
E.A.Kochetov 

ЕХАСТ RESULTS 

ОбЪВАИНВННЫI 
ИНСТИТУТ 

RABPHЫI 
MCCIBAOBaHMI 

АУ б на 

El7-85-945 

IN ТНЕ PROBLEM OF INTERACTION 

OF А TWO-LEVEL АТОМ 

WITH RADIATION 

Su bmitted to " ДАН СС С Р" 

1985 



Studies of the quantum model of 1nteract1on of а two-level 
"atom" w1th а rad1at1on reeonance f1eld were 1n1t1ated Ьу Jaynes arid 
Cummings/1/ who f1rat succeeded 1n obta1ning an exact solution to а 
model of the Dikke type. Later on various variants of multiboson 
рrооевеев were etudied in two-level atoms. Here we mention papere Ьу 
Buok and Sukuma~2 •З• 4/ w~o have found an exaot solution to the equa
tione of motion desoriЬing an atomio eyetem with the interaotion non
linear in boeonic variaЬlee. А distinotive, from а physioal point of 
view, featura of the Jaynee-Cummings model and its multiboeon modifi
oatione ie the effeot, observed for the f1ret t1me Ьу Eberly et al. 
/5/, of per1odio reproduction of atomio ene.rgy oso1llations due to 
the initial ooherent pumping. 

In thie note, we ooneider exaotly solvaЬle generalizatione of 
the Jaynes-Cumm1nga model non11near in boeonio variaЬleв. The obtai
ned вpeotra may Ье uвed, for inвtanoe, to analyee the relaxation of 
а вingle вpin to the thermoвtat temperature g1ven Ьу the Ьовоn field. 

1.· Let ue ooneider the Hamiltonian 

Н= w<C'o.. -т '-'•s3 + :>.la:) ... ~fto."'o.)S-t -+ ~fC«'o.)(o."~")tQ..к.s'_ <1 > 

deeor1Ьing the interaotion of а two-level atom w1th transit1on energy 
11А.>о with а single-mode phonon field 0.. , [Q 1 Q.'~')::~. In model (1) 

atomio traneitions ooour through em1ssion of t or k phonons and ab
eorption of k or r phonone, the interaotion inteneity ~йа•й) 
being dependent on the phonon-field etrength through the funot1on$ 
obeying the oonditionl ~(4'-Q)\n) = f(r,)\I'L) • where Q ... Q 1 n): n.\n.}. 
Тhе Рвu11 ope~tore are norma11zed во that (S,,8tl=t2St,(S+,SJ:S\ • 
тье operator ~ • Q+Q t ~ S~ iв а oonstant ot mot1oщ [Н, N]: о • 

Consider the севе,. (>;К ; we look for а oomЬined вyetem of 
e1genvectore ~ and N in the form 

\'Yt\(c~.)): ttp{ ci..St(G+)k~rf(Qta>) 1 ер~>) ' <2> 
" lt) ~ .,.J+) 

where N\<p 11 ): (~~t(e-I()J\"r;). and .L 1в а Pll_r&meter to ье 
determined. Веовuее o"f the relat1on ( S.(a+)tat~(tfQ), N] :0 the 
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ve c tor ~~~\~)) c orrespond s to t he eame eigenvalue of the charge 
operator N~-> .. h,.- .!(t-11-) as f ер~) • Inserting (2) i nto the Schro

'1. 
dinger equetion 

Н l'fJ> ::: ~ IЧJ) 
we determine paremeters 

When h) е ' 
tl.. and ~ • The reeult ie ее followe: 

I'V~)> = ( i + 
(±) t 

J.: n"" 
z. ~ -1/2 ( l!ме ~ (1\)) 

J.~'..c/c.ycllltl./"'-t+~~:>) 
1 h-) 

l±) w . ~ 'L 2. L z. 1 ~ 11!(n.·t+-к)! ~n. ::: U)n,- т(t-к) ± .1L~ee+~ Cn~er,f('\) ' CIIJtt = (tt-t)!(n-t)! 

J 2 2.ct 111: 
.l,i) _ JLI(f !. Ze + ): llkl! Hn) 

сk.,ке = ~ С.~к4/ f\n) 

For 

,IН -
0..1\ICt -

h<l, 

Г\ Wl~-k) 
.J.L "'~ : 2 - W о . 

l+) 

(3) 

(4) 

')12.Stkll.' 14'~) :: ( ,:) ) , 

J..~k~ :. ~ \ 
t.-1 - ( 111-t+~>) 

' \tln ) - \ о , 

~ n:. Wrv- W0 ~ t\.')0 
(5) 

Е~= ы(l\-е. н)+ w., n) е-к. 
In formulae (4) i t ie eaeumed thet j1n} ~О • If, for е cert"in 

t11 ~О , ~ \1'\.Ф):: О , the correepond ing weve functinne end energy leve le 

will Ье 

(t) ( о ) \ 'f n .. ) = - 1 ne~) , ~&1 : Ц)tlo- Wo 
Cllv 

1 '11~> = ( ''-~+<))' L-) 
G "•:.. wlrto-et~) + Wo, 1\. .. ~.t-к . 

The севе К~ t iв exemined enalogouely. Fonnulee (4) end (5) at 

~= 1 , К ~е. О , end (= ~ tranвform into formulee of the conventional 
Jeyneв-Cummingв model. Expreввione obteined in 121 for yeriouв avera-

s ) \l4t -\нt 
gев of the energy operator of e n вtomic вyetem ~Lt- =е s, е fo l -

low from formulee (4) end (5) if one putв fC-x):.j'X' ~ 11>"'0• t =! 1 

Note eleo thet in /З/ вquaree are found for normel modeв of oвcilla
tione of en etomic вувtеm W~=(t~-~~)~ within model (1) at~:~, 
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К = О 1 e nd a r b itrery 2 • Compoeing the e xpre sвi on w: = (t:~'"-f~' ).t 
Ьу f ormu lee (4) e nd ( 5 ) a nd вetting f= ~ , \(•0 , we a rrive at the 
reeu lt of rer.I ЗI. 

2. Now, cone i der е ge nereli zet ion of the Jeynee-Cummi ngs mode 1 

to the севе of non linear interect i on of а two-leve J. eye tem with а 

two-mode rad iet i on field 0. 1 #, 1 

H=w.a.•a.•wt&"'& +ыoSJ +~a.t"•)"s. +'Л~J'8k:s_ ( б ) 

It ie eeeentiel that thie model poeergeeв two independe n t integralв 
~ + t А 

of motion , N::: QQ + 1: Ss end М: - I S, . А complete вyetem of 
eigenvectors of operetora Н. N end М вhould correвpond to 

' А А 

ell poeeiЬle ееtв of comЬined velues of "charges" N and М : 

{ ~ е. • ~ к 1 { • J.+) ~ (~ } 
N = n.- L \ м = """+ l ; 1\,/1'1\. ~о j ' N =. 11. + 2 ' м:..~ -1; п,т )0 

where ~ 1 ~ .. ,) = tJ!! 1 qJ;~)) . М\ <\>~l) ::: M\t) \ ~:~) · 
Тherefore we look for вolutionв to ~he Schrodinger eчuetion (З) with 

Hamiltonien ( 6 ) in the form of е union of two eyвtem of vectorв 

{ \ 'V:~(J.,)): ир( J1 neЬ+кs .. )J<p~-~>}, { l'fJ:~)=up('~o+~кS~\~~~7> 
1 NH l-)} the firet of which correepondв to the eet l ) М , while the 

вecond to { ~ ~}. The Schrodinger equation for t11e . vector \~1)) 
iв tra neformed into the c orri'вponding equetione for l'f'~)> Ьу the 

unitery traneformetion Q.~b, S~.~t-~3• S,.~ S- with вubeequent 
chenge К~ е , IJ"\ ~ Wz , I.Vo...,.- Wc. tt.) 

'Ne вhell not write eolutionв for \'V{!))end 1 'У ) вeparetely 
and only liвt е finel reвult for eigenfunctionв end energy levelв 

of Hemiltonien ( 6 ): 

When 
t\) е' 11(, ), о ' -•Jz ( 
( 1 ... d.t!' t с~"') 

(8) 
~· ) ~ t~mfn~\h.-t>I~+K) 

ln) 1 tt\-) 
1%t,.,) ;: 

r<±) = wf t'\, - w. r + ~ h\, + ~ + 
~~~ 2 2 

Г,2 2 '1. 

'J.Q:~+CnmЛ · 
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~~ n + ~ !'\1. 1 2 1 

cf.., - ...1'-к.t- ~1ее +Х С",... 
.. m - 2 ' ~С н.,. 

Jl.k~ • Wc - r.J,t./t. + \AJ,_kft. 
When n.<e , 111..). О , 

2 n!(/11.+()/ 
с""'= ( ,.,_ tJ! m! 

1 '1111~ > :& ( 1:)1~>) ' t11м = I.J•n. + W2RII• IJo . (9) 

Вевidев, for tn< К, t\. ~О tbere iв вlво tbe вolution 

\ \fl~~ > :: ( ~~~~~>) , 1 . t, 11 ""' = tJ-il\. + w1m.. + t.u. - (1 О) 

То vвrify tbe completeneвв of tbe вystem of functions (8)-(10), we 
compose tbe operвtor ') IIVl) < IJ'i f вnd obtвin tbe 2х2 matrix 

(
Q" 01t) {rj 
О2.1 Ou in whicb, fo:{ instвnce 1 

044 ::. .г= (J..~ .. enllt) 1 111-~)(n..-tll t'Yit~)(Wiotk\ + 
1\~t)n.~o 1 t { ~~"' ch .. ) 

(::) )2 
~ ( J:~м. ~""" 1~-tXt~- tl\m+l")<.h\.+KI + 
~ ~ + ~"J.~I С. )z 
h-)) е. n\. )0 1.: ""' r\1'1 

~ \n.)(l'lt\1 1'\'v)(Щ.\. 
n..~o.,o~m.<~ r.ж..)Z.I fJ,_H~)~I '-•i 

OrrJ;_ng to t~ relation \'- \: /~т~tc.)'l. -+ \..: /~+(_d-~ , 

О. н = Llt~<><К.I L \~'\.)(~\;{. In tbe ввmе wву 1 t mву Ье вhown thвt 
Q,_t. i о end о а1~:. а2.'\ =о . Тhе completeneвs of the вувtеm of 

functions (4)-(5) is proved вnвlogouвly. 
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Кочетов Е.А. Е17-85-945 
Строгие результаты в задаче о взаимодействиИ двухуровневого 

атома с излучением 

Рассматривается обобщение модели Джейнса - Каммингса, 

оnисывrо:~щей взаимодействие двухуровневой системы с nолем 

излучения, на случай неливейного no бозонным · nеременным 

взаимодействия. Для соответствующих гамильтоиианов найдены 

точные волновые функции и уровни энергии. 

Работа выnолнена в Лаборатории теоретической физики 

оияи. 
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Kochetov Е.А. Е17-85-945 
Exact Results in the ProЬlem of Interaction 
of а Two-Level Atom with Radiation 

The Jaynes-Cummings model describing interaction of 
а two-level system with а radiation field is generalized 
to the case of interaction, nonlinear 'in bosonic variaЬles. 
Exact wave functions and energy levels are found for the cor 
responding Hamiltonians. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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