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Introduction 

Recent· experimental and theoretical investigations as a· rule 

. show that the spin-dependent part of the residual interaction in 

odd-mass nuclei leads to polarization effects,· which influence con­

'siderably the magnitude of magnetic moments and probabilities of 

. allowed {3 -decays. Because of these effects the values of the 

g, -factors of the nucleol)s in a nucleus differ . noticeably from the 

corresponding values for free nucleons. In fact, this is equivalent 

to r.emormalization of the single-particle m";itrix elements of the odd 

nucleon. Such effects are also observed for the matrix elements 

. · of f3 -decay • 

. The· effect of the spin-spin force in atomic nuclei have been 

studied by various authors by 'means of p~rturbation theor/
1

/ and 

the the;,ry of fii-lite Fermi-systems/
2

/ •. Simila~ calculations hav'e been 

d~n~ by us/3/ in the framework of T.D • .Approximation. Starting from 
- " . ,. 

·. a si'Tlple model, we assumed that in even-even deformed nuclei 

there. exist oscillations of the magnetic dipole moment. These os­

. cillatfons generate 1 +: states. Then the spin polarization effects 
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are considered to be a . result of the _scattering . of the odd particle 

to ·the 1 + excitations of the core. 

The purpose of this work is to investigate the structure of 

these 1+ states in even-even nuclei, their decay properties and· the ~ 

energy region in which they may be observed. 

1. Hamiltonian 

As was shown in more detail in ref/
3

/ the Hamiltonian des­

cribing the single-particle motion, pairing and magnetic dipole inte­

raction in the .quasi-particle representation is 

II =oil +II . II +II I 
.sqp co nt (1) 

where 

II .. ~· ( (r)B (r) 
· sqp ·s,r .s ee (1a). 

II =.!. ~ K , ~ a<p.>L ,[C+ ,(r)+C ,(r)]x 
coil 4 T r' rr ,,.,' ss . '"' "" 

' 8,15 ' 

(1b) 
x ~ a <p.> ,L , [ C + , (r ') + C ,( r' ) ]. 

mm 'mm mm mm mm 

Here (" (r) are single-particle energies,· r"' 1 n,p } • The ope­

rators B "", and C "", are expressed .in the terms of the quasi-par­

ticle · operators 

B .-=~a+(r)a, (r) 
"" P=± "P "' p (2) 

C ,,._l_~a,(r)a (r). 
"" . .,f2 P=± "p e,-p 
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_The state Is, -p> is the time-reversed of 1 s, p> • The con-

stants of the 111a:gnetic ·dipole interaction are chosen in the form 

K q K 
TT 

K = qK, 
np 

(3) 

The· magnitudes L '"'"-= u'" v '", - u,., v e are expressed in terms of 

the parameters of' the Bogolubov canonical transformation. Finally, 

· in (1b) the quantities a <p.~ are the single-particle matrix elements of ..... 
the ope;ator a, +(-l)fl.-; (p.,O,+l) , in which a, are the Pauli 

r -p. - r 

spin matrices. In this way, in, (1) the operator ~H .. qp describes the 

. quasi-particle excitations,· and H coli describes the collective 1+ -

states with the projection of angular momentum K,O or 1 ( /1"' 0 

or 1, respectively). H tnt describes the interaction between the 

. quasiparticles with these states and so far has not been related to 

our problem. 

We remark, that because of the internal symmetry of the states 

with K,O ; it is possible to build up a rotational band With spins 

I= 1 +, 3 +, 5 +, •• etc, differing from the f3 -vibrational band. 

As the two quasi-particle states,. from which 'one. builds 1 + ex­

. citations, are usually higher than 2 MeV and are situated • very close 

to one another, it seems reasonable to apply the T,D,.Approximation, 

The excite~. collective state? are defined as one phonon states 

'/.· 
+ I + L'l',> =-Q,I'I'o>=- ~'I'' (r)C __ ,(r)l'1'

0 
>, 

..J2ss.'r '""' ~~ (4) 

.where ]'1'0 > is the phonon vacuum, i,e, the ground state of the even­

•even nucleus, and '1',.,. -(r) are the amplitudes of the two-quasi-par­

ticle states, satisfying normalization ·condition 
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·:sw 2 ,(r)=I 
, "" .se: r . 

(5) 

and the symmetry condition 'P , = .,.. 'P , . 
. ~.s .s .s 

The dispersion equation for the excitation energy w is ob-

tained by the variational method in 'the form 

2 2 
0+KF,)0+KF,,)-K q F,F,, ... o, 

where 

F :s 
a 2

, (r) L 2 ,(r) 
.s.s .s.s . 

