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/1/ 
KaK H3BeCT.IIO , B aaMK.IIYTOM cljlepH'IeCKOM ( TpexMep.HoM) npocT-

. pa.HCTBe ITOCTOSI.II.IIOH IT01lO>KHT91lb.IIOH KpHBH3.11bl IT01l.llhlfi S1l9KTpH'I9CKHJ:i, 3apSIJl 

. .non)Ke.ll 6~ITh paae.11· .Hyino; AaanorH'IHO .nnst aToro. npocTpaHCTBa o6pamaroT

CSI a .Hynh riOn.Hhiii HM~ynhc H Macca, ecnH nonhaoaaTbCSI ljlopMYnaMH naa-
/1/ . . . 

,nay . , Jleno B TOM, 'ITO BCSIKaSI 3aMKHyTaSI noaepXHOCTb B CljlepH'IeCKOM 

npOCTpaHCTBe C o6eHX CBOHX CTOpOH OXBaTbiBaeT KOHe'IHbie o6naCTH npOCT

paHCTBa, B Ka)KJlOH H3 KOTOpbiX OHa MO)KeT 6biTb .ilenpepbiBHO CTSIHyTa B 

TO'IKY• .. floaTOMY HHTerpanbi no BCeMy 3-o6'beMy bT nnoTHOCTH .aneKTPJi'I9C-. 

KOI"O 3apst.na HllH 4-HMnynbCa, Bbipa)KalOIUHeCSI B CHfiY ypaBH9HHfi 'Iepe3 .co:

OTBeTCTBylOIUHe noaepxaocTHbie HHTerpani,r, o6pamaroTCSI a .Hynh. (Kopoqe 
... . ·: 

M.O)KHO CKa3aTb 0 'ITO. npH'IHHOJ:i o6paiUeHHSI B .Hyllb noaepX.HOCTHOI"O HHTefpa-

na SIBnSieTCSI OTCyTCTBHe noaepXHOCTH 1 OXBaTbiBalOIUeJ:i BCe CljlepH'IeCKOe 

· npocTpaHCTBO). Hy)KHO aaMeTHTh, 'ITO aaaHCHMOCTh KpHBH3Hhi , ~T a~eMeHH 
(KaK STO HMeeT MeCT01 HanpHMep, B peiUeHHSIX 4>pHAMaHa) H~ .H3MeHHT Ae- · 

na, nobKonbKY aneKTpH'IeCKHii aapSIJl coxpaHsteTCSI H MOHononh.Hoe aneKTpo- . 

Ma~HHTHOe (paBH~ KaK H rpaBHTaUHOH~oe) H3ny'Ie.HHe ~e CyiUeCTByeT. 

B cnyqae .npyroro B03MO)KHOI"O cljlepH'IeCKH-CHMMeTpH'IHoro aaMK.HyTO

ro npocTpa.HCTBa ITOCTOSI.IIHOfi nonO)KHTenhHOH KpHBH3Hbl 1 a HMeHHO SllllHITTH

/2/ 
'IeCKoro npocTpaHCTaa , CHTyaUHSI .He CTonb npoapa'IHa. B annHnTH'I:c-

KOM npoCTpaHCTBe HMelOTCSI: 3aMKHYTbie noaepXHOCTH 1 TaK Ha3biBaeMbie ann11n-

TH'IeCKHe ·HnH npoeKTHBHbie nnoCKOCTH 1 KOTOpbie l:te)KaT B npOCTopaHCTBe OA-
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/3/ 
T,e, He AenSIT ei:'O Ha ABe o6naCTH 1 . .H ,He OXBaTbiBaiOT HH-HOCTOpOHHe 

KaKOil: o6naCTH; HH TeM 6onee BCeJ:'O npOCTpaHCTBa~ TipoeK"I:UBHble nnOCKOC

TH He MOI'YT 6biTb CTSIHyTbl B TO'!KY 6ea ,CaMonepeCe'!eHHil:. 

