOJlbKO OT narpaR>K.BaOa .D.O npe06pa30BaHHJI 

noneBblX nepeMeHHblX. ECJlB Tenepb C'lBTaTb, 'ITO 017j(X) = O 
Ha MaCCOBOB nOBepXHOCTB, TO MaTpH'IHble 3neMeHTbI onepa

Topa /5/ 06pamalOTcJI B uynb, B, cne.D.OBaTenbHO, MbI HMeeM 

3KBBBaneHTHOCTb S -MaTpBu,. TaK KaK B / 1 TeopeMa 

3KBBBaneHTHOCTB pacCMaTpBBanacb B npH6JIH)I{eHHH .D.epeBb

eB, 3TO YTBep)l{,!l.eHHe, 6e3ycnoBHo, CnpaBe.D.JlHBO • Ho Kax 

TOJ1bKO Mbi BblXO.D.HM 3a paMKB npH6J1B)I{eHHJI .D.epeBbeB, B /5/ 
cO.D.ep)I{aTCJI J].BarpaMMbI THna nOKa3aHHblX Ha pucYHl<e, KO

Topble J].alOT OTJlH'IHblH OT HynJl BKJ1a.D. Ha MaccoBoH nOBepx

BOCTH, ':ITO H npHBOJ].HT K .D.OnOJ1HBTCl1bHOH nepeHopMBpOBxe 

BlIelllHBX nBHBB. 
Ecna Tencpb paCCMOTpeTb KHpanbHblB l1arpaH)I{HaH B 

3KCnOHeHu,aaJlbHOB napaMeTpH3au.HH, B I<OTOPOH OTCYTCTByeT 

pe.D.YI<u,HJI .D.HarpaMM ' I.' , TO B )TOH napaMeTpH3au,HH C06CT

BeHHO-3HepreT B':IeCKBe nonpaBKH BO BHelllHHe H BHYTpeHHBe 

nBHBB 6Y.D.Yl O.D.BHaKOBblMH , nOCKOl1b K Y He B03HHKaeT onepa

TOPOB TBna /5/. ilO)TOMY OTna.D.aeT He06xoJ].HMOCTb B Jl.OnOl1

HBTe n bHoii nepeHopMBpoBKe BHelllHHX l1HHHH. 

06CY.D.HM Tenepb c aMY npou,eJl.YPY nepCHOpMHPOBJ(H Bon

HOBOB .YUKU,HH . O Ha OTl1H'IaCTCJI OT CTaHJ].apTHoB, TaK KaK 

J].on)l{Ha Y'fHTblBaTb TO OfiCTOJlTel1bCTBO. 'ITO c06CTBeHHO

3HepreTH'IeCKHe 6110KH fj (17 ~ ) npHCYTCToyKlT TOl1bKO BO 

BHelllHBx l1HHHJlX. Ofi03Ha'laJi '1ItC1100YIO BeJlI:I'lHHY 61101<a 

f(17) sa MaCCOBOH nOBepXIWCTH '1cpeJ f , nepenHllleM / 1/ 
nocn e /2/ B Cl1e.D.YlOmeM BB.D.C /CM . , Mallp ., I ' /: 

2 

Z lJ jl=y 
1 

J ,II dXIl(l7j) expl i I dx l U lT j ) I Z 
-
2 (ltf)77 j J j ] l. 


(I I," 


T OT 4laKT, 'ITO c06CTBeHHO - JHepreTH'IeCI<He nOllpaBKH BO 

B HeWHBe B BHYTpeHHHe nBHBH .D.HarpaMM pa3nH'IHbI /no.D.p06
' 6 ' nee 06 3TO M CM.' /, npBBOJl.HT I< TOMY, 'ITO npou,eJl.ypa 

nepeHopMHpOBKB J].nJl npe06pa300allHOH TeopHB COCTOBT B3: 

1/ YMHO)l{eHBJI BHelllHHX JlBHaR Ha MHO)I{HTenb (1 + f) . 'ITO 

MO)l{HO 3anBCaTb KaK nepe XO.D. K BOBOMY HCTO'lHBXY 

J;= O+f)J i ; 

2/ 06b1'1uoii npoueJl.YPb.l nepelfopMupOBKH 8011110808 .YHK

U,BB C KOHCTaHToii Z 2 . 
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)J.illI cJIY'lag, Kor,na n OnpaBKB BO BHeWHBe B BHYTpeHHBe 

JUIIIBH pa3JIB'iHhl, MO)K1l0 OOCTPOBTb HeCKonLKO IfHY10 opolle,ny

PY nepeHopMBpOBKB B01llfOBOi 4lYBJC1(BB /4/ . Oaa COCTOBT 

B TOM, 'iTO B npe06pa30B8.HHOi TeopBH oepeHOpMBpOBKa 

BoeWHHX H BOYTpeHBBX nBHHH OPOR3BO,.Q,RTCJl C o,nHoi R TOB 

)l(e KOHCTaHToii 

ZZ,= __2_. 

2 (1+f) 2 


)J.OOOnHBTenLHag nepeHopMBpOBKa cOBepWaeTCg ua,.Q, BCeMB 

BHYTpeHHRMH BepWHHaMR, OpB'ieM Ka)l(,.Q,aJl BHYTpeHHJlJl Bep 

WBHa YMHO)l(aeTCJI ua MHO)l(BTenL (1 +f) n • r,ne n - 'iHcno 

nHHui, BXO,nJlIllllX B :ny BepwllHY. nOcne..Q.Bee YTBep)l(..Q,eHBe 

cne.nyeT R3 Tpe60BaHBJl He3aBRCB.MOCTB nepeHopMBpoBaHHoro 

3apJl,na OT Bhl60pa noneBLlX nepeMeHuLlx. 3Ta npolle,nypa 

npocTa B TOM cny'iae, Korna narpaH)l(HaH B38.llMo,neicTBHJI 

COCTOBT B3 O,nHOB RJIB HeCKOJlbKRX BepWHH. EenD liCe MLI 

paCCMaTpRBaeM HenHHeiiaLli narpaIDKBaH, r,ne 'IRCJ10 pa3nR"I

HhIX BepWHB 6eCKOBe"IHO, TO y,n06uee nonL10BaTbCg npo

Ile.nypoi C ,nonOJIBRTen LHOB nepeHopMBpOBKOi BoeWHHX nBHaH. 

CpaBHHBaJi BLlpa)l(eHBe ,.Q,nJl nepeoOpMRpOB8.HHblX npOR3

BO,nJJlI{RX 4lYHKIlBOHanOB ,nO R oocne npe06pa30BaHRJI /2/, 
nenco BR,ne T b, 'iTO ORB COBna,naIOT. B03BpaI..QaJlCL K nOCTaB

neHBOMY B Ha'lane CTaTbH Bonpocy, MO>KHO CKa3aTL, 'ITO 

KOB8.pRaHTOaJl TeOpBJI B03M}'U{eHHii nonY'iaeTCJl C Y'IeTOM 

nepeHopMopOBKR BOnuOBOi 4IYUKlI.BR, onRcaHHoi BLnUe. 
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