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I. INTRODUCTION 

In this paper we shall consider one of the few basie ques 
tions of the quantum theory of solids in the one electron ap 
proxima t ion which are not yet completely solved: the existence 
of exponen tially localised Wannier functions. We shall consider 
only nondegenerated bands. For the results obtained so far for 
degenera t ed bands we refer td1.2,3(Since their appearance / 11 the 
I~annier functions played a crucia l role i n developing the theo 
ry of slowly varying perturbations in solid s . The crucial pro
per ty of t he Wannier functions which makes them so use ful i s 
thei r localisation. From the very defini t ion and t he Paley- Wi e 
ner theorem it follows at once that the exponentia l l ocalisa
tion of Wannier fu nctions is equivalent to t he analytici t y and 
periodic i ty of the correspond ing Bloch fu nc t ions as f unc t ions 
of t he crystal momentum"k. To our bes t knowl edge al l the r e 
sults conce rning the local i sation of t he Wannier f unctions are 
obtained by first proving t he exis tence of Bloch fu ncti ons 
a nalyt ic and periodic i n k. Our paper is no t a n exception and 
a l l the discu s s ion be l ow as well as t he body of t he pape r i s 
about t he exis t ence of ana l ytic and periodic Bloch f unc t ions . 

The one-dimensional crysta l s with a cen t er of inve rs ion have 
been treated i n a def i n i t ive manner by Kohn in a cl assic pa 
per/5/ , Concerni n,& t hree-d i mensional c rys tals t here is a wi de
s pread opin i o~1 2/ that the exponentia l locfli sa t ion of the Wan
n ier functions has been proved by Blount /6 / , Unfortunate l y t hi s 
is not t r ue, be cau se a cruc i al poin t is mi s sed i n Bloun t-s ar 
gumen t . More exa c tl y t hrough his paper he t aci tl y assumed that 
t he Bloch funct ions are periodic in ~ At t he same t ime he pro
ved t he ana l yticity i n i of t he Bloch functions by the ~i 
perturbation theory: the e igenvalue prob l em fo r the periodic 
part of t he Bl oc h func t ions i s assumed to be solved at a fixed 
value ko of ko : t hen by t he kp perturbation t heory 1121 one ob tains 
the periodic part of the Bloch f unctions i n a neighbourhood o f 
ko as an analytis. func t ion of k: f ix kl in this neighbourhood, 
a pply again the kp perturba t ion theory, and so on. Hut the 
Bloch functions thus oqt ained may not be per i odi c (the transla
tion symmetry impl i e s k periodicity of t he Bloch f unctions onl y 
up t o a phase factor). The Jhr ee dimensional c rys t al s have been 
considered by des Cloizeaux l,2(His method o f build ing analytic 
and periodi c in k Bloch func t ions consists of t wo ste ps; i . the 
proof that the correSPOnd \~J~S~Al-~~n which t he 
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arbitrary phase factor up to which the eigenvalue problem de
termines the Bloch functions cancels out) is analytic and pe 
riodi c in k; ii. analytic and periodic Bloch functions are con
s t ructed, i n some way, with the help of the corresponding spect
ral projection. The first step can be carried out in th e gene
ra l case: many-dimensional crystals and degenerated bands /1 
(see also Sec tion 2 below). The second step is the hard one 
(although at first s i ght it looks almost trivial!7!) and by his 
method of trial Wannier functions, des Cloizeaux succeeded to 
build analytic and periodic Bloch functions only i f the (three
dimensional) crystal has a cen t er of inversion!2/. He was also 
able to treat general one-dimensional crystals but in this case 
the result is weaker: the domain of analyticity of the Bloch 
functions may be sma l ler than that of the corresponding spect
r al projecbons. 

In t his paper the condition of the existence of a centre 
o f inversion i s removed . We shall follow the route of des Clo i 
zeaux. In Section 2 up to da t e presentation of the results con
cerning the spectral projections corresponding to i solated 
bands (degenerated or not) is given. In Section 3 we shall prove 
some abstract results (which might be i nteresting in themselves) 
concerning analytic famili es of projections in Hilber t spaces . 
In Sec tion 4 using the results in Section 3 we shall prove the 
exis t ence of anal ytic and periodic in k Bloch functions cor 
responding to nondegenerated bands i n a r bitrary (i.e., not ne
cessary witb a cen tre of i nver sion) crystal s of arbi t rary d imen
sional ity. Our results are optimal i n t he sense t hat the a nalyt i 
city doma i n of the Bloch functions coincides with that of the 
corresponding spec tral pr oj ections. 