B cuny STHX npH'lHH MO:IKHO BCTpeTHTh Bb~CKa3biBaHHSI 0 TOM, 'ITO aneK~ 

TpH'leCKHil: aapSIA H Macca annunTH'leCKOI'O MHpa MOI'YT 6biTb He paBHbi, Hy-

n10. Mbi noKa:~KeM, 'ITO nonHbiil: aapSIA, HMnynbc H Macca annunTH'leCKo,-

1:'0 MHpa paBHbl HyniO, 

Tipe:~KAe BCel:'o aaMeTHM, 'ITO TpexMepHoe annurr~u'lecKoe rrpocTpaHcT

/3/ 
BO SIBnSieTCSI OpUeHTHpyeMbiM H, cneAOBaTenbHo, HHTel:'pan rro BCeMy 

06'beMy ~T Be.JIH'lHHbl THITa AHBepl:'eHUHH HMeeT CMbiCn, ,Uanee SICHO, 'ITO 

AnSI ITpHMeHeH~SI TeOp~Mbl faycca-0CTpOI'paACKOI'O 0 rrepeXOAe OT o6i.eMHo

I'O HHTel:'pan~ K ITOBepXHOCTHOMY HeT HHKaKJIX rrpenSI.T6TaHil:, TaK KaK B an

nHITTH'l9CKOM npoCTpaHCTBe, TaK:IKe KaK H B c¢epH'leCKOM 1 OTCyTCTByeT rro

BepXHOCTb, OXBaTbiBaiOmaSI BeCb o6'beM, HHTepecyiOmHe HaC ITOBepXHOCTHbie 

HHTei'panbi, Bbipa:>KaiOmHe rronHbiil: aapSIA, 3-HMrrynbc· H ·Macey, o6pamaiOTCSI 

B Hynh~ Bonee rroApo6Ho MO:IKHO cKaaaTb, 'ITO B annurrTH'leCKOM rrpocTpaHCT- _ 

Be· Heco~1HeHH~ cymecTBYIOT ABYCTopoHHHe saMKHYTbJe rroBepXHOCTH ( T~rrono

I'H'!ecKH 3KBHBaneHTHbie cciJepe) 1 KOTOpb!E:i' AenSIT. ef'O Ha ABe ~6naCTH, He

CMOTpSI Ha TO 1 'ITO STH tiOBepXHOCTH MOI'YT 6b!Tb CTSIHYTbl B TO'IKY TOnbKO 

' ' 

B OAHOil: H3 ABYX o6nacTeil:, Ha KOTOpbie OHH AenSIT rrpocTpaH~TBO; OHH BCe 

:IKe He ;npElTISITCTBYIOT Bbi'lHCneHIIIO o6'beMHbiX. liHTel:'panoB B· Ka:>KA~il: H3 o6-

nacTeil: H rrpHMeHeHIIIO 3aTeM TeopeMbl faycca, .UByCTOpOHHOCTb npHBeAeT 

K paB9HCTBy ITOBepXHOCTHbi~ liHTel:'panOB C o6paTHbiM 3HaKOM (BBIIAY paanu

'llHI HanpaBneHHSI BHemHeil: HOpManu K_ noBepXHOCTII) H, CneAOBaTelrbH0 1 K 

o6pameHHIO B HYnh nx cyMMbi, 

LITo6bi c.uenaTb paccy:IK.UeHHSI 6onee Hai'nSI.UHbiMH, npoBe.ueM HeKoTopoe 

KOHKpeTHoe paccMOTpeane .unSI aneKTpH'leCKOI'O aapSIAa. MeTpHKa annnnTn~ 

'l9CKOI'O MHpa B cclJepH'leCKHX KOOp.UHHaTaX HMeeT BH.U: 
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2 2 2 2 . 2 .2 ' 2 2 
ds =-a (r) [ dx .+sin X (dO +sin, 0 dcp,) l+ dr · 

(x 1 'x 2 'xa 'x4 X, 0 ,cp ,r ) , 

npH'leM BeCb MIIP HC'lepnbJBaeTCSI npn . 0 ~ X ~ & , a ilHl 

1T 
THBOITOnO:IKHhie TO'IKH. npH X "' 2 cne.uyeT C'!HTaTb COBITa.QaJ 

.ueCTBneHHbiMH"). BocnonhayeMCSI TOnC?nOI'H'leCKHM ( T.~~ ·Hen] 

BaauMHo-o.uHoaHa'!HbiM) cno6pa:1KeHue~ annunTH'lecK.oi'o npoc~ 

06bi'!Hb!il:. map C OTO:IK.UeCTBneHHbiMH .UHaMeTpanbHO-rlpOTHBOnC 

KaMH ei-o noBepxHOCTH. TaKoe oTo6pa:~KeHHe He coxpaHSieT .UJ 

HSieT yrnbi, B ueHTpe mapa 0 noMeCTHM aneKTpH'leCKHil: 3e 

+e , a ocTanbHYIO 'laCTb npocTpaHCTBa, no Kpail:Heil: Mepe 

y.uaneHHOil: "SKBaTOpHanbHOil: nnOCKOCTH", OT06pa:>KaeMOil: 'Ha n 

pa, 6y.ueM C'lHTaTb CBo6o.uaoil: oT aapSIAa. OnnmeM B rrpocTp 
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H '.Jie OXB8Tb!B8IOT HH