T 
33 E ,(r) - w 

.s.s ' f 

(6) 

(7) 

It is clear that F r has poles at w1 = c ,,., ,(r ). Because the 

constant K ·is assumed to be positive, the· solutions are expected 

between the two-quasi-parti:::le energies, the lowest being above the 

energy gap. 

For the two-q~asi-particle amplitudes using the normalization 

condition, we obtain the. following expression 

I 
'P ss'( r) = 

I 

'P '"'", (r')= 

a,.,.,(r)L .. ,.{r) 

c (r) -w 
.s.s' l 

-a .... , (r1 L " .. , (r~ 

f ,(r1- w 
"'" - I 

(8) 
. y T, 

(I+ KF )2 q
2 

r' 

I I 
K F 

T I y T + 

Kl<'/ 
I I' . ----. ;__~--

~--Y, 2 

r • q + 
K2F/ (I+KF,,) 

(1+ KF,,) 
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y 
T.· 

a 
2 

, ( r ) L 2 
, (r) 

== ~ --"-"--..:...,_"-"-~--
.... , [£ ,(r)-cu. ] 2 

"" I 

(9) 

2. The Probabilities of M1 Transitions to the Collective 

·1_+ S~t~s 

+ . 
The characteristic quar;~ity for the spin-vibrational 1 levels 

will be the probability for M1 transitions.- Having in. mind the expres­

sion (8) for the amplitudes of the states,· we can calculate the mat­

rix elements of M1 transition from the ground o+ state to excited 

1 + K 'states. 

As is well known, the operator for M1 transition has the form 

rTr D eii m < M 1 ) .. "-=-- . ---1:.... • _.,__ • 
fl. . 4TT. : 2 2M c 

(10) 

Where the components of the vector D fl. are defined as 

(11) 

· Here, g., and g e are respectively the spin and orbital g -fac­

tors of the r;ucleons. This part of the operator (10), whose matrix 

elements between the ground and excited states differ from zero, 

· in the phonon representation has the ·form 
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<· 

:lllfl(M1) 

l 

r;- . A~- /~~-(r) L .,.,,(r) x 
/ _::__ ee r 

i6 17 2Mc 
(12) 

I + -
X 'P ,( T ) " ( Q I + Q I ) ' 

"" ' 

(fl) 
where d "", are matrix elements of· the operator (11). Therefore, 

for the matrix element of the transition 0 + ... 1 ~ ' one obtains 

the expression 

M, = < 'P 0 I Q I :m fl ( M 1) I 'P 0 > 
(13) 

;--;;-- e ii <p> ' I ( ) 
= y_;.;..:....__ • -- ~ d ,(r ) L , ( r ) 'P , r • 

16rr 2Mc ee'r ""' ss "'" 

The reduced probability for the M1 . tranoition is defined as 

follows 
2 . 

2 <1 1 l:lll (M1)III,> 2Mc 2 

'B ( M1, I1 K1 ... Ir Kr ) ""< I r 1 K r Ill I 1 K, > • . 
2 

I ,+ 
1 

<--;;t;- ) ' (14) 

For (14), taking into account. (12) and· (13) we obtain 

+ + 3 (fl) 2 
B ( M 1' 0 ~ ... 1 K ) ""- I ~- d ,( T) L , ( T) 'P .. ,( T) I 

· 16 17 "" T "'
3 s 5 

!s"' 

(15) 
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3. "The Stirn Rule 

It is well . known that the magnitude of the matrix elements cor­

responding to the radiative transition is restriG:ted by certain re­

lations, called sum rule. · 

In the case of M1-transition the sum rule is written as fol-
lo~/4/: .,, 

. 8rr ~ 
> ... -- ... iu 

3 I 
IB I (Ml)' . (16) 

where 8 1 (Ml) are defined by expression (15) •. Let. us calculate the 

double commutator. entering (16). As D p. commutes with H coli , we 

have to find only the commutator . [ H sqp, D p.] • After some mani-_. 

pulations we find 

' t 

'­
' 

One must point out, the equality ( 16) reduces to an identity when 

K "' 0 • Therefore the diffe~ence betwe_~n the left.;. 'and right-hand 

sides of (16) is a· measure of the co-ntribution Jrom the interaction 

which we are trea:ting in the-sum rule. By this diff~rence one· can 
' • • ' -1 

estimate to some extent' th~. degree of collectiVeness or correlatiorls 

of the two-particle interaction in the states under consideration/4 /. 