2. PRELIMINARIES 

In this section we shall recall, in a suitable form, some 
general properties of the Hamil t onian 

H __ 1\+ V(x). (2.1 

where-oVex) is a periodic function. Let I ai I be a basis in R 3 

and IK \ 3 , be its dual bas i s, i.e., 
I I-I 

-. -a i · K j .. 2"0 ij • 

LJt Q and B be t he basic period cells for the basis I ai I and 

IK i I. r espect ive l y. 
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Theorem 	2. I /8/ 

Le t Vex) be a real funct i on on R 3 with V(x+a j ) .. V(x), i-1.2.3. 
Let 

2 3 	 "" 2H ' -PCZ) .. I". I l 1t,lJ 1< 00 1 
m1, m2 ,m 3 nJ ,m 01 -"""" ml'1I1 2 , m31 z S 

and 
(Il ... 

H_ r H'dk , 
B 

Suppose V~ L 2( Q) and V m , m (;; Z 3 be the Four i er coefficients 
of V a s a func tion on Q. i. e. , 

.... -1 3 ... -+ ..... ..... 


V... .. ( vol Q) r exp (- i 2 m. K . . x) V ( x ) dx . 

m Q J-l .1 .1 


For k t;; C3 def i ne the operator H (k) 
. 

l-n W by 

-. 3 .. 2 
(H(k)t,lJ )-. - ( k + l m.K ) l{! + "iV--I/J" -+ (2.:2 ) 

m )-1 J J iii ~ ~ z 3 n m - n 

with the doma i n 

~~ (H (k )).. To" I o.!J t;; H' I l i m I2 ! Vl -+ I2 < ... I . 
~<;z3 m 

Then -+ 
3i . For k ' R , H( k) is self-adjoint. 

i i. H(k ) is an en tir e ana l ytic family of t ype A. 
li i. Fork'C 3 , H (k ) has compac t r eso l ven t. 


. 2 3" J{ . b
lV. Let 	U · L (R • dx ) " be gl ven y 

-+ ,..., -+ 3 ~. .. 
(UO -+ (k ) .. f ( k + l m j K j ) : k' B. 	 (2.3) 

m j _ 1 

where f deno tes the Four i e r t ransform of f. 
Then U i s un itar y and 

UHU- 1 
.. 	 ; H( t ) d ~ . ( 2 .4) 

B 

Proof. See r e f . 181 Chapt er XI II. 

In what fol lows , kj , i -+ = I 2,3 denot e the coordinates of k 
~ 

with respect to the basi s IKJ1~ i and K deno tes a vector of 
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reciprocical l att ice, 

3 -> 

r - IKIK. I. pK • Pj ~ Z I. 


j-t J J 

Le t Wj J{ , -> W. 1,2, 3 be the unitary operators given by 

(w «/l) m.. - «/lm - 1. m2 m3 (W 2 «/l ) -&- cf; m ·m -1. m3t 1 1 2 (2.5) 

(W3 r/I )ffi - cf; m • m2 ' m3-1t 

Since Wi are unitary and 1 is not an eigenva lue of Wi. there 
exis t un i que se lf-adj oint opera tor s M j such that II Mi IIS2/T/IK i I 
and 

-> 
Wi - exp (i IK i IMj ) • (2.6) 

Consider now the bounded operator valued funct ion 

.. 3 3 -> 
W(k)_ exp (i I. k .M. ) _ n exp (ikM). k<;; C 3 

(2.7)
j-l J J j>o 1 J J 

-> 
(remark that M j commute). Obviously W(k) is an ent i re f unct ion 
of three complex variable s and mor eover 

-> - 1 -> 
W"' (k) . W (k). 'k (;; R 3 (2. 8) 

13/ -+ •
Lemma 2. 1. Let L ( k ) be g~ven by 

L (k ) _ W( k) H(k)W- 1 (k) (2. 9) 

Then for all K c; l' and k ~ (3 

L (k) . L ( k + K ) . (2.10) 

Proof . The proo f is a s t r aightforward , although a l ittle bi t 
t edious ver i f ica t ion. 