npoeKt:HBHble nnoCKOC-

>IB8HHSI 0 TOM 1 'ITO aneK-:-

yT 6biTb He paBHbl Hy

H Macca annnnTn'leCKO~ 

ITH'IeCKOe npOCTpaHCT-

naTerpan no aceMy 

rl,' nan,ee SICH0 1 'ITO 
"• •.- ' ', 

nepexone oT o6'beMao-

~~TBH:ii. T aK · KaK B an-

:KOM1 OTCyTCTByeT no-

[e HaC noaepXHOCTHbie 

ii.Maccy, o6pamaiOTCSI 

lnTH'IeCKOM npOCTpaHCT

~·noaepXHOCTH (Tonono

aa' )lBe o6naCTH. He-

rsiHyTbl B TO'IKY TOnbKO 

npOCTpaHCTB01 OHH BCe 

noa B· Kamnofi na o6-

CTOpOHHOCTb npnBe)leT 
' ' 

3HaKOM ( BBHJlY paann-

n, cnenoaaTenoao, K 

11 npoaeneM aeKoTopoe 

.a~ MeTpnKa ~annnnTn-" 

. ' 

··~ 

l 

2 2 2 2 2 2 2 2 
ds =..:.a (r)[dx .+sin X (dO +sin Od¢, )]+ dr· 

X, 0 ,rp,r ), 

npn'leM aecb MHP nc'lepnbmaeTCSI npn 0 5 X 5 --2- , a nnaMeTpanoao npo-
7r 

THBOnonomHI>Ie TO'IKH. npn X = 2 CnenyeT C'IHTaTb COBnanaiOmHMH ( "OTOm-

necTaneaabiMH"). BocnonosyeMCSI Tononorn'leCKHM ( T.~~ · aenpepbiBHbiM n 

aaanM.ao-;naoaaa'IHbiM) oTo6pameHneM. annnnTH'IecKoro npocTpaHCT~a Ha 

06bi'IHblfi map C OTOm)leCTBneHHbiMH itnaMeTpanbHo-npOTHBOnonomHbiMH TO'I

KaMH ero llOBepXHOCTU,, TaKoe OT06pameHne He COXpaHSieT JlmlH, HO COXpa-. 

HSieT yrmx. B ueHTpe mapa 0 noMeCTHM aneKTpH'IeCKHfi aapSIJl BenU'IIlllbl 

+e · 1 a OCTanbHYIO '18CTb npOCTpaHCTBa, no Kpafiaefi Mepe JlO MaKCHManbHO 

ynaneaaofi "aKBaTopuanoaofi nnocKocTn", oTo6pamaeMofi Ha noaepxaocTb ma

pa, 6yneM C'IHTaTb cao6onaofi oT sapSIJla. OnnmeM B npocTpaacTBe aaMKHy-
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TyiO JlBYCTOpOlUilOIO llOBepXHOCTb, ·oxBaTbiBaiOIIIYIO 05'beM, OT05pamaeMbiH 
. ' '."{ 

Ha HeKOTOpblll map. ABCD c ueHTpOM 0~ Hs .ocTaBmeii:cSI '!aCTH np~cTpaH-

CTBa J{OHYCOM C TeneCHbiM yrnOM CO "Bb!pemeM" _ SaMKHYTbiH 05'beM, OT05-

pamaeMbiii na qmrypy NAB 123 CD • (llanbwe 5yJleM C'lHTa:rb- o6pa3bi npocT-

paHCTBa H HX OT06pameHHSI 060SHa'leHHbiMH 0/lHHaKOBbiM Cll0C050M) :, llnSI 

BHyTpeHHOCTH o6nacTH OABCD ypaBHeHHSI MaKcienna aaroT: 

_a_(y::gF 4 k)=41Tp=4rre 8(x 1 )8(x 2 )8(x 3
) a k • 

X. 
: 

(2) 

( TO'!Hee, :B CHny CHMMeTpHH Saaa'lH, OTnH'!Ha OT HynSI TOnbKO KOMllOHeHTa 

Fu ) • 

IlpHMeHSISI TpeXMepHyiO TeopeMy raycca K o6naCTH OABCD 

ny'lHM nonHbiii i:IO.TOK qepes noBepxHoCTb ABCD 

_,- 41 a <-r-:::> 41 .> . cf::::fo v - g F d S = f ff -- v - g F d V = 417 fff p d V = 417 e , 
ax 1 

. 
ABCD 

Mbi no-

(3) . 