The value of B (Ml) for each particUlar excitation will,· as. a rule . , 

tell us something about the degree of collectiveness' of this state • 

. By means of the sum. rule one can draw only qualitative conclusi-

ons about the degree of collectiveness of all the generated sta-

tes, as yvas mentionrd above. 
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It is interesting to consider the· behaviour of the .r.h,s, of (16) 

as a function of· the number of the states involved in the sum1i,e. to . . ) . 

consider the function 

8rr n 
X = - l (I) I B I ( I Ml ' 0 ... I ) 

n 3 1=1 • 
(18) 

The behaviour of this function allows us to estimate the con­

tribution of the various states in the sum rule and to . determine the 

region of "saturation" where x will be equal to the l,h,s~ in (16). 
. n ' 

4. Results of the Calculation and Discussion 

We have done .calculations for several rare earth nuclei: 
156 160 168 170 176 18 2 

Gd 
1 

Dy 1 Er 1 • Yb 1 Hf and W • The scheme of 

. single-particle levels with 4b neutron and 40 proton states was 

.. used in the . c"a.lculations/5/. The parameters of the pairing interac­

tions were taken from the same work, 

The number of the calculated two-quasi-particle 1 + states turns 

out to be equal to 80 for the states with K=O and 212 for the 

states with K=l • 

The calculation have shown that all 1+ states with K .. 0 up 

to energies of the order of 6-7 MeV are characterized by small 

values of the probabilities for M1-transitions from the ground state. 

As a rule, for these states B(Ml,O ... l)/B(Mf) < 0,2x( . s.p.o; 

X 

B ( M l) = l. 79 [ ( A_ ) 
2

] 
· s,p, 2Mc 

. 10 



.. Among. the low-lying states with K .. l there can exist states . 

having the value of B(Ml , 0 ... 1 ) of the order of the single-particle. 

value. As a rule,· they are weakly collectivized but the large value 
-

for the.'matrix element of M1:-transition is due to the strong contri-

bution from the states of one of· the subshells (at 8 · -o). In table 1 

we show as an example the spectroscopically observed low-lying 

1 + states in 
170

Yb /
6

/ and their. interpretation. All the indicated sta­

tes' in the energy. internai 2-3.5 MeV are weakly collectivized. '!'he 

structure of their vyave functions is in good agreement with the ex-

. perimentally observed .strong retardation for · fj-dacays of the type 

a+ ... 1+ x/. It is also ,characteristic that in the region· of spectro­

scopic 1 + states {at energies up to 4 MeV) there is t:sually a 

·small number of states with K17 
.. o+. ·Therefore one can expect that 

the mixing of .the states with K .. o and 1 due to the Coriolis interac­

tion would be weak, as levels with suitable configuration are very 

seldom close-lying. Consequently, one can make use of Alaga rules 

for the intensities of the transitions in order to find the quantum 

number K of the 1+ states. 

It is interesting to establish the energy region in which strong­

ly collectivized 1+ states with large values of B(Ml) might appear. 

In sperical. nuclei the occurence of collective ·1 + states is 

connected with transitions between levels belonging to the spin-or-
. /7/ 12 bttal partners • In the nucleus C such a state -was observed 

at the energy 15.1 MeV by means of inelastic back-ward electron 

s.c.attering/
8

/. Strp~g M1-transitions are also found in several light 

X/ '!'he parent nucleus 
o+t n[633] ~-- P r 404l• 1 

characteristic magnitude 
than the usual value for 

170 
Lu has the grounc\ state configuration 

• For all f3 -transition eogft has the 
.. 8,' which is approximately 3 units larger 
allowed transitionp. 
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nuclei in experiments on l~rge-angle inelastic electron scattering· 

(cf., for example, the review article/
9

/). In heavy spherical nuclei 

it .is expected that collective spin- vibrational' 1t states occur at 
208 + 

lower energies (e.g. in Pb a· 1 state with a large value of 8(Ml) 
'10.. 

is expected at an energy of the order of 7.5 MeV )•. 

In deformed nuclei the picture is more complicated because 

or the mixing of states with ctifferent j • The selection· rules for e 
and j may be ·strongly violated. Strong M1-transitions can occur in 

the case when ~K =0 : 

(i) between states originated 

orbital partners (e.g. h /4 h I 
ll 2 9 2 

son scheme:, the spacing between 

8-10 MeV. 

from. the spherical spin-

). In the single-particle Nils-

such levels is of the order of 

(ii) beca:use of the j :-mixing, in some cases strong. M1-tran-

sitions will also occur between states originated from· subshells 

With different· e (e,g, Of the type f 7 ; 2 4h 11 ; 2 1 f 5 ; 2 4 h 9/z , 
g 

9
;

2 
4 i 

13
;

2 
etc). Such transitions occur at lower energies and 

can form a collective 1+0 -state with a magnitude of 8(M l, 0 41 )., 

.. 0.4 8 ( M l) (in the energy region of 7-8 Mev). 
s.p. . 