Let a (k) be the (discre te by Theor em 2.1 i i i ) s pec trum of 
H (k) . 

Corollary 2. 1. As a set 
-> -t -> 

, a (k). a (k +K ) . (2 .1 I ) 

4 

..... ... -+ 3
A nonvoid par t a~ ( k ) of a ( k) , k ~ B cR is said to be an 

isola ted band->of H(k ) if ~here ~xi~t continuous and peri odic 
functions f dk) : R3 _. R f ( k). fJ(k +K) i _ l .2 and a posi tive 

J .. -> 
constant c > 0 such tha t f 1(k) < r2( k ) and 

17,0 (it ) c [ f
1

(k). f 2 (k)]. 

a (k)r'l [r/k)-c. fj (k)+c l _q; i -1.2. 

Let Po(k+) , k <; R3 be the spec t ral pr ojection of H (k) orres 
ponding to an isolated band aO (}( ). 

3 • a ' Lemma 2.2 / 7 
,8/ There eXlst a> 0 Dc R.D ) lyt;;R y l ,::: a 1 such 

t hat Po (k) is the re s tri ction to R~ of a bounde d projec t ion va
l ued function analytic in 

,13 '. .• .. 3" 3" 
,1 • I Z - x + i y ~ c ' I x t; R • y .::; D I. 0 

Proof. This is a di r ect cons equence of the t heory of anal y
t ic perturbations as deve l oped in ref..'81 

Fr om Lemma 2 . 2 it follows, in parti.cu lar, that rlil11Po I k) i s 
constan t and due t o Theorem 2. 1 ii i , finite. An isolated band 

ry - lk) i s s aid to be no ndegene r at ed o[ Po! k). 1. 
Consider t he foll owi ng (an tiunitary ) invo l uti on I}' H '· j{ ' 

(Ot/J ) ~. 3 
HI - (2 . 12)111 

Lemma 2. J. Fo r k C; R:3 

(J Po (k )() • P 0 ( - k ) , (2 • 1 3 ) 

~ ~ 

()W (k) (:I.W( - k ). (2 . 14) 

Proof. From t ile realit y of V( i). (2 .2) and th e de fin i t ion 

of Uit f oll ows t hat for k" R ~ 


o1-1(k)O - H ( -k) 

which i mplies, (2 .1 3) vi a the f ormul a r ela t ing pol k) and th e r ~
so lven t of Htk ). from (2.5 ) and (2 . 12) it foll ows tha t 

- 1 "' ewJo. W j - W; . exp (- l I K JIM.). (2 . 15) 

On t he other hand, 
~ . 

e WI e~oe:,,,p(i i KiIMJ)(J~exp(- j IKl l r}MJU)' 2. J 6 ) 

S. 



Combini ng (2.1 5 ), (2. 16 ) and u s ing the un iquene ss of Mi one 
obta ins 

tlM j tl - M j (2. I 7) 

t hereo f (2.14) f ol lows. 
We shall summar i ze the above resul t s i n the fol lowi ng (see 

alsoref/ 1/ ). 

... .. ... 
Theo r em 2.2. Leta 9 (k ) be an ... isola t e d band of H (k ) ..1 Po (k ) 

be t he spec t r a l pr oj ect ion of H(k) cor res pond i ng to a " l k) and 
Q(k) de f ined by 

Q("k ) .. W(k) Po (k) W·· \ k), k4 R3 (2. 18 ) 

Then Q( ~ ) i s the res trict i on to R3 of a bounded pro j ec t i on va
l ued f unct i on ana l ytic in~; and sat i s fyi ng 

-to ~..... .... 3 ~ 

Q(k ). Q(k + K ). k (;; j D' K r;r, (2 .1 9) 

-> 
tlQ(k)tl. Q(-k). k~ R 3 (2. 20) 

3. ANALYTIC FAMILIES OF PROJECTIONS IN HILBERT SPACES 

j j -> j j
I n what follows Z - (zl' .. .. Z j) <;; C • P - (P l .....Pj) <; z . 

In t his s ection we shall di s cuss t he f ollowing t wo problems. 

Problem A. 

Le t K be a separabl e Hilbert space , q be a posi tive inte
ger, g ~ .. !"i ql; C qlllm z jl<a. a> 0 I andQ ( z Cl) be a pr ojection 
valued f unction analy tic in ~ 

&
q and sa t is f y ing 

Q( zq )- Q"' ( zC!) . ; qr;; R Q. . (3. 1) 

Fi nd a bounded with bounded inve r se operator val ued f unc t i on 
A(i q) analytic in ~ ~ sati sfying 

A( z q) Q(O) .. Q(; q) A(z q) . A(O)-l. ( 3 .2 ) 

'A* (z q)_A- 1( z q ) . ~ q(; R q 
. (3.3) 

6 

Pr ob lem B. 

Under the conditions of Pr oblem A, suppo s e i n additi on that 
Q( ~ q) is pe r iodic , i .e ., for arbitrary pq ~ zq 

... .. -> q .. q tf q
Q( zq ) - Q( z(j + 2rrp). z c;;; ;)& • (3.4) 

Find A(zq) satis f y i ng bes ide t he requ i r emen ts of Problem A 

AC'Zq )Q(O) - A (z q+ 2 rr p2 ) Q (O) , zqt;; g :.pq~ Z4 . (3 . 5) 

To our best knowledge, up to now on l y Prob l em A [o r q - 1 

(bu t in a more general se tt i ng : a r bi t r a ry s i mpl y connec t ed do


91 mains , Banach s paces, etc .) has been thoroughl y inve s ti ga t ed/ 8
. 

( s e e , however/ 3 . 101 where Prob l em B f or q- 1 is di s cus sed). 
The r e are (at least two metho ds of const ruct i ng so l u t ions of 
Problems A and B. The fir st one (in a slight l y di ff e r en t form 
goi ng back t o SZ-Nagy/ 9/ ) is based on the foll owing r e sult 
concerning t he unita r y equiva l ence of pa i rs of orthogona l pro 
j ec tions in Hilbert spaces. 

Lermna 3. 1:91 
Let Q I ' Q 2 be self -adjo int pro jections in k sa ti sfyin .< ; 

II Q 1 - Q 211 < 1 . (3.6) 

Then the operator 

2 - 112 
A 2. 1-(1-( Q l-Q 2 » (Q2Q l",(1-Q2)(1-Q l» (3.7) 

1S unitary and 

A2 . 1Q 1 A ;.i- Q2' (3.8) 

Proof. See /9 f II 4.6. 
The above lemma gives at once. 

Proposition 3. I. Suppose 

q

II Q(i q)- Q(O)11 < 1 for z q C;;; 3 & 
 (3 .9) 

Then 
... .. q 2 - 'h

A(z q ) - (l-(Q (z ) - Q(O» ) 

7 



(Q ( "i.q ) Q (O) + ( l -Q(Zq»)(l-Q(O») 	 (3. 10) 

1S a solu t i on of Prob lems A and B. 

Proof. The proof of (3.8) doe s not depend on the self-adjoint 
nessof Q 1 and G2' Unfortunately t he condition (3.9) i s a very 
restrictive one (see 191 Remark 4. 4 in Chap. I I). One can gene
ralize (3.10) t o give a solution of Prob l em A. 

Proposition 3.2 . Let O< R < .. . O<b< a . Then there exists a po
s it i v e i nteger N depending on Rand b such that 

N'l
Ar/zq ) - II [ (1_rQ(N-r zQ)_Q ( N-P-l zQ»2 )-1;,. 


P- o N N 

(3. I I) 

x 	(Q(N-r -;,q )Q( N-P -1 -;' q) + (1_Q(~~'l)l(1_ Q(N- r -1 z'l))J 
'N N N N 

.. 	 ... q ... q q
lS a solu tlon of Problem A for z ::; ! z c; C II Re Z il < R . IIm z ll <b. 
i-I , .... .q I. 

Proof. Thi s i s a simple iteration of Propositi on 3. I . Clearly 
(3.11) i s no t sui t ab l e for solving Problem B since AJZ q) has 
no requ i red periodicity pr operties f or N> 1. 