I'Jle no onpeaeneHHIO dV =dx1
• dx 

2 
dx 

3 

MapHblll nOTOK qepes KyCKH AB . H CD 

H T,n. CooTBeTCTBeHHo cyM

noBepxnocTn paBeH 2 ~ •417 e=+2cu e. · 
- 417 

Tenepb, npHMeHSISI TeopeMy raycca K saMK~TOMy- o5'beMy NAB 123 CD • noJ 

ny'lHM, ~TO HH,Terpan OT nnOTHOCTH 3~pSIIla, yMHOmeHHOll Ha 417 , )lOnme.H 

5b!Tb paBeH Bbl'lHCneHHOMY BbiWe S.Ha'leHHIO '!aC_TH noTOKa _(+2cu e) C o5paT-

HblM s.aaKOM ( BBHilY npoTHBononom.aoro .aaripaBne.HHSI BHemneii .aopManH K 

noBepx.aocTSIM AB , CD ) • 0TCIO/la SIC.Ho, 'ITO '!aCTb 123N . aKBaTopHanb-

( ) · x/( 2cue) 
.aoii nnocKoCTH sapSime.aa noBepxnocTHhiM sapSI/loM · - -:r;;- , a 

BCSI 9KBaTopHanbHaSI nnoCKOCTb - aapSI/lOM - e • TaKHM o5pasoM, B ue-

noM paccMoTpeHHbiii MHP sneKTIJH'leCKH .aeii:Tpane.a. ' 

x/ lleiicTBHTenbHo, peweHHe ypaB.He.HHe MaKCBenna- (2) ang annHnTH'leCKoro -
npocTpa.iiCTBa, .aa KoTopoe .aaM yKasan P.r. 3aii:KoB, aaeT F41 = _c_ sitl'lx, 
T.e. aneKTPH'!ecKoe none B5nHSH aKBaTopHanbloii imocKoCTH (x= 

8
"/2) oT-

mt'lHo OT eyng H HMeeT CKa'lOK BenH'lHHOH 2 - 1 'ITO, KaK H3BeCTHO, 
COOTBeTCTByeT HanH'lHIO. noBepXHO.CTHOI'O Sapsufa, • 

6 

AnanorH'!Hoe paccMoTpeHHe JlnSI MaCChi snnHnTH'leCKC 

oTnH'!anocb · 5bi llecymecTBeHHbiM o5pa3oM nHWb TeM, '!To r 
IT none HenpepbiBHO BCIO/lY, B ToM '!Rene npH x = -· , , noel 
2 

HenpepbiBeH BCIO/lY (BMeCTe CC 
. 2 2 

KHii KostjlqmuHeHT a sin X 

.aoii). \ 
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o6'b~M, oTo6pa>KaeMhiil 

aBJIIeHCSI .'laCTH npOCTpaH

t"'. SaMKHYThlll 06'beM, OT06-

teM. C'IHTaTb o6pashi npocT

KOBhiM CnOC060M), nnst 

:Benna )laroT: 

(2) 

Hynst TOnbKO KOMnoHeHTa 

5nacTJi OABCD Mhi no-

rJfpdV =477e. · . (3) . 

·.n. CooTBeTCTBeHHo cyM

iOCTH paBeH 2(U • 477 e=+2(U e •. 
. . 477 ' 

· ·~6'beMy, NAB 123 CD , no-' 

me~HOH Ha . 477 , JlOn>KeH 

noToKa(+2(Ue) c o6paT-

lHSI BHeiiiHeil HOpManH K 

CTb l23N . SKBaTopnanb-:-' 
· x/(· 2(Ue)· 

OM· --- 1 a } . . 477 
• TaKHM o6pasoM, B ue-

. ' f 

: (2) Jlnst amlHnTH'IeCKoro . 
. . F C .~ B, JlaeT 41 = -; sm X, 
i:rnOCKOCTH (x= 77/2) OT
.t 'IT01 KaK HSBeC!H01 

AHanorH'iHOe paccMoTpeHHe Jlnst MaCChi annnnTH'iecKoro Mnpa ( l ) 
OTnH'ianoCb ·. 6b! HecyiiieCTBeHHb!M o6paSOM nHIIIb TeM1 'iTO rpaBHTaUHOHHOe 

. 17 
none HenpepbiBHO · BCJOJly, B TOM qncne npn x = -

2 
. 2 2 ( .. KHit Koa!flclJHUHeHT a sin X Henpepb!BeH BCIOJlY BMeCTe CO CBOen npOHSBOJl-

Hoti:), 
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