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1" BBEAEHI-tE 

HepenRTHaHCTCKY~ 3aAa4Y 0 A8H~eHHH 3neKTpOHa C 3aAaHHoH 3Hep
rHe~ E<O B none OAHoro KynoHoBcKoro ~eHT pa C 3apRAoM Z /38Aa 4Y 
o BOAopOAonoAoGHoM aTOMe/ MO~HO pewaTb Ka K 3aA84Y WTYPMa-nHY 
BHnnR Ha coGcTBeHH~e 3Ha4eHHR H c06CTBeHH~e ~YHK~HH AH~epeH

~HanbHorn onepaTopa, COOTBeTcTBy~~ero 3apRAY Z . TaKHe peweHHR 
paCCM8TpHBanHCb B.A.~OKOM/l( OHH OTBe4a~T KBaHTOB8HH~ 3apRAa Z 
H B ornH4He OT peweHHH 3TOH 3aAa4H B 06~4HOH IwpeAHHrepOBcKoH/ 
nOCTaHOBKe HMe~T TonbKO AHCKpeTH~H cneKTp c06CTBeHH~X 3Ha4eHHH. 
CHCTeM8 TaKHX co6CTBeHH~X ~YHK~~H a8MKHyTa, H pa3no*eHHR no HeM, 
BKn~4a~He B ~e6R TonbKO AHCKpeTH~H cneKTp, YAo6HO Hcnonb30B8Tb 
npH peweHHH pa3nH4H~x 3aAa4 aTOMHQM H MoneKynRpHoH ~H3HKH. 

C rpynnOBoH T04KH speHHR COOTaeTCTBY~HH 3apRAY Z onep8TOp 
HeKaHOHH4eCKHM o6pa30M B~pa*aeTCR 4epe3 reHepaTOp~ rpynn~ O~) . 
8 el-o c06cTBeHH~e 3H84eHHR - 4epe3 3Ha4eHHR onepaTopa Ka3HMHpa 
3TOH rpynn~. Cn~AcT BHeM 3Toro RanR~TCR, B 4aCTHOCTH, COOTHowe
HHR Me*AY c06cTBeHH~MH ~YHK~HRMH p8ccMaTpHBaeMoro onepaTopa H 
Me*AY HHTercanaMH no 3THM ~YHK~HRM Ill . 

HepenRTH8HCTCKaR 3aAa4a 0 A8H*eHHH an eKTpoHa B none ABYX KY
nOHOBCKHX ~eHTpOB. pacnono~eHH~X Ha ~HKCHpoBaHHOM paCCTORHHH 
APyr OT APyra /3aAa48 ABYX ueHTpOB KBaHTOBOH MexaHHKH/, TaK~e 
MO~~T 6~Tb peweHa HeCKonbKHMH cnocoG8MH. B c~epOHAanbHOH CHCTe
Me KooPAHHaT OHa CBOAHTCR K peweHH~ CHCTeM~ ypaBHeHHH 12·41 
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3AeCb E - 3Hepr HR 3ne~TpoHa, A - KOHCTaHTa pa3AeneHHA, m - Mar
H~1THoe KBaHTOBoe 4~cnO; Z+.Zl+Z2 ; Z-=Z2-Z1 ; Z" Z2 - 3a
PRA~ KynoHoBCKHX ~eHTpoa. R - paccTORHHe HelKAY HI-IMH. CHc TeMa 
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Ecnl1 3aAaHbI napaMeTpbl R > 0, Z+> 0, Z > 0, CI1CTeMY ypaBHeHl111
- - - + /1/ MOHIHO peUJaTb, Bbl411cnRR coficTBeH Hble 3Ha4eHI1R E = E,.i (R, Z ,Z ) , 

,\ = ,\ j (R ,Z+,Z, 11 coficTBeHHble $YHKl\1111 n(~", nj (~: R,Z ,n E(I')) 
= E j (I'); R, Z +, ZJ. TaKl1e peWeHI1R COOTBeTcTBylOT WpeAI1HrepOBcKol1 no
CTaHOBKe 3aAa411 /1/. 3Ha4eHI1R 3Heprl111 E npl1 3TOM I1MelOT AI1CKpeT
HblA 11 HenpepblBHblR cneKTpbl Pa3J10MleHl1e no CI1CTeMe co5cTaeHHblx 
$YHKl\I1.:1 3aAa411 /1/ B 3TOM CJ1Y4ae TaKMle BKJ1104aeT B ce5R KaK AI1CK
peTH~H, TaK 11 HenpepblBHbll1 cneKTpbl. PeWeHI1R TaKoro Tl1na nonY4eHbI 
B HaCTORUlee BpeMR Ha 3BM MHOrl1~1H aBTOpa~\I-1 13-61. rpynnoeble CBOHCT
Ba 3H1X peweHl-1A paCCMaTpl-1Bam-1Cb B pa60Tax 17'101 

BMeCTe C TeM 3aAa4Y /1 I MOMIHO pewaTb, 3aAaBaR napaMeTpbl E < 0, 
R > 0 , Z-> 0 H BbI4I1CJ1RR co6cTBeHHble 3Ha4eHI1R Z ~ .. Z fl (R, E, Z-) , 
,\ ;;,\8/ (R E, Z-) 11 co6CTBeHHble $YHKLlI1I1 n(~=n~\f; R,E, Z - ) , 
E(l1) ==11(11: R,E, 7"'). PeWeHl1e CI1CTeMbI II . a/-/1.6/ B 3TO'" cnY4ae 
CeOAI1TCR K peWeHl110 AByX 3aAa~ WTYPMa-nI1YBI1J1J1R l-1 OTae4aeT KBaHTO 
BaHl110 3apRAa z+ B 3aAa4e Ill. TaKHe peUJeHI1R, Ha3aaHHble WTYPMoe
CKI1MI1 peWeHI1RMI1 3aAa411 AByX l\eHTpoB/ll.13/ . COAepMlaT TOJ1bKO AI1CK
peTHblH cneKTp c06cTBemlblx 3Ha4eHI1H. Pa3J10HleHl1e no CI1CTeMe TaKI1X 
c 06cTBeHHblx $YHKLlI1I1 TaKMle COAepMlI1T TonbKO AI1CKpeTHblH cneKTp, B 
CBR3l-1 C 4eM I1X npl1,~el1eHl1e, Hanpl-1Mep npH paC4eTe 3nel<TpOHHblX CQ
CTOAl-iI1H MoneKynRpHoro I-tOHa BOAoPoAa/ll'1S/,npeAcTaBnReT 3Ha4l1Tenb 
HblH l-1HTepec . 

,[lpyrl1e npl-1MeHeHl-1R WTYP'~OSCI<I1X peWeHl-111 3aAa411 /1/, a Tal<Mle He-
1<0TOpl>le CBR3aHHble C HI1MI1 Bbl411CneHI1A n pl1BeAe HbI s Ill-lSI. B /14/ 113nO
MleH aJ1rOpIo1HI Bbl4HcneHHR 3THX peweHHi:1 Ha 3BM nplo1 0 < R < 00 H pa3nlo14
HblX E . Z- 101 npHseAclibi nonY4cHHblC C nOMOUlblO 3Toro anrOpl1TMa c06
CTaeHHble 3Ha4eHIo1R z~t(R. E Z"') . ).,~L (R, E, Z -) AnA Bcex COCTOR HI1~ 
c rnaBHblM KBaHTOBbiM 411cnOM N, 4 npl-1 pa3nl-14HOM Bbl60pe Benl1411H E,
Z- 

B pa60Te paCCMaTpl-1SaIOTCA rpynnoB~e CBOHCTsa WTypMOBCKI1X pewe
HI1H 3aAa4101 ,qsyx l\eHTpOB, nOKa3aHO, 410 Cll-laJlOrl14HO wpe,qHH r epOB
CI<Io1M 3TIo1 peweHIo1A TaKMle MO~HO nOCTdBI1Tb B COOToeTCTBlo1e HeKaHOHI1
4eCKI1M 6a311caM BbipOMlAeHHblX YHI1TapHblX npeACTaan~HHH rpynnbl 
P(3) x P(2.1) 11J1l-1 60nee WHPOKI1X HeKOMnal<THbiX rpynn. 

Ha60 pbl B3al1MHO KOMMyTI1PY~Io1X onepaTopOB. onpeAenRIO~l1e BblfipaH
Hble 6a311cbI B ynoMRHYTblX rpynnax, Alo1arOHaJ1bHbI Ha CI1CTeMaX WTYP 
MOBCKIo1X peWeHI1H 3aAa411 /1/. OHI1 OTnlo14alOTCR OT aHaJ10r1014HblX Ha6o
POB 

/ 8/ 
, Alo1arOHanbHblX Ha CIo1CTeMax wpeAI1HreposcKI1X peWeHI1~ 1 0H HIe 

3aAa4l-1. Bcne,qcTBHe 3Toro nonY4eHHaR B pa60Te fll1HeHHaA anreGpa 
Io1HTerpanOB no AByxueHTpoBbiM WTypMOBCKI1M $YHK4I1RM OTnlo14aeTCR OT 
npeAC TaBJ1eH Hoi:1 B / 151 a.nrefipbl I1HTerpanOB no ,qByXl\eHTpOBbiM wpeAIo1 H
r epOSCKI1M $YHK4HAM. 3TH anre6pbl COBnaAalOT MeMiAY co60A nl1Wb npl1 
4aCTHbix 3Ha4eHI1RX napaMeTpOB. HanM4Me oGel1 x dnrefip nplo1BOAI1T K cy
~eCTBeHHOMY ynpo~eHl-1~ Bbl4l-1CneHIo1~ HHTerpanoB 101 MaTpM4HblX 3J1eMe H
TO B 3aAa411 ABYX l\eHTpOB, 

2 

2. n PE,[lCTABnEHHE rpyn nbl P(3)x P(2,1) 

/ 8PaCCMOTpI1M, KaK B pa 6 0Te <rpynny P(3) x P(2,l) , RBJ1 RIOUlYIO CA npR
MbiM np0lo13seAeHIo1eM rpynn 9'(3) 101 9'(2,1). 

HanoMHIo1M, 4TO r pynna P(3) /113BeCTHaR Ta K~e KaK r pynn a r a nl1n eR 
E(3) I COCTOI1T 1013 c,qBl1rOB 11 Bpa~eHIo1~ eB KJ1I1 AOBOro npOCTpaHCT s a 
KOO PAI1 HaT Y j C MeTpl1l<OH 

2 2 2Yj Yj"'Y l +Y2 +Y S 1 = 1,2,3. /2/ 

rpyn na P(2,l) Irpyn na nya HKape Tpe XMepHoro n pOCT p aHCTsa, 
060 3Ha4aeMaR Ta l<lKe 4epe3 E(2,l ) / COCT OIo1 T 11 3 CABH rOB 11 Bpall1eHI1 A 
n ceB,qo eBKnHAOBoro n pOCT paHCTBa I<OOPAI1 HaT Y~ C Me Tplo1KOH 

Y/L Y/J. = Y : + Y: - Y : ~ = 4,5,6 • /31 

I1H$I1 Hl-1 Te3Io1Manb Hble reHepaTo pbl P(3): 

a a a 
--1-, f J" = -I(YJ ....- - -.-- ), J, k = 1,2,3,XJ - ayj Yk / 41 

ay k ay J 

11 9' (2.1) : 

I/L = -I ay_a_ .p. ~ 4 56 f = - iCy -a 
+ Ye -

a )• 
'"" t • , 46 4 dy e ay 4 

f eE - 1(y r.-a + Ye ..1-), / 5/ 
!) aye dyr. 

a a 
Cil = -i(Y4 -a~ Y - )
.l..4r. Y £> 5 ay4 

YAoBneTBopRIOT 101 3BecTHbiM 1<0MMYTal\HoHHblM COOT Ho we HHRM, OHIo1 AeHCT
BylOT Ha ~yHKl\Io1H Cj(Y) , KOTopble 3aBl-1CRT OT Bbl60pa nOJ1HOrO HaGopa 
AHarOHanbHblx onep~TopOB B 9'(3)xP(2,~. 3AeCb J - Ha60p c06CT BeH
HbiX 3Ha4eHHH 3TH X onepaTopOB. 

3aMeTI1M. 4TO B 8b16paHHOM npeACTaBneHlo1101 $YHKl\10111 f (yj RBJ1RIOT
CR CKanRpaMH. B 06~eM cnY4ae reHepaTopbl /4/, /5/ MoiYT Io1 MeTb cnl1
HOBylO 4aClb, a r J (~ Mo r YT 6WTb COOTseTCTBeHHO CnI1HOpaMI1 , Be KTO
paMIo1, TeH30paM~. 

C nOMOll1 b~ $YPbe-npe06pa30BaH~R 

rJ (y) -= [ eJp (- 1i y ) 'I' J (i) dx" /6 

nepeHAeM I< I-npeACTaSJ1eH~~ H Bbl6epeM AHarOHanbHblMI1 CJ1 eAY!OUIHe 
KOMMYTHpY!OUll1e Me~AY co60~ onepaTopbl: 
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f 12 ; f46 ; 71 
.... ... 2 2 2 

>.. .. - L + 2 £ (x 1 + Xi! ) + 2tnr.S; 


1 -+ 1 ... 2 2 2
Z = - --(-M - L + 2l(X 8 -X 8) + 2bxs} . 
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l t b - HeKOTOp~e KOHcTaHT~. no aHa4KaM i, j , k nOApaaYMeaa

eTC~ CYMM~posaH~e B cOOTBeTCT8~~ C MeTp~Ko~ /2/, a n o aHa4KaM 

II, , !J. • U - B COOTBeTCTBHH C MeTp~Ko~ /3/. 
...OneP9.Top~ 61 ,62 RBJUllOTCR onepaTopaM~ Kaa~M~pa rpynnbl P(3) • 

a C 3' C 4- - onepaTopbI KaaHMl-lpa rp~nnbl P(2~). HenocpeACTBeHHblM 

Bbl4HCI1eH~eM MO)KHO y6eAI-ITbCR, 4TO C .. 0 , C cO. T.e. 4TO paccMaT
2 4 

pHBaeMoe npeACTaBIleHHe - BblPO)KAeHHoe. fl~ t f"5- HHsapHaHTbI 

OAHon a PRMeTP'14eCKHX nOArpynn 8pall\eHH~ B 1(3) H P(2,1) co..oTBeTcT-

BeHHO. >.. , Z - HeKaHOHI-I4eCKHe AHarOHaI1bHble onepaTopbl. Z MO)KHO 

aanHcaTb TaKlKe B BHAe 

4 1 ~ ~-
Z = - _(_M2 + 2dx 2_ C ) + ~). 


2X6 6 1 


OnepaTopbl /7/ npeACTaBI1RIOT c06o~ nOI1HbI~ Ha60p A~arOHaI1bHblx .. 
onepaTopOB B P(3)x 91(2,1) , onpeAeI1AIOU\I-li1 c06cTBeHHble IllYHK41-111 'P / x). 

BBeAeM B x- n pOCTpaHCTBe CI1eAYIOlI\YIO CI-ICTeMY KOOPAI1HaT: 

x = -
R V1 - 'I) 2 cosa x" "" !!:..vt 2-1cosfJ. 

1 2 • 2 

R . 
x e ,. 2' ..; 1 - 'I) 2 siDa, x6 = : ,I( 2_ 1 SinfJ, /8/ 

IS = -
R

11 . X6 = -tR ,
2 2 

rAe 

o < R < "", -1~. 'I) ~ + 1, +l ~t < "", 

o ~ a <-217. Os f3s2lr· /9/ 

4 

OnepaTOpw /7/ B TaKO~ CI-lCTeMe I1MelOT BI-IA 

... R2 ... R2 ... 
C 1 = T; Ce =0; 6B .. - T; C 4 ., 0; 

a . a . 
f 12 =- 1a;-' 24ll -1 a{3 •c /10/ 

,.. 2 a2 a R 2l 2 1 a2 
>.. ., [(1- 1) )~ - 2'1)- + --(1-1/ ) + R b'l + 2 --:;-e1;

01) 0'1) 2 (1- 'I)) CJa 

,.. 1 2 il 2 a R 2 2 ~ 1 a2Z __ -[(t" - 1) -. - + ?l--l _l_<t -1)+"\ + -1
~ Or; 2 at 2 (of 2 - 1) af32 

$YHK4"111 II' J (x) = 'PJ (R. g, 11. a, {3 >. RBflRK>I1IHeCR co6e T BeHHblMH 4>YHK

411RMH nonHoro Ha60pa /10/. MOl!(HO npeACTaBI1T b B BHAe 

'P j (n. t, 11, a, (3) = N (R)F
j 
(t: R)ell 

j 
(I']; R)e ±Ima ± lm ',R /11/

J 

rAe m. Ill' - coficTBeHHble 3Ha4eHHR onepaTopOB !f 12 • !f 4 !) COOT Be T

<.;TBeHHO, N J (R) - HOPMHPOB04HbI~ MHOlKHTeflb. tt>y~IK4\;\11 F J<t ; R) , 
ell j (I']; R) YAoBIleTBopRIOT ypaBHeHHRM 

/IZ.a/a22 a R2 i 2 (m ') 2 
[(e -l~ + 2t- + -(f -1) + RtZ J +,.\ j - --lFj (t; R)~O. 

~ af, 2 (2 _1 

a2 2l! 0 R2f 2 m
[0-'1 '-2 -21'/-1--Cl-7) )+Rb'l)-"\j - --21fll CI'/;R).,o, 

iiI'] al'] 2 1 - 11 J / 12 . 6 

3Ae<:b A J • Z j - c06CTBeHHble 3Ha4CHHR onepaTopOB ~ • Z. 
npl' m-m' . f .. E, b~Z- CI1CTeMa ypaB/"1eHHi1 /12/ coenaAaeT C CHC

TeMoi1 /l. a/ -/1 .6/. CIleAOBaTeI1bHo. HaXOlKAeHl-le npl1 3aAaHHblX R ~ 0 , 
f< O. b20 COOCT Be/"1HblX 3Ha4eHHi1 H orpaHH4eHHblX B ofiIlaCTI1 /9/ 
C06CT BeHliblX IllYHK4~1i1 nOI1HOrO Hafiopa onepClTopOB /10,' a cflY4ae COB

naAalOll4l-1x V)6CTDe HHblx 3Ha4eH\;\~ f12 \;\ 246 3I<BI1BaI1eIHHO HaXOlKAeHI-I1C) 

wTYPMoe cKl-lx ~eWeH\;\H aaAa~I-I /1/. npl1 3TOM coGcTBeHHble tt>YHK4~1-I Ha

60pa / 1 U/ peaml3ylOI~l1e Hel(aHOHI-I4eCKI1~ oaal1c BbipolKAeHHoro npeA

CTaBIleHI1R rpynnbl P(3)x 9'(2 ,1), C T0 4HOCTblO AO HOPMHPOBKI1 paBHbI npo

113Bl'AeHI1ICl LUTypMOBCKI1X rpYHK41-1~ n j' (t; R. E. Z-):=:St('1; R. E, Z- ) Ha 
Blip (± lma • tmtl) J 

On~paToPbl /10/ apMI1TOBbI B CKaIl~pHOM npo~3BeAeH~11 

<Il' \'11 ~. .. r 'l'. I{' <!1 /13/
I J t J • 

n 

5 



r Ae 0 cooTBeTcTByeT ofinaCTI-1 /9/. a dO .. ~ tit IhJ del Q~. TaKI1M ofipa
30 M, OTBe4a~~ee Hafiopy / 10/ npeACTaBneHl1e - YHI-1TapHoe. 


nepe~eHHaR R. 4epe3 KOTOPY~ B~pa~a~TCR onepaTOp~ Ka311MI1pa 

rpynnbl P(3) xP (2.1), paSHa B 3 a Aa4e ABYX l\eHTpOB paCCTORHl-11O Me~

AY KynoHoBcKI1MI1 l\eHTpaMI1. KOHCTaHTa l cooTBeTcTsyeT 3Heprl111 E. 

a KO HCTa HTa b - 3apRAY Z- . 


Ha 60p onepaTopOB /10/ OTnl14aeTCR OT paCCMaTpl1BaeMOro B / 8 1 B 
rpynne P(3)x P(2,1) nonHoro Hafiopa B3al1MHO KOMMYTI1PY~~I1X o n epaTo
pOB, Al1arOHanbHblx Ha CI-1CTeM~X WpeAI-1HrepOBCKI1X peWeHI-1 ~ 3aAa411 
/1/. B 4aCTHOCTI1, onepaTOp A B /10/ B~pa~aeTCR 4epe3 reHepaTopbl 
OAHO~ TonbKo I1 H Bapl-1 aHTHO~ nOArpynnbl P(3). B OTnl-1411e OT Hero one 
paTOp ~ , BXOARutl-1~ B Ha60p onepaTopOB / S.',Al1arOHanbHblX Ha CI-1CTeMaX 
WpeAI1H re pOBCKI1X peWeHI1~, COCTOI1T 113 reHe paTopOB oGel1x nOArpyn n 
P(3) 11 P(2.1). 3TO HaXOAI1T oTpa~eHl1e B TOM, 4TO B OTnl1411e OT 

Wpe AI1 Hr e pOBCKI1X WTypMOSCKl-1e cofiC TBeH Hble 3Ha4eHI-1R A~t CR. E. Z-) 
11 coGcTseHHble (/lY HKl\1111 =: r (7) ; R. E. Z-) 3aSI1CRT TonbKO OT ABYX KBa H
TOBblX '-4l1cen L , ill /l1nl1 OT ASYx co6cTseHHblx 3Ha4eHIo1~ Aj , m / 
101 He 3aBI1CRT OT rnaSHoro KBa HTOBoro '-4l1cna N /l1nl1 OT cofiCTBeHHO
ro 3 Ha4eHI1R Z J / • 

OAHI1M 113 cneACTBI1~ 11 3nO~eHHOH rpynnoBo~ I1 HT ep n peTal\1111 WTyp
MOB CKI1 X pe WeHI1H 3aAa411 /1/ RBnAeTCR TO, '-4TO MaTpl14Hble 3neMe HT bI 
r e HepaTopOB / 4/, /5/ B paCCMaT plo1BaeMOM HeKa HO HI14eCKOM 6a311 c e 
CBOAR TCR K I1HTerpanaM no ABYXl\eHTpOBbiM WTYPMOBCKI1M (/lY HKl\I1RM. 3 TI1 

I1 HTe rpaIlbi coAep~aT nOnl1 HOMbi no ~ , 17, ..; ~ 2_ 1, ";1_ 1]2 11 np0l13
BOAHble a/a~ , a/~. 


npl1 HeofixOAI1MOCTI1 onpeAeIlRTb Ta~e I1HTer panbi no WTYPMO BC KI1M 
pa60 Te / SI QlYHKllHRM, cOAep~autl-1e npoH3BoA Hble no R. MO~HO aHanOrl14HO 

paCWl1 plo1Tb oficY~AaeMYIO 3Aecb nonynpocTYIO rpynny P(3) x P(2.1) AO 
n pOCTblX rpynn P(5,1>, P(4.2) 111111 AO COOTBeT c TBYKX4I1X 11M KOH(/lOPM-
HblX r pynn. PaC CMaT pl1 BaR B 3TI1X rpynnax Bbl PO~AeHHble YHI1TapHble 
npe ACTa BIleHI1R, a HanOrl14Hble n pl1BeAeHHOMY Bblwe , 11 Bblfil1pa R nOI1Hble 
Hafio pbl Al1arOHan bHblX o n epaTopOB, nOAo6Hble Hafiopy / 10/, npl1AeM 
K Heo6xOAI1MOCTI1 pewaTb Te *e y~aBHeHI1R / 12/, 4TO 11 B 113no*eHHOM 
3AeC b CIlY4ae . B03 HI-1Ka~llll1e npl1 3TOM AOnOI1HI1TeIlbHble Al1arOHanbHble 
onepa Topbl B cl1n y BblPO~AeHHOCTH npe~cTaBneHHH K KaKHM-nI-160 HOB~M 
COOTHOWeHI1RM He npI1BOART. CooTBeTcT BYKX4l1e *e MaTp1-14H~e 3neMeHT~ 
reHepaTopOB 3TI1X r pynn B~pama~TcR 4e pe3 I-1HTerpan~ no WTYPMOBCKHM 
QlY HK411 RM 3 aAa411 /1/, n pl14eM HeKOTop~e 113 3TI1X HHTerpanOB co~ep
~aT ne pBY~ 11 STOPY~ npO~3BOAH~e no R. 

4. Anr E6PA ~HTErpAnOB 

BBeAe M cneAY~l1e o fi03 Ha4e HI1R AIlR I-1HTerpanOB no paAHanbHblM 

WTypMOBCKI1M QlY HKl\I1 RM: 
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I no f (1 t = ""r n l: f it 2 _1)/l n .> C(t .., 	 rDl~ Dj tit . 1.1. 1!> , - Ju, , 


1 1 


r t a 	 af _ j II ~ r(~2 -1)1.1. Ln ~ (1 ,, [ 
0< 

0 t ( ae-II J~ , 	 It • I a( j , 

1(1 f _ "" f a 	 rn et (e2_1)/l~n ~.tar ~ rn l , -nJdf, /l i I aR Jt aR 

1,;r ... t £ ,2 /l a ant ... t :;: /.I. an 
U/l ~ r li t!> (~ - 1) - -nJd~, (1/.1.~ f Ilf~ (~ -1) -njd~.

1 a( oR 1 oRO 

J -1/2, 1/ 2. 3/ 2 . .. , ecnl1 m = m ' ± 1. 
f = 0.1.2, .. .. 
 /I. l -1. 0.1.2. ... . ecnl-1 III = m', m,± 2, 


5 t - 5 t l: n11 J ..., II t (e' R. E. Z ) , nJ .. n j (!> ; R. E. Z ), 2,3... . 

J ~ N.L . m. i = N', L", m' . 

HHTe rpaIlbi no y r l10SblM WTY PMOBCKIo1M QlYHK411RM ~MeIOT TOT ~e BHA 
C 3aMeHO~: 

no 	 +1 
(1 • $, ~ .. 1'1, I df ... r w,. n t =\ . OJ ... 3 ] 

-1 

rAe 

'::I - St ( R. E - - - St ( E Z - . - I !O = I 1'1 ; • • Z ). = J ,, = J 1'1; R., ) . 

AnA non Y4eHI1R COOTHOWeHI-1~ Me* AY 3 TI1MI-1 HHTerpal1aMH Bocnonb3yeM
CR YCTaHOBneHHO~ B~we Al1arOHanbHOCTblO onepaTopOB /10/ Ha CI1CTeMe 

(/lYHKl\I1H 

5t - _St - ±Ima ±tm~ 
'I'J (R.~,I'I,a, m ~ NJ(R)llj (~ : R.E.Z >=j (1'1: R.E.Z )e • /14/ 

PaCCMOTpHM KOMMYTaTOp 

~ 1 A[ az , 1'1 n J • - t [A. 1) 0 1. D ~ 1.2, .... /15/ 

YM HOM(HM 31 1.) Bbipa llleHHe Ha 'PI (R.~,I'I.a.m dO 11 !:!p0I;lHTe r pHpyeM 
no 06n aC TH / 9/. C Y"leTOM 3PMI1TOBOCTI1 onepaTopOB Z , A B cKanApHo M 
npo~ 3 BeAe HI1I-1 /13/ n0l1Y4ae M npl1 1 f J , m", m': 

l)(:f 1$0 .. _ K(1°$ n • 	 /1 6/ 
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rAe 

o = R (Z i - Z j ). I< '" A i-A j , 

Z . '" zS t (R. E. Z- ) . .>.. i "' .\ ~t (R. E. Z - ) • 11 71
1 I 

Sl - St 
Z i '" Z j (R, E. Z ). .\ j == A J (R , E, Z ). 

npl1 ~"f. 0 I1Me eM 

lia1 + Ka O= O. /181 

A Ha n O r l1 4HOe I1HT e rpl1pOa a Hl1e KOMMYTaTopa 

_ ~ {3 e i l!.m{3 ... 0 ~m{3 iJ 2 

[RZ, 1/ o e m 1=- ('\.1/ "]- TJ e (2ii\m- - -(L\m:) 


~ ~ (~ 2_1) a 

n pl1 BOA I1T K 6 0 Ile e 06U\eMY COOT HOWeHl11O , cnpaaeAIl l1 aOMY npl1 i" j , 
L\m = m' - m, m Ia m': 

ocf 1 + K a°+ (m 2 - m,2) d~1 = 0 . 11 91 

Bbl 4 11cnRR KOMMYTaTopbl 

[R Z, ~ 0 1/ e1, [R Z, C1/ e (~ 2 - 1) 2.. J 
a~ 

npl1 0, £= 0.1,2••.• 11 I1HTe r pI1PYR, npl1XOAI1M K COOTHOWeHI1RM, Bblnon

H.RlOll1l-1MC R B c Ily4ae i f. j. m = m': 

li 0+1 l' n ( 1) I~ n- 2 ";n - 1 --d + - (K + n (n + 1)) (f - 9 Q - u + nu I = 0, /2 01 
2 2 2 

;0 n + 1 " 0 A 0 -2 2 n +3 

OUI = - (0 (0+1) +K)(f I + n(n-l)U' 1 +R E(n+2)(J + 


, 0+2 2 r.; 0+ 1 r.;o
+ (::n +3)RZ /i + 2(n+1)(A j -R E)u -(2n+l)RZ j u- 1211 

- 2(nm2+n.\ . _ R2En ) (fn-l o = 0,1,2, ... . 

J 2 


;; 0+1 "; 0 /; [1- 2 I I /
nOAC TaBn RR BblpaIKeHI1R AJlR 1.1 t ' U]' U 1 11 3 20 B 121 , 

n OJlY4aeM peKyppeH T Hbie COOTHOWe~II1R AJlR I1HTe r paJlOB (fo npl1 i" J, 
m = m' ; 

2 (, 2 0+3 (20+ 3) a 0+2 
(RE(n+2)+ - -)(f + - - (RZ\ +RZ j + K ) (1 + 

2(0+ 2) 2 (n+1)(n+2) 

2 K2 n(n+2) 0+1 (2n+1) n 
+ ('>" \ + A J - 2R E + --2+~-)(n+l )(f --- R(Z j+ZJ.)(f - 122/\. 2(n+ l ) 2 2 

I 
-n(2nI2-IfE + Aj+AJ +n2) (f°- ! + n ~n- 1J ~n-2) cr O

-
3
=0, n~O.l,~ ... 

B CJlY4ae i = j aHaJlOrl14HO I1MeeM 

0) n+3 n+ 2 2 ( ) 0+ 1

22-R-E (n+2) (1 = (2n + 3) RZ (f +(n+l)(2A j - 2R E + n + )(1 j 

123/
0-3

-(2n+1)RZ (1 " - n(2m2-R2E + 2>.. j + n2 )(f " -1+ n(n- 1)(n-2) (1 • 
J 

n= 0,1.2... 

3aMeTI1M, 4TO ecnl1 RZ j za ,E=E j ,TO COOTHOWeHI1R 123/ coa n a AalOT 

p a6o T bl /151C COOTBeT CT BY~I1MI-1 peKy p p e HTHblMI1 COOT HOWeHI1RMI1 1321 
AJlR I1 HTe r paJlOB no WpeAI-1HrepOB C KI1M $ Y HK4I-1RM 3aAa411 111 . 

Bbl411 cneHI1e KOMMYT aTopa 

- nE .L j , 
[ RZ . ~ 1/ aR 

11 nOCJleAYlOll1ee I1HTerpl-1 pOBaHMe AalOT n p l1 i=j : 

2 . 2
1a 0 a a R E (~ 2a R E 

(f -(RZ j )+ (! (~'\j- ~(-2 »+ ~- 24. a/ t R (~)zO,
f1R o R a R a ~ 

1.,11+1 a [1?>n- l n(o+l) lr.. 11 n (n-1) \jD-2 1 . _+ u - (RZ. )= 2 u 1 n + U - . 
oR J 2 2 

124. 61 

) a R~ _ (11l+2L ( iE )_ (f 1l(L A - ._. (-» , n = 1,2 , ... 
iJR 2 a R J JR 2 

11 npl-1 i I-J. m- m' 

1 . 1 1 il 1 ,0 2 J R2E ~ 0 a (J R2E , n (1 - (1 -(RZJ)""-K (f +ff - (-2- ) + U (-'---aR Aj- - (- - - ,),/25.al
r1R aR J R 2 

(j 1 (111+ 1 _ It,n+1..!L (RZ) =_2r&n- 1n +(K + n(o+l )) tf _n(n-1) ~t:I'n '2 l+ 
~)R J . 1 , 2 2 / 25.6/ 

111!t t1 R"E I .. n a a R2 E 
+ (1 --(- ) + U (- A· - --(- ». n=0.1, 2 ...

r? R 2 aR JaR 2 
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nOAo6HblM oGpa30M Bbl4101cnRR 101 \o1HTerplo1pYR KOMMyTaTopbl 

e 
A 	

f 1A ...v 2 l1 a 1 V 2 /J. a a
[RZ ,~ (~ - 1) W . [ RZ ,e (~ - 1) ae aRI' • 

(RZ. ~ v e itJ.m t3 (~~ If). [RZ. ~ve i6mt3(~ ~ 1)11 :~ 1. 

f 	 . f 
A[Rz.le itJ.mt3 (~2_ It -bl . v itJ.mt3 (~2_1)/J..L -b1•

[RZ,ee a~ ilR
a R 

rAe 	 11 • v - Heo6R3aTenbHO 14enble 4101CIla, f", O,1.2 A•• , nplo1AeM K CO
V £ l A

OTHOWeHIo1RM MelKAY Io1HTerpanaMH (111 • (1~ • (1 ~, (1; . BBHAY rpo
M03AKOCTIo1 3TH BbipalKeHHR 3AeCb He npIo1BOARTCR. 

AnR nonY4eHIo1R COOTHoweHIo1~ MelKAY yrnoBblMIo1 Io1HTerpanaMIo1 ~D BbI
4101cnlo1M 101 npOIo1HTe r plo1pyeM aHanorH4HO npeAblAY~eMY KOMMyTaTopbl BHAa 

lA.l'/n l. tX .I'/ D(1-1'/!!).,L] • 
a1'/ 

n p lo1 i i j , m= m' nonY4aeM 

K ~ o _ o. /26.a/ 

A1 	 /26.6/-(" + 2)!B = 2 ~1 . 

n n-2 An_l 
 /26.B/-(K + n (n + 1»!B + n (n-l )!B = 2n~1 • n z2,3 •.• 

~ 2 m 3 2 ID 1 - ID 2 - (j) /27 . a/ 
- K ..0 '1 - -2R E..o + 2 (A j + 2R E)..o + 3RZ ..0 - RZ ..00 

• 

A n An-2..2 n+3 

-(K + n(n tl» !B 1 + n(n-l)~l '" -K-E(n+2)!B + ( -2A . (n+1)+


J 
2 mn+1 2 2 (j) 0-1 

+ 2R 	E(n + 2»..o + 0 (2A j + 2m -R E)..o + /27. 5/ 

_ (j) n+!! _ m 0 
+ RZ (2n+3)..o - RZ (20 + 1) ..0 • n -1.2,3 ..• 

nOACTaBHM BbipalKeHHR AnR i~ . ~~'2 H3 /26/ B /27/. HaXOAIo1M 

2 	 3 - m2 K2 2 m1 
2R E!B -3RZ..o + [ '2 - 2R E+A,+AJ1..o zO o 

2 2m2 2 (j) 4 -ID3 - 1
{ K4 	 - -4RE+2A j +2Aj +3 I ..o +3RE..o -5RZ..o +3RZ~ = 0. 

2 n+3 - n+2 2 2 
R E (n+ 2) !B - RZ (2n+ 3)!B + (n+l) (_1<_ - 2R E + 


2(n+1 12 


)0 

n (n"'2' n+\ . n 2 2 n-\
+AI+AJ+~)~13 + RZ-(2n+l)!B -n (A j +A+n + 2 m2-. R E) !B +2 	 J 

/28/ 
2) n-3

n(n-l)(n- !B = 0, n _ 2.3 ..• 
+ 2 

B cnY4ae 1- j B COOTHOWe H\o1 RxA/26/a-/28/ cneAyeT nOnOlK\o1Tb K = O. 
Hc~onb30BaHlo1e KOMMyTaT o pa [ A.7] n l nplo1BoAIo1T B c nY4ae i,!' j,

aR m = m K COOTHoweHIo1RM 

. 	 2 
_,,1 :.6 "+ !Jt_L(R E)_Z- :.s 1 = o. /2 9 . a/aR 2 

1 n 1 n · .... 2 n+2 n a trE 
- [ K + n (n + ll l ·:.6 + n (n-l):i3 + (:i3 - !B ) -'- (- J +aR 2 

/29.6/ 

1'" a - n+1 1- n + :1) 	 iiR AJ - z:B = 2n :8 1 

a B 	cnY4ae i~ j K COOTHoweHIo1RM 

a 	 R2E eIl2 a an' (00 - m 1 
- -	 (- )..0 + [-A - - (- )1 ..0 - Z ..0 = 0, 30 . a/aR 2 ilR J il R 2 

1,,')0 1 (j)n-2 a R2E (j) 0+2 n 
-n(n+ 1) ..0 + n (n- l ) .D + -'- (-- )(..0 -:8 ) + 

iJR 2 
/30. 6 / 

mil il - (;) n+1 I-n-1 

+.D ~ Aj - Z .D = 2n !B 1 . 


A i tt- rna . 
Bbl4101CneHIo1e H HHTe rplo1pOBaHlo1e KOM MYTpTopa [A.e ] AaeT npH 

i f. 	 j , 6 m = m' -ill , m" m': 

K ~o _ (m 2 _ m' 2)!B0 ~ O. 
-1 	 /31/ 

COOTHoweHIo1R /26/-/29/, /30.a/ COBnaAa~T COOTBe TCTBeHHO C co
OTHoweHHRMH /43/. /4 4/, / 48/-/50/. /54/. /5 1/ pa6oTbl/9~ ecn~ B 
nocneAHHX npOH3seCT.... 3aMeHY A .. !B, a -+- Z-R • 13 .. K . COO THowe HHe 

pa50T bI / 15/31/ C09n~~aeT C COOTBeTCTBY~~HM COOTHo weHlo1eM / 44 / :ec
nH B nOCJ1CA I1eM nOJlOlKHTb a- 0 • fj",/(. TaKHM o6pa30M, COOTHoweH~R 

MelKAY yrJ100blMIo1 Io1HTerpan aMH no ABYX14 e HTpOBbiM WTY PMOBCKHM $YHK~HRM 
n09TopR~T n0J1Y4CHHble a/9 •1&1 COOTHo weHHR MelKAY yrnoBblMH Io1HTe r pa
naMH no AOYX14eHTpOBbiM wpeAH HrepOBC KIo1 M $Y H K~HRM c cOBnaAa~~HMH 

3Ha4elll>lRMH OHepr .... 101 E -E j .. E j .3TO eCTe CTBe HHO, TaK KaK yrnoBbie 
HHTerpanbi no WTypMOBCKHM $ YHK14Io1RM 3a Aa4101 /1/ He 3a BHCRT OT 
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BenH4H H~ ZjSt (R,E,Z - ) H CB~3~Ba~T ¢YHK~~H C OAHHaKOB~M~ 3Ha4eH~R 
M~ 3Hepr ~~ E. 

5. 	 3AKnlO4EHHE 

Hano*e HHa~ B pa60Te rpynnoBa~ "HTepnpeTa~"R WTYPMOBCK"X pewe
H"H saAa4H ABYX ~eHTpoB aHa~or~4Ha npeACTaBn eHHoH B/81 rpynnoBoH 
HHTepnpeTa~HH wpeAHHrepoB cKHX peweHHH 3TOH aaAa4". B TaKOM nOA
xOAe AByx~eHTpoB~e WTYPMoBCK"e " WpeA"HrepOBCK"e ¢YH K~HH COOT
seT cTBY~T ASyM pasnH4HblM HeKa HOHH 4eC KHM 6asHcaM sblpo*AeHHblx YHH
T apH~x npeACTaBne HHH OAHOH " TOH *e rpynnbl P (3) x P(2.1) HnH rpynn 
P(5,1 ) , P (4 .2). 

nonY4e HHble C nOM~b~ HHTerpHposaHHR cooTBeTcTeY~~Hx KOMMYTa
TOPOB peKy ppeHT H~e COOTHOWeHI1R Me*AY I1HTerpanaM~ no AByx~eHTpo
B~M wTypMo ec KHM ¢YHK4HRM o6pasY~T nHHeHHY~ anre6py. OHa COCTO~T 
"S CYMMbI Aeyx HeaaBHCHM~X pasnH4Hblx nOAanre6p: OAHOH - AnA pa
A~anbH~x I1 HTer panOB 11 APyrOH - AnA yrnoBbix. 06e nOAanre6p~ B~
nonHAtOTcA KaK npH E - Eo=const,TaK H np~ E g ¢(R) j. const. 

4aCTHbiM cnY4aeM 3TI1X nOAanre6p ABnR~TCR COOTHoweHHR /19/ ~ 
/31/. 3anHcaHHble B B~Ae 

2 	 '2 
( ~o + K + m;m ) n.O jdtf: o. /32/ 
1 ~ - I I 

+1 

m2_m' 2) ":1 ~ d 1/ _ 0,
( (I( - ----::-- - . ..... 1 - J 	 /33/
1 -1) 2-1 

OH~ npeACTaBnRtOT C060H o6o~eHl1e CooTHoweH~H opToroHa~ bHocT~ A~R 
WTYPMOBCKHX ¢YHK~~H Ha cny4aH m./ m'. 

C nOMo~btO HaHAeHH~x nOAanre6p nerKO nonY4~Tb paan~4H~e COOT
HoweH~R Me*AY M8TP~4H~M~ 3neMeHTaMI1 3aAa4~ Aeyx ~eHTpoB. Hanp~
Mep, YMHO*HM / 24.a/ Ha ~o. a /30 . a/ Ha (fa H B~4TeM OAHO B~pa)t(eHl1e 
HS APyroro . nonY4aeM 

R RZ-	 2
(1.- RZ j )< i l-<l.+ 1..)1i> --<i l -1 - 2.. j i >=<i l l l i> E...(R E)./34/
aR 4 T2 4 Tl 	 aR 2r 1 	 r 2 

3AeCb 
R R 

T 1 -	 2" « + T/ ) , T 2 = 2"«-1) , 

<iI _1_. ± _1_ \ i> = r '1'.* (_1_ ± _1_) 'I' J dr. < j i l l i> = ('I' * 'I' d T , 

Tl T2 (} J n 1 1r 1 r z 

,,2 2 III n S t . - ':1 St - imadr: g
RS

«( -T/ ) dtfdT/da. T = i (e.R,E,Z )- j (7);R.E.Z)ej 
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COOTHoweHHe /34/ npeACTaBnReT C060H a Hanor TeopeM~ renb MaHa
¢eHHMaHa /1BI An~ cnY4aR WTYPMOBCK~X peweH~H 3aAa4~ /1/. 

nOA06H~M o6paaoM MO*HO B~BeCTH ~ APyrHe COOT HoweH~R Me*AY 
MaTp~4H~MH 3neMet-iTaMH 3TOH saAa4~. 

CooTHOWeH"R Me*AY HenonH~MH "HTerpanaM~ no Aeyx~eHTpOB~M 
WTypMOBCK"M ¢YHK4"~M ~ Me*AY COOTBeTCTBY~~~M~ HenO~H~M~ MaTp~4
H~MH 3neMeHTaM~ MO*HO nonY4~Tb, e~H paCCMOTpeHH~e e pa aAene 4 

/17/	 noKOMMYTaTopbl, KaK B , npOHHTerp~pOBaTb no eaT Y AO .. , a 
11 aT x AO +1, rAe + 1<S< ,-1<x<+l,~ Y4ecTb npl1 3TOM HespAOO 

MHTOBOCTb onepaTopoB Z , A B cooTBeTcTBy~~eM HenonHOM CKanRp
HOM npO"3BeAeHHH. nonY4eHH~e TaKHM cnoco60M COOTHowe HHR Me*AY 
HenonHblMH HHTerpanaM~ no AByx~eHTpOBbiM WTYPMOBCKHM ¢YHK~HRM n~
He~HbI H HeOAHopoAHbI. 

B saKn~4eH~e aaMeTHM, 4TO npeAno*eHHoe B pa60Te r pynnoBoe 
on~ca HHe WTYPMOBCKHX peweHHH saAa4H AByx ~eHTpOB He RBnReTCR 
eAHHCT BeHH~M. H3 Bcex BOSMO*HblX rpynna P(3) x 51 (2.1 ) B AaHHOM cny
4ae Bbl6paH8 nHWb KaK MHHHManbHaR no 4Hcny napaMeTpOB. nOAoGHo 
wpeAHHrepoBcK~M/9< WTypMOBCKHe peWeHI1R aaAa411 /1/ MO*HO nOCTa
B"Tb TaK*e B COOTBeTCTBl1e HeKaHOH"4eCK"M 6aaHcaM YHHTapH~X npeA
CTaB~eH~H rpynn~ 0(2 .2)x 0(2,2) "nH 60nee WHPOKOH rpynn~ 
0(4.2)x 0(4.2). B TaKOM nOAxoAe BMeeTO onepaTopa E. AHarOHanbHoro 

Ha CHCTeMe WpeA"HrepOBCKHX peWeH"H, nO~BnReTcR A"a rOHanbH~H Ha 
C"CTeMe WTy pMOBCKHX peWe HI1H onepaTOp Z, KOTOPblH B C~Y4ae rpynn~ 
0(2.2)x 0(2/~) B~pa*aeTcR 4epes cooTBeTcTBY~I1H onepa TOp Kas"MH
pa . B OCTanbHOM TaKaR rpynnoBaR " HTepnpeTa~"R WTYPMOBCKI1X pewe
H"H SaA84" /1/ non HOCTb~ aHanOrl14Ha npeAcTa eneHHoH B/91 r pynno
BaH "HTepnpeTa~"" WpeAI1H repOec Kl1 x. Ha HAeHHble C nOMo~b~ SToro 
nOAxoAa COOT HOWe H"R Me*AY I1HTerpa naM" no AByx~e HTpoB~M WTypMOB
CK"M ¢YHK~HRM cOBnaAa~T C nonY4e HH~MH e AaH HoH pa6oTe. 

ABTOp 6narOAapH T H.A.CMOPOA"HCKOrO aa none3 H~e 06CY*AeHHR . 
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