The second me thod of construc ting sol ut ions of Prob lem A has 
been put forward independently by Daletsky and Krein and Ka to 
(see reference s in/S. l11 ). The basic construct ion i s con t a i ned 
~n 

91
Lemma 3.2/ Le t G(t) , t (,; R be a norm di fferentiable fami l y of 
bounded projec tions with norm continuous derivative and 'A(O 
be given as un j que solu tion of t he equation 

i-d_A ( tl_ i«1-2Q;t»~ Q ( t» A(t), A(O) .. l. (3.12)
dt 	 dt 

Then 
1. 

ACt) G(O) '" G (t) Att). t (;; R. 	 (3. 13 ) 

ii. If Q(t) is self-adjoin t t hen A( t) is uni t ary . 

8 

Proof. See, S,9.111 . 
The above lemma gives a t once a solution of Problem A f or 

q _ 1 (also t he gener alization to q> 1 i s s traight fo rward ) . As 
i t s tands, the above l emma does not give solutions of Prob l em B 
(see ref . /9 ! Remark 4 . 2 Chap.I I ). However , Lemma 3.2 combined 

wi t h some result s in the t heory of differentia l equat i ons with 
periodic coeffi cients al l ows a construc t ion of A(~ solving 
Problem B for q .. 1 (see alsd 101 f or finite dimensiona l K ). 

, 	 . 131 .•
PrOposlt1on 3.3. For q-1 Problem B admits Solutlons. 

Proof . See nV
. 


---S-ummarizing the above discussion, Prob l em A for a ll q -1.2•... 

a nd Prob l em B f or q_ l admit soluti ons wi thout any additional 

condi tions on Q(~q) . In contrast, it seems very probabl e tha t 

f or q> I, in general Problem B does not admit solutions. One 

sufficient condi tion f or Problem B to have a solut i on is provi

ded by Proposition 3.1. Unfortunately (3.9) i s a severe re s tric

tion on the var i ation of Q(z Cf) and the result in Propos i tion 

3.1 seems not to be very interesting for applications (e.g., 
conce r ning the localizat i on of Wannier func tions it covers only 
t he tight b i nding l imit). Motivated by the concrete problem a t 
hand, the mai n new r esult of t his sec t ion gives another example 
o f suf f i cient condi t i ons for the exis t ence of a so l ution to 
Prob lem B. 

Theorem 3 . 1. Unde r the conditions of Probl em B suppose: 
1. 

dimG ( ~ q) '" 1 	 (3.14) 

ii. Ther e exists an antilinear involut ion e. K -+ J{ such t hat 

OQ(iQ)o .. G(-~ q), z·q~ R q. (3. 15 ) 

Then A(z q) satisfy ing the requi r ements of Problem B exists. 

Proof . The proo f is by construction and consist s of two s teps. 
At t he first step, using Leunna 3.2 we shall construct B(z q) 

satisfying (3.2-4) but not (3.5). At the second step we shall 
" correct" the construction of the first step as to provide ACt q) 

satisf ying all the requirements of the theorem. It is the se
cond s tep where we shal l use crucially the conditions (3.14) 
and (3.! 5). During the proof , some of the technical points are 
s t ates as lemmas which are proved at t he end. Tue main poin L of 
the proof i s Lemma 3.3 below. 

9 



Step 1. Fix zl ••..• Zq_l and l et B q( z q) be giv e n as 

a solution of the differential equation 

d '" ... q d ... ... q (3.16 )1 - B (zq ) .. i«1-2G ( z » -G(zQ»B q( z ).
d Zq q d Z q 


.. q 1
B q ( z - ,0) .. 1. 

Lerrrrna 3.2 and standard re su lt s a bout ana l yt i c i ty proper t i es of 
t he solut ions of di ff erent ial equati ons in t e r ms of the anal yti 
c ity pro pert i es of the coe f fic ien ts impl y 18/.(9 11 §," tha t 
B .(i q ) is analytic in ~ q . has bounded i nverse and 

q l\ 

B "q (z q ) .. B~ 1 (t'~ , zq <,; R q. 0 . 17) 

"' q ... q-l ... "'q "' q q
Bq( Z ) G(z ,0) _ G (zCl) Bq( z ) , z' ~ll\' (3.18) 

One can r epea t the same procedure start ing from G(Z4- 1 .0) 
a nd cons t r uct Bq. 1 ( 7. <1- 1 ) . Afte r q step s one ob ta ins B(z q) in 
the f o r m 

" q " '1 "' qlB(z ) - B q ( z ) B q_ 1 ( z - ) ... B l( z 1 ) (3.19 ) 

which satisfies (3.2 ) and (3.3). 

Step 2. Consider 

... q- 1 • '1- 1 - 1 .. '1- 1 
T (z l - Bq( z , TT) B " ( 7. ,- 17) . (3.20 ) 

From (3. 2 ) , (3. 4) and (3.20) it follows that 


[ T (z q- 1 ) . G(z q- 1 , TT ) J_ O. (3.21 ) 


This imp l ies that with re s pect to the direct sum decompo s iti 
on 

... q-1 KK .. G ( z • T1 ) + ( l-G ( z 
q-1 

.T1 »K (3 .22 ) 

T ( z q-1) takes a direct sum form 

.. q. 1 .. q- 1 .... q- 1 
T(z ) - T 1( z ) + 12( z ). (3 . 23) 

It follows (remember that dim G (z q) _ 1 ) that i f f C;; K is decom
posed accord ing to (3. 22 ) 

... q-l ... q 1
f-f ( z ) + f(z 

1 • 2 

10 

then 

T (z q-1 ) f .. A(z q-· 1 )f1(z q-l ) :: (T2 f 2)( i q 1 ), (3.24 ) 

whe r e A(~ q- 1 ) is a complex-valued f unc ti on. 

Lemma 3.3. The re exi s t s a unique f unc t i on ¢ Ci q- t ) analytic ~n 
1q- i , with the p roperties 

l! 


... q- l -> q-l

A( z ) - exp ( 2rri ¢ ( z ) , (3.25 ) 

cp(O) <;; [ 0,2 77 ) . 0 .26) 

¢ (z q- 1 ) _ ¢ (;. q-1 ), zq- 1 .c;; R q- 1 , (3. 27) 

¢ (i. q- 1 + 2 TT Pq- 1 ) ,. ¢ (z q-l ). Pq- 1 <;; Z q- 1 • -Z q. 1 r,:; gil
q-l 

. (3.28 ) 

Consider 


... q ... ... q- l "'q

A q(z ) .. exp (-i z </> ( z » B q( z ). (3.2 9 ) 

4 


q

By con s t r uct i on Aq (i ) is ana lyt ic in g;, ha s a bounded i n 

verse, is unitary for -z q C;; Rq , A q (O) _l and 

q 1
A q(zq )G('i - ,0) - Q(zq)Aq(zq ) . (3. 30 ) 

The periodicity properties of A qCi q) are given in the fo l 
lowing 

Le=a 3.4. For 'i q C;; gq and pq.c;; Z q 
a 

qAq( i ~G(z q-l ,O ) .. A (zq+ 2 17P q ) Ga - 1 ,O). (3 . 31 )q

In a simila r way " correc ting" Bp ( zP ) one can const r uct t he 
correspond i ng Ap(zf ). Then one can ver ify t hat 

-> .. q
A(z q) • Aq( Z ) ... A1( z1) (3.32) 

sat i sfie s a ll the requi r ements o f t he theorem. Let us ver i fy 
f or e xamp l e (3. 5 ) for q- 2 

A2CZ2 ) A 1 (z 1) G (O) .. A iF )G(z 1 ,0) 1\ l z 1) Q (0) .. 


... 2 .. 2 

'" A2 ( z + 217P ) G(z1,O)A t (zl + 2 11P1 )G(O) 

2 'A2(z2+ 211p 2 ) G(Z l+2 11 P l'0)A l (Zl + 2T1 P l )G(O) 

II 



-+ 2 ~ 2 
,. A ( z + 2/T p ) A 1 ( Z l + 2/TPl)Q(O) . (3. 33 ) 

The proof of Theorem 3.1 i s comple ted. 
Proof of Lemma 3 .3 .. The invertibi l ity of TCi q- 1 ) and (3.24) 

imply thatA(i q' l ) ":0 for ;.q' l t;.fj;l. Le t now ft;Q ( OQ-l.7T)K . 
1There exis t s a neighbourhood X o f 0 in C

q
·- such that 

(f .Q(i Q- 1 .11 )f) ';" O. The n from (3.24 ) it follows tha t 

A (; q- 1 ) _ (f, Q (1 q- 1 • 71 ) f)- 1(f . Q(i. q- .1 • "' ) T (i q- 1 ) f) (3.34 ) 

wherefrom A( ~ 4-· 1 ) i s analytic in X. By a n analytic continuation 
argument A(i~-l ) i s ana l y t ic i n ~1~- 1. Ie f ollows t hat (3.25) 
is t rue with¢(~q- l) analyti c in i q- 1. The fu nction ¢(i q- 1 ) is 

l a • 1 ~ 
uniquely fixed by its va l ue at zero. For z q- ~Rq- 1 .T (zQ - l) 
i s unitary a rld t he decomposition (3.22) is a n orthogona l one 
wh ich proves (3.26). Fr om (3. 16) and (3.4) i t fol l ows t hat

lZ \1 ) i s pe r iod ic i n zCj- l which implies t he period ici t y of 

-0 '1- 1 . d A , d < ~ d 1> • d' h f ' f 1A{ 70 ) . S ~nc e -- -I A--L. , -- a re per~o ~c w ereo - ~ t 0
dz , dZ t dz I 

l ows t hat 

'1 - 1 
... ...... <1 -1 , . 

cf, ( z '1- 1 ) - Li ( z ' ) + - P Y l r (3.35 ) 
I' - 1 

where 0 is period ic and p ~ a r e i n teger s . We sha l l p rove now 
that (3.15 ) imp lies 

• '1- 1 • '1- 1 
<.') (z ) -<.)( - · 7 ). (3.36) 

From (3.15 ) .Jnd (3.16) it f o llows 

i -1-UB <ji ') ) 1 «(1- 2 Q ( / 'I )) --.9_ Q l7. II )) () B (- Z'IlU 0 . 37)
d z 'l d Z'1 '1 

where of 

... q • q
tJB q ( - z 111 - B'I(l ) . (3.38 ) 

Takin g int o account (3.38) a nd the defi nit ion of T one o b
ta i ns 

• '1- 1 q-1eT (- zq- 1 1 ( ,', T - 1 (Z '1 - I ) . ~ R .z (3 .39 ) 

Fr om (3.1 5) and ( 3.~ ) one ha s 

- , 1 -. '1-1eQ(z q- • 7T ) e- Q l '- Z • IT ) • (3 . 40 ) 
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Let now f ~ Q(-"iq-1./T)K. Then using (3 . 27), (3 .39) and 
(3. 40) 

16T(i q- ) 6f ,. exp (- 2IT i ¢ (-z q-l )f .. 

(3.4 I ) 
~ q- 1 ~ R q-l,. exp (-271i ¢ (z Q-l ) f • 

which proves (3.36). Now (3 . 36) implies Pp-O in (3. 35). I n
dee d, for example ¢C- IT ,O .... ,Q)-I/IC-7I .O •.• . • O)-p t71 ,. 1/1 (71 .0 .....0) + 7T P 1 
which together wi th t he per iodicity o f rj; l.mplies P1 - O. Si nce 
t he per i odicity for ;q-1 ~ R q-l and the analytic i ty i n ,q~ 1 
i mplies t he periodicity i n ~~-l the proo f o f Lemma 3.3 is 
comp l e t ed. 

r oof o f Lemma 3 . 4 . From (3.16) and (3.2 7) i t f ollows 

d .. q ... q-l
i -- A ( z ) Qez , 0) .. 

dz qq 

[ i (1-2Q(Z~) -dd Q ( ;q ) + ¢c; q·1 ) ] Aq ( ;~ Q(iq- t .0) , (3. 42)
z q 

A q<"i q-1 ,0) Qei Q- 1. 0) _ Q(z q-l,O). 

The per iodici ty i n i q- l is o bviou s. For period icity i n z q t he 
on l y thing we h a v e to verif y is t hat 

-+ q- l .. q·-1 ... q- 1 -0 q-l 
Aq (z ,-71 )Q( z .0) - A q ( Z . 71) Q(z ,0). (3. 43 ) 

Us i ng (3 . 4 ), (3 .18) , (3.20) , ( 3 . 32) , (3 .23) and the de fi ni
t ion of Aq it follows : 

r! q-1 ... q- l 
A q ~ z • - 71 ) Q ( Z . 0 )_ 

_ e xp(i l'l¢ ( z q-l »T - 1 ( zq- 1 ) B (z Q-l. 71 ) Q(zCl- l . 0)_
q

. ... q- l - 1 .. g- l -+q- 1 -+ 4- 1 
- exp(I 11¢ ( Z ))T (z - ) Q(z .7I ) B (z ,71 ) q

1,. exp (-i 11 ¢ (zq- l)BqCi q
- .17)Q(zQ- l m_ 

-+ q-1 ) .. q-l
- A q( z • 11 Q(z .0) 

and the proo f o f Lemma 3. 4 is comp le t ed . 
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4. 	THE WANNIER FUNCTIONS 

Applying Theorem 3 .1 to the si tuation desc r ibed in The orem 

2.2, one obtains 


Theorem 4.1. Let a" ( k) , k <;; R3 be an i solated band of H(k) , 
Po(1t) be t1"!.e spectral projection of H(it) corresponding to 
aO tk).dimPo (k)_l. 3Then there exists a vector valued f unction 
A'° (lt) ana l ytic in gD and satisfying 

4 ~ ....... -+ 3 .... 

W(k ) X"(k) - W(k+K)X O( k + K). k !;1 • K<;;r. (4. 1) 

D

X" (k) <;; Po (k)H', It XO d7 )II - 1. k ~ R 3 . 	 (4.2) 

Proof . Le t us first remark t ha t al t hough Theorem 3.1 ha s been 
proved for 1~ . the proof goe s t hrough withou t changes f or ,qg , 
Let A(k) be Ehe of era t o r valued function given by Theorem 3. 1 
applied to ...W(k)Po(k) W- 1 (k ) and Xo ~ Po (O)H' , lI x Ol _ 1. Then 
X"(k )- W- 1 (k)A(k ) X" sati sf i e s (4.1) and (4.2) . 

t 

Corol la ry 4 .1 . Le t 

- 1 	 $ ~ -" ..... 
w - ( volQ) J X" ( k)dk a ~ D, at > O. (4. 3) 

B 

Then 

3 -1	 ... -1 -> "::! 
xp ( , l 2 17 IK j I ajl x jl)(U w)( x) ~ L~( R ' ). (4.4 )

J- 1 

where x i a r e coordinates of x with re spe ct to the basis lai!. 

Pr oof. From the de finition of W(k) and Theo rem 4 .1 i t fol lows 

~ 
tha t (U- 1 w)( p ) i s the res t ric t i on to R 3 of an a naly t ic func
t ion in j ~, Moreove r 


~ ".... 2 ->
fl(U w)( p+ia)ldp < oo 
R 3 

Now (4. 4 ) f o l lows from the Pa ley- Wiene r t he or em. 

The Wannier funct i ons co r responding to a O(k) are de fi ned as 


f ollows /121 


..... -to 3 -to 

W 0 (x) _ WO ( x - I. 1/ _ a _ ) , II j - 'integers 
II j-l J J 

(4.5 ) 

..... ~ 1 ...... 
WO(x) - (vol Q ) 	 f tP o .k. ( x ) dk , 


B 
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where if10 1.( x) - exp(ik~ u o . k (x) are Bloch functions correspond
i ng to an'(K ) . Looking at the equation satisfied by the periodic 

~ r... 	 ... 
part u o.1 ( x) of r/J o,k' ~x) one gets that u o.k( x) is nothing 
but the" x-representation" of >.:°(17). Comparing (4.3) with 
(4.5) one finds that 

... -t ... 
w" ( x) ,. ( U w ' (x) 

loJhich t ogether with Corollary 4.1 gives ; 

Theorem 4.2. Ther!;! exist Wannier funclions corresponding to 
an isolated nnndl;!generatl;!d band of H which are exponentially 
localised. 
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