The ~haracteristics of several collective 1 + 0 states in 
170

Yb 

are sho~ in ·table 2, The states 1 + 0 having the largest values of 

B(Ml,O 41) 

10-11 MeV. 

occur for all rare earth nuclei in the region of 

In the case of ~ K = 1 , strong M1 tran_sitions may be: 

(i) between states originated from one- spherical subshell (e.g 

between states of the subshell h 11 j 2 or i 13; 2 )~-, Those states 

with the lowest transition energy may form the spectroscopically 

observed 1 + 1 excitation with large values of 8 (Ml) ( cf. e.g. the 

state at energy 2,35 MeV in 
170 

Yb in table 1), But such excitations, 

as a rule, are weakly collectivized. 
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(ii) between states from the spin-orbital partners •. The energies 

of. sucly transitions. are higher than those of the corresponding tran­

sitions · in the casei'1K,.,O ·and usually are of the order of '12-13 MeV. 

(iii) between .states · from subshells with different C • These 
. ' -
transitions also can form collective 1 + 1 excitation at energies of 

the order of 7-9 MeV. 

· In table 3 we show the contributions of the transitions of 

various types in several 1 + 1' stat~s in 
170 

Yb • The calculation in-
+ . 

. dicates that the 1 1 states. with the largest values of B (Ml, 0 ... I) 

in rare earth nuclei occur in the region of 12-13 MeV. 

Finally, we note that in low-lying 1 + states (np) mixing,· as 

a rule, is weak. Strong mixing of the states occurs in the region'. 

of the collective states. 

In ·order. to clarify the position of the magnitude dipole reso­

nance, we carried out calculations of. the magnetic dipole sum rule 

for some rare earth nuclei (cf. figs •. 1-3). The s"olid curves show 

the "s~turation" function X n i.e. the. r.h.s. of the sume rule (16). 

It is clear that the major contribution to the sum rule comes from 

·the states in the regions· 10-11 MeV ( K =0 ) and 12-13 MeV ( K =1 ). 

The contribution of the, 1+ states in the region of resonance captu­

re of neutrons is usually not greater than 10-15o/o of the total. mag­

nitude .of the sum rule. Therefore ·we doubt the possibility of ob­

serving the magnetic dipole resonance in the (n, y ) reactions, as 

is. suggested in ref/
11

/, th~ugh 'some co!lective 1 + states can 
I 

· appear in the energy region of the resonance capture of neutrons 

(cf. e.g. (12, 13). 

Inelastic electron scattering at large angles and resonance 

photoabsoluti~n <;>r ( Y, n ) reactions obviously, may be a convenient 

method of looking for M1-resonance. 
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. . I 
, Some results of this work have been presented at the con-

ferenc;e In Mo~trea/14/ and have been . reported to. a seminar in 

the International School of .Theoretical Nuclear PhysiCs in Predeal 
l 

(Romania, September, '1969),. 

In c:onclusion, the authors express their gratitude to the 

members of Nuclear '!'heory Department for useful discussions, One. 

of the authors ( S,G,) is grateful to Prof, G.Alaga for his interest 

in this work and for useful discussion. 
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Table I • 

. 'Chara~teristics af lOw-lying 1+ states in I70Yb. 

Energy 'ii: B(MI,O-I) 
STRUCTURE EX:perimental/6/ 

K 
(MeV) B(MI)

8
p '1l: Energy K 

. (MeV) 

2,35 1+ 1,2 98% pp l£51411 - [523]1} 2,039 1+ 

2,43 . 1+ 4,1o-3 - 98'.£ nn {[63j]t - [642]1}. 
2,.50 o+ . o,o3 99'1b .nn f[.523}f - [512111 2,533 ·. o+ 

2,61. 1+ 0,1J 97'1b pp H4nJt - [4nH1 2,641 ? 
2,72 1+ ~a ioo~ PP {f404]t - · [4o2]t} 2,78:3 1+ 

2,74 . 1+ 10-5 100% nn {[514]t ..: (512]1j 

t 78% rin jf52J.]l- ~2l]ll 
?,81 1+ o,o3 lJ% nn [512}t- ~21H 2,883 ? 

5% nn )f624]t- [6JJ]f} 

. r7$ nn {[.512]t_ (5211f1 
2,93 1+ o,o1 

nn H624lt- [6JJ]t~ 
2,96.5 1+ 

l7'1b 

r~ 
nn H624]t .. _. [6JJ}t} 

2,99 1+ o,J 
pp H4o4]t-. [4.1J]t~ :3,092 1+ 

1:3% 

r$ nnH624]~- [6:3:3]1} 

J,03 l+ 2 lo-3 8% nn{[512}L [521]t} (:3,148) (o+) ' . 
.. 8% nn {(sr4H - [523]~} 

f88% 
nn{f5f41t-. ~2J1t} ? 

.J,2o 1+ o,o1 J% nnH6241t- [6.J.J]t} 
.Jjl84 

.J #'33 . + 1o-7 100% nn H52.JH- (521J H 1· 

J,J5 1+. 0,6 99% PP {[4o2]t- [4n}t} .J,.J02 ? 
.J,50 1+ 3.1o-3 98% nn{[52l]t- [.5lo1t} 

:3,52 o+ o,o2 . 99% nn {[ 521Jt- [51o JfJ 
i 
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Table 2. 

. . 1[ +' I70 · Structure of several I K • I 0 states in Yb 

in the region of high energies. The states.with the 

:largest values of B(KI) '-are given. 

w B(MI,O...,.I) Amplitudes Shell 
(Ke.V) STRUCTURE 

B(MI)
8
p: 

'J)ss 1 

transitions 
(0 =0) 

7.77 0 • .36 pp 5JOt- 550t -· ·. -0.605 · hg/2 ·- hii/2 

nn 54n7" 5IOt -0.29I '!.7/2- f5/2 
nn 65It- 6Jit 0.272 iii/2- iiJ/2 9.IO 0 • .35 pp5J2t - 52.3+ 0.42I hii/2- f7/2 
pp 52Jt- 5I4* -0.296 hii/2- f7/2 

,_ 

nn 550t- 521_.. · -0.496 hii/2- PJ/2 
nn 65It- 642~ ··-o.I6J . iiJ/2---+ ~/2 

·nn 65It- 6Jit -0.17.3 iiJ/2- iii/2 
IO.J5 I.24 nn 5J2t- ·52.3+ -0.220 ~I/2-f7/2 

nn 52Jt- 50Jt -O.IJ4 ~I/2-hg/2 
pp 54It- 52It -O.I1J hii/2- hg/2 
pp52Jt- 5I4 ... O.IJO hii/2-f7/2 

nn 54It- 52I.t 0.425 hii/2- hg/2 I0.89 0.47 
pp 54It- 52It o.5JI hii/2- hg/2 

18 
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Table J 
.!ji. + 

Structure of several I Ka I 1 states in l70Yb 

in the region of high energies. The states with the 
:l·argest values of B(JU) are given. 

------- ----------w 
B(Ml)/B(Ml) Structure. Shell 

(MeV) .Amplitudes transi ti~ns ( 8' .. o: . s.p. 'f' ss' ----------------------
pp 4llt - 400t -0.18) 1.-r/2 - d)/2 

pp 54lt - 541-t o,Jol ~1/2- f7/2 

pp "41J~ - 402io -0,165 d5/2 -d J/2 

,,26 . o;64 pp 5J2t - 5JH -0,49) h11/2 - f7/2 
pp 404t - 404+ 0,178 g 9/2- g7/2 . 
pp 420f .;.. 411+ 0,16) g U2- sl/2 

nn 402J - 411~ -0,5)7 d)/2 - s1/2 

12,72 1,29 nn 5J2t - 50lt o,no ~l/2- f5/2 
{',, 
~' 

pp 514t - 50Jt -0,)59 ~1.!2- ~L2 
nn 550t .;- 5)0·t 

; 
-0,)10 ~l/2 .. ~/2 

t' pp 422+- 440+ 0,127 d5/2 - ~/2 
~:- < 12,9) 1,02 pp 512t -
f 

54lt -0,555 '~/2 --~/2 
(. pp 514t - 50Jt 0,167 hlll2 + ~/2 f 

!. nn 642t- 642 ... -0,1.36 i1J/2- ~/2 
L 
~· nn 52Jt - .50)~ 0,160 ~l/2- !5/2 ! 
' r nn 514t ..:; 514t -0,166 ·~l/2- f7/2 I nn 505f - 505t -0,15) hll/2- ~/2 F··' 

i nn 550t "' 5JOt -0,121 hll/2 ... h9/2 
J;' 

422t - 440t -0,117 d5/2 - ~/2 ' pp 